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Abstract. The classical Serre-Swan’s theorem defines an equivalence between the category
of vector bundles and the category of finitely generated projective modules over the algebra
of continuous functions on some compact Hausdorff topological space. We extend these
results to obtain a correspondence between the category of representations of an étale Lie
groupoid and the category of modules over its Hopf algebroid that are of finite type and of
constant rank. Both of these constructions are functorially defined on the Morita category
of étale Lie groupoids and we show that the given correspondence represents a natural
equivalence between them.
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1. INTRODUCTION

There are many phenomena in different areas of mathematics and physics that
are most naturally described in the language of smooth manifolds and smooth maps
between them. However, some natural constructions, coming from the theory of
foliations or from Lie group actions, result in slightly more singular spaces and require
a different approach. The Morita category of Lie groupoids and principal bundles [7],
[12], [14], [21], [22], [25], [26], [27], [30] provides a natural framework in which to study
many such singular spaces like spaces of leaves of foliations [7], [9], [10], [13], [24], [39],
spaces of orbits of Lie group actions or for example orbifolds [1], [7], [23], [24] and
[34]. A Lie groupoid can be viewed as an atlas for the given singular space. It turns
out that different Lie groupoids represent the same geometric space precisely when
they are Morita equivalent, i.e. when they are isomorphic in the Morita category. For
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this reason we are primarily interested in those algebraic invariants of Lie groupoids
which are functorially defined on the Morita category of Lie groupoids.

The theory of representations of Lie groupoids naturally extends the notions of
tangent bundles, bundles of higher order tensors and line bundles to the category of
étale Lie groupoids [1], [24]. It entails well known constructions such as equivariant
vector bundles [3], [35], orbibundles over orbifolds [1], foliated and transversal vector
bundles over spaces of leaves of foliations [9], [10], [17], [24], as well as vector bundles
over manifolds or representations of discrete groups. The construction of the category
of representations of a Lie groupoid is invariant under the Morita equivalence and
thus represents one of the basic algebraic invariants of Lie groupoids.

The Hopf algebroid of smooth functions with compact support [6], [7], [28], [29],
[32] on an étale Lie groupoid is another example of such an invariant. Smooth func-
tions with compact support on a smooth manifold, group Hopf algebras of discrete
groups, matrix algebras and noncommutative tori are all examples of Hopf algebroids
of functions. It turns out that the Hopf algebroid of smooth functions with com-
pact support on an étale Lie groupoid completely determines the groupoid up to
an isomorphism [29]. Moreover, the Morita category of étale Lie groupoids admits
a precise algebraic description as the Morita category of locally grouplike Hopf alge-
broids and locally grouplike principal bimodules [16]. We are therefore interested in
characterizing those modules over Hopf algebroids of functions which correspond to
representations of étale Lie groupoids in the spirit of Serre and Swan [36], [37].

The paper is organized as follows. In Section 3 we first recall the definition of
a natural action of the Hopf algebroid C°(G) of an étale Lie groupoid G on the
space of sections I'>°(E) of any representation E of G. We then define the notion of
a module of finite type and of constant rank, which characterizes modules of sections,
and show that such modules form an additive monoidal category for any étale Lie
groupoid in a functorial fashion and therefore represent a Morita invariant.

In Section 4 (Theorem 4.1) we naturally extend the Serre-Swan’s correspondence
to the category of étale Lie groupoids. The functor of smooth sections with compact
support defines an equivalence between the category of representations of an étale
Lie groupoid G and the category of modules over the Hopf algebroid C°(G) which
are of finite type and of constant rank. These modules generalize finitely generated
projective modules over algebras of functions and coincide with them if G is the unit
groupoid of a compact connected manifold.

Categories of representations and of modules of finite type and of constant rank
are both additive monoidal categories, and by passing to the sets of isomorphism
classes they can be viewed as contravariant functors Rep and Mod from the Morita
category of étale Lie groupoids to the category of semirings. Our main result in
this paper (Theorem 5.1) shows that in the framework of étale Lie groupoids the
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Serre-Swan’s correspondence can be understood as a natural equivalence between
these two functors with respect to generalized maps between Lie groupoids.

An alternative approach has been recently studied in [2], where representations
up to homotopy of Lie groupoids are characterized in terms of modules over the
differential graded algebra of smooth cochains on a groupoid.

2. BASIC DEFINITIONS AND EXAMPLES

2.1. The Morita category of Lie groupoids. For the convenience of the
reader, and to fix the notation, we begin by summarizing some basic definitions
concerning Lie groupoids that will be used throughout this paper. We refer the
reader to one of the books [18], [24], [25] for a more detailed exposition and further
examples.

A Lie groupoid over a smooth, second countable, Hausdorff manifold M is given
by a smooth manifold of arrows G; = G and a structure of a category on GG; with
objects Gog = M, in which all the arrows are invertible and all the structure maps

t mlt inv S uni
G Xgo G —=G — G —== Gy ——=G

are smooth. We allow the manifold G; to be non-Hausdorff, but we assume that
the source map s is a submersion with Hausdorff fibers. If the space of arrows G
is Hausdorff, we call G a Hausdorff groupoid. For any z,y € Gy we denote by
G(z,y) = s~ (z) Nt~ (y) the manifold of arrows from z to y.

A Lie groupoid is étale if all of its structure maps are local diffeomorphisms. A
bisection of an étale Lie groupoid G is an open subset V' of G such that both s|y
and t|y are injective. Bisections of the groupoid G form a basis for the topology on
G, so in particular they can be chosen arbitrarily small.

