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(Received October 13, 2006)

Abstract. In this paper, we consider the interaction between a rigid body and an incom-
pressible, homogeneous, viscous fluid. This fluid-solid system is assumed to fill the whole
space [Rd, d = 2 or 3. The equations for the fluid are the classical Navier-Stokes equations
whereas the motion of the rigid body is governed by the standard conservation laws of linear
and angular momentum. The time variation of the fluid domain (due to the motion of the
rigid body) is not known a priori, so we deal with a free boundary value problem.

We improve the known results by proving a complete wellposedness result: our main
result yields a local in time existence and uniqueness of strong solutions for d = 2 or 3.
Moreover, we prove that the solution is global in time for d = 2 and also for d = 3 if the
data are small enough.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The aim of this work is to prove a result of wellposedness for a coupled system of
nonlinear partial and ordinary differential equations modelling the motion of a rigid
body immersed into a viscous incompressible fluid. The fluid flow is governed by the
classical Navier-Stokes system, whereas the motion of the rigid body is governed by
the balance equations for linear and angular momenta (Newton’s laws).

For d = 2 or d = 3, we denote by €(t) C R?, the domain occupied by the rigid
body and we denote by .7 (t) = R%\ O(t) the exterior domain occupied by the fluid

Patricio Cumsille’s research was partially supported by CONICYT-FONDECYT grant
(No. 3070040) and Takéo Takahashi’s research was partially supported by Grant (JCJC06
137283) of the Agence Nationale de la Recherche.
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at time ¢. For the sake of simplicity, we assume that the fluid is homogeneous and
of density one. Moreover, we assume that the rigid body is also homogeneous.

By choosing a frame of coordinates whose origin initially coincides with the mass
center of the rigid body, the domain occupied by the latter at instant ¢ is given by

(L.1) o(t) ={QM)y + h(t): y € 0(0)},

where h(t) is the position of the mass center of the rigid body, and where Q(t) is
a rotation matrix associated to the angular velocity w(t) of the rigid body. The
matrix Q(t) is the solution of the initial value problem

(1.2) QM (y=w(t)xy YyeR?
Q(0) = 1d,
where, for any matrix A, we have denoted by A* the transpose matrix of A and by

Id the identity matrix.
For planar motion (i.e. d = 2) we can assume that

0
wty=ao@) [0
1
and in that case, B 0
Q(t) = < ey )
0 0 1
with
~ . [ cos 0(t) —sind(t)
(1.3) Qt) = (siné(t) cosé(t)) ’

and é(t) = fotcfj(s) ds. The important quantities for d = 2 are @, Q and 6 and
for simplicity of notation, we omit in the sequel the tilde in all these quantities.
Therefore, for d = 2, w is a scalar function and Q(¢) a rotation matrix of order 2
and of angle 6(t) (see (1.3)).

The system of equations modelling the motion of the fluid and of the rigid body
can be written as

(1.4) %—uAu+(u-V)u+Vp=f, x e F(t), te(0,T),
(1.5) divu=0, ze€Z(t), te(0,T),
(1.6) u(z,t) =K ({t)+w(t) x [z —h(t)], z€dO(t), te(0,T),
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L7y MR = —/
(1.8) Ly = - / & — h(t)] X o(u, p)ndl

(1.9) u(z,0) = uo(z), =€ F(0),
(1.10) R(0) =0 € R, 1/(0) =nY e RY w(0) =w®,

In the above system the unknowns are u(z,t) (the Eulerian velocity field of the
fluid), p(z,t) (the pressure field of the fluid), h(t) (the position of the mass center
of the rigid body) and w(t) (the angular velocity of the rigid body). For d = 3, we
have denoted by a x b the classical cross product for a,b € R? whereas for d = 2, for
a,b € R? and a € R, we have denoted

—b
axXb=aby —asb; and axb:a( b2>'
1

The boundary of the rigid body at instant t is denoted by 9€'(¢t) and the normal
unit vector directed to the interior of the rigid body is denoted by n(z,t). We
have also denoted by f(x,t) the applied body forces (per unit mass). The positive
constant v stands for the viscosity of the fluid. Furthermore, we have denoted by M
(respectively, by p) the mass (respectively, the density of the rigid body) and by J
the inertia moment related to the mass center of the rigid body.

The formulae for M and J are

o(t) 0(0)
J =/ Q|J) — h(t)lQ dz = / Q|y|2 dy if d=2,
o) 0(0)
and

J() = /ﬁ(t) e[|z — h(t) [0k — (z — h(t))k(x — h(t)),] dz
for k1€ {1,...,d} if d=3,

where dy; is the Kronecker symbol.

Moreover, the notation z - y stands for the inner product of z and y and the
notation |z| stands for the corresponding norm. Finally, we have denoted by o(u,p)
the Cauchy stress tensor field in the fluid defined by

8uk 8ul

(1.11) o1 (u, p) = —pous + V<8—a:l n 8—3%), for k,le{l,...,d).
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We also define by D(u) the matrix

_ 1 [ Ouy ouy
Dialu) =3 (8xl * 8xk> '

The problem of interaction between a viscous incompressible fluid and a rigid body
has been studied intensively in the recent years (see [2], [4], [6], [7], [11], [15], [18],
[19], [20], [21], etc.). However, as far as we know, only few results concerning the
existence and uniqueness of strong solutions for the problem (1.1), (1.2), (1.4)—(1.10)
are available in the case where the system fills the whole space. In that case, we can
mention the results of Takahashi and Tucsnak [22], and of Galdi and Silvestre [9].
In [22], the authors show the global in time existence and uniqueness of strong solu-
tions in two spatial dimensions in the particular case where the rigid body is a disk.
In [9], the authors prove the existence of local in time strong solutions for a rigid body
having an arbitrary regular shape. Nevertheless, their result does not yield neither
the uniqueness of solutions nor the global in time existence (even for small data).

On the other hand, due to the complexity of the problem, another related prob-
lem simpler than (1.1), (1.2), (1.4)—(1.10), in which the motion of the rigid body
is prescribed as a constant rotation has also been investigated. In particular, a
local in time existence and uniqueness result of mild solutions has been proved by
Hishida [14], and recently a local in time existence result of strong solutions has been
proved by Galdi and Silvestre [10]. Moreover, the authors prove that the solution
is global in time, provided that the initial velocity ug, in an appropriate norm, and
the magnitude of w do not exceed a certain constant depending only on the viscosity
and on the regularity of %#(0). However, the authors do not make any reference to
uniqueness properties of the solution. Both works mentioned before deal with the
problem by writing the equations of motion of the fluid-rigid body system in a frame
attached to the rigid body. Furthermore, a local in time existence and uniqueness
result of strong solutions has been very recently proved by Cumsille and Tucsnak [3].
There, the authors proved that the solution is global in time in two spatial dimensions
provided that the velocity satisfies suitable a priori estimates. We remark that the
work previously cited deals with the problem by making a new change of variables,
instead of writing the equations of motion in a frame attached to the rigid body. We
use here a similar idea to work with the problem (1.1), (1.2), (1.4)—(1.10).

