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Abstract. In this paper the concept of fuzzy contra Ggs-continuity in the sense of
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Keywords: fuzzy contra Gg-continuity, fuzzy strong Gg-continuity, fuzzy perfect G-
continuity, fuzzy Gs-compact space, fuzzy S-closed space

MSC 2010: 54A40, 03ET2

1. INTRODUCTION AND PRELIMINARIES

The concept of the fuzzy set was introduced by Zadeh [14] in his classical pa-
per. Fuzzy sets have applications in many fields such as information [10] and control
[12]. G.Balasubramanian [1] introduced the concept of the fuzzy Gs-set. The con-
cept of fuzzy Gs-continuity was introduced and studied by E.Roja, M. K. Uma and
G. Balasubramanian [7]. Dontchev [2] introduced the notion of the contra continu-
ous mapping. Ekici and Kerre [3], Thangaraj [13] introduced the concept of fuzzy
contra continuous mappings. The concept of fuzzy contra strongly precontinuity was
established by Biljana Krsteska and Erdal Ekici [4]. The purpose of this paper is to
introduce the concept of fuzzy contra Gs-continuity in the sense of A.P. Sostak [11].
Some interesting properties and interrelations between the concepts introduced are
established. Also, some properties concerning fuzzy Ggs-compactness, almost fuzzy
Gs-compactness and fuzzy S-closed spaces are studied.

Definition 1.1 [1]. Let (X,T) be a fuzzy topological space and A a fuzzy set in
o0
X. Then ) is called a fuzzy Gs-set if A= A \; where \; € T for i € I.
i=1

(2
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Definition 1.2 [1]. Let (X,T) be a fuzzy topological space and A a fuzzy set in
X. Then ) is called a fuzzy F,-set if A= \/ \; where 1 — \; € T for i € I.
i=1

Definition 1.3 [7]. Let (X, T) be a fuzzy topological space and \ a fuzzy set in
X. Then int, (A) = V{u: p <A, pis a fuzzy Gs-set} is called the fuzzy Gs-interior
of A and cly(A) = A{p: p > A, pis a fuzzy F,-set} is called the fuzzy Gs-closure
of A.

Definition 1.4 [8]. Let (X,T) be a fuzzy topological space and A a fuzzy set in
X. Then ) is said to be a fuzzy regular Gs-set if A = int,(cl,())).

Definition 1.5 [8]. Let (X,T') be a fuzzy topological space and A a fuzzy set in
X; A is said to be a fuzzy regular F,-set if A = cl, (int,(A)).

Definition 1.6. [5]. A fuzzy point z; in X is a fuzzy set taking value ¢t € I
at « and zero elsewhere; z; € A if and only if ¢ < A(z). A fuzzy set A is quasi-
coincident with a fuzzy set p, denoted by A ¢ p, if there exists x € X such that
A(z) + p(z) > 1. Otherwise A is not quasi-coincident with a fuzzy set y, denoted by
A pif M) + p(z) < 1.

Throughout this paper, let X be a non-empty set, I = [0, 1] and Iy = (0,1]. For
(eI, T(z) = (forall z € X.

Definition 1.7 [11]. A function T': IX — I is called a smooth fuzzy topology
on X if it satisfies the following conditions:

a) T(0) =T (1) =1,
b) T(p1 A pz) = T(pn) AT (u2) for any i, po € 1%,
o) T(V. ) > A T() for any {pi}ier € I,
i€l il
The pair (X, T) is called a smooth fuzzy topological space.
Remark 1.1. Let (X,T) be a smooth fuzzy topological space. Then, for each

r€ly, T, = {ue€IX: T(u)>r}is Chang’s fuzzy topology on X.

Proposition 1.1 [9]. Let (X,T) be a smooth fuzzy topological space. For each
r € Iy, A € IX, an operator Cr: IX x Iy — IX is defined as follows:

Cr(\r) = /\{,u: = AT —p) >}

For A\, p € IX and r,s € I it satisfies the following conditions:
(1) Cr(0,7) =0,
(2) A < CT()‘a ’I“),
(3) CTO‘? T) \ CT(:“’? T) = CT()‘ Vo, T),
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W

(4)

Cr(\71) < Cr(A\s), ifr<s
(5) C

T(CT(Av T)v T) = CT(Aa 7’).