Generalized morphisms between Lie groupoids [7], [13], [14], [21], [25], [26], [27],
[30] turn out to be the right notion of a map between Lie groupoids. They are closely
connected to groupoid actions and principal bundles, which we briefly describe.

A smooth left action of a Lie groupoid G on a smooth manifold P along a smooth
map 7: P — Gg is a smooth map u: G xég P — P, (g,p) — g - p, which satisfies
7(g-p) =t(9), Lrp)-p=pand g’ - (g-p) = (¢'g) -p for all ¢, g € G and p € P with
s(¢') = t(g) and s(g) = w(p). Right actions of Lie groupoids on smooth manifolds
are defined in a similar way.

A principal H-bundle over G is a manifold P, equipped with a left action p of G
along a smooth surjective submersion 7: P — G, and a right action n of H along
a smooth map ¢: P — Hy, such that (i) ¢ is G-invariant, 7 is H-invariant and both
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actions commute: ¢(g-p) = ¢(p), m(p-h) = n(p) and g-(p-h) = (g-p)-hforall g € G,
p € P and h € H with s(g) = 7(p) and ¢(p) = t(h), (ii) 7: P — Gy is a principal
right H-bundle: the map (pr;,n): P XZ’; H — P xg" P is a diffeomorphism.

Any smooth functor ¢: G — H defines a principal H-bundle () = Gy x%; H
over G with the actions given by the maps g - (z,h) = (t(g9),¥(g)h) for g € G(z,y)
and (x,h) - ' = (z,hh') for h,h’' € H such that s(h) = t(h’).

Principal H-bundles P and P’ over G are isomorphic if there exists an equivariant
diffeomorphism between them. A principal bundle P is isomorphic to one induced
by a functor if and only if it is trivial [25], [26], [27].

If P is a principal H-bundle over G and if P’ is a principal K-bundle over H for
another Lie groupoid K, one defines the composition P @y P’ [25], [26], [27], which
is a principal K-bundle over G. It is the quotient of P x g, P’ with respect to the
diagonal action of the groupoid H. So defined composition is associative up to a
natural isomorphism, while Lie groupoids, viewed as principal bundles, act as units.

The Morita category GPD of Lie groupoids consists of Lie groupoids as objects and
isomorphism classes of principal bundles as morphisms between them [25], [26]. The
morphisms in GPD are sometimes referred to as Hilsum-Skandalis maps or generalized
morphisms between Lie groupoids. Lie groupoids G and H are Morita equivalent if
they are isomorphic in the category GPD. The Morita category of étale Lie groupoids
EtGPD is the full subcategory of the category GPD with étale Lie groupoids as objects.

2.2. Representations of Lie groupoids. Let GG be a Lie groupoid and let E be
a smooth complex vector bundle over Gg. A representation of the groupoid G on E
is a smooth left action o: G xg, E — E, denoted by o(g,v) = g-v, of G on E along
the bundle projection p: E — G, such that for any arrow g € G(z,y) the induced
map ¢.: By, — E,, v — g¢-v, is a linear isomorphism [2], [4], [18], [24], [38]. We
will restrict ourselves to smooth complex representations of constant rank, although
similar formulas apply in other settings as well.

A morphism between representations E and E’ of G is a G-equivariant morphism
p: E — E’ of vector bundles over Gy. For any two representations F and E’ of
a Lie groupoid G one naturally defines their direct sum E @ E’ and tensor product
E ® E'. These operations are associative up to natural isomorphisms, with the
trivial representation C of the groupoid G acting as a unit for the tensor product.
Representations of a Lie groupoid G, together with morphisms between them, form
an additive monoidal category which will be denoted by Rep(G) [20], [38]. The direct
sum and tensor product operations turn the set Rep(G) of isomorphism classes of
representations of a Lie groupoid G into a semiring [3].

Example 2.1. (1) Let M be a smooth Hausdorff manifold and let ' be a finite
group. The trivial bundle of finite groups G = M x T" has a natural structure of a Lie
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groupoid over M. For any vector bundle £ over M and any representation V of T’
one obtains the tensor product representation ¥ ® V of G, where G acts naturally
on V=M x V and trivially on E. It turns out that every representation of G' can
be decomposed as a direct sum of such representations [35].

(2) With any left action of a Lie group K on a manifold M one associates the
translation groupoid K x M [7], [24], [31] over M. Its space of arrows is equal to
K x M while the structure maps are induced from the action of the group K on M.
Representations of the groupoid K x M then correspond to K-equivariant vector
bundles over M [3], [35].

Generalized maps between groupoids can be used to pull back representations in
the same sense as vector bundles can be pulled back along smooth maps. Let G and
H be Lie groupoids and let P be a principal H-bundle over G. For any representation
E of H one defines the pullback representation P*E = PRy E of G as follows (see [15]
for details). The pullback bundle P x g, E has a natural structure of a vector bundle
over P with projection onto the first factor as the projection map. The groupoid H
acts diagonally from the right on P x g, E, along the fibers of the projection onto
Go, and it is easy to see that the natural map P ®y FE = P xpy, E/H — Gy is well
defined, smooth and makes P ® g F a vector bundle over Gy. Finally, the action of
the groupoid G on the space P induces a representation of the groupoid G on the
bundle P ® g E by acting on the first factor.

One can use an alternative description in the case of trivial bundles, i.e. when
the principal bundle comes from a smooth functor. Suppose that ¢v: G — H is
a smooth functor between Lie groupoids and let E be a representation of H. One
defines a representation ¢* E of G on the vector bundle ¢§E over Gy with the action
g-(z,v) = (t(g),¥(g)v) for g € G(x,y) and v € Ey(y). So defined representation
is naturally isomorphic to the representation (¢¥) ® gy E of G via the isomorphism
(¥) @y E — ¢*E which sends an element (x,h) ® v to the element (z,h - v).