In order to make the region occupied by the fluid time independent, it is quite
natural to refer the equations of motion of the fluid-rigid body system in a frame
attached to the rigid body, with origin in the center of mass of the latter, and
coinciding with an inertial frame at time ¢ = 0 (see [8] for details). More precisely,
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let us denote

u(y,t) = Q" ()u(Q(t)y + h(t), t);
p(yv t) = p(Q(t)y + h(t)a t);

In this case, the equivalent system to the original one can be written as

(1.12) a—?—uAa+[(a—B’—w><y)-V]a+Vp+w><a:7,

(y,t) € Z(0) x (0, 7),
(1.13) diva =0, (y,t) € .Z(0)x(0,T),
(1.14) u(y,t) = h'(t) + o) xy, (y,t) € d0(0) x (0,T),
(1.15) MR (t) = —/ o(u,p)ndl’ +/ of (y,t)dy + fu(t), te(0,T),

80(0) 0(0)
(1.16) Jo'(t) = —/ y x (o(u,p)n) dl + y x of (y,t) dy + (1),
80(0) ©(0)
t e (0,7),

(1.18) h0)=0, A0)=hrY, z(0)=w,

One of the main difficulties comes from the term [(&@ X y) - V], whose coefficient
becomes unbounded at large spatial distances. In order to overcome this difficulty, we
use another change of variables which coincides with Q(¢)y + h(¢) in a neighborhood
of the rigid body and is equal to the identity far from the rigid body. By using this
change of variables, we obtain a system of equations whose coefficients are bounded
at large spatial distances, instead of the term [(xy)-V]a. This feature of our method
allows us to improve the results of [9], in the sense that we get the uniqueness as
well as the global character (in time) of the solution.

In the rest of this work, we denote .# = .%#(0) and € = €(0). As usual, for m € N
and «a € [1,00] we denote by W™ (%) the Sobolev spaces formed by the functions
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in L*(.%) which have distributional derivatives, up to the order m, in L%(.#), and
by H™(F) = W™2(F). We also denote by H'(.#) the homogeneous Sobolev space

HNZ) ={q € Li,(7) | Vq € [LX(F)]"},

where ¢ € L2 (%) means that ¢ € L?(.# N By) for all open balls By C R? with

loc

By N.Z # 0. We identify two functions of I L(.Z) if they differ by a constant.
Moreover, we set

A(F () = [H™N(ZO), AR =[H" (R
LNZ ) =[L(FW), LR = [LYRY)".

We denote
Fr ={(z,t) e R x [0,T}; z € F(t)}.

Consider a smooth mapping X : . x [0,T] — R¢ such that for all t € [0, 7], X (-, %)
is a C°°-diffeomorphism from .# onto .% (t). Moreover, suppose that the mappings

(yvt)’_)DtD;X(yat)v aENd,

exist, are continuous and compactly supported in .% (such a mapping will be given in
Section 2). For any g: .7 — R, we denote by gx: .Z x [0,T] — R the mapping
9x(y,t) = g(X(y,t),t), for all t > 0 and for all y € %. In order to analyze the
problem (1.1), (1.2), (1.4)—(1.10), we need to introduce the following function spaces

in variable domain:

L*(0,T; #2(F (1)) = {u: ux € L*(0,T; %(F))},
HY0,T; L%(Z (1)) = {u: ux € H'(0,T; L*(F))},

C([0,T), 51 (F (1)) = {u: ux € C((0,T), 2 (F))},
L*(0,T; H\(Z (1)) = {p: px € L*(0,T; H'(F))}.

Finally, let us denote by % (1) the space of strong solutions for the velocity, defined
by

(1.19) % (%r) = LQ(O,T;%Q(ﬁ(t)))ﬂC([O,T],%”1(9(1&)))ﬂHl(O,T;Xz(ﬂ(t))).
We also define
(1.20) Ur = LQ(O,T;%”Q(,?)) N C([O,T],%ﬂl(ﬂ)) N Hl(O,T;.fQ(,?)).

The main results of this paper are the three following theorems.
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Theorem 1.1. Suppose that ¢ is a bounded open connected subset of R? with
boundary 00 of class C3. Assume that

f € Lioe(0, 005 [WH>(RY) 0 L2(RY)))

loc

and that ug € 1 (F) with

divug =0 in 7,
ug(z) = M +w® x 2 on 90.

Then, there exists To > 0 such that the problem (1.1), (1.2), (1.4)—(1.10) admits a
unique strong solution (u,p, h,w) in [0,Tp), that is

we % (Fr), pel?0,T;H\(Z)), he H*0,T;RY),

and
weHl(O,T;R) if d=2,
weHl(O,T;R3) if d=3,

for all T € (0,Tp).
Moreover, we can choose Ty such that one of the following alternatives holds true:
(a) Tp = o0,
(b) the function t — |lu(t)|| 1 () is not bounded in [0, Tp).

Theorem 1.2. Assume that the hypotheses in Theorem (1.1) hold true and
suppose that d = 2. Then, assertion (a) in Theorem (1.1) holds true, that is, the
strong solution of the problem (1.1), (1.2), (1.4)—(1.10) is global in time.

Theorem 1.3. Assume that the hypotheses in Theorem (1.1) hold true and
suppose that d = 3. Moreover, suppose that

f € L*0,00,2%(R?) N L0, 00, Z%(R?)).
There exists a positive constant ¢ = ¢(0, v, p) such that if

(1.21) [luoll%2(ms) + 1D (wo)lIfr2msyp + 1F1220.00.22ms)) + 11 1(0,00.22(R3)) < &

then assertion (a) in Theorem (1.1) holds true, that is, the strong solution of the
problem (1.1), (1.2), (1.4)—(1.10) is global in time.

As a direct consequence of Theorem 1.1, we recover the result [9, Theorem 4.1]:
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Corollary 1.4. Assume that the hypotheses in Theorem (1.1) hold true and
suppose that d = 3. Let us denote by Br the open ball centered at 0 and of radius R
in R3, by diam(&) the diameter of ¢ and Fr = .7 N Br for R > diam(&). Then
there exists T* and u = u(y,t), p = p(y,t), h = h(t ), @ =w(t) and Q = Q(1)

satisfying (1.12)—(1.18) and (1.2) almost everywhere in .# x (0,T*) such that
0t 9p 0%,
U, — € L>®(0,T; L3(F)), —— e L%(0,T; L3(.%)),
S e LO.TIIAF), P S € 20,7 14(7))
hi € H*(0,T), w; € H'(0,T), Qi € H*(0,T)
% € L*(0,T; L*(#Rr)) VR > diam(0),

for any T € (0, T*). Moreover,

hi € CH([0,T)), @i,Qi; €C(0,T)), h(0)=0, ' (0)=nr", @(0)=w®,
Q(0)=1d, w@eC(0,T),H(F)) with a(-,0) = ug("),

for any T € (0,T%).

