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Abstract. Novikov superalgebras are related to quadratic conformal superalgebras which
correspond to the Hamiltonian pairs and play a fundamental role in completely integrable
systems. In this note we show that the Novikov superalgebras with Ag = A;A; and
dim A; = 2 are of type N and give a class of Novikov superalgebras of type S with Ayg =
A1 A,
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1. INTRODUCTION

Novikov superalgebras are a super variant of Novikov algebras. They are closely
related to popular algebraic objects such as conformal superalgebras [5], vertex op-
erator superalgebras [8] and super Gel’fand-Dorfman bialgebras [7] which play an
important role in the quantum field theory and the theory of completely integrable
systems.

A Novikov superalgebra A is a Z5-graded vector space A = Ag+ Ay with a bilinear
product (u,v) — uv for any u € A;, v € Aj, w € A satisfying

(1.1) (wv)w — u(vw) = (=1)7 ((vu)w — v(uw)),
(1.2) (wu)v = (=1)% (wo)u.

The even part of a given Novikov superalgebra is what is said to be a Novikov algebra
introduced in connection with the Poisson brackets of hydrodynamic type [1] and
Hamiltonian operators in the formal variational calculus [2], [3], [4], [9], [10].
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Novikov superalgebras are classified into two types: N and S. Let A = Ag + A3
be a Novikov superalgebra with multiplication (u,v) — wv. If A is also a Novikov
algebra with respect to the same product and with superstructure forgotten, then
A is called a Novikov superalgebra of type N, otherwise A is said to be of type S. It
is proved in [6] that all Novikov superalgebras of dimensions up to 3 are of type N.
Up to now, all examples of Novikov superalgebras have been of type N.

In this paper we show that the Novikov superalgebras with Ay = A;A; and
dim A; = 2 are of type N. Furthermore, we provide a class of Novikov superal-
gebras of type S with Ag = A1 A; and dim A =2n + 1 for n > 2.

Throughout the paper we assume that the algebras are finite-dimensional over C.
Obvious proofs are omitted.

2. NOVIKOV SUPERALGEBRAS WITH Ag = A1 4,
Let A = Ap + Ay be a Novikov superalgebra.

Lemma 2.1. The subspace A1 A1 + Ay is an ideal of A.

Proof. For any x € Ag, y,2z € A1, we have

(yz)x = (yz)z € A1 Aq,
x(yz) = y(xz) + (zy)z — (yx)z € A1 Ay

It follows that A; A; + A; is an ideal of A. O

Lemma 2.2. For any x € A1, y € A, we have (zz)y = z(zy) and (yz)x = 0.

Now we consider the Novikov superalgebras A = Ag + Ay with Ag = A4,
dim A; =2 and Ap # {0}. Then one can easily see that dim 4y < 4.
Let f1, fo be a basis of A;. Set

(2.1) er= fifi, ex= fafe, es= fif2, es= fafr.
Then AO = <61, €9, €3, 64>.

Assume that zx = 0 for any z € A;. Then dimAy = 1 and f1fo = —fof1 is a
basis of Ag. By [6], AgA1 = A1 Ag = ApAp = 0 and A is of type N.

In the following, assume that e; = f1 f1 # 0.

Lemma 2.3. AgA; =0.
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Proof. By Lemma 2.2, one has fie; = e1fi =0, eaf1 =0, foes = eafa =0
and e3fo = 0. The following is to show that es f; = 0.

If e is a multiple of ey, the assertion is trivial. Assume that e; and ey are linearly
independent. It is easy to see that

(2.2) (e2f1)f1 = (eaf1)f2 = 0.
Furthermore,
(2.3) fale2f1) = fo(fa(fafr)) = (f2f2)(f2f1) = (f2(faf1)) f2

= — ((faf2)f2)fr = 0.
Assume that eaf; = afi + bfa, then by egs. (2.2) and (2.3) we have that
ae1 + bey = aes + beg = aeq + beg = 0.

It follows that a = b = 0. Similarly, ez f1 = esf1 =0 and Ay fo = 0. O

Lemma 2.4. The subalgebra Ay is skew-commutative.

Proof. For any f;, f;, ex, we have

(fifiew = (fiex)f; = (e fi)f; + filerf;) —en(fif;) = —ex(fif5),

since ey f; = erf; = 0 by Lemma 2.3. O

Lemma 2.5.

1) fiea = —faes, fiea = —fae1, fren = fies =0, faea = foeq = 0.
2) €1€2 = €3€4, €1€3 = €2€4 = 0.

Proof. 1) Byeq. (1.1), (fife)fa — fi(fofo) = —(fof1) f2 + f2(f1f2). So fiea =
—faes. Similarly, fies = —fae1. Also, one has fies = fi(fif2e) = (fifi)fe =
Similarly, foes = foeq = 0.

2) By eq. (1.2), erez = (fif1)e2 = (fre2)f1 = —(f2e3)f1 = —(faf1)es = —eqe3 =
eseq. By 1) eres = (f1f1)es = f1(f1es) = 0 and similarly eseq = 0 and frea 0. O

e
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Lemma 2.6.

1) The elements fies and fieq commute with fi and fs.
2) A1A0 =0 and A()Ao =0.

Proof. 1) For ¢ = ep or eq, f1(friz) = (fifi)r = (fiz)fi and similarly
f2 commutes with foy for y = e; or es. Then the assertion follows from Lemma 2.5.
2) If A;Ap # 0, then assume that fies = a1f1 + aaf2 and fieq = azfi + aafo,
where at least one a; is not zero. Then by 1), a;es = aeq for 1 <i < 4, so e3 = ey.
Consequently, fieq = fies = 0 and fies = —foes = —foeq = 0. So A1Ag = 0.
Moreover, AgAg = 0. O

Theorem 2.7. Let A = Ag+ Ay be a Novikov superalgebra with Ag = A1 A1 and
dim A; = 2. Then A is of type N.

Example 2.8. Assume that A = Ag + A; is a vector space of dimension 2n + 1,

where n > 2. Let eq,...,e, be a basis of Ag and f1,..., fn, fnsr1 & basis of A;. Set
flfizei; 1<Z<TL,

fog1, 1< < [3n],

€ifrnyi—i = 1 )
—fot1, [z(R+D]+1<i<n,
for1,  1<i<[3n],

fint1—i = 1 .
—fot1, [g(R+D]+1<i<n,

Then we have

(fifi) fnr1i—j = —(fifns1-5) s,
(flfl)fn = fl(flfn)v
(fifi)fnvi—j — filfifns1—3) = =(fifO) farr—j + [i(fifari—s), =2

It follows that A is a Novikov superalgebra of type S with Ag = A; A;.
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