The construction of pulling back representations along a principal bundle P ex-
tends to a covariant functor Rep(P): Rep(H) — Rep(G) between the categories of
representations. Isomorphic principal bundles induce naturally equivalent functors,
so one obtains a well defined map Rep(P): Rep(H) — Rep(G), which depends only
on the isomorphism class of P. By noting that the pullback representation is locally
just a pullback along a smooth map, it follows that P*(E @ E') = P*E @ P*E’ and
P*(E® E') > P*E ® P*E’, which shows that the map Rep(P) is a homomorphism
of semirings. We thus obtain a contravariant functor

Rep: GPD — Rng
from the Morita category of Lie groupoids to the category of semirings.
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2.3. Hopf algebroids and principal bimodules. For any Hausdorff étale Lie
groupoid G one can naturally define a convolution product on the space C°(G) of
smooth functions with compact support on the space of arrows of G by the formula
(axd)(h) = > alg)a’(¢") for any a,a’ € C°(G), where the sum is over all pairs
9,9 € G with h = gg’. The vector space C°(G) with this multiplication is an
associative algebra called the convolution algebra of the étale Lie groupoid G [6], [7].
It is in general noncommutative but contains the algebra C3°(Gp) of functions on the
space of objects of G with pointwise multiplication as a commutative subalgebra.

In the case of a general étale Lie groupoid a suitable notion of a smooth function
with compact support on a non-Hausdorff manifold is needed [8]. Considering that
smooth functions on a Hausdorff manifold M correspond precisely to the contin-
uous sections of the sheaf of germs of smooth complex valued functions on M, it
makes sense to use this alternative approach to define smooth functions with com-
pact support on an arbitrary manifold P. One first considers the vector space of all
(not-necessarily continuous) sections of the sheaf of germs of smooth functions on
P. The trivial extension of any smooth function with compact support in a Haus-
dorff open subset of P naturally represents a section of that sheaf. The vector space
C°(P) of smooth functions with compact support on P is then defined to be the
subspace of the space of all sections, generated by such sections. This definition of
the vector space C°(P) agrees with the classical one if P is Hausdorff. The support,
i.e. the set where the values of the section are nontrivial, of any function in C°(P)
is always a compact subset of P, but not necessarily closed if P is a non-Hausdorff
manifold. If G is a (non-Hausdorff) étale Lie groupoid, then C°(G) is generated
as a vector space by functions with supports in bisections of G. Any a € C(G)
with support in a bisection V' can be written in the form a = ag o t|y for a unique
ap € CX(t(V)). If b € C°(Q) is another function, with support in a bisection W of
G, one defines a * b = (ag o t|v)(bo o t|w) = (ao - (bo o s|v o (t}y)™1)) o t|v.w, where
V-W ={ghlg e V,h €W, s(g) = t(h)} is the product bisection of bisections V'
and W, to obtain the convolution algebra C°(G) for any non-Hausdorff étale Lie
groupoid G [29]. This definition of the convolution algebra coincides with the orig-
inal definition due to Connes [6], [7] in the case of a Hausdorff étale Lie groupoid.
In general, however, the space C2°(G) as defined above contains more functions than
the Connes’s one.

Example 2.2. (1) The convolution algebra C°(M x T') of a trivial bundle of
finite groups is naturally isomorphic to the algebra C°(M) ®¢ C[T'], where C[I'] is
the group algebra of the group I'.

(2) Noncommutative tori or irrational rotation algebras are perhaps the most
known examples of noncommutative spaces [5], [7], [33]. Let the group Z act on
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S by k-el¥ = ¥kl . ol¥ for k € 7, ¥ € S' and some fixed irrational number
6 € (0,1). We will denote by Gy = Z x S* the associated translation groupoid.

Any function ag € C°(S') can be expanded into its Fourier series ag = Y cpel*?
kez
where the sequence {c }rez is rapidly decaying since ag is smooth. First denote by

U = const; - 1 the function which is equal to 1 on the bisection corresponding to the
generator 1 € Z and is zero elsewhere. It then follows that U* = const; - k for all
k € Z. Furthermore, let V = €l¥ - 0 be the generator of the algebra C°(S!) in the
sense of the Fourier expansion as above. An arbitrary function a € C°(Gp) can now

be written as a = Y e U* * V!, where ¢y, are nonzero for only finitely many k € 7
k.l
and such that the sequence {ck; }1e7 decays rapidly for each k € Z. One checks the

equalities U * V = €9 -1 and V « U = e*™iei¥ . 1 and thus V « U = >U x V.
The convolution algebra C°(Gy) is therefore generated by two elements U and V
that satisfy the above relation. The case § = 0 resembles the usual commutative
algebra of functions on a torus which motivates us to call the algebra C2°(Gy), or
a C*-algebra completion of it, a noncommutative torus.