Remark 1.5. The existence of solutions for the problem (1.1), (1.2), (1.4)—(1.10),
with initial data satisfying the same assumptions as in Theorem 1.1 has already been
investigated in [22] assuming that the rigid body is an infinite cylinder of circular
cross-section. Moreover, a similar problem was studied in [9], where the difference
with our problem is that in [9], the authors suppose that there are prescribed external
forces and torques acting on the rigid body and assume that only conservative forces
act on the fluid. The novelty of our results consists in the fact that we obtain an
existence and uniqueness result for strong solutions in the case of a rigid body of
arbitrary and regular shape. On the other hand, we obtain a solution which is unique
and global in time (assuming that the data are small enough if d = 3).

The plan of this paper is as follows: in Section 2 we introduce the change of vari-
ables, which plays a central role in Section 3, in order to prove the local existence
of the problem (1.1), (1.2), (1.4)—(1.10). In Subsection 3.1 we study a linearized
problem associated to (1.1), (1.2), (1.4)—(1.10), after of the change of variables. Re-
garding the problem (1.1), (1.2), (1.4)—(1.10), after of the change of variables, as a
perturbation of the linearized problem of the previous subsection, we give in Sub-
section 3.2 the estimates needed in order to carry out a fixed point procedure, to
prove that such a problem admits a unique local strong solution. In Subsection 3.3
we implement our fixed point procedure to conclude the proof of Theorem 1.1. In
Section 4 we prove the global character of the solution. In Subsection 4.1 we give
some preliminary results that are valid in two or in three spatial dimensions. In
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Subsection 4.2 we prove that the solution is global in time in 2-D. Finally, in Subsec-
tion 4.3, we prove that the solution is also global in time in 3-D, if the initial velocity
and the external force are small enough (in some appropriate norms).

2. THE TRANSFORMED EQUATIONS

2.1. The change of variables

Let us consider a fixed pair (h,w), with h € H?(0,T;R%) and w € H'(0,T;R)
(resp. w € H'(0,T;R?3)) for d = 2 (resp. for d = 3). We first remark that, by using
a classical Sobolev embedding, we have that h € C1([0,T], R%) and w € C(]0,T], R)
(resp. w € C([0,T],R?)) for d = 2 (resp. for d = 3). Let V: R? x [0,7] — R? be the
rigid velocity field associated to (h,w), defined by

(2.1) V(x,t) = W' (t)+ w(t) x [z —h(t)] VzeRY Vtelo,T].

Clearly, for all t € [0,T], V(-,t) is a C* function and for all z € R? the function
V(z,-) is in H'(0,T; R?). Moreover, by using a Sobolev embedding we have V &
C(R? x [0,T)).

Let us denote by diam(&) the diameter of the set ¢ and by B, the open ball
in R?, of radius r > 0 and centered at the origin. Assume that

(22) r> dlam(ﬁ) =+ ||h||L°°(0,T;[Rd)'

With this choice of r and since &(t) is defined by (1.1), we have that €(t) C B, for
all t € [0, 7).

Let 1 € C*(R%, R) be a cut-off function, whose support be contained in By, and
such that ) = 1 on B,. We introduce the functions w defined in R¢ x [0, 7] by

_ 2
(2.3) w(z, t) =h' x (x — h(t)) + %w,
and A: R? x [0,7] — R? defined by
0
_a_ww + oW
852 if d=2,
—w+YVs
o ow oy
(2.4) Az, t) = YVi + o T o,
wv2+a—%l—a—ww3 if d=23.
8])3 81‘1
oy oy
YVs + 8—a:1w2 — 8—332 1

With the previous definitions, it is easy to show that A satisfies the following lemma.
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Lemma 2.1. Let r > 0 satisfy (2.2) and let w, A be defined by (2.3) and (2.4)
respectively. Then, we have
(1) A =0 outside of Ba,.
(2) divA =0 in R? x [0, 7.
(3) Az, t) = V(x,t) in Op = {(z,t) € RT x [0,T]; x € O(t)},
(4) A € C(R? x [0,T],R%). Moreover, for all t € [0,T], A(-,t) is a C* function and
for all * € R?, the function A(x,-) is in H'(0,T;R%).

Next, consider the time dependent vector field X (-,¢) satisfying

0X
(2.5) —r 1) = MX(y,1),1), +€]0,T],

X(y,0) =y € RY,
where A is defined by (2.4). We have the following result:

Lemma 2.2. For all y € RY, the initial-value problem (2.5) admits a unique
solution X (y,-): [0,T] — RY, which is a C' function in [0,T]. Moreover, we have
the following properties

(1) For all t € [0,T)], the mapping y — X (y,t) is a C*°-diffeomorphism from R?
onto itself and from ¥ onto . (t).

(2) Denote by Y (-,t) the inverse of X(-,t). Then, for all z € RY, the mapping
t— Y(x,t) is a C! function in [0, T).

(3) For all y € R? and for all t € [0,T], the determinant of the jacobian matrix Jx
of X(-,t) is equal to 1:

(2.6) det Jx (y,t) = 1.

Proof. Since A is continuous and A(-,t) is a C! function, according to the
classical result of Cauchy-Lipschitz-Picard, it follows that (2.5) admits a unique
solution X (-,t), defined in [0,7}[, with 77 < T, which is C! in [0,T}][. Moreover,
since A = 0 outside of Bs,, A is bounded and therefore it follows that X does not
blow-up before the time T'. In particular, for any ¢ € [0,T], X(-,¢) is a bijection
of R? onto itself.

By using the regularity of A and a classical result (see, for instance, Hartman [12,
Theorem 4.1, p. 100]), we get that for each t € [0, T], X (-, ¢) is a C* function on R9.
The fact that the inverse Y (-, ¢) of X (-,t) is a C°° function on R? follows in a similar
way. Thus, it follows that X (-,t) is a C*°-diffeomorphism from R? onto itself. Now,
let us show that X (-,t) is a C*°-diffeomorphism from .# onto .Z (t). To do this, we
remark that it is easy to verify that for each y € &, the function

(2.7) X(y,t) = h(t) + Q(t)y,
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is the solution of (2.5). We then conclude that for any ¢ € [0,7T], X (-,t)(€0) C O(t)
and in a similar way, Y (-,t)(0(t)) C €. Therefore X(-,t): .F — F(t) is a C°-
diffeomorphism. The same conclusion follows for Y (-, ¢): Z(t) — Z.

Finally, by using a classical result due to Liouville (see, for instance, Arnold [1,
p. 249]) and the fact that div A = 0, we obtain that X satisfies (2.6). O

In the sequel, we denote by Jx and Jy the jacobian matrix of X and Y respec-

Ix = (?)—;iz)”’ T = (22 )z‘j'

tively:

2.2 The equations in the cylindrical domain
We first define the functions

(28) U( (X( t)vt) (X(ya )7 )’ P(yat):p(X(yat)vt);

, B w(t) for d =2,
2.9) / Qe () = {Q*(t)w(t) for d = 3.

