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Abstract. For a bounded domain Q C R™, n > 3, we use the notion of very weak solutions
to obtain a new and large uniqueness class for solutions of the inhomogeneous Navier-Stokes
system —Au +u-Vu+ Vp = f, divu =k, Uy = g With u € L7, ¢ > n, and very general
data classes for f, k, g such that u may have no differentiability property. For smooth data
we get a large class of unique and regular solutions extending well known classical solution
classes, and generalizing regularity results. Moreover, our results are closely related to those
of a series of papers by Frehse & Ruzicka, see e.g. Existence of regular solutions to the
stationary Navier-Stokes equations, Math. Ann. 302 (1995), 669—717, where the existence of
a weak solution which is locally regular is proved.
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and uniqueness in higher dimensions, regularity classes in higher dimensions

MSC 2010: 76D05, 35J55, 35J65, 35Q30, 76D07

1. INTRODUCTION AND MAIN RESULT
We consider the stationary Navier-Stokes system
(1.1) —Au+wu-Vu+Vp=f, divu =k, u,, =g

in a bounded domain Q C R", n > 3, with boundary 0 of class C?! and with data
f=divF, k, g satisfying

(1.2) F=(F;)i=1€L’(Q), kelL'(Q), g¢ W99

>

=

)
1
q

=

1
/kdx: N-gdS where n<qg<oo, ¢ <r<gq, —+
Q 09 n

61



Here N = N(z) = (N1(z),...,Np(z)) denotes the outer normal at x = (z1,...,
Zn) € 02, the surface integral is well defined in the generalized sense

N-gdS ={(g,N)oa =(N-g,1)s0
a0
of a boundary distribution, and ¢’ = q¢/(q — 1).

The aim of this paper is to prove existence, uniqueness and regularity of solutions
u € L1(Q) to the system (1.1) for the general data class (1.2) with very low regularity.
Note that u need not be differentiable excepting divu = k; in particular v need not
have a finite Dirichlet integral. Thus this solution class is different from the usual
class of weak solutions which have more differentiability properties but no uniqueness
in general. A scaling argument shows that the data class (1.2) is optimal for the
solution class L9(€2). In particular, (1.2) extends the class introduced in [20] for
n = 3 where k € LY(Q), ¢ > r, is supposed.

Our largest solution class is obtained for ¢ = n by v € L™(€2). We cannot expect
that there is any larger solution class L?(£2) with 1 < ¢ < n, keeping the regularity
property. Note in this context that the condition ¢ = n corresponds to Serrin’s
regularity condition 2/00 + n/q = 1 in the nonstationary case.

Our first result, Theorem 1.3 below, shows the existence of a unique solution
u € L), ¢ > n, with data (1.2) under the smallness condition

(1.3) IEl ey + [Fllzr@) + l9llw-1/0a(00) < K

with some constant K = K(,q,r) > 0. The next result, Theorem 1.4, states the
uniqueness of any solution u € L(Q) with data (1.2), if the smallness condition

(1.4) lull Lagy + &l Lr) < K

is satisfied with some constant K = K (£, ¢,r) > 0. Finally, Theorem 1.5 shows the
regularity of such a solution u € L4(2), g > n, if the data (1.2) are correspondingly
smooth.

These results extend classical results, see [19], essentially in two directions. First
we obtain a new existence and uniqueness class v € L4(Q2) without any differentia-
bility property. Further, since the norms in (1.3), (1.4) are weaker than those in
the usual conditions, we obtain a new uniqueness class even for regular solutions.
In particular, we extend in this way regularity results of Galdi [19], Ch. VIII, Ger-
hardt [21] and von Wahl [34], where finite Dirichlet integrals are supposed. Note
that the objective of this paper is different from that in a series of papers by Frehse
& Ruzicka [10]-[15]; those authors prove for large data f and k = 0, g = 0 the
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existence of at least one weak L2Z-solution satisfying the maximum type estimate
sup %|u|2 + p < ¢(Q) for every subdomain Qy CC Q and being a strong solution.
Qo

For a result on local regularity of solutions with finite Dirichlet integral we refer to
Frehse & Ruzicka [16].

The notion of very weak solutions, introduced in principle by Amann [2], [3] for
the 3D-nonstationary case with k = 0, and generalized in [9], [20] to k # 0, rests on
the use of test functions in the space

(1.5) C&U(ﬁ) = {v=(v1,...,v,) € C?(Q);divv = 0,v),, = 0}.

When we apply a test function w € Cf ,(Q) formally to (1.1) we obtain the following
relation well defined for u € L9, ¢ > n, and data as in (1.2):

(1.6) —(u, Aw)g + (g, N - Vw)aq — (uu, Vw)q — (ku, w)q
= —(F,Vw)a, weCj, ().