The convolution algebra C2°(G) of an étale Lie groupoid G admits an additional
structure of a coalgebra over the commutative subalgebra C°(Gy), which turns the
space C°(G) into a Hopf algebroid over C2°(Gp) [28], [29]. The construction of the
Hopf algebroid of an étale Lie groupoid naturally extends to a functor from the Morita
category of étale Lie groupoids to the Morita category of Hopf algebroids [27], [28].
More precisely, if G and H are étale Lie groupoids and if P is a principal H-bundle
over G, then the space C°(P) of smooth functions with compact support on P has
a natural structure of a C°(G)-C2°(H )-bimodule and a structure of a coalgebra over
C2°(Gy) which is compatible with both actions. Composition of principal bundles is
reflected as the tensor product of the corresponding bimodules. This functor induces
an equivalence C2°: EtGPD — LgHoALGD between the Morita category of étale Lie
groupoids and the Morita category of locally grouplike Hopf algebroids [16]. A locally
grouplike Hopf algebroid is given by a pair (A, M), where M is a smooth manifold and
A is a Hopf algebroid over C2°(M) such that for every x € M the localized coalgebra
A, (over the algebra C2°(M), of germs of smooth functions at z) is freely generated
by the subset of grouplike elements of A, which consists of arrows of A at = [29]. Mor-
phisms between locally grouplike Hopf algebroids (A, M) and (B, N) are isomorphism
classes of locally grouplike principal A-B-bimodules. An A-B-bimodule M is princi-
pal if it is equipped with a compatible C° (M )-coalgebra structure (¢, A) such that
g: M — C>®(M) is surjective and such that the induced map A: M Qe (ny B —
M®@ce(ar) M is an isomorphism. A principal A-B-bimodule M is locally grouplike if
for every z € M the localized coalgebra M, is freely generated by grouplike elements.
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A module over a Hopf algebroid of functions on an étale Lie groupoid will mean
for us in the sequel just a module over the convolution algebra. Although coalgebra
structures are used to define tensor products of modules over such Hopf algebroids,
we can describe all constructions in terms of convolution algebras. However, due to
the above correspondence we prefer to think of modules coming from representations
of Lie groupoids as modules over Hopf algebroids rather than convolution algebras.

We will restrict ourselves to Hausdorff groupoids and manifolds for simplicity,
although essentially the same formulas apply in the non-Hausdorff case as well.

3. MODULES OVER HOPF ALGEBROIDS

For any vector bundle F over a manifold M the vector space I'°(E) of smooth
sections of E with compact support admits a natural structure of a left module over
the algebra C3°(M). We recall in this section how to extend that structure to a left
action of the Hopf algebroid C°(G) of an étale Lie groupoid G on the vector space
' (E) of sections of an arbitrary representation E of the groupoid G. We describe
modules of sections by being of finite type and of constant rank and show that such
modules form an additive monoidal category for any étale Lie groupoid.

We will assume all our vector bundles to be of globally constant rank. This
is automatically satisfied if for example the manifold of objects of the groupoid
is connected. Similar constructions hold however in the case of vector bundles of
globally bounded rank as well.

3.1. Module of sections of a representation. We first recall the construction
of a left action of the Hopf algebroid C2°(G) of an étale Lie groupoid G on the vector
space I'°(E) of sections of a representation E of G. Define a bilinear map

CE(G) x T (E) = TFE(E)

by the formula
(au)(@) = Y alg)(g - u(s(9)))
t(g)=x

for a € CX(G) and u € T'°(E). Since the function a € C°(G) has a compact
support, there are only finitely many g € t~!(z) with a(g) # 0 for each = € Go,
hence au is a well defined section of the vector bundle E. By decomposing a function
a € CX(G) as asum a = ) a; of functions each of which has support contained in
some bisection, it follows that au € I'S°(E) and we have the following result.
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Proposition 3.1. The space of sections I'°(E) has a natural structure of a left
module over the Hopf algebroid C°(G), given by the above formula.

Example 3.1. (1) Let M x T be a trivial bundle of finite groups with fiber
I over a manifold M and let F ® V be its representation as in Example 2.1 (1).
The action of the Hopf algebroid C°(M x I') = C°(M) ®c C[I'] on the module
FE(E®@ V) =T2(E) @cse ) ' (V) is then the natural tensor product action. In
particular, if M is a point, this action corresponds to the action of the group algebra
C[I'] on the vector space V, extending the representation of I' to V. On the other
hand, if " is trivial, we recover the usual action of C°(M) on I'°(E).

(2) Now let Gy = Zx S! be the translation groupoid from Example 2.2 (2). Unitary
irreducible representations of the group Z are all one dimensional and classified by
the group S'. Explicitly, for any e!* € S! let us denote by V,, the vector space C
with the action of Z given by m-z = ™%z for m € Z and z € C. This representation
induces a representation V,, = S* x V,, [35] of the groupoid Gy such that the vector
space ['°(V,) of sections of V,, is naturally isomorphic to the space C2°(S!). With
this identification in mind we can expand an arbitrary section u € I'°(V,) as u =

3 uger where uy, € C and ej, = e'*?. Recall now from Example 2.2 (3) that C2°(Gy)
kez
is generated by the elements U = const; - 1 and V = e!¥ - 0. The action of the Hopf

algebroid C°(Gy) on the space I'°(V,) can be now explicitly described by the

formulas )
Uey = el(a72m0k)ek’

Ver = eyt
for any k € Z.

By the above procedure one obtains a left module of sections I'>°(E) over the
Hopf algebroid C°(G) for an arbitrary representation E of the groupoid G. Any
morphism ¢: E — F of representations of GG is in particular a morphism of vector
bundles over Gy and it induces a homomorphism I'S°(¢): T'2°(E) — I'°(F) of left
C°(Gp)-modules, given by composition with ¢, i.e. T'®°(p)(u) = ¢ o u for any u €
I'>°(E). Considering that the map ¢ is fiberwise linear and G-equivariant, we have
the equality I'2°(p)(au) = al'>(¢)(u) for any a € C°(G) and u € TP (E). It follows
that T'S°(¢) is a homomorphism of C°(G)-modules, so one can define a covariant
functor

'’ =(I'°)a: Rep(G) — gMod
from the category of representations of the groupoid G to the category of left modules
over the Hopf algebroid C2°(G) of the groupoid G.