In order to write the equations satisfied by (U, P, H,()), we define for each i €

a,....dy

d d
0 . 0U; . OU;
(210) (LU)z = - g]k_" +2 gklr'@ et
j;l 8yj ( ayk) j%;l ik ayl
d 9 d
+ Z {3 (¢"'T) "’nglr ka}
gk, l=1
d d
aY; oU; - 0Y,  0Y; 0%°X,
2.11 MU); = et} | il
240 (MU) Z ot dy; ,Z{ * 3t om 8t8yt}UJ’
j=1 I k=1 J
U
212 =R 3 T
j=1 J k=1
4. op
(2.13) (GP); =Y g7 —;
= 9y
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where, for each 4,5,k € {1,...,d}, we have denoted

d
y oY; oY;
2.14 i = (X (X
(2.14) 9" (y1) ; By KW 0,52 (X (y,0),8),
d
- 0X; 0Xx
(2.15) i (y, t) = ; oy W0 o) (y,1),
d
kLo w09 091 9935
(2.16) Tk = zgg {ayj t o - }
We also define
(2.17) F(y,t) = Jy(X(y,t),t)f (X (y,1),t); Fu =—-MQx H';
0 for d =2,
Fy=4{_
JOAx Q for d=3.

(Recall that J = J(0).)
With the above notations, we can consider the following problem written in the
fixed spatial domain .# = .%#(0):

(2.18) %—(t] ~ W(LU) + (MU) + (NU) + (GP) = F, in F x (0,T),

(2.19) divU =0, in & x (0,7),

(2.20) Uy, t)=H'(t)+ Q) xy, on 90 x (0,T),

(2.21)  MH"(t) = —/ o(U, P)ndF+/ oF (y,t)dy + Fa(t), te(0,T),
o0 o

(2.22) JQ(t) = —/ y x o(U, P)ndll —I—/ y X oF(y,t)dy + Fy(t), te€(0,T),
o6 o

(2'23) U(ya 0) = uO(y)a yEF,

(2.24) H(0) =0, H'(0)=hrY, Q0)=w®.

This system is the transformation of the system (1.1), (1.2), (1.4)—(1.10) by using
the mapping X, as stated in the following proposition.

Proposition 2.3. The quadruple (u,p, h,w) satisfies

we U(Fr), pelLl*0,T;H (F(t)), he H*0,T;R%),
we HY0,T;R) if d=2,
we HY0,T;R3) if d=3,
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together with (1.1), (1.2), (1.4)—(1.10) in [0,T] if and only if the quadruple
(U, P, H,Q) defined by (2.8)—(2.9) satisfies
Ue%, PelL*0,T;H (%)), HeH?*0,T;R%,
Qe HY(0,T;R) ifd=2,
Qe HY(0,T;R?) ifd=3,
together with (2.18)—(2.24) in [0, T].

For a proof of this proposition, see Propositions 4.5 and 4.6 in [21].

3. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 is similar to the proof of the local in time existence of
strong solutions given in [21] or in [3]. The main difference comes from the change
of variables used to transform the system (1.1), (1.2), (1.4)-(1.10) into a system of
equations written in a fixed spatial domain. For this reason, we only give the main
steps of the proof without details.

3.1. The linearized problem
A first step in the proof of Theorem 1.1 is to get the wellposedness for the following

linear system:

(3.1) %—?—I/AU-FVP:Z, in .Z % (0,7),

(3.2) divU =0, in.Z x (0,T),

(3.3) Uly,t) = H'(t) + Q(t) x y, on 86 x (0,T),

(3.4) MH"(t) = —/ o(U,P)ndl + Zn(t), te (0,T),

o0

(3.5) T () = _/ y x o(U, Pyndl + Z,(t), te (0,T),
o0

(36) U(ya 0) = UO(y)a Yy e ya

(3.7) HO)=0, H©0)=r"Y, 0)=uw®,

To achieve this, we extend U to R? by setting
Uly.t) = H'(1) + Q(t) x y ¥ (y,1) € 0 x (0,T).

An easy calculation yields that D(U) =0 in € x (0,T). It is thus natural to define
the following function spaces:

(3.8) H={Uc2*R%: divU =0in R? D(U)=0in 0},
(3.9) V={Uec#"RY: divU =0in RY, D({U)=0in O}.
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We endow .#?(R%) and H with the inner product

(ﬁg)w([@d)=/gjf-gdy+/ﬁ.9f-gdy Vf, g € L3(RY),

where p > 0 is the density of the rigid body.
The study of 3.1)—(3.7) can be done as in [22] or [21] by using an approach based
on the theory of semigroups. More precisely, we define

(3.10) D(A) ={U € V; Ulg € H*(F)};
—vAU in Z,

(3.11) FU =1 20 -1 :
— DU)ndl + 2v(J) [/ ny(U)ndF} Xy in O
M Joo 00

and

(3.12) AU = Po/U YU € D(A);

where P is the orthogonal projector from .#2(R%) onto H, and where, in the expres-
sion of /U, D(U) represents the trace of the restriction of D(U) to & = R\ 0.
As in [22], we can prove the following result.

Proposition 3.1.  The operator A defined by (3.10), (3.11) and (3.12) is
self-adjoint and non-negative. Consequently, —A is the generator of a contrac-
tion strongly continuous semigroup on H. Moreover, there exists a constant
C =C(v,0,#) > 0 such that for all U € D(A)

(3.13) Ul se2(7) < CI(I + A)U|| 2 (ray.-

By using the above proposition, we obtain the following result, which can be
proven in the same way as Corollary 4.3 from [22].

Corollary 3.2. Let T > 0 and suppose that Z € L*(0,T;.L*(F)), Zu €
L*(0,T;R%), Z; € L*(0,T;R) ford = 2, or Z; € L*(0,T;R3) for d = 3 and let
up € A1 (F) be such that

divug =0, in Z,
up=h" + 0@ xy,  on 0.

Then, the linear problem (3.1)—(3.7) admits a unique strong solution (U, P, H,{)
in [0,T), i.e. U € %, P € L*(0,T; H'(F)), H € H?(0,T;R%), Q € H'(0,T;R) if
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d=2,or Qe HY0,T;R®) if d = 3. Moreover, there exists a positive constant C
such that

(3.14) Ullr + IVPl 220,122 (#)) + 1H | 51 0,750y + QU107
< Clluollerway + (|12 L20,m,22(7)) + 120l 20,700y + 12| 220,7))-

This constant C depends only on 9, v, # and on T and it is non-decreasing with
respect to T'.

3.2. Proof the local existence and uniqueness result
Following the same approach than in [21] and in [3], we write the system (2.18)—
(2.24) as the system

a—U—yAU+VP:Z, in .Z % (0,7T),

ot
divU =0, in % x (0,7),
Uy, t) = H'(t) + Q(t) xy, on 90 x (0,T),
MH"(t) = —/ (U, Pyndl + Zu(t), € (0,T),
00
T(t) = —/ y x o(U, Pyndl + Z,(t), te(0,T),
00

U(y,0) =uo(y), y€Z,
H(0)=0, H'0)=hr", Q0)=w®,

with
Z(y,t) = F+v((L - A)U) — (MU) = (NU) + (V- G)P),

Zui(t) = /ﬁ oF(y,t)dy + Fur(t), Zy— /ﬁ y % oF (y,t)dy + Fy(2),

and where F', Fiy and Fy are defined by (2.17).
We define the mapping £ from

L0, T; L*(.F)) x L*(0,T;R%) x L?(0,T)

into itself by

Z F+v(L-AU)—-(MU)- (NU)+ ((V-G)P)
I\ Zu | = J50F (y,t)dy + Fr ;
Z fﬁyszF(yat)dy+FJ
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where in the above expression, (U, P, H, ) is the solution of the linear system (3.1)—
(3.7) associated with (Z, Zar, Z5) (see Corollary 3.2).