Here (-, -)q means the usual L%-L9 -pairing in €, (9, N - Vw)pqn denotes the value of
the distribution g = (g1, ...,9,) € WY%9(9Q) at the normal derivative N - V) ,q,
and uu = (u;u;);'—;. Further we use the relation u - Vu = (u - V)u = div(uu) — ku,

n
and the notation f = div F' := (Z DiFij) ,Di=0/0x;,i=1,...,n.
i=1

n
j=1
To clarify the meaning of all terms in (1.6) let 7 = 7(z) = (11(z),...,Tn-1(x))
be a system of unit tangential vectors at x € 99 such that (7(x),N(z)) =
(r1(x), ..., Tn—1(xz), N(z)) defines a Cartesian basis at x. Then g(z) has the form

9(x) = Zy(7(2)) + (N - g)N(z)

where £, (7(x)) € R™ means a suitable linear combination of 7 (z),...,7—1()
contained in the tangential plane at x, and N - ¢ = N1g1 + ...+ N, g, denotes the
normal component of g(z). An elementary calculation, using divw = 0 and assuming
without loss of generality that (7(x), N(z)) is the standard basis of R™, shows that
N - V), is contained in the tangential plane. Thus we obtain that

<ng : Vw>69 = <$g(7—17~'~77n71)aN ! vw>897

hence (1.6) contains only the tangential components of g.
For the normal component N -g of g we have to require the additional (well defined)
conditions

(1.7) divu=kinQ, N-u=N-gon Q.
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Thus, if (1.6) is satisfied for some vector field v € LI(2), we say that

L

Ylan

(T1y ey 1) 1= Ly(T1y ooy Tur) € WH29(5Q)

is the tangential trace of u at Jf) in the sense of boundary distributions. Since the
trace N - u),, € W~1/29(9Q) is well defined in the usual sense we get a precise
meaning of the trace u,, = g in (1.1).

Definition 1.1. Let data f, k, g be given as in (1.2). Then a vector field
u € L1(Q) is called a very weak solution of (1.1) if and only if the relation (1.6) and
the conditions (1.7) are satisfied.

For the linearized system
(1.8) -Au+Vp=f, divu=~k, wuj,,=g

we may omit the condition ¢’ < r in (1.2), caused by the nonlinear term u - Vu, and
suppose that the data f = div F, k, g satisfy

(1.9) FelL'(Q), keL'(Q), geWwW Y1990),

/kdx: N-gdS with n<g<oo, 1<r<q, + -2
Q Fle)

S|
SRR
S|

Definition 1.2. Let data f, k, g be given as in (1.9). Then a vector field
u € L) is called a very weak solution of (1.8) if and only if the relation

(1.10) —(u, Aw)g + (g, N - Vw)sq = —(F, Vw)q for all w € C§ ()

and the conditions divu =k, N - u),, = N - g are satisfied.

Our main result reads as follows.

Theorem 1.3 (Existence for small data). Suppose the data f = divF, k, g
satisty (1.2). Then there exists a constant K = K (2, q,r) > 0 such that in the case

(1.11) 1)

rr@) + Il L) + l9llw-1/0000) < K
there is a unique very weak solution u € L1(Q) of (1.1) satisfying the estimate

(1.12) ullLay < C(||F)

rr@) 1kl + lgllw-1/0900))

with C = C(Q,q,r) > 0. Moreover, there exists a pressure p € W—14(Q) such that
—Au+u-Vu+ Vp = f is satisfied in the sense of distributions.

Our uniqueness and regularity results are described in the following two theorems.
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Theorem 1.4 (Uniqueness of small solutions). Suppose the data f = div F,k, g
satisty (1.2), and let w € L(2) be a very weak solution of (1.1). Then there exists
a constant K = K (£, q,r) > 0 such that under the condition

(1.13) [ullg + K]l < K
there is no other very weak solution v € L%(2) of (1.1) for the same data f, k, g.

Theorem 1.5 (Regularity for smooth data). Let u € L4(2) be a very weak solu-
tion of the Navier-Stokes system (1.1) with data f = div F' and k, g as in (1.2).
(i) Assume that the data f, k, g satisfy the additional conditions

FeLl(Q), kelLi(Q) and ge WY29HQ).

Then u € W14(Q), the equation —Au + u - Vu + Vp = f holds in the sense of
distributions with some pressure function p € L9(S2), and u,,, = g holds in the
sense of the usual trace theorem.

(ii) Assume that the data f = div F, k, g satisfy the additional conditions

FeLiQ), keWh Q) and ge W2 129(HQ).

Then u € W24(Q2), the equation —Au+u-Vu+Vp = f holds strongly in L%(Q)
with some pressure function p € W4(Q) and u,, = g holds in the sense of

traces.