3.2. Modules of finite type and of constant rank. According to the previous
subsection one can associate a left Co°(G)-module I'S°(E) with every representation
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E of G. However, not every C2°(G)-module is of this kind and it is not too hard to
find counter-examples. In this subsection we define and explain the properties that
characterize modules of sections of representations of étale Lie groupoids.

Let M be a Hausdorff manifold and let C3°(M) be the algebra of smooth functions
with compact support on M. There is a bijective correspondence between the points
of the manifold M and nontrivial homomorphisms 7: C°(M) — C of C-algebras.
With any © € M one associates the evaluation ev,: C°(M) — C at the point x
given by ev,(f) = f(x) for f € C3°(M). Suppose now n: C°(M) — C is a nontrivial
homomorphism of C-algebras. Its kernel is a maximal ideal of C3°(M) of the form
ker(n) = I,C(M) = {f € C(M)| f(xz) = 0} for a unique point z € M (we will
use the notation I,C°(M) for the maximal ideal of functions that vanish at = and
CP(M)(x) = CX(M)/1,C(M) for the quotient algebra). Both the induced maps
7,65 : C°(M)(xr) — C are isomorphisms of C-algebras. Since identity is the only
automorphism of the C-algebra C, it follows 77 = &v, and hence n = ev,. Note
also that ev, induces a canonical isomorphism between C°(M)(z) and C. Now
choose a left C°(M)-module M. The C°(M)-module I, = I,C(M) - M is then
a submodule of 9t and we denote by

M(z) = M/ I, M

the quotient C°(M)(x)-module and consider it as a complex vector space.

Now let G be an étale Lie groupoid and let 91 be a left C°(G)-module. It follows
that 20t is a left module over the algebra C°(Gy) as well since C2°(Gy) is a subalgebra
of C°(G). The C°(G)-module M is of finite type if it is isomorphic, as a C°(Gyo)-
module, to some submodule of the module C2°(G)* for some natural number k. The
C2°(Gp)-modules of the form C°(Gy)* correspond precisely to the modules of sections
of trivial vector bundles Gy x CF, so one can roughly think of modules of finite type as
corresponding to subfamilies of trivial vector bundles. Suppose now that the C°(G)-
module 9 is of finite type and choose an injective homomorphism ®: 9 — C(Gy)*
of C°(Gp)-modules. For each z € Gy we obtain an injective complex linear map
®(x): M(z) — C=(Go)(x)* = C*, which shows that M(z) is a finite dimensional
complex vector space for each x € Gg. We denote by rank, 9 = dime M(x) the
rank of the module 9 at the point € Gp. A C°(G)-module M of finite type is of
constant rank if the function z — rank,9 is a constant function on Gy. One can
similarly define the notions of modules of locally constant rank and of modules of
globally bounded rank.

Suppose now that M is a smooth, Hausdorff and paracompact manifold and let
E be a vector bundle over M. The module I'°(E) of sections of the bundle E is
a basic example of a module of finite type and of constant rank. One can see that as
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follows. Since M is finite dimensional and paracompact, there exists a vector bundle
E’ over M such that the bundle E @ E’ is isomorphic to some trivial vector bundle
M x CF over M; vector bundles with this property are said to be of finite type.
This property basically follows from the proof of Lemma 5.9 in [19]. As a result
we obtain the isomorphism I'S°(E) @ I'®®(E’) = C°(M)F, i.e. the module I'*°(E)
is of finite type. Furthermore, there is a natural isomorphism I'°(F)(z) — E, of
complex vector spaces for every x € M, induced by the evaluation at the point z,
which shows that the module I'°(E) is of constant rank. We state this result as

a proposition for future reference.

Proposition 3.2. Let G be an étale Lie groupoid. The left C2°(G)-module 'Y (E)
of sections of any representation E of the groupoid G is a module of finite type and
of constant rank.

A crucial ingredient in the proof of the above proposition is the fact that any
vector bundle over a paracompact manifold is a subbundle of a trivial bundle. Such
vector bundles are referred to as bundles of finite type, a fact which also explains
our reason to refer to the corresponding modules as modules of finite type.

Example 3.2. (1) Let M be a Hausdorff manifold and let 9 C C°(M)* be
a C2°(M)-module of finite type and of locally constant rank. We can then view 9(z)
as a vector subspace of C* for every x € M and define E, = M(z)*. These vector
spaces define a smooth vector bundle E over M such that 9 @ I'°(E) = C°(M)*.
In particular, for any C2°(M)-module 9 of finite type and of locally constant rank
there exists a C2°(M )-module MM’ such that M & M’ = C(M)E.

(2) If a Hausdorff manifold M is compact, it follows that the algebra C°(M) is
unital. In this case finitely generated, projective modules over the algebra C°(M)
correspond to modules of finite type and of locally constant rank. If the manifold M
is connected, any such module is automatically of constant rank.