By estimating carefully the coefficients in L, M, N, G, Fj; and F;, we can
prove that for small time T depending only on ||uo|| 1 (), R and w©, the map-
ping % admits a unique fixed point. Therefore, there exists a unique strong so-
lution (U, P, H,Q?) of the system (2.18)—(2.24) on [0,7]. Moreover, since (¢) is a
continuous mapping, it is well known that the initial-value problem

Q'(t)z=Q()(Qt) xz) VzeR,
Q(0) =1d,

has a unique solution Q € C*([0, 7], R%).
Finally, by using the inverse transformation

u(z,t) = Jx (Y (2,t), ) U(Y (z,1),0);  p(z,t) = P(Y(x,1),1);
/ QUs) H' (s w(t) = Q(t) for d =2,
Q)Q(t) for d =3,

we obtain the existence and uniqueness of strong solutions on [0,7] for the sys-
tem (1.1), (1.2), (1.4)~(1.10).

3.3. End of the proof of Theorem 1.1

In the above section, we have shown that there exists a time T° > 0 such that
the problem (1.1), (1.2), (1.4)—(1.10) admits a unique strong solution (u,p, h,w) in
[0,T]. Let us define Ty > 0 as follows:

(3.15) Ty :=sup{T € R%; (1.1), (1.2), (1.4)—(1.10) admits a unique
strong solution in [0, T}.

To finish the proof of Theorem 1.1, we have to prove that one of the alternatives (a)
or (b) holds true. We act by contradiction: let us assume that Ty < co and that the
function ¢ — |lu(t)|| 1 (7)) is bounded in [0, Tp). It is not difficult to see that this
implies that the mappings

t= W ()], te )

are bounded in [0, Tp). In particular, using that Ty < oo, we get that h is bounded in
[0,Tp) and therefore that there exists a uniform 7 > 0 so that (2.2) holds true. This
fact, combined with the above subsections, implies that there exists 77 > 0 such that,
for all ¢ € [0,Tp), there exists a unique strong solution of (1.1), (1.2), (1.4)—(1.10) in
[t,t + T1]. This contradicts (3.15) and completes the proof of Theorem 1.1.
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4. PROOF OF THE GLOBAL EXISTENCE OF STRONG SOLUTIONS

To get the global in time existence, we assume that Ty < oo and we are going to
show that the mappings

tu®)loer gy, te K@)t |w)

are bounded in [0,7)) without any extra hypothesis if d = 2 and assuming that
the initial velocity and the external force are small enough if d = 3. According to
Theorem 1.1, this will imply Theorems 1.2 and 1.3.

4.1. Preliminary results
Let (u,p, h,w) be the strong solution to the problem (1.1), (1.2), (1.4)—(1.10). It
is natural to extend u to R? by

(4.1) u(x,t) =1 (t) + w(t) x [x —h(t)] ze€ Ot), tel0,Tp).

In that case, we have that u(t) € s#1(R)?) for all ¢t € [0,7p) and D(u) = 0 for
t €1[0,Tp) and = € O(t). Moreover, we can easily check that

2 2 1 2 1 2
|D(u)|*dx = |D(u)|*dz = < [Vu|dz > = |Vu|* de.
Z(t) Rd 2 Jpa 2 Jzw

A simple calculation shows that there exist two positive constants ¢; and ¢y depend-
ing only on & and on p such that

(4.2) cilal? < (Ja)-a < colal* (a € R?).

Lemma 4.1. Let (u,p, h,w) be the strong solution to the problem (1.1), (1.2),
(1.4)—(1.10) as in Theorem 1.1. Then, there exists a positive constant C = C(0, p)
such that

To
2 ! 2 2 2
(4.3) t:f:igo)(”u(t)”32(9(15)) + W () + [w(t)] )+2V/O VU2 2 (102 A

< O 10,1052 (Ray) + luoll %z ) + RO + W@ ?).
Proof. By taking the inner product of (1.4) with u, we obtain that

(4.4) / @-udx—/y(t)divo(u,p)-udx+/ [(w-V)u] - ude

F(t)

= f-udz, ae. in (0,Tp).

977



On the other hand, the Reynolds transport theorem combined with the fact that
divu =0 in .Z (t) implies

1d

(4.5) / ou udx —l—/ [(w-Vu] -ude = -— lu|?dz, a.e. in (0,Tp).
t F(t) 2dt Jz 1

Moreover, by using (1.6), (1.7) and (1.8), we obtain that a.e. in (0, Tp)
(4.6) —/ divo(u,p) - udx
F(t)

= 21// |D(u)]? dz — / (o(u,p)n) - udl
Z(t) a0(t)

M d 1d

Y /y DR WO + 5 e o)

[ W) of(etydr / w(t) % (z — h(t))] - of (z, 1) do.

o(t) o)
Therefore, by replacing (4.5) and (4.6) in (4.4), we get that

d d d
(A7) SO0y + WD o g0 + MW O + S [(To(2)) - w(t)]

= 2(f(t), u(t)) 227 (1) +2 / of (z,8) - [H' () + w(t) x (z — h(t))] dz,

o(t)
a.e. in (0,7p).

The above inequality yields that

(4.8) a2 7y + MR O + (Jw(t) - w(t)

t 2
<2 1 Olz2qeny05)

+ 2luol| () + 2M RO + 2T - O,
for all t € [0,Tp). Combining (4.7) and the above inequality, we conclude that
' 2
(@9) 40 [ 1D 05
To 2 _
<3|([ 1O nn @5 ) + ol + MO 4 T 0],
0

for all ¢ € [0,Tp). The result follows from (4.8) and (4.9). O
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The above lemma gives in particular an estimate on ||u(t)||f%2(5j(t)). In order to
obtain an estimate on |u(t)||%,: (#(t))» We need to introduce some auxiliary functions.

First let us consider £: R — R a smooth function with compact support such
that £(x) = 1 in a neighborhood of &. Then we set

1/)(%15) = f(Q*(QC - h(t)))a

and we define A: R? x [0,T] — R? by

O .
—a—ww + YV
852 if d=2,
w4 PVs
5‘x1
(4.10) Aaty =4 (v 4+ 200 — 200,
8x2 8x3
o o
— W — —— fd=3
wVQ + 8x3 w1 8x1 ws ! ’
o ;
PYV3 + 5‘—x1w2 - g—fzwl

with V and w defined by (2.1) and by (3.2). The function A satisfies the proper-
ties (2), (3) and (4) of Lemma 2.1 (with A instead of A). Define X as the solution
of the initial boundary value problem

ox
(4.11) ot
X(y,0) =y e R%

(y,t) = A(X(y,t),t), t€]0,T],

The function X satisfies all the properties of Lemma 2.2 (with X instead of X ) and
in particular that, for each y € 0,

(4.12) X(y,t) = h(t) + Q(t)y.
Finally, we can estimate the function A:

(4.13) A2 () < CUR ()] + |w(t)]).-

Similarly, by changing slightly the functions V' and w defined by (2.1) and by (2.3),
we can prove the following result.
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Proposition 4.2. Let (H,)) be the transformed of (h,w) given by (2.9) and let

r > diam(&) be fixed. Then, there exists a vector field A € C(R? x [0, Tp)) satisfying
the following properties:

(1) A = 0 outside of Ba,..