Remark 1.6. The regularity result in Theorem 1.5 (ii) can be slightly extended
as follows: Assume u € L9() is a very weak solution of (1.1) with data f = div F,
k, g satisfying (1.2) and additionally

feLiQ), FeLl(Q), ke WH(Q) and g e W2 1/29(5Q)
where 2n < s < 0o. Then u € D(A,)+W?%((), where D(A,) denotes the domain of
the Stokes operator, see §2 below, the equation —Au+u-Vu+ Vp = f holds strongly

in L9(2), ¢ = min(q, s), with some pressure function p € W'4(Q) and uj,,, = g holds
in the sense of traces.
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2. PRELIMINARIES

Let 1 < ¢ < oo and ¢’ = ¢q/(¢ —1). We need the usual function spaces L%((),
LI(0), W*4(Q), W™ 1(Q2), W—*4(Q) = (W(;l’q/ (Q)), W*2(9Q), and W—*4(9Q) =
(W"?q/ (09))",0 < a < 2. The corresponding pairings are denoted by (-, -)q or (-, -)sq,
resp., and the corresponding norms are denoted by ||-[|q = |||
Il g,00, and ||-|| £a:q,00, respectively.

The spaces of smooth functions on € are denoted by C7(Q), C4(Q), C/(Q) for
7=0,1,2,... and j = co. We set

g8 H'”ia;qﬂ = H'”ia;qv

C(J)(ﬁ) ={ve Cj(§)§ Yoo = 0},

C3 Q) = {v=(v1,...,v.) € C3(Q); divv =0},

and 0370(9) = {v € CJ(Q); dive = 0}. The space of distributions C5°(2)’ is the
dual space of C§°(€2) in the usual topology, the duality pairing of which is again
denoted by (-, ). Correspondingly, we use the test function space C7(952), j = 1,2,
on the boundary 92, and the corresponding distribution spaces C7(9€2)’ with pairing
<.7 '>8§2-

Let LZ(€2) be the closure of C§%,(2) in the norm ||-|| q(q). The dual space LZ(Q)
of LI() is identified with Lg/ (Q) by the pairing (f,v)q = fQ f - vdz. By analogy,
we identify L9(09) = L7 (9Q) with pairing (f, v)oq = [, f - vdS.

We need some trace and extension properties for a = 1, 2. The trace map f — f|,,
is a well defined bounded linear operator from W®4(Q2) onto W~ /44(9Q). Con-
versely, there exists a bounded linear operator E': W'~1/99(9Q) — W4(Q) with
EY(h)|, = h, and a bounded linear operator E2: W2~1/249(9Q) x W1=1/249(5Q) —
W24(Q) satisfying E?(h1,h2),, = h1, N - VE?(hq,h2),, = ho; see [28], Theo-
rem 5.8, [33], 5.4.4.

Let 1 <r<gq,1/n+1/qg>1/r,and let f = (f1,..., fn) € LL), div f € L"(Q).
Then, using F! with ¢ replaced by ¢/, from the embedding estimate

lao EXS)

IE*(M)llre < CUE (W2 + IVE (B)llg.0), € =C(Qq,7) >0,

and Green’s identity (div f, E'(h))q = (N - f,haq — (f, VE(h))q for h €
Wl/ed (9Q), we get N - flon € W™Y29(9Q) and the estimate

(2.1) IN - fll-1,0,00 < CUfllg.0 + [ div fllr)

with C = C(9,¢,7) > 0.
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Conversely, there is a linear operator E: W-199(9Q) — LI(Q) satisfying

div E(h) € L"(Q), N - E(h)bn = h and the estimate

(22)  [EMgo+ I divEM®)|ne < ClAll1/gq00, heW9(00),

with C = C(,¢,r) > 0; see [29], Corollary 4.6, (4.10).

As an application we consider some gradient VH = (D1 H,...,D,H) € Li(9)
with AH € L"(Q), and apply (2.1) to VH and to the vector fields f*/ =
( li’j,...,ffl’j), 1 €49 < j < n, satistying fii’j = D;H, f;’j := —D;H but f,ij =0
if i # k # j. Obviously div f*/ = D;D;H — D;D;H = 0 in the sense of distribu-
tions. Then N -VH,,, and N - ffa?l € W~Ya4(9Q) are well defined by (2.1), and
a calculation shows that each DyH, k = 1,...,n, at 0N is a linear combination of
N-VH|,, and N - ffai with 1 <4 < j < n. Therefore we conclude from (2.1) that
VH,,, € W=199(9Q) is well defined and satisfies the estimate

(2:3) IVH|-1/gq.00 < C(IVH|lg0 + [AH|r0)

with C = C(9,¢,7) > 0.
Consider the data f = div F, k, ¢ as in (1.9), and the weak Neumann problem