Proposition 1.2 [9]. Let (X,T) be a smooth fuzzy topological space. For each
r € Iy, A € I, an operator It: IX x Iy — I is defined as follows:

r) =\ p<AT(n) >}

For \, p € IX and r,s € I it satisfies the following conditions:
(1) Ip(T =, r) =1-Cr(\r),

)\>IT( ) )
7)

Definition 1.8 [6]. Let (X,T) and (Y, S) be any two smooth fuzzy topological
spaces. Let f: (X,T) — (Y,5) be a mapping. Then

(1) f is called fuzzy continuous iff S(u) < T(f~1(u)) for each p € IV;
(2) f is called fuzzy open iff T'(\) < S(f(A)) for each A € I¥;
(3) f is called fuzzy closed iff T(T — \) < S(1 — f(\)) for each A € IX.

2. Fuzzy CONTRA G4-CONTINUITY
Definition 2.1. Let (X,T) be a smooth fuzzy topological space. For A € I¥
and r € Iy, A is called an r-fuzzy Gs-set iff A = A \; where {\;},. € IX is such
iel
that T'(\;) > r.

Definition 2.2. Let (X,T) be a smooth fuzzy topological space. For \ € IX

and r € Iy, A is called an r-fuzzy F,-set iff A = \/ \; where {\i},. € I¥ is such
i€l
that T(1—\;) > r.

Definition 2.3. Let (X,T) be a smooth fuzzy topological space. For each A\ €
IX, r € Iy, the r-fuzzy o closure of )\, denoted by Cr(e)(A,7), is defined by

Criey(A,7) /\{u = A\ pis an r-fuzzy F,-set}.

Definition 2.4. Let (X,T) be a smooth fuzzy topological space. For each \ €
IX, r € Iy, the r-fuzzy o interior of )\, denoted by Iro)(A,7), is defined by

Iy (A r) \/{u w < A, pis an r-fuzzy Gs-set}.
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Remark 2.1. Let (X,T) be a smooth fuzzy topological space. For each \ € I,
r € Iy,

(1) Xis an r-fuzzy F,-set iff X\ = Cp(o) (A7),
(2) Ais an r-fuzzy Gs-set iff X = Ip(5) (A, 7).

Definition 2.5. Let (X,7T) and (Y,S) be any two smooth fuzzy topological
spaces. Let f: (X,T) — (Y, S) be a mapping. Then

(1) f is called fuzzy Gs-continuous if f~1(u) is an r-fuzzy Gs-set for each S(u) > r,
weIY and r € Io;

(2) f is called fuzzy irresolute Gs-continuous if f~1(u) is an r-fuzzy Gs-set for each
r-fuzzy Gs-set p € IV and r € Iy;

(3) f is called fuzzy irresolute G if f()) is an r-fuzzy Gs-set for each r-fuzzy Gs-set
A€ IX and r € Iy;

(4) f is called fuzzy contra irresolute Gs-continuous if /~!(u) is an r-fuzzy Gs-set
for each r-fuzzy F,-set p € IY and r € I.

Definition 2.6. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces. Let f: (X,T) — (Y, S) be a mapping. Then f is called fuzzy contra contin-
wous iff T(f~H(u) = SA—p), pel¥.

Definition 2.7. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces. f: (X,T) — (Y,9) is called fuzzy contra Gs-continuous iff f~!(u) is an
r-fuzzy F,-set for each S(u) =7, p € IY and r € Iy.

By using the concept of the neighbourhood and @Q-neighbourhood structures [11],
the @* neighbourhood structure is defined as follows:

Definition 2.8. Let (X,T) be a smooth fuzzy topological space. Its @* neigh-
bourhood structure is a mapping Q*: X x IX — I (X denotes the totality of all
fuzzy points in X), defined by

Q*(xf, \) = sup{u: p is an r-fuzzy Gs-set, u <\, z € pu} and
A= inf Q*(zf,\) is r-fuzzy Gs.
zggA

Proposition 2.1. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces. Let f: (X,T) — (Y,S) be a mapping. Then the following statements are
equivalent:

(1) f is fuzzy contra Gs-continuous.
(2) For each fuzzy point xf in X, p € IV, S(1—u) > r and r € Iy with f(x}) € u,
there exists an r-fuzzy Gs-set A\ € IX with xf, € X\ such that A < f~*(p).
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(3) For each fuzzy point xf in X, p € IV, S(1— p) > r and r € Iy with f(x}) € u,
there exists an r-fuzzy Gs-set A € IX with xf € X such that f(\) < pu.