(2) divA =0 in R? x [0, Tp).
(3) A(y,t) = H'(t) + Q(t) x y for all (y,t) € € x [0,Tp).
(4) For allt € [0,Tp), A(-,t) is a C° mapping in R? and for all y € R, A(y,-) is in

H(0,T;R%) for any T € (0,Tp).

(5) There exists a positive constant C' = C (0, ) such that

(4.14) IA@® 2 (r2y2 < CUN (B)] + lw(B)]),

for each t € [0, Tp).

Next, we prove a technical result, which will be used in the proof of both Theo-
rem 1.2 and Theorem 1.3.

Lemma 4.3. Let (u,p, h,w) be the strong solution to the problem (1.1), (1.2),
(1.4)—(1.10) as in Theorem 1.1, and let us assume that f € L*(0,Tp; £*(R?)). Then,
we have that for almost every t in (0,Tp),

(4.15) — /gz(t) dive(u,p) - (% +(A-Vu—(u- V)A) dz

X [ pude+ MO + @) - L Jw))
it /50 &

~ Mw(t) x K] - 1)
- /ﬁ(t) of (m,t) - [ (t) + W' (t) x (x — h(t)) —w(t) x W' (t)]dz

+ay/ (Du) : (Vu)(VA) — D((u - V)A)) da.
Z(t)

Proof. We prove formula (4.15) only in the case d = 3, the proof in the case
d = 2 is similar. We split the proof in two steps.
First Step. Let us consider
DS %(ﬂTo)

satisfying
divv =0, ze€.Z(t), te(0,Tp),

and
v(z,t) =1(t) + k(t) x (x — h(t)) ze€do(t), te(0,Tp),
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with (I, k) € H'(0,Ty). We assume moreover that

ov

4.1 —
(4.16) ot ‘y(t)

€ L*(0,To; A (F(1))).

By using the change of variables y — X (y,t) introduced above, we easily get that

d

4.17 —
(4.17) a |

|Dvl? dz :/ 2|Dv|2 + A - V(|Dv]?)dz,

with A defined by (4.10). A simple calculation shows that

(4.18) %|Dv|2 +A-V(DuP?) = 2Dv : D(% +(A- V)v) —2(Dv) : ((V)(VA)).

Combining (4.17) and (4.18), we obtain that

1d ov - .
—— Dy|*dz = Dv:D(—+ (A-V)v) —(Dv): (Vv)(VA))dz
30 1P 0 D0 D(G + (R 9)0) = (Do) (T0)(VA)
and thus
1d/ 9 ov A P
4.19) —— Doy|*dx = Dv:D{—+(A-V)v—(v-V)A
@19) 5 [ 1Dl 1 D D(G + (B V= (0- W)

+ (Dv) : (D((v- V)A)) = (Dv) : ((Vo)(VA)) da.

By noticing that

. (0v A A
dw(a +(A-Vo—(v- V)A) —0,
we deduce from (4.19) that

d 2 _ . @ N _ N
(420) v [g<t>|D”| dz = /%) o(0,p): D(50 + (- V)0~ (0 D)A)

+2u(Dv) : (D((v- V)A)) = 20(Dv) : (Vv)(VA)) da.
On the other hand, since
v(X(y,1),) = 1(t) + k() x (Q(t)y) for y € 00,

we have that

(4.21) (X (y, )N = |5 + R V)] (X(.0),1)

=U(t) + K () x (Q)y) + k(t) x (w(t) x Q(t)y)
for y € 00.
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We also notice that
(4.22) [(v-V)A](2,t) = w(t) xv for = € dO(t).

Combining (4.21) and (4.22), we deduce that

(4.23) %, (A-V)v— (v-V)A =1(t) + K (t) x (& — h(t)) —w(t) x I(t)

ot
+ (k(t) x w(t)) x (x — h(t)) for z € 0O(t).

Integrating (4.20) by parts and using (4.23), we deduce that

d
(4.24) 1/—/ | Dv|? dz
dt Jz )

. ov A
= — /y(t) dive(v,p) - (E +(A-Vo—(v- V)A) dz

- / o(v,p)n - (I'(t) + k' (t) x (z — h(t)) — w(t) x I(t)
80 (t)
+ (k(t) x w(t)) x (x — h(t)))dl
+/ 20(Dv) : (D((v - V)A)) = 2u(Dv) : (Vo) (VA))dz.
Z(t)

Second Step. Let us use the change of variables (2.8)—(2.9) introduced in Section 2:

we set

Uly,t) = Jy (X(y,1), hu(X(y, 1), 1).

Since the operator A defined by (3.10)—(3.12) is non-negative, we have that the
mapping
U= Ul = I+ AU 22w,

is a norm in D(A). Then, the dual space of D(A) (endowed with the above norm),
with respect to the pivot space V, is D(A) = H (see (3.8) and (3.9) for a definition
of these spaces). Thus, since (u,p, h,w) is the strong solution to the problem (1.1),
(1.2), (1.4)—(1.10) we have that U € L?(0,T; D(A)) and that U’ € L%(0,T; D(A)").
Therefore, according to a classical result (see, for instance, [23, pages 261-262]),
there exists a sequence U € C°°([0, 7], D(A)) (N € N) such that

(4.25) UN — U strongly in L?(0,T; D(A)),
(UN) — U'strongly in L?(0,T; D(A)).
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Let us set u™(z,t) = Jx(Y(x,t),t)UN (Y (z,t),t). We obtain from [16, Theo-
rem 2.5] that

'U,N N
@26) (0 t) = I (Y(2,0).1) [%

= (¥ (2,0).6) + (MUN)(Y (), 1),

where (MU) is defined by (2.11). In particular, we deduce from (4.26) that

oulN

W}ﬁ(t) € LX0. T3 A (F (1))

We also have that
divu™ =0, ze.Z(t), te(0,Ty),

and
ulN (x,t) = IV (t) + kN () x (x — h(t)) x€dO(t), te(0,Ty),

with (IV,kN) € HY(0,Tp).
From the first step, we deduce that

(4.27) l/g/ |DuN|? dz
dt Jz )
B oulN

- /gzm divalu,p): (W HA- V)Y = @V do

o uN - NN/
+Aaw< P (@VY()
+ (BNY () x (2 — h(t) —w(t) x V(&) + (BN (t) x w(t)) x (x — h(t)))dT
+ / 2w(DuN) - (D((Y - V)A)) — 2(Du) : (Vu)(VA)) da.
Z(t)

Using again [16, Theorem 2.5], (4.25) implies that

N — b in HY(0,Tp), EN —w in HY(0,Tp),
uN —u in L*(0,To; H*(Z(t)))

and
ouN  Ou
—— — — in L*(0,Ty; L*(F (1))).
ot - ot m (07 0, (J( )))
Combining the above convergences with (4.27), we obtain the result. O
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4.2. Proof of Theorem 1.2

We are now in a position to complete the proof of Theorem 1.2. Assume d = 2.
We recall that we argue by contradiction: we assume that Ty < oo and we are going
to show that the mappings

t u®)lerzay, te K@), = lw)],

are bounded in [0, Tp).