(2.4) AH=k, N-VH,,=N-g

where VH € L9(f) is considered as a solution. Then we use E(h) with h = N - g €
W=1/24(9(2), and choose a solution b(h) € Wy () of the equation divb(h) =
div E(h) — k € L"(Q). Since

/(divE(h)—k)da:z/ N-gdS—/kdsz,
Q o0 Q

such a solution exists, see [18], Theorem III, 3.2, or [31], II, Lemma 2.1.1, and satisfies
(2.5) 16(R) 0.0 < C1IVB(R) |0 < Ca(l| div E(R)|r.a + [[Kllrq)

with C; = C;(Q,¢,7) >0, j = 1,2. Writing (2.4) in the form
(2.6) AH = div(E(h) = b(h)), N-(VH —E(h)—b(h)),, =0,

lao

we find, see [17], [29], a unique solution VH € L9({) satisfying

2.7) VA0 < CilEM) g0 + [[6(h)]lg.0) < C2(IN - gll-1/q:9.00 + [[E]lr.0),
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and therefore

(2.8) IVH|-1/gq.00 < CIN - gll-1/¢.q.00 + [[klr0)

For the proof of the identity (2.9) below we will approximate the data k, g in (2.4)
by smooth functions k;, g;, j € N, such that

Jim k=l = 0. T |V (g = )11 /g0 = 0. ond. [

kjdx:/ N -g;dS.
Q a0

To prove their existence we use (2.6), F' = E(h) —b(h) € L™(€2), and construct by a
standard mollification procedure smooth functions Fj, j € N, satisfying

lim ||F; — F|q,0 =0 and lim ||div(F; — F)||,,o = 0.
j—o0 j—oo

Setting k; = div F}, g; = F},, and using (2.1) with f replaced by F' — F; we get
the desired properties. Let VH; € L(Q) be the corresponding smooth solutions of
(2.4). Using (2.7), (2.8) with VH, g, k replaced by VH — VH;, g — gj,k — k; we see

that lim |[VH —VHj|40 =0and lim |VH —VHj|_1/4480 = 0. Then, using the
j—o0 j—00
Stokes operator A, and its inverse Aq_,l, see below, we get the important identity
(29)  (VH,AA 'v)q = lim (VH;, AA ' v)g
j—o0

= lim ((VH;, N - VA, '"v)aq + (VAH;, A v)q)

J—00

= (VH,N - VA, "v)oq

for all v € LY () since div A;/lv =0 and A;lvbn =0.
Let f = (f1,...,fn) € LY(2). Then as in (2.6) the weak Neumann problem

AH =divf, N (VH-f),, =0

loo

has a unique solution VH € L1(1), see [17], [29], satisfying
(2.10) IVH| g0 < C|lflq0

with C = C(Q,q) > 0. Setting P, f := f — VH we get the Helmholtz projection as
a bounded linear operator from L?(Q) onto L (Q) satisfying P} = P, and P, = Py
where P(; means the dual operator.

The Stokes operator A, with domain D(A,) = LZ(Q) N W, 4(Q) N W24(Q) and
range R(A;) = L1(Q) defined by Agu := —P,Au, u € D(A,), is a densely defined
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closed operator satisfying (Aqu,v)q = (u, Agv)q for u € D(A4,), v € D(Ay), and
Aqu = Ayu for 1 < q,v < oo, u € D(Ay) N D(A,). The fractional power AZ:
D(A2) — L1(9), 0 < B < 1, with D(A,) C D(A?) C Li(9), is well defined and
bijective; its inverse Aq’ﬁ = (Ag)’1 is bounded from LZ(£2) onto R(A;ﬁ) = D(Ag).
Moreover, it holds (A7) = Ag We note that the norms ||ul|2;q,0 and ||Agullq.0
are equivalent for u € D(A,),
equivalent for u € D(Al/ 2) Further the embedding estlmate

o and ||A1/2u|\q7g are

(2.11) [ullgo < CllAZully0, we D(AS), 1<~y <q< oo, 26+ g = %

)

holds with C = C(£,¢,v) > 0. Using Aé/z we define the Yosida operators J,, =
(I—f—m’lAé/Q)’1 for m € N. It is well known that there exists C' = C(2,¢q) > 0 such
that

(2.12) [Tl + M P A2 T < C, meN,

in the operator norm on LZ(Q2) and that J,u — w in LL(£2) as m — oo. See [4],
[22], [23], [24], [27], [31], [33], concerning the Stokes operator.

Using (2.11) we get for f = div F, f € LY(), F € L"(Q), and arbitrary v € L% ()
the estimate

(2.13) (f, A 0)al = [(F, VA )| = [(F, VAL A 0)g]
< CilIF [l 1A 0] 0 < o

q',Q

with C; = C} (Q q,r) >0, j =1,2. This proves the existence of a unique f € L? ()
satisfying (f, A, “L)q = (f,v)q for all v € LI (Q), and the estimate

(2.14) I1fll0 < ClIF 0, C=C(Qq,7) > 0.