Proof. (1) = (2) Let f be a fuzzy contra Gs-continuous function. Let zf
be a fuzzy point in X, p € IY and S(1 — p) > r with f(zf) € p. Then z} €
SN 1) = Iy (f~H(w), 7). Let X = Ipy(f~(p),r). Then X is an r-fuzzy Gs-set
and A = Iy (f "' (p),r) < f~' (). Then

(2.1) A< ).

(2) = (3) By (2.1), A < f~'(n). Thatis, f(A) < f(f'(w))

(3) = (1) Let A € I and S()\) > r. Suppose that f(z}) A for each fuzzy
point xf in X. By (3), there exists an r-fuzzy Gs-set pu € IX with zf € u and
f(p) KT—X Hencezh € u < f1(f(p)) < f~1(1—\). By definition 2.8, f~1(T—\)
is an r-fuzzy Gs-set. But f~1(1 —X) =1 — f~1()\). Hence f~1()\) is an r-fuzzy
F,-set. Therefore f is fuzzy contra Gs-continuous.

w. Hence the result.
11—

NN

Remark 2.2. A fuzzy contra Gg-continuous function need not be a fuzzy Gy-
continuous function. This is illustrated in the following example.

Example 2.1. Define smooth fuzzy topologies T, S: I*X — I as follows:

1, A=0or1,
T(\) =< 0.5, A =04,
0, otherwise,
1, A=0or1,
0.5, A=10.3,
S(\) = _
0.5, A =0.6,
0 otherwise.
We can obtain the following:
6, A= 6, re Io,
CT(O’)()\)T) = m, 6<>\<ﬁ, 0 <r<0.5,
1,  otherwise,
6, A= 6, re Io,
04, 0<A<04, 0<r<0.5,
CS(U) (>‘a 7’) = — — —
0.7, 04<A<0.7, 0<r<0.5,
1,  otherwise.
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The mapping f =id,: (X,T) — (X, 5) is fuzzy contra Gs-continuous but not fuzzy

Gs-continuous because for S(A = 0.6) = 0.5, f~'(\ = 0.6) is 0.5-fuzzy F, but not
0.5-fuzzy Gs.

Definition 2.9. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces. Let f: (X,T) — (Y, S) be a mapping. Then f is said to be fuzzy strongly
Gs-continuous iff f~'(u) is both r-fuzzy G and r-fuzzy F, for every u € IY and
r € Iy.

Definition 2.10. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces. Let f: (X,T) — (Y,S) be a mapping. Then f is said to be fuzzy perfectly
Gs-continuous iff f~1(x) is both r-fuzzy Gs and r-fuzzy F, for each S(u) > 7, u € 1Y
and r € I.

Proposition 2.2. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces. Let f: (X,T) — (Y,S) be a mapping. Then the following statements are
equivalent:

(1) f is fuzzy perfectly Gs-continuous.

(2) f is fuzzy Gs-continuous and fuzzy contra Gs-continuous.

Proof. (1) = (2) Let S(u) > r for all u € IV and r € Iy. Since f is fuzzy
perfectly Gs-continuous, f~!(u) is both r-fuzzy G5 and r-fuzzy F,. Hence f is both
fuzzy Gs-continuous and fuzzy contra Gs-continuous.

(2) = (1) Let S(u) > r for all u € IV and r € Iy. Since f is fuzzy Gs-continuous
and fuzzy contra Gs-continuous, f~*(u) is r-fuzzy G5 and r-fuzzy F,. Since f~!(u)
is both r-fuzzy G and r-fuzzy F,, f is fuzzy perfectly Gs-continuous. O

Remark 2.3. From the above definitions, it can be concluded that the following
diagram of implications is true.

fuzzy contra Gs-continuous

ﬂ

fuzzy strongly Gs-continuous =—=> fuzzy perfectly Gs-continuous

H

fuzzy Gs-continuous

The following examples show that the converse statements need not be true.
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Example 2.2. Define smooth fuzzy topologies T, S: I*X — I as follows:

We can obtain

The mapping f = id,;

1, A=0 or 1,
T(\) ={ 0.5, \=04,
0, otherwise,
1, A=0orl,
0.5, A=03,
S(\) = _
0.5, A=0.0,
0, otherwise.
6, A= 6, re Io,
CT(U)()\,’I“) =¢06, 0<A<06,0<7r<0.5,
1,  otherwise,
6, A= 6, re I(),
04, 0<A<04, 0<r<0.5,
Csy(Ar) =4 _
0.7, 04<X<0.7, 0<r<0.5,
1 otherwise.