Proof of Theorem 1.2. Let (u,p, h,w) be the strong solution of the prob-
lem (1.1), (1.2), (1.4)—(1.10) given by Theorem 1.1. From Lemma 4.1, we already
know that the mappings

te lu)llzzz@y), t— W@ t—|w®)],
are bounded in [0,Tp). As a consequence, (4.13) yields that
(4.28) [Ally2.00 (1)) < C K1,
where C' is a positive constant and where K is defined by

Ky = (||f||2L1(o,TO;$2(R2)) + ||U0||?f2(y) + RV 4 W @212,
First, we take the inner product of the equation (1.4) with

ou
E—F(A Vu— (u- V)

and we obtain

H H_W(a; () /ﬁ(t) ?;: (A V)u — (u- V)A] da

. ou P .
— /32(t) dive(u,p) - (E +(A-V)u— (u- V)A) dz

ou
- - /Q(t)[(u'v)u]'(5+(A V)u— (u-V)A) da

ou .
+ /y(t) [ (E + (A Vu — (u- V)A) dz, a.ein (0,Tp).

Combining the above equation with Lemmata 4.1 and 4.3, and with the rela-
tion (4.28), we obtain that for a.e. t € (0,Tp)

1 1
(4.29) |D(u)|* dz + 5M|h”(1ﬁ)|2 + §J|w/(t)|2

+rv—
2 H Hiﬂ?(gf(t)) dt Jz)
< O(KT + (K7 4+ D[ VullZz gy + (- V)ullZez 2
+ L F )2 (gey + () x B (1))

984



The above inequality, the inequality (4.3) and (4.36) yield that for a.e. t € (0,Tp)

@30) | 2o v D) s + MO + 5T O
ootV e zayy T dt [L2(R2) T 2
< C(KT + (KT + DIIVullZe geye + £ ()22 2

+ (- V)u®) % (zawy),

and where C' = C(0, o, ) is a positive constant.
Next, we have to estimate (v - V)u in terms of the left-hand side of (4.30). To
do this, we use the change of variables x = Q(¢)y + h(t). Consider the functions

u(y,t) = Q" (u(Q(t)y + h(t),t) and p(y,t) = p(Q(t)y + h(t),1), with Q() given
by (1.2). By means of simple calculations, it is easy to see that (u-V,)u = Q(a-Vy)a.
Thus, it follows that

(4.31) /y(t) (u - Vgg)u|2 dz = /y |(@- Vy)ﬂ|2 dy.

Next, by applying the Holder inequality combined with the continuous embedding
of H'/2(.#) in L*(.#) and with an interpolation inequality (see, for instance, Lions
and Magenes [17, p. 23]), we obtain that there exists a constant C; = C1(.%) > 0
such that

(4.32) |(u- Vy)ul* dy < [[allfpaqzye |Vl fa oy
7

< Cilal| 22y |l ser (2 [ VL2 24 || V| (24
< Cillull g2Vl ez {llall 22 (7)) + IVallp2zye

2
x {IIVUII[L2<9>}4 +> IIDQUiH[L%%P}-

i=1

On the other hand, we can consider (u,p) as the solution of a resolvent Stokes
problem at some fixed time ¢ > 0:

u—vAu+Vp=f+u in Z(t),
divu=0 in F(t),
ulgewy = h'(t) + w(t) x [z — h(t)] ze€dd(t),

where

(4.33) f(x,t) = —%(x,t) — (u-Vu(z,t) + f(z,t).
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Thus, by means of simple calculations, it clearly follows that (u, p) satisfies the similar
resolvent Stokes problem

u—vAu+Vp=F+u in .Z,
divi=0 in %,

uloe = A|oe,

where

Fly,t) = Q" (1) f(Q()y + h(t), 1),

and where A(y,t) is given by Proposition 4.2. Therefore, as a consequence of [5,
Theorem 2.1], we obtain that there exists a constant Co = Ca(v,.%) > 0 such that

2
(4.34) > ID%ui 2wy < CoFllz2(w) + ]l 22 () + Ml ez re))-
=1

Finally, from (4.31) and (4.32), combined with the above inequality, we deduce that

(- Va)ullZe 2
< Cillull 22z ep IV ulltre @y (lul 22z @) + 1 Vulliz2z@ys)
+ C1Caull 227 1)) I Vull ez @ (lul 22z @) + [IVulliz(z @)
< (1 fll 22z @) + Il 222y + | Al ge))-

Combining the above inequality with the definition (4.33) of f and with the esti-
mate (4.14) of A, we obtain that for a.e. t € (0,Tp)

1(w- V)l %z 2
< Cillull 222 ep IV ullfrez oy (lul 22z @) + 1 Vull L2z @)
+ C1Co||ull 22z 1) I Vullipe(z @y (lull 22z @) + IVullipz(z @)

<(I5

which implies that for any € > 0 there exists a positive constant C. depending on O,
v and p such that a.e. in (0, 7))

22 (F(1) + [ (w- Vull g2z @) + | fll22@2) + Jull 222 @) + CKl),

[ (u- V)U”?fz(y(t)) < Ce(”“”f%ff(t))||VU||[2L2(5J(7:))]4(||U||z2(y(t)) + IVull 2z @)))

+ lullZee (2 (o) IVl 2oy (el 22z @) + 1Vl 2z @)
2

ou
2 2 2
I m + il + KD+ G|
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Therefore, by replacing the above estimate (with ¢ small enough) in (4.30), we get
that for a.e. t € (0,Tp)

SISO s+ 37 PO Bargamye + TMIOP + 1O
< C3(Ki + (K7 4+ D) Vul %2 ey + £ (0% 2
+ [lull 222 ) Hvul|[L2(9Z s el 22z @) + 1IVull ez @)
+ |WH$2 (F (1)) Hvul|[L2(9Z s el g2z @) + 1 Vullpe(z @) )?
+ lullie(z 1y + K1),
for some positive constant Cs = C5(0, o, v, 7).