Similarly as in the theory of distributions, we set, by definition, f = Aq_qu feLyn)
giving this expression a generalizing meaning. Then A(;qu f is well defined by the
relation

(2.15) (A7 P, fv)a = (f, A  v)a, ve LL(Q).

More generally, let f € C§5°(2)’ be any distribution such that (f, w)q is well defined
(by any continuous extension) for all test functions w € D(Af;,), 0<pB <1, and
satisfies the estimate

(2.16) (£, A, v)al < Crllvlly ., v e LT (Q).
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Then AP P, f € L(Q) is well defined by the relation

(2.17) (A;°P,f,v)0 = (f, A, v)q, ve LT (Q),

giving Aq’ﬁ P, f a generalized meaning, and it holds

(2.18) 1477 P, flly < Cr.

As an example we mention the estimate

(2.19) HAq_l/QPq divwl||qy < Cllwl|lg, w e LYN), 1< g < o0,
with C' = C(Q,q) > 0. See [31], III, 2.5, 2.6, for similar definitions.

Let w € C&a(ﬁ) and v = Ayw. Then, using (2.11) and the trace estimates, we
obtain that

(2.20) I{g, N - VA;IIU>8Q| < ClHQHfl/q;q,aQ||VA;'1UH1/¢1;11/,89
< Callgll-1/gq.00ll VAL 0l 0
< Csllgll—1/gq.00llvlle 0

’

with C; = Cj(Q,q) > 0, j = 1,2,3. Since LL(Q) = (LZ (£2))’, there is a unique
G € Li(9) satisfying

(2.21) (G, v)q = (g9,N - VA v)oq for all ve L (),
1G]

q,9 < C”g”—l/q;q,aﬂ

with C = C(9,q) > 0.
Finally we need the density property

(2.22) chg’g(ﬁ)”'”“'” = L9(Q).
Indeed, consider f € LZ(Q), choose f; € C5% (), j € N, with lim | f — fjll¢.0 =0
7 ‘]4)00

and let u; = Aq’lfj. The regularity property in [30], p.518, (9.13) shows that
uj € Cf ,(Q) for j € N, and we see that Agu; = f; — f in LE(Q) as j — oo. This
proves (2.22). Moreover, this proof shows that Cg ,(Q2) C D(4,) is a core of D(A,).
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3. PROOF OF THEOREMS

Given data f = div F, k, g as in (1.9) we derive a representation formula for the
solution u € L%(2) of the linearized system (1.8).

Consider the solution VH € L9(Q) of the system (2.4). From (2.8) we know
that § := VH|,, € W1/29(9Q) is well defined, and from (2.9) we conclude that
—(VH, Aw)q + (g, N - Vw)gq = 0 for all w € nga(ﬁ), v=Ayw, w= A;,lv. This
shows, see (1.10), that u; := VH is a very weak solution of the linear system

(3,1) —Auj + Vpr =0, divu; =k, Ullpq = g-

Next set § := g — § € W/29(9Q) and choose G € L%((), using (2.21) with g

replaced by g, such that (g, N - VAq_/l’U>8Q = (G,v)q, v e LL(Q). Setting w = A;lv

we get
(G, Aw)q = —(G, —PyAw)o = —(G,v)a = —(3, N - Vw)oq
which shows that us := —G is a very weak solution of the linear system

(3,2) —Aug + Vpe =0, divus =0, 2|50 = g.

Finally, we set ug := Aq_quf, see (2.15), and conclude that ug is a very weak solution
of the linear system

(33) —Ausz + Vps = fa divuz =0, U3|p0 = 0.

Combining (3.1), (3.2), (3.3) and using div(u; +us+us) = k and N-(ui+uz+us)
N - g we see that u € L(€2) defined by

loo —

(3.4) u::ul—l—uQ—f—ug:VH—é—i—Aq_quf

is a very weak solution of the linearized system (1.8). Using (2.7), (2.14) and (2.21)
with G, g replaced by G, g, we obtain the estimate

(3.5) [[ul

0.2 SO([Fllra+ 4]

7,0 + ”ngl/q;q,BQ)

with C' = C(Q,q,r) > 0.