We show next that modules of finite type and of constant rank form an additive
monoidal category for any étale Lie groupoid G. Let 9t and 9t be modules of finite
type and of constant rank over the Hopf algebroid C°(G) of the groupoid G. It is
straightforward to check that the direct sum module 9 ® 91 is then again of finite
type and of constant rank. Furthermore, the tensor product M Rceo(g,) N is then
a left module over the algebra C°(Go) which can be made into a left module over
CX(G) as follows. Let a € C°(G) be a smooth function with compact support in
a bisection V of G. It can be written as a = ag*a’ where ag = ao(t|y)~t € C°(t(V))
and o/ € C°(V) is any function such that a -’ = a pointwise in V. For any
men € MBcs(g,) N we define a(m@n) = ap(a’'m®a’n). Any function a € C(G)
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n
can be decomposed as a sum a = ) aj, * a), of functions as above and in this case

k=1
we define

n
alm®n) = Z ar(apm @ ayn).
k=1
A little bit longer calculation shows that the action is well defined so that we obtain
a left C°(G)-module I ®@coo(Gy) N of finite type and of constant rank. The natural
isomorphism (9 @ M) @ M = M @ (M’ @ M”) of left C°(G)-modules is C2°(G)-
linear for any C°(G)-modules I, M’ and 9" of finite type and of constant rank.
We thus obtain the following result.

Proposition 3.3. Let G be an étale Lie groupoid. Modules of finite type and of
constant rank over the Hopf algebroid C°(G), with direct sum and tensor product
as described above, form an additive monoidal category Mod(G).

Example 3.3. If M is a compact connected manifold, then the category Mod(M)
of modules of finite type and of constant rank over C2°(M) coincides with the addi-
tive monoidal category of finitely generated, projective modules over C° (M), with
operations of direct sum and tensor product of modules.

4. SERRE-SWAN’S THEOREM FOR ETALE LIE GROUPOIDS

Modules of sections of representations provide typical examples of modules of
finite type and of constant rank over the Hopf algebroid of an étale Lie groupoid.
We show in this section that these modules are in fact the only examples of modules
of finite type and of constant rank, up to isomorphism. Results of this type were
first considered by Serre [36] in the category of algebraic varieties and by Swan in
the category of compact Hausdorff topological spaces [37].

Recall that we denote by Mod(G) the full subcategory of the category of left
modules over the Hopf algebroid C2°(G) of an étale Lie groupoid G, consisting of
modules of finite type and of constant rank. Since every module of sections of a
representation is such a module by Proposition 3.2, we have a functor

(1) Rep(G) — Mod(G)

from the category of representations of the groupoid G to the category of modules
of finite type and of constant rank over the Hopf algebroid C2°(G) of G.
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Theorem 4.1. The functor (I'°)g: Rep(G) — Mod(G) of smooth sections with
compact support is an equivalence of categories for any étale Lie groupoid G.

Before we begin with the proof, we recall the classical version of the Serre-Swan’s
theorem in the setting of smooth manifolds and modules over the algebras of smooth
functions with compact support.

Theorem 4.2. The functor (I'2°)ar: Rep(M) — Mod(M) is an equivalence of
categories for any paracompact Hausdorff manifold M.

Proof. The crucial point in the proof of the theorem is the observation that
every vector bundle over a paracompact manifold is of finite type, i.e. a subbundle of
some trivial bundle. Taking this into account, basically the same proof as in Swan’s
original paper [37] goes through. O

Now let G be an étale Lie groupoid. We will prove Theorem 4.1 by constructing
a quasi-inverse

Rsp: Mod(G) — Rep(G)

to the functor I'S°, to show that it is an equivalence of categories. For any C°(G)-
module 9 of finite type and of constant rank we define a vector bundle R, (90t)
over Gy as follows. As a set, the bundle Ry, (M) is defined as a disjoint union of the
spaces M(x) for x € Go,
Rop(M) = [ (),
x€Go

together with the natural projection onto the manifold Gy. To define a topology and
a smooth structure on the space Rgp(91), we first choose a vector bundle E over Gy
and an isomorphism ®: I'°(E) — 9 of left C2°(Gp)-modules. Such an isomorphism
exists due to the classical version of Serre-Swan’s Theorem 4.2. The induced map
O(x): Ey — M(z) is an isomorphism of complex vector spaces for each x, so we can
use the fiberwise linear bijection p = [[®(x): E — Rgp (M) to define a structure of
a smooth vector bundle over Gy on the space Rgp (901). The so defined vector bundle
structure on the space Rgp (90) is well defined. Namely, if E” is another vector bundle
over Gy and if ®': T'?°(E’) — 9 is an isomorphism of C°(Gp)-modules, we obtain
the isomorphism (®') 1o ®: I'°(E) — I'(E’) of C>°(Gyp)-modules. Bundles E and
E’ are therefore isomorphic by Theorem 4.2, so they define the same vector bundle
structure on the space Rqp, ().

We next use the action of C°(G) on the space 9 to define a representation of
G on the vector bundle Ry, (). Choose any arrow g € G(z,y) and any vector
v € M(x). We can find an element m € 2 such that v = m(x) and a function
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a € C°(G) with compact support in some bisection such that a(g) = 1. Since 2 is
a left C2°(G)-module, the element am € 9 is well defined and we define

g-m(z) = am(y) € M(y).

We will denote by
pom: G X o Rep(M) — Rep (M)

the map defined by the above formula.

Proposition 4.1. The map usn defines a representation of the étale Lie groupoid
G on the vector bundle R, (9M) over Gy.

Proof. It is straightforward to check that the map ugn is well defined and that
it defines a linear action of the groupoid G on the vector bundle Rgp (90).