(X, T) — (X,8) is fuzzy contra Gs-continuous but not

fuzzy perfectly Gs-continuous because for S(A = 0.6) = 0.5, f~1(\ = 0.6) is 0.5-fuzzy
F, but not 0.5-fuzzy Gs.

Example 2.3. Define smooth fuzzy topologies T, S: IX — I as follows:

1, X=0,1,
0.5, \A=0.3,
0.5, A=04,
0, otherwise,
1, X=0or1,
05 A=0.3,

0, otherwise.
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We can obtain

6, A= 6, r € Iy,

06, 0<A<06, 0<r<0.5,
Criy(Ar) =9 _

07, 06<A<07, 0<r<05,

1,  otherwise,

6, A= 6, r € Iy,
CS(U)O\,T): W, 6<>\<W, 0<r<0.5,

1,  otherwise.

The mapping f = id,: (X,T) — (X,5) is fuzzy Gs-continuous but not fuzzy

perfectly Gs-continuous, because for S(A = 0.3) = 0.5, f~1(\ = 0.3) is 0.5-fuzzy Gs
but not 0.5-fuzzy F,.

Example 2.4. Define smooth fuzzy topologies T, S: I* — I as follows:

1,
0.5,
0.6,

Oor1,

> > >
l
px

T()) =

Il
e
o

0, otherwise,
L

0.5,
S(A\) =< 0.5,
0.6,

Il
| <l
©]
=

=l

Il
e
w

> > > >
[
| o
ol e

0, otherwise.

We can obtain

ol

)\:6, r € Iy,
0<A<04, 0<7r<0.5,
04<X<06, 0<r<0.5,

o
-

CT(O’) (>‘a 7’) =

»—llp
=z

otherwise,

|p|

o
o

|O|>/
A

CS(O’) (>‘a 7’) =

| &
LN
.©| ¢

ol

P—‘l_O

, otherwise.
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The mapping f =id,: (X,T) — (X, S) is fuzzy perfectly Gs-continuous but not
fuzzy strongly Gs-continuous since for S(A = 0.4) = 0.5, f~1(\ = 0.4) is both 0.5-
fuzzy Gs and 0.5-fuzzy F,,. Therefore the mapping is fuzzy perfectly Gs-continuous.
Now, for S(A = 0.3) = 0.5, f~1(\ = 0.3) is neither 0.5-fuzzy Gs nor 0.5-fuzzy F,.
Therefore the mapping is not fuzzy strongly Gs-continuous.

Proposition 2.3. Let (X,T), (Y,S) and (Z,R) be smooth fuzzy topological
spaces. Let f: (X,T) — (Y,S) and g: (Y,S) — (Z, R) be two mappings. Then the
following statements hold.

(1) go f is fuzzy contra Gs-continuous if g is fuzzy continuous and f is fuzzy contra
G's-continuous.

(2) go f is fuzzy contra Gs-continuous if g is fuzzy contra Gs-continuous and f is
fuzzy irresolute Gs-continuous.

(3) If f is fuzzy contra Gs-continuous and g is fuzzy contra continuous then g o f
is fuzzy Gs-continuous.

(4) If f is a fuzzy irresolute Gs-surjective mapping and g o f is a fuzzy contra
Gs-continuous mapping then g is a fuzzy contra Gg-continuous mapping.

(5) If go f is a fuzzy contra Gs-continuous mapping and g is a fuzzy open injective
mapping then f is a fuzzy contra Gs-continuous mapping.

Proof. (1) Let R(\) >r forall A € IZ and r € Iy. Since g is fuzzy continuous,
S(g7*(\)) = R(\) > r. Since f is fuzzy contra Gs-continuous, f~1(g~1()\)) is an
r-fuzzy F,-set. The relation (go f)~1(\) = f~1(g7*(\)), yields that g o f is fuzzy
contra (G s-continuous.

(2) Let R(\) > r for all A € IZ and r € Iy. Since g is fuzzy contra Gs-continuous,
g~ (N is an r-fuzzy F,-set. Since f is fuzzy irresolute G's-continuous, f~*(g~1()\))
is an r-fuzzy F,-set. The relation (go f)~1(\) = f~1(g71()\)), yields that g o f is
fuzzy contra Gs-continuous.