Hence, by integrating the above inequality with respect to ¢, and applying
Lemma 4.1, we obtain that for all ¢ € [0, Tp)

n ou 2 q 1 9
( 35) ()32(8) 5+ZVHVU(t)H[L2(R2)]4
1 t 1 t
+—M/ |h”(s)|2ds+—J/ |’ (s)]? ds
4 0 4 0
t 1 2 2
<K+ Ky | (VI9006) sy ) 2V T0(8) s s,
where

1
K> = 2vIVuo|lfpageays + Ca(KP (KT + 1)To + KKy + 1) + [ fl 720,752 (r2)))
= C4K?

and where Cy = Cy(0, p,v,r) is a positive constant.
Finally, by applying the Gronwall lemma in (4.35), we get that for all ¢ € [0,Tp)

i)

1 2 1 t /l 9 1 t , )
L2(F(s) 5+Zvau(t)||[L2(R2)]4+ZM/O |h (S)| dS+ZJ/O |w (S)l ds

To
< K2 epr{Kg/ (QZ/HVU(S)”[QLz(Rz)]z;)ds}
0
< K2 exp{QCKgKl}.
The above estimate combined with Lemma 4.1 implies the result. O

Remark 4.4. In the above proof, assuming that Ty < 0o, we have shown that the
H'-norm of u(t) does not blow-up at Ty, which, according to Theorem 1.1, implies
the global in time existence of u for d = 2. This proof also yields that

%, and A", '
are bounded in L%(0, Tp; £ (Z (t))), and in L2(0,Tp) respectively.
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4.3. Proof of Theorem 1.3

In this section we prove Theorem 1.3: if the H'-norm of the initial velocity wug
is small enough, and if the external force is also small enough (in some appropriate
norm), then the solution of the problem (1.1), (1.2), (1.4)—(1.10), given by Theo-
rem 1.1, is global in time. We still argue by contradiction and assume that T, < co.

Proof of Theorem 1.3. We begin the proof as in the proof of Theorem 1.2: let
(u, p, h,w) be the strong solution of the problem (1.1), (1.2), (1.4)—(1.10) given by
Theorem 1.1. From Lemma 4.1, we already know that the mappings

te lu®llezzwy, te W@ t—lw)],

are bounded in [0,7p). The relation (4.28) also holds true, the constant K; being
defined by

= (HfH%l(o,oo;zZ(RS)) + ||U0||fg2(ff) + RO 4 W@ )12,

We can also estimate A in a different way. From the Sobolev-Gagliardo-Nirenberg
inequality, the following relation

(1.36) W0 + ()] < CIVu®)] oy
holds true and the above inequality and (4.13) imply that
(4.37) Al (2 0y < ClIVUt)llz2(wsyp-

Both relations (4.28) and (4.37) are used in the sequel. We first take the inner
product of the equation (1.4) with

ou
e + A V)u—(u-V)A

and we obtain
H Hﬂ(%)) /%) ?;; (A Vyu— (u-V)A]dz
—/y(ﬂdiva(u,p)-(%—i—(/& V)u—(u-V)A) da
. /@(t)[(u-V)u] : (gj + (A V)u— (u-V)A) de
+ /y i (%HA Vju— (u-V)A) dr, acin (0.7)).
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Combining the above equation with Lemmata 4.1 and 4.3, and with relations (2.8)
and (4.37), we obtain that for a.e. ¢ € (0,7p)

1)0u? 1 Co
4.38 —H—H — D@)|?dz + = MK O)]? + =]’ ()
( )2 5 gz<y(t>>+”dt t%l ()] T+ 5 | (t)] +2|w()l
(t)

< C(K1 (K1 + DI[Vu®)IEre(zye + 1w V)ul ez + 1701 %2 @)
+ w(t) x B + [(Jw(t) x w(®)[?),

where C = C(0,p,7) is a positive constant and where ¢y is the constant defined
by (4.2). The above inequality, the inequality (4.3) and the inequality (4.36) yield
that for a.e. t € (0,Tp)

@39 |2, v DO ey + g MIETOF + sesl (1)
’ 2l ot 2z | dt [L2RH) T o 272
< C(Ki (K + D)I[Vu®)IEre(z e + 17 )%z we
+ 1w V)u®) ez z1y))

and where C' = C(0, o,7) is a positive constant.

As in the proof of Theorem 1.2, we have to estimate (u - V)u in terms of the left-
hand side of (4.39). We consider the function u(y,t) = Q*(t)u(Q(t)y + h(t),t) and
we use similar arguments as those of the proof of Theorem 1.2, (see (4.31), (4.32))
to finally obtain

3

(4.40) [|(w Va)ulZpa(z ) < CillValipagaye <|Vﬂ|[L2(R3)]9+Z |D2ﬂi||[L2(9>)]9>,
i=1

for some constant C; = C1(#) > 0 and a.e. in (0, 7).

On the other hand, if we define ¥ = % — A, then for any fixed time ¢ > 0, (9(t), p(t))
is a solution of the stationary Stokes equations:

—VvAG+Vp=F in .Z,
divi=0 in .Z,

7=0 on 00,

where
~ ou
f(x,t) = —E(ﬂzt) = (u-Vu(z,t) + f(z,1),

where

F(y.t) = Q" (1) f(Q(t)y + h(t), 1),
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and where A(y,t) is given by Proposition 4.2. Therefore, as consequence of [13,
Lemma 1], we obtain that there exists a positive constant C depending only on v
and on % such that

3
> ID*Tillz2 )0 < CUIF|Lz2(2) + VTl 22(5)).

The above inequality yields that the existence of a constant Co = Ca(v,.%) > 0 such
that

> ID%wi 2y < CalllFllz2() + IVl 22(2) + | Al 22 m3)-

i=1

Proceeding as in the proof of Theorem 1.2, we get that a.e. in (0,7p)

ll(w - V)l %22
< Gl Vullfaasyo + CrCal | Vullf2gsyyo

< (|5 ecpy + 10 Dl + Lo + [ Vulizagoye).

The above relation implies that

ou
@) |2 FIR P+ 1 OF + - 19u(0) Py

Hz?(y(t))
< C3(K1 (K1 + D[ Vu(®)Itzmeye + 1112 gsy

V) lipe ey + IVat)lIfz(ays)
for some positive constant Cs = C5(0, p,v), and therefore,
JNB @5+ [ @R+ [ 16 s+ rwal
o ot llz2(z () 0 0 AEDI?
<[ Vuo|[fpa(raye + CalKT(ET + 1) + || f172(0,00,22(r2)))

t
n 04/0 2| Vu(s)[| 2 (rayo ds,

for some positive constant Cy = Cy4 (0, o, v).
Let us assume that

(4.42) V||Vu0||[2L2(R3)]9 + Cy(KP(KT +1) + ||f||2L2(o,oo;g2(R3))) +CiCKY <,
where C' is the constant appearing in (4.3). Then it can be easily checked that
|\Vu(t)||[L2(R3)]9 <1 Vte[0,Tp).
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On the other hand, the relation (1.21) implies (4.42) for ¢ small enough. Therefore,
from Lemma 4.1 and from the above inequality, we have that the mapping ¢ —

llu(t)[| 1 (#(4)) is bounded in [0,Tp) provided (1.21) holds true for ¢ small enough.
We conclude the global existence and uniqueness to the problem (1.1), (1.2), (1.4)-
(1.10) for small data. O

Remark 4.5. We note that (4.41) combined with the fact that the mapping

t = [[D(w(®)ll 2oy

is bounded in [0, Tp) implies that Ou/dt is bounded in L2(0, To; £?(#(t))), and that
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