To see that pgn is a smooth map, we first choose any (g,v) € G x¢, Rep(9M) and
a function a € C°(G) with compact support in a bisection V' such that a|ly = 1
for some small neighbourhood V' C V' of g. There exist elements m?!,...,m* € M
with the property that the vectors {m!(z),...,m”*(z)} form a basis of M(z) for all
xr € s(V). As a result we obtain smooth functions Ai,..., Ax: Rep(IM)|sv) — C,

implicitly defined by the formula w = i Xi(w)m®(z) for any w € M(x) where
x € (V). Locally, on a neighbourhood ‘Z/:>1<GO Rgp(9M) of the point (g,v), we have
usm (h,w) = i Ai(w)am®(t(h)), where am® are smooth sections of the vector bundle
Rep (). Thi:lconcludes the proof of the proposition. O

Representation of the groupoid G on the vector bundle Rg, (901) will be referred
to as the spectral representation of the groupoid G associated with a C2°(G)-module
N of finite type and of constant rank.

Now choose left C2°(G)-modules of finite type and of constant rank 9 and I
and let ®: M — M be a homomorphism of C°(G)-modules. For each z € Gy
we have the induced linear map ®(z): M(z) — NM(x) and these maps together
define a fiberwise linear map Rqp(®): Rep(9M) — Rgp (1), which is a G-equivariant
morphism of representations of the groupoid G on Rg,(90) and Ry (N), respectively.
The functoriality of the assignment ® — &(z) for each z € Gy extends to the
functoriality of the map Ry, so we have the spectral representation functor

Rsp: Mod(G) — Rep(G).

Proof of Theorem 4.1. Theorem 4.1 will be proved by showing that the functor
Rep: Mod(G) — Rep(G) is a quasi-inverse of the functor I'°: Rep(G) — Mod(G).
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We can naturally identify the C°(G)-module 9t with the module T'S°(Rgp (1)),
by assigning the section z +— m(x) of the bundle Rgp(9) to an element m € M.
Denote by egn: 9 — I'2°(Rgp(9M)) the corresponding isomorphism of modules and
let €: Idmod(G) = T'2° o Rgp be the corresponding natural equivalence of functors.

Now let E be a representation of G. We have an isomorphism I'°(F)(z) — E of
complex vector spaces for every = € Gy, induced by the evaluation at the point z,
which induces an isomorphism 7g: Rep(I'°(E)) — E of representations of G. The
natural equivalence of functors n: Rs,oI'c® = Idgrep(q) together with the equivalence
¢ shows that the functor I'2° is an equivalence of categories. O

Example 4.1. Let G be a finite group and let M be a compact connected mani-
fold. Representations of the translation groupoid G x M correspond to G-equivariant
vector bundles over M and by Theorem 4.1 we can identify G-equivariant bundles
over M with modules of finite type and of constant rank over the Hopf algebroid
CX(G x M). On the other hand, by combining the Peter-Weyl theorem for finite
groups with the result that any G-equivariant bundle over M is of finite type [35],
it follows that G-equivariant bundles over M correspond to finitely generated, pro-
jective modules over the convolution algebra C°(G x M). In particular, modules
of finite type and of constant rank over C°(G x M) are precisely finitely generated
projective modules, so we obtain a natural monoidal structure on the category of
finitely generated projective modules over the algebra C°(G x M).

5. NATURAL EQUIVALENCE OF FUNCTORS Rep AND Mod

Representations of étale Lie groupoids naturally define a contravariant functor Rep
from the Morita category of étale Lie groupoids to the category of semirings. In this
section we first explain that modules of finite type and of constant rank over their
Hopf algebroids similarly define a functor Mod between the same two categories and
then show how to interpret Serre-Swan’s correspondence as a natural equivalence
between these two functors.

We begin with some lemmas that describe the modules of sections of pullback
representations and of tensor product representations.

Lemma 5.1. Let G and H be étale Lie groupoids and let P be a principal H-
bundle over G. For any representation F of H there exists a natural isomorphism

op(E): C(P) ®cemy I (E) = I (P @u E)
of left modules over the Hopf algebroid C°(G).
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Proof. First define a bilinear map op(E): CX(P) x I'*®(E) — I'®(P @y E)
by the formula

(op(B)(fou)(z) = Y f)e®ulep))

n(p)==

for f € C*(P) and u € T'(E). It is not too hard to check that the map op(F) is
well defined and that it induces a homomorphism

UP(E): CSO(P) ®C§°(H) FEO(E) — FEO(P (S92 E)

of C2°(G)-modules, which we claim to be an isomorphism. It suffices to show that
op(E) is a bijective map.

We first consider the case when the bundle P is trivial, i.e. P = (¢) for some
smooth functor ¥: G — H. Representations P ® y £ and ¢¥*E of G are then
isomorphic via an isomorphism f: P ®y F — ¥*FE, which induces an isomorphism

LE(f): TE(P @u E) = TE (G E)

of modules over C°(Gy). Consider now the representation E of H as a vector bundle
over Hy. The map

oy (E): CZ(Go) ®cze (o) T (E) = T (Vo E),

defined analogously as the map op(FE), is then an isomorphism of modules over the
algebra C2°(Gp) [11]. Finally, since P = Go x g, H is a trivial bundle, we have by
[27] the isomorphism Qg, r: C°(P) = C2°(Go) ®cs (11y) Co°(H ), which induces an
isomorphism

CZ(P) @cee () T (B) — €2 (Go) @cee (o) T (E)

of C°(Gp)-modules. We can collect all these isomorphisms into the following com-
mutative diagram of homomorphisms of C°(Gp)-modules

op(E
C2(P) @cx () T2 (E) —2EL 120 (p oy E)

l% lff’(f)V

oyy (E)
C(Go) e (115) T (E) —2—> T (4 E)

Since the remaining maps are bijective, the map op(F) is bijective as well.
A principal H-bundle P over G is in general only locally trivial [25]. Let U be
an open subset of G such that P|y is a trivial H-bundle. We then have a natural
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injective homomorphism C°(P|y) — C°(P) of right C2°(H )-modules which induces
an injective homomorphism of abelian groups

C(Plu) ®coo(my I (E) — C°(P) ®coo(my 27 (E).