(3) Let R(T—A) > for all A € IZ and r € Iy. Since g is fuzzy contra continuous,
S(g71(N\)) = r. Since f is fuzzy contra Gs-continuous, f~(g~1(\)) is an r-fuzzy
Fy-set. But (go f)~'(\) = f~*(g7*(\)), hence it follows that g o f is fuzzy Gs-
continuous.

(4) Let R(1—X) > r for all A € IZ and r € Iy. Since g o f is fuzzy contra
Gs-continuous, (g o f)~1(A) is an r-fuzzy Gs-set. Since f is a fuzzy irresolute G-
surjective mapping, f(go f)~(\) is an r-fuzzy Gs-set. But g~ 1(\) = f(go f)~1(N),
hence it follows that ¢ is fuzzy contra Gs-continuous.

(5) Let S(\) > r for all A € IV and r € Iy. Since g is fuzzy open, R(g()\)) > r.
Since g o f is fuzzy contra Gs-continuous, (go f)~!(g()\)) is an r-fuzzy F,-set. But
71N = (go f)~(g(N)), hence it follows that f is fuzzy contra Gs-continuous. [
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Remark 2.4. Composition of two fuzzy contra Gs-continuous functions need
not be fuzzy Gs-continuous. This is illustrated in the following example:

Example 2.5. Define smooth fuzzy topologies T, S, R: I*X — I as follows:

1, A=0 or 1,
T(\) =< 0.5, \=04,
0, otherwise,
1, A=0 or 1,
S0 = 0.5, A= T,
0.5, A=0.6,
0 otherwise,
1, A=0orl,
R(\)=<¢ 0.5, A=0.6,
0, otherwise.
We can obtain
0, A=0, r € I,
Croy(\, 1) = {0.67 0<A<06, 0<r<0.5,
1,  otherwise,
0, A=0, r € I,
04, 0<A<04, 0<r<0.5,
Csy(\m) =4
06, 04<A<06, 0<r<0.5,
[1, otherwise,
0, A=0, r € I,
Crioy(\r) =404, 0<A<04, 0<r<0.5,
1,  otherwise.

The mapping f =id,: (X,T) — (X, S) is fuzzy contra Gs-continuous because for
S(A=0.6) = 0.5, f~}(\ =0.6) is 0.5 fuzzy F,. The mapping g = id,: (X,S5) —
(X, R) is fuzzy contra Gs-continuous because for R(A = 0.6) = 0.5, g~1(\ = 0.6)
is 0.5 fuzzy F,. The mapping go f: (X,T) — (X, R) is not fuzzy Gj-continuous
because for R(A =0.6) = 0.5, (go f)~}(\ = 0.6) is r-fuzzy F,.
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Proposition 2.4. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces. Let f: (X,T) — (Y,S) be a mapping. Suppose that one of the following
conditions holds:

(1) f7HCs0) (1)) < Ir(o)(Croy (f (1), 7), 1) for each p € IV and r € Iy.
(2) CroyUr@)(fHw),r),7) < fF Is(o)(1,7)) for each pp € IY and r € Iy.
(3) f(Cr (IT([,)(/\ 7),7)) < Is(o)(f(N),r) for each A € I and r € Io.

(4) f(Croy(A 1) < Is(o)(f(N),7) for each X € I and r € Io.

Then f is fuzzy contra Gg-continuous.

Proof. (1) = (2) This can be proved using the complement.

(2) = (3) Let A € I*. Suppose that f(\) = u, p € IV, then X < f~1(u). By
(2), CT(a) (IT([,) (A, r),r) < CT(a) (IT([,) (f_l(u),’l“),’l“) < f_l(IS(U) (,7)). Therefore
f(CT(a) (IT(U) (/\,7“),7“)) < IS(G) (Ma ’I“) - IS(O’) (f(/\),?“) Hence

f(CT(a) (IT(U) (>‘a 7’), T)) < IS(O') (f(A)v T)'

(3) = (4) Let A € I* be any r-fuzzy Gs-set. Then A = Ip(A,r). Now
f(Croy (A1) = f(Cro)(I1(0) (A7), 7). Further, by (3), f(Cr)(Iro)(A7),7)) <
Iso)(f(A),7). Hence f(Cr(s) ()\ﬂ")) Is(o)(f(A), 7).