To prove uniqueness let v € L7(£2) be another very weak solution of (1.8) for
the same data (1.9). Then u — v is a very weak solution of (1.8) with data f = 0,
k =0, g = 0. From (1.10) we obtain that —(u — v, Aw)g = (u — v, Agw)q for all
w € C§,(9), and using (2.22) we get that u — v = 0, u = v. Therefore, each very
weak solution of (1.8) with data (1.9) has the representation (3.4).
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Observe that in the proof of (3.4) we only used that A 'P,f € LL(Q) is well
defined in the sense of (2.17) with 5 = 1. Thus instead of f = div F' with F' € L"(2)
we only need to assume that f is a distribution such that A, 'P,f € LZ(€) is well
defined with (2.16)—(2.18) for 8 = 1. In this case we may define a very weak solution
u € L1(Q) of (1.8) replacing the term —(F, Vw)gq in (1.10) by (f, w)q, and obtaining
for u the formula (3.4) and the estimate

(3.6) lullg. < CUIAT Pofllae + Ikl + lgll-1/4q.00)

with C = C(Q, ¢,r) > 0. This generalizes slightly the notion of a very weak solution
u in Definition 1.2. The same extension is allowed in Definition 1.1.

Proof of Theorem 1.3. Considering the nonlinear case we suppose that the
data f = div F, k, g satisfy the conditions (1.2). First assume that u € L%() is
a given very weak solution of (1.1). Setting f=7- div(uu) + ku we obtain that
A;quf € L1(Q) is well defined in the general sense (2.17), see (3.9), (3.10) below.

Therefore, u is a very weak solution of the linear system

(3.7) —Au+Vp=f, divu=Ek, Uy = 9>
and, using (3.4), we get the representation
(3.8)  u=F(u):=VH G+ A;'P,f — A7 P, div(uu) + A7 Py(ku).
Next we show that u = .% (u) has a solution v € L9(2) using Banach’s fixed point
principle in a standard way.

Indeed, using (2.15) and (2.11) we obtain similarly as in (2.13) that

(3.9) (A, Py div(uw), v)a| = |(uu, VAq_,lv>Q|
< Cilluull 2,0l VAL 0l (g/2) 0

—-1/2
< Collull2I A5 vl ay2y0
< Cslull2 gllvllg .o
and that
(3.10)  [(A,'Py(ku),v)a| = |(ku, A v)al
< Crllkull 1 rr1y9-1 0l Ay vl a—1/r—1/9)-1,0
< Collk|lrllullgallvlly o
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for v € Lg/ (Q) and with C;, Cs, C5 depending on €2, g, r. Here we need that
¢ <r < qyielding 1/r+1/qg < 1,and ¢ > n, 1/n+1/q > 1/r. This shows that
— A Py div(uu) + A, Py(ku) € LL(Q) is well defined for u € L?(£2); moreover, we
get from (3.6), (3.9), (3.10) and (2.14) the estimate

3.11) [ F(u)]

0.2 < C(lullg o+ IIk]

rollullgo +I[1F]

ro 7+ ||k

T,82 + ”gH*l/q;q,BQ)a
with C = C (£, ¢,r) > 0, which can be written in the form
17 (wllg.0 < allullfq +bllullge +c

with a := C, b := C||k||;,q, ¢ := C([|F||ro+ |k|ro+ |9l -1/¢q,00). In the same way
we obtain that

(3.12) |7 (u) = F(V)llg.0 < (a(lluflgo + [lv]

g.0) +b)[[u=vljg0

for u,v € LY(Q).
Up to now u € LI(Q)) was a given very weak solution of (1.1). To prove existence,
we have to solve the fixed point problem u = .% (u). For this purpose assume that

(3.13) dac+ 2b < 1,

and consider the closed ball 2 := {u € L1(Q); |lu|lq.o < y1} where y1 = 2¢(1 — b+
/1402 — (4ac +2b))~1 > 0 is the smallest root of the equation y = ay? + by + c.
Setting K = K(Q,q,7) := (4C% 4+ 3C)~! with C from (3.11) we see that (1.11) is
sufficient for (3.13) to be satisfied. If u € %, we obtain that ||.Z (u)| .0 < ay? +
by + ¢ = y1 < 2c and that % (u) € ZA. Thus Banach’s fixed point principle yields a
unique u € & with v = .% (u). This u is a very weak solution of (3.7) and therefore

also of (1.1). Further we see that ||ulq.0 < y1 < 2¢ which proves (1.12).

This completes the existence proof. The uniqueness of the solution u is a con-
sequence of Theorem 1.4 when we use the estimate (1.12). Note that the constant
K = (4C? +3C)~! with C from (3.11) is only sufficient for the existence; in general,
the uniqueness requires another constant. The assertion concerning p follows by de
Rham’s argument. Now Theorem 1.3 is completely proved. O

Proof of Theorem 1.4. Given very weak solutions u,v € L9(2) where u satisfies
(1.13) a calculation shows that w = u — v € L1(Q)) is a very weak solution of the
linear system

—Aw+ Vp = f, divw=01in Q, w,, =0,
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with f = —div(vw 4+ wu) + kw. Then the representation formula (3.4) yields the
well defined relation

(3.14) w = —A;' Py div(vw + wu) + A;qu(k'w).
First let ¢ > n. Then we conclude using estimates as in the previous proof that
(3.15) —A;l/qu div(vw + wu) + A;l/QPQ(kw) e LY%(Q).