The map op(E) restricts, via this injection and injection I'*°(Ply@p E) — I'*(P®y
E), to the bijection op|, (E). One concludes the proof by using a partition of unity
subordinated to a trivializing open cover for P over G and the fact that op(F) is
a homomorphism of C°(G)-modules. O

Lemma 5.2. Let G be an étale Lie groupoid. For any representations E and F
of the groupoid G there exists a natural isomorphism

Q= QE’FI PSO(E) ®C3°(Go) PSO(F) — FCC)O(E (24 F)

of left modules over the Hopf algebroid C°(G).

Proof. Define a bilinear map Qg p: I'°(E) x I'°(F) — I'*(E® F) by
associating with (u,v) € TP (FE) x I'°(F) the section u @ v € T'°(E ® F), which is
given pointwise by (u®v)(x) = u(z) @ v(z) for every z € Gp. From the definitions of
actions of the algebra C°(Gy) on modules of sections it follows that the above map
is C°(Gy)-bilinear and induces a bijective C°(Gp)-linear map

Qp,r: TZ(E) ®ce (o) [ (F) = TX(E® F).

It remains to be proved that the map Qg r is C2°(G)-linear. To this effect let
a function a € C°(G) have support in a bisection V' of the groupoid G and let us
write it as a = ag * @’ where ag = a o (t|y)™! € C°(¢(V)) and o’ € C°(V) is any
function such that a - ' = a pointwise in V. Moreover, choose any u € I'?°(E) and
any v € I'?°(F). We then have Qg p(a(u ® v)) = ap(a’u ® a’v). It follows that the
support of the section Qg r(a(u ®v)) is contained in the support of the function ay.
Next, for any y € Gy with ag(y) # 0 we have

(ao(a'u® a'v))(y) = ao(y)(g - u(z) ® g - v(z))

where g € G(z,y) is the unique arrow in the bisection V' with target y. On the other
hand, the definition of the action of the algebra C2°(G) on the module I'°(E ® F')
yields

(aQp,r(u®v))(y) = alg)(g - u(z) ® g- v(z)).
Since a(g) = ao(y), we have the equality (Qg r(a(u ® v)))(y) = (aQg,r(u @ v))(y)
for every y € Go, which shows that the map Qg r is C2°(G)-linear. O
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We are now ready to show how to interpret modules of finite type and of constant
rank as functors. Let P be a principal H-bundle over G. Tensoring by the C°(G)-
C°(H)-bimodule C°(P) induces a covariant functor Mod(P): Mod(H) — Mod(G)
by Theorem 4.1 and Lemma 5.1. Note also that isomorphic principal bundles induce
naturally equivalent functors. Let us now denote by Mod(G) the set of isomorphism
classes of modules of finite type and of constant rank over the Hopf algebroid C°(G)
of G. Operations of direct sum and tensor product of C°(G)-modules turn the set
Mod(G) into a semiring. For any principal H-bundle P over G we obtain a map
Mod(P): Mod(H) — Mod(G) induced by tensoring by the bimodule C°(P). To see
that Mod(P) is a multiplicative map, we define a natural isomorphism

CZ(P) © (M @z (1) M) — (C°(P) @ M) ez () (C(P) @ M)

of C2°(G)-modules, given by f @ (m®n) — fo(f' @m)® (f' ®n), where f € C°(P)
has compact support in a open subset U of P, which maps injectively into Go by
the bundle projection 7: P — Gy, fo = f o (7|ly)~! € C(n(U)) and f’ € C(U)
is such that f - f’ = f pointwise in U. It follows that Mod(P) is a homomorphism
of semirings, depending only on the isomorphism class of the principal bundle P.
Furthermore, if P’ is a principal K-bundle over H, where K is an étale Lie groupoid,
there is a natural homomorphism Qp pr: C°(P) ®co () C°(P') — C°(P @u P')
of C°(G)-Ce°(K)-bimodules, which is in fact an isomorphism [27]. We thus obtain
a contravariant functor
Mod: EtGPD — Rng

from the Morita category of étale Lie groupoids to the category of semirings.

The functor (I'°)e: Rep(G) — Mod(G) is an equivalence of categories and by
Lemma 5.2 it induces an isomorphism (I'°)g: Rep(G) — Mod(G) of semirings.
Now let H be another étale Lie groupoid and let P be a principal H-bundle over
G. From Lemma 5.1 it follows that (I'S°)g o Rep(P) = Mod(P) o (I') g, so we
can consider the family I'° of isomorphisms of semirings as a natural equivalence
between the functors Rep and Mod, and as a result we obtain the following theorem.

Theorem 5.1. Contravariant functors Rep and Mod from the Morita category
of étale Lie groupoids to the category of semirings are naturally equivalent.

The Morita category of étale Lie groupoids contains as a full subcategory the
category of compact global quotients, whose objects are translation groupoids of finite
groups acting on compact manifolds [31]. Restricted to this subcategory, the above
functors correspond respectively, to the equivariant topological and the algebraic K-
theory. Equivariant maps between global quotients correspond to trivial bundles, so

670



in general we obtain the following improvement of the standard equivalence between
K-functors.

Corollary 5.1. Topological and algebraic K -theories of compact global quotients
are naturally isomorphic with respect to generalized maps.
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