Suppose that (4) holds. Let S(u) > r for p € IY and r € Iy. According to
the assumption, f(Cr)(f7 (1), 7)) < Iso)(F(f71(w)),r) for f~*(n) € I*. That
is, f(Crey(f71(1),7) < Is@y(r) < po So Cry(f~H(p),r) < f~H(w). But
7N () < Crioy(F (1), 7). Therefore f~1() = Croy(F(1),7). Thus f~(s) is

an r-fuzzy F,-set. Hence f is fuzzy contra Gs-continuous.

Proposition 2.5. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces. Let f: (X,T) — (Y,S) be a mapping. Suppose that one of the following
conditions holds:

(1) f(Croy(A 1) < Is(o)(f(N),7) for each A € I and r € Io.
(2) Cro)(f (1), ) < f Is(o)(p, 7)) for each pu € IY and r € Io.
(3) M Cso) (7)) < Ir(oy(f (1), 7) for each p € IY and r € Iy.

Then f is fuzzy contra Gs-continuous.

Proof. (1) = (2) Let f(A\) = pfor p € IY. Then A < f~(u). By (1),
F(Crioy0 ) < £(Crioy (F (1)) < Ts(ay (T~ (), 7) < Tso) (s 7). Therefore
Crioy (f7H1),7) < F 7 Is o) (157).-

(2) = (3) This can be proved using the complement.

Suppose that (3) holds. Let S(T—pu) > rfor p € IV and r € Iy. Then Cg(oy(p,7) =
p- By (3), f_l( ) =f ( (o) ( 7)) < IT(G)(f 1(#),7‘). But IT(U)(f 1(:“)77a) <
F~Yw). Thus f~1(p) = IT(U)(f_l(p),r). Therefore f~1(p) is an r-fuzzy Gs-set.
Hence f is a fuzzy contra Gs-continuous mapping. (]
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Proposition 2.6. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces. Let f: (X,T) — (Y,S) be a bijective mapping. The mapping f is fuzzy
contra Gs-continuous if Cs(,)(f(N),7) < f(Irs)(A, 7)) for each A € I* and r € I.

Proof.  Suppose that S(1 — p) > r for each p € IY and 7 € . Then
Cs(o)(p,7) = p. For each A € IX and r € Iy, put f(\) = p. Since f is surjective,
from the assumption it follows that f(Ir)(f~'(1)).7) = Cs)(f(f~Hw)),7) =
Cs(o)(psr) = p. Therefore f~(f(Ip )( Yu),r)) = f~'(u). Since f is a in-
jective mapping, Tr(o)(f (1)) = £~ (Froy(f~ (), 7)) = £ () = A. But
Lo (7 (1)) < £ (). Thus £=(1) = Loy (f (1), 7). Therefore £~ (s is an
r-fuzzy Gs-set. Hence f is a fuzzy contra Gs-continuous mapping.

3. APPLICATION TO FUZZY COMPACT SPACES

Definition 3.1. A smooth fuzzy topological space (X, T) is called fuzzy compact
iff every T-cover {n;: T(n;) = r,j € J} of each pu € IX with T(T—p) > rand r € Iy
has a finite subcollection such that for each x; € 1 — u there exists jo € J such that
Tt € Njy-

Definition 3.2. Let (X,7T) be a smooth fuzzy topological space and p € I,
r € Iy. Then the family {n;: n, is an r-fuzzy Gs-set, j € J} is called a fuzzy Gs-cover
of p iff for each x; € p there exists jo € J such that z; € n;,.

Definition 3.3. Let (X,7T) be a smooth fuzzy topological space and p € I,
r € Iy. Then the family {n;: n; is an r-fuzzy Fs-set, j € J} is called a fuzzy Fi,-cover
of p iff for each x; € p there exists jo € J such that z; € n;,.

Definition 3.4. A smooth fuzzy topological space (X,T) is called fuzzy Gs-
compact iff every fuzzy Gs-cover {n;: n; is an r-fuzzy Gs-set, j € J} of each X € IX
with T(T—\) > 7 and r € I has a finite subcollection such that for each z; € 1— A,
there exists jo € J such that z; € 7;,.

Definition 3.5. A smooth fuzzy topological space (X, T) is called fuzzy almost
Gs-compact iff every fuzzy Gs-cover {n;: n; is an r-fuzzy Gs-set, j € J} of each
A € I with T(T—\) > 7 and r € I, has a finite subcollection such that for each
x; € 1 — X there exists jo € J such that z; € Cr(o) (Mo, T)-

Proposition 3.1. The image of a fuzzy almost Gs-compact space under a fuzzy
contra Gs-continuous, fuzzy Gs-continuous and onto mapping is fuzzy compact.