In view of (3.14) we see that w € D(Aq;Q) yielding w € L% () where 1/n+1/¢1 =
2/q, see (2.11). Since ¢ > n and consequently ¢ > ¢, we may repeat this argument
and obtain in a finite number of steps that w € D(Aé/2). Then take in (3.14) the
scalar product with Asw, write vw = uw — ww and use that (div(ww),w) = 0. Now

the smallness assumption (1.13) and an absorption argument show that HAl/ 2

wll2 <
0 yielding w =0 and u = v.

If ¢ = n we need an additional smoothing step using the Yosida operators J,
I+ mflA}]/Q)’l, m € N, see [31], p.298, concerning a similar procedure. Fur-
thermore, we choose C§°-functions k;,v; and w;, j € N, satisfying ||k — k;|» — 0,
and ||[v — vj|ln + |lu — uj|l, — 0 as j — co. Then (3.14) will be rewritten, using
w = Jpw+ m_lA}]/2me on the right-hand side, in the form

(3.16) A}]/Q.]mw = — JmAq_l/QPq div((v — vj)Imw + (Jmw)(u — uj))
- %JmA;1/2Pq div((v — vj)AY 2 Jnw + (AY2 Tw) (u — ;)
— I AFV2P, div(vjw + wuy) + JmA*I/QPq((k- — kj)Jmw)
+ %JmA;U?Pq((k k) AL2 1 0) + T A7 V2B, (k)
=:h1 + ho + h3 + ha + hs + he;

see [31], V.1.8, p. 298 concerning this smoothing procedure.

Next choose ¢ > ¢ = n and « € [0,1] such that (24 a)/n+ 1/¢1 < 1 and
(I1+a)/n > 1/r. If n > 3, then a = 1 is possible. In the case ¢ = n = 3 and
consequently r > ¢ = % we find a € [0,1) to fulfill both conditions. Further observe
that ¢ > n can be chosen so large that g := (1/n + l/ql)f1 > 2. Using (2.12),
(2.13), and (2.19), hq in (3.16) is estimated by

[P1lle < Cull(v = vj) mw + (Jmw)(u — )l
< Co(llv = wjlln + [lu = ujll) [ Tmwllg,
< Os(llo = vjlln + lu = ujlln) | Ay > Tl .
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Concerning hg let g1 € (1,n) be defined by 1/n+1/9 = 1/p1. Then by (2.12), (2.13),
(2.19),

1hallp < C1l A halley < Call(v —v;) Ay Tnw + (A2 Jmw) (u = uj) gy

<
< Co([lo = vjlln + llu = wjlln) |4 > Tl -
Moreover,
1hslle < Cllvjw +wuslle < Cllvjllg, + [l w]ln-
Next, since r > %n,

[Ralle < Cill(k = k) Imwllor < Cillk = Ejlln /2]l Tmwllq,
< Colk = kel AY2 Tl .

Looking at the estimate of hy and (2.13), we get for hs with g2 > 1 defined by
1/02 = a/n+1/01, that

hslle < CLIAZY2Py((k = ki) Ay Jnw) | o,
< Goll A2 (Py(k — ky) Ay Tw)
< O3l (k — k) A2 Tl
< Csllk = kjlln/ 4 | Ay Tl o
< Callk - kj”r”Aé/Qme”g-
Finally,
[slle < Crllkjwllo, < Crlljllollwlln < Callkjllg ]l

Summarizing the L2-estimates of h;, 1 < j < 6, we get from (3.16) the estimate

(317) Ay 2 Imwlly < Cs(llv = vjlln + llu = wjlln + Ik = Kjll) - Ag> Tmwll
+ Collvjllay + llwsllar + 15 llg) 1wl

with constants C,C1,...,Cs > 0 independent of m € N. Now choose j € N suffi-
ciently large such that ||v — vj||, + ||lu — uj||n + ||k — kj||» < 1/(2C5). Hence, for this
fixed j and for every m € N

1Ay Jmwllg < M = 2C6(|[vjllay + lugllan + ks llgy) 0]

Since the graph of Aé/ ? is weakly closed and since J,,w — w in L2(Q), we conclude

that w € D(Az,/2). Hence w € L% () where ¢; > n. Since ¢ > 2, we conclude that
1/2

w € D(A4;

w = 0. This completes the proof. Il

), and the same argument as in the first part of the proof shows that
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Proof of Theorem 1.5. (i) We use the vector-valued version of E'(g) € W14(Q)
satisfying E'(g)|,,, = g and the solution b(g) € Wy %(Q) of the equation divb(g) =
div(u — E*(g)) = k — div E*(g), see §2; note that [,(k — div E'(g)) dz = 0. Setting

i=u—FE, E=E(g)+b),
we see that @ is a very weak solution of the linear system
~Au+Vp=f, divi=0 inQ, d,=0,
where f = f+divVE — div(uu) 4 ku. The linear representation formula (3.4) yields

(3.18) = A7 P, div(F + VE — uu) + A7 Py(ku).