Proof. Let (X,T) be a fuzzy almost Gs-compact space and (Y,.S) a smooth
fuzzy topological space. Let f: (X,T) — (Y,S) be a fuzzy contra Gj-continuous
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fuzzy Gs-continuous and onto mapping. Let p € IY with S(T—u) > r, r € Iy and
{nj: S(n;) = r, j € J} form an S-cover of u. For A € I* put f(\) = p. Then

=10 = Vo Now, A = F7H(FO) = f7H(Vom) = V £ y). Since f
jeJ jeJ

jeJ
is fuzzy contra Gs-continuous and fuzzy Gs-continuous, f~1(n;) is r-fuzzy F, and

r-fuzzy Gs. Let y; € 1 — p and put y; = f(x;). Then z, € 1 — \. Since (X,T)
is fuzzy almost Gs-compact, every fuzzy Gs-cover {f~1(n;): f~'(n;) is an r-fuzzy
Gs-set, j € J} has a finite subcollection such that for z; € T — \ there exists jo € J
such that z; € Cr()(f 1 (n,),7) = f*(nj,) - That is, f(x¢) € nj,. Hence y; € nj,.
Therefore (Y, .5) is fuzzy compact.

Proposition 3.2. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces. Let f: (X,T) — (Y,S) be a fuzzy strongly Gs-continuous function. If
(X,T) is fuzzy almost Gs-compact then (Y,S) is fuzzy compact.

Proof. Since f is fuzzy strongly Gs-continuous, f is both fuzzy Gs-continuous
and fuzzy contra Gs-continuous. Hence by Proposition 3.1, (Y, 5) is fuzzy compact.
O

Proposition 3.3. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces, let f: (X,T) — (Y, S) be a fuzzy contra irresolute Gs-continuous onto map-
ping. If (X, T) is fuzzy Gs-compact, then (Y, S) is fuzzy almost Gs-compact.

Proof. Let p € IV be such that S(T—p) >, r € Iy and let {n;: n; is an
r-fuzzy Gs-set, j € J} be a fuzzy Gs-cover of u. For A € I put f(\) = u. Then

p =\ nj. It follows that = \/ Cy)(n;,7). Then pu = f(A) =V Cs)(n5,7)-
jeJ Jje€J jeJ

Now, X = J () = £ (V Co (1)) = V. 4 Cotp (7). Since J s
fuzzy contra irresolute Gg—conti]nuous, f*I(CS([,) (nj-, 7)) is r-fuzzy Gs. Let y; € 1—p
and put y; = f(x¢). Then z; € 1 — A. Since (X, T) is fuzzy Gs-compact, every
fuzzy Ggs-cover {f‘l(Cs(a)(nj,r)): f_l(CS(U)(nj,r)) is an r-fuzzy Gs-set, j € J}
has a finite subcollection such that for x; € 1 — X there exists jo € J such that
Ty € ffl(CS(g)(njo,r)). That is, f(z:) € Cso)(njo,7). Hence y; € Cgioy(njo,7)-
Therefore (Y, 5) is fuzzy almost Gs-compact. O

Definition 3.6. Let (X,T) be a smooth fuzzy topological space. For A\ € X,
r € Ip, A is said to be an r-fuzzy regular Gs-set iff X = I o) (Cpo)(A,7), 7).

Definition 3.7. Let (X,T) be a smooth fuzzy topological space. For A\ € X,
r € Ip, A is said to be an r-fuzzy regular Fy-set iff A = Cpioy(Ipo) (A, 1), 7).
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Remark 3.1. (1) Every r-fuzzy regular Gs-set is r-fuzzy Gs.
(2) Every r-fuzzy regular F,-set r-fuzzy F,.

Definition 3.8. Let (X,7T) be a smooth fuzzy topological space and u € I¥,
r € Iy. Then the family {n;: n; is an r-fuzzy regular F,-set, j € J} is called a fuzzy
regular F,-cover of i iff for each x; € u there exists jo € J such that z; € n;,.

Definition 3.9. A smooth fuzzy topological space (X, T) is called fuzzy strongly
S-closed iff every fuzzy F,-cover of A € IX with (T —\) > r and r € Ij has a finite
subcover.

Definition 3.10. A smooth fuzzy topological space (X,T) is called fuzzy S-
closed iff every fuzzy regular F,-cover of A € IX with T(T—\) > r and r € I has a
finite subcover.

Proposition 3.4. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces. Let f: (X,T) — (Y,S5) be a fuzzy contra Gs-continuous onto function. If
(X,T) is fuzzy strongly S-closed, then (Y, S) is fuzzy compact.

Proof. Let pu € IY with S(T—pu) > r, 7 € Iy and {n;: S(n;) >, j € J}
form an S-cover of y. For A € I put f(A\) = p. Then u = f(A) = V 7n;. Now,
jeJ

A=fYHfN) = f*1< V 77j) =\ f~'(n;). Since f is fuzzy contra Gs-continuous,
jes jed

f~1(n;) is an r-fuzzy F, set. Let yx € 1 — p and put y; = f(z¢). Then z; € 1T — \.
Since (X, T) is fuzzy strongly S-closed, every fuzzy F,-cover {f~*(n;): f~1(n;) is an
r-fuzzy F,-set, j € J} has a finite subcollection such that for z; € T — X there exists
jo € J such that z; € f~*(n;,). That is, f(z:) € n;,. Hence y; € nj,. Therefore
(Y, S) is fuzzy compact. O

Proposition 3.5. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces.

Let f: (X,T) — (Y, S) be a fuzzy contra irresolute Gs-continuous onto function.
If (X, T) is fuzzy strongly Gs-compact, then (Y, S) is fuzzy strongly S-closed.

Proof. Let u € I' be such that S(1—pu) > r, r € Iy, and let {n;: n; is an
r-fuzzy F,-set, j € J} be a fuzzy F,-cover of . For A € IX put f(\) = u. Then

b= ) = Vo Now, A= f(F) = £ (V) = V £ Since s
JjeJ jeJ jeJ

fuzzy contra irresolute Gs-continuous, f~'(n;) is an r-fuzzy Gs-set. Let y, € 1 —
and put y; = f(x;). Then 2, € 1 — \. Since (X, T) is fuzzy strongly Gs-compact,
{f~Y(my): f~*(n;) is an r-fuzzy Gs-set, j € J} has a finite subcollection such that
for z; € 1 — X there exists jo € J such that z; € f~'(n;,). That is, f(z¢) € nj,.
Hence y: € nj,. Therefore (Y, 5) is fuzzy strongly S-closed. O
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Proposition 3.6. Every fuzzy strongly S-closed space (X, T) is fuzzy S-closed.

Proof. Let (X,T)be afuzzy strongly S-closed space. For A € IX and r € I, put
A=V n;, where 7; is an r-fuzzy regular F,-set. Since every r-fuzzy regular F,-set
jeJ
is r-fuzzy F,, and (X, T) is fuzzy strongly S-closed, there exists a finite subcollection
n

{n;j: n; is an r-fuzzy F,-set, j € J} such that A = \/ n;. Hence (X,T) is fuzzy
j=1

S-closed. 0
Definition 3.11. Let (X,7T) and (Y,S) be any two smooth fuzzy topological

spaces. f: (X,T) — (Y,S) is called fuzzy almost Gs-continuous iff f~!(u) is an
r-fuzzy Gs-set for each r-fuzzy regular Gs-set pu € IY.

Proposition 3.7. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces. Let f: (X,T) — (Y,S) be a fuzzy almost Gs-continuous and onto function.
If (X, T) is fuzzy strongly S-closed, (Y, S) is fuzzy S-closed.

Proof. Letu € IY besuchthat S(T—p) > 7, r € I and let {n;: n; is an r-fuzzy
regular F,-set, j € J} be a fuzzy regular F,-cover of . For A € IX put f(\) = p.
Then p = f(A) = V n5. Now, A = fHf(N) = fH(V ) = V /7wy

jed jed jed
Since f is fuzzy almost Gs-continuous, f~!(n;) is an r-fuzzy F,-set. Let y € 1 — p
and put y; = f(z¢). Then z; € T — \. Since (X,T) is fuzzy strongly S-closed,
{f~Y(my): f~*(n;) is an r-fuzzy F,-set, j € J} has a finite subcollection such that
for z; € T — X there exists jo € J such that z; € f~1(n;,). That is, f(x:) € nj,-
Hence y; € n;,. Therefore (Y, S) is fuzzy S-closed. O
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