We argue as in the proof of Theorem 1.4. If ¢ > n, we obtain in a finite number of
steps that @ € D(Aé/z) C W4(Q) and consequently also u € W14(0Q).

If ¢ = n, we use the same smoothing procedure as in the proof of Theorem 1.4.
First write (3.18) in the form

(3.19) 4= A;'P,div(F + VE) — A;'P, div(u(i + E)) + A7 Py (k(i + E))

and choose u; € C§°(2), j € N, satisfying ||u — uj||, — oo as j — co. Then using
the Yosida operators J,,, = (I + m_lA(ll/2)_1 we get from (3.19) that

(3.20) A2 Tt = — 0 AP Py div((u — ug) T )
1 _ , X
- EJmAq 12p, div((u — uj)A}]/QJmu)
— T A2 Py div(uya)
+ I A7 V2P, div(F + VE) — J,, A7Y? P, div(uE)
+ Jm Ay V2 Pk(0 + B)

= hi + ho + hg + ha + hs + he.

Choose g1 > ¢ = n and define p € (1,n) by 1/0=1/n+ 1/g1. The functions hq, ho
and hg are estimated similarly as hi, ho, hg in the proof of Theorem 1.4; we get that

hille < Cillu = ujllall Ay 2 Tl + Collugllg @), i=1,2,3.
The last three functions h; are easily seen to satisfy the estimate

[halle + Ihslle + 1helle < C(Nalln + [1EI)En + lullal Ellwin + 1+ VE]5).
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Choosing j € N sufficiently large, the absorption principle and (3.20) show that
|AY2 il , < M for all m € N,

where M = M (||ujllqrs |1@lns |E]n, | E|lwi, [|Flln) > 0 is independent of m € N.
Hence o € D(Aém) C L9 (Q) and also v € L% (Q) where ¢; > g = n. Now we choose
¢1 = 2q and obtain from (3.19) that A;/Qﬂ € L9(2) and consequently u € Wh4(Q).

(ii) A functional analytic argument shows the existence of some F' € L(Q)) with
f = divF. Then we conclude by part (i) that v € W9(Q). Further we use the
vector-valued version of the extension operator E2(g, ha) € W24(£2) with a suitably

chosen function hy € W'=1/99(9Q) such that div E?(g, ha),,,, = —kj,q,. Since

lao

:O’

loo

/ (k —div E*(g,ho))dz =0 and (k — div E*(g, ha))
Q

we find a solution b € W'%(Q) of the equation divb = div(u — E>(g, ha)) = k —
div E2(g, ha), see [18], Theorem III, 3.2, with m = 1, or [31], II, Lemma 2.3.1, with
k = 1. Setting & = u — E?(g, h2) — b, we see that 4 is a very weak solution of the
linear system

~Au+Vp=f, divi=0 inQ, d,,=0,

where f = f + AE2(g, hy) + Ab — div(uu) + ku.
If ¢ > n, standard estimates directly show that div(uu) — ku = u - Vu € L1(Q).
Hence the solution 4 has the representation

(3.21) a=A;"P,f + A;'P,(AE? (g, ho) + Ab) — A_ ' Py(div(uu) — ku)

yielding @ € D(A,) and consequently u € W24((Q).

If ¢ = n, we find some ¢* > n and F* € L9 (Q) with f = div F*; the exponent
¢* > n can be chosen such that k € LY, g € W'=1/49 (9Q). By part (i) we get
u € Wh4(Q). Now we conclude that u - Vu € L9(Q) which leads to @ € W29(Q) as
in the case ¢ > n. This proves Theorem 1.5. O

Proof of Remark 1.6. First let ¢ > n. Then div(uu)—k u =u-Vu € LI(Q), and
using (3.21) with A_ ' P, f replaced by A;'P,f we see that @ € D(A,)+W24(Q). If
g =n and s > n/2, we find—using Sobolev embedding theorems—some ¢* > n and
F* € L9 (Q) such that f = divF*, k € L9, g € W'~1/447(9Q). This shows that
u € Wh'(Q), u- Vu € LI(Q), and therefore that @ € D(A,) + W24(Q). Finally,
in the limit case ¢ = n, s = n/2, we obtain directly that u - Vu € L% () for every
1 < ¢ <n, and (3.21) holds with the last term replaced by A ' Py, (div(uu) — ku).
Choosing s < ¢1 < n we get that 4 € D(A,) + D(Ay, ) C D(As). This completes the
proof. O
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