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KYBERNETIKA — VOLUME 47 (2011), NUMBER 4, PAGES 541-559

OBSERVABLES ON ¢-MV ALGEBRAS
AND o¢-LATTICE EFFECT ALGEBRAS

ANNA JENCOVA, SILVIA PULMANNOVA AND ELENA VINCEKOVA

Effect algebras were introduced as abstract models of the set of quantum effects which
represent sharp and unsharp properties of physical systems and play a basic role in the
foundations of quantum mechanics. In the present paper, observables on lattice ordered o-
effect algebras and their ”smearings” with respect to (weak) Markov kernels are studied. It
is shown that the range of any observable is contained in a block, which is a o-MV algebra,
and every observable is defined by a smearing of a sharp observable, which is obtained from
generalized Loomis—Sikorski theorem for o-MV algebras. Generalized observables with the
range in the set of sharp real observables are studied and it is shown that they contain all
smearings of observables.

Keywords: lattice effect algebra, MV algebra, observable, state, Markov kernel, weak
Markov kernel, smearing, generalized observable

Classification: 81P10, 81P15, 03G12

1. INTRODUCTION

Effect algebras [9] (equivalently, D-posets, [I8], or weak orthoalgebras, [11]) were
introduced as abstract models of the set of quantum effects (self-adjoint operators
between the zero and identity operator in the usual ordering). Quantum effects
represent sharp and unsharp properties of physical systems and play a basic role
in the foundations of quantum mechanics [I]. They contain the usual quantum
logics (orthomodular posets and lattices) as special subclasses. Also MV-algebras,
introduced by Chang [0] as algebraic bases for many-valued logic, are a special
subclass of effect algebras. In this paper, we consider lattice ordered effect algebras,
which are a common generalization of MV-algebras and orthomodular lattices.

An effect algebra is an algebraic structure (E; @, 0,1) where @ is a partial binary
operation and 0 and 1 are constants, such that for every a,b,c € E, the following
axioms hold:

(El) a®b=bda;

(E2) (a®pb)®dc=a® (bdc);

(E3) for every a € E there is a unique a* such that a ® a* = 1;
(E4) if a® 1 is defined, then a = 0.



542 A. JENCOVA, S. PULMANNOVA AND E. VINCEKOVA

The equalities in (E1) and (E2) mean that if one side is defined, so is the other
and the equality holds. We write a L b and say that a and b are orthogonal if a ® b
is defined. If we write a & b, we tacitly assume a L b.

A partial order on F is defined by the relation a < b iff there is ¢ such that
a ® c =b. If such element c exists, it is unique, and we write ¢ =: bS a. Thus bS a
is defined and equals c iff a < b and a @ ¢ = b. The element a* in (E3) is called
the orthosupplement of a, and we have a~ = 16 a. It can be shown that a L b iff
a<bt and (a ® b)J- = at ©b. Moreover we have 0 < a <1 for all a € E.

The orthogonality relation can be naturally extended as follows. Any finite set of
elements ay, as, ..., a, (not necessarily all different) are said to be orthogonal if a; ®
as®- - -day, exists, where the latter @-sum is defined recurrently. Owing to (E1) and
(E2), we can omit parentheses, and the resulting sum does not depend on the order
of its summands. More generally, an arbitrary system (a;);cr is said to be orthogonal
if every its finite subsystem is orthogonal. If the element @, ; a; := \/ pc; Bicra;
exists, where the supremum on the right is taken over all finite subsystems F' C I,
we call it the orthosum of the system (a;);cr. An effect algebra E is orthocomplete
if every orthogonal family admits an orthosum, and E is o-orthocomplete if every
countable orthogonal family admits an orthosum. Equivalently, E' is orthocomplete
if every ascending family has a supremum in E and E is o-orthocomplete if every
countable ascending family has a supremum in F.

A subalgebra of an effect algebra E is a subset FF C E such that 1 € F, a € F
implies e+ € F, and a,b € F, a L b impliesa® b € F.

An effect algebra E which is lattice ordered with respect to its ordering, is called a
lattice effect algebra. It is easy to see that a lattice effect algebra is o-orthocomplete
(orthocomplete) iff it is a o-lattice (complete lattice).

Two elements a,b in an effect algebra E are said to be compatible (in Mackey’s
sense, written a < b) if there are orthogonal elements aq,bq, ¢ such that a = a; ®
c,b="b1 & c. In a lattice effect algebra, compatibility is equivalent to the condition
(aVb)ob=a6 (aNb) [6].

We recall that an MV-algebra [4, 5, B] is an algebraic structure (M;+,*,0) with
a binary operation +E|, a unary operation * and a constant 0 such that 4 is commu-
tative and associative with neutral element 0, a+a* = 0* =: 1, a+1 = 1, (a*)* = q,
and (a*+b)*+b = (b*+a)*+a, the last axiom is called the Lukasziewicz axiom. With
the operations aVb = (a*+b)*+b, aAb = (a*Vb*)*, M is a distributive lattice with 0
as the smallest and 0* = 1 as the greatest element. MV-algebras were introduced in
[5] as algebraic bases for many-valued logic. In [19], categorical equivalence between
unit intervals in abelian /-groups with strong unit and MV-algebras was shown, as
well as their importance in the K-theory of AF C*-algebras.

If E is a lattice effect algebra such that a < b for all a,b € E, then a+b :=
(a A bt) @ b is a total binary operation such that (E;+,%,0) is an MV-algebra
[6]. Conversely, if in an MV-algebra (M;-+,*,0) we restrict the + operation to
{(a,b) : a < b*}, we obtain a lattice effect algebra in which any pair of elements is
compatible. An effect algebra with the latter properties is called an M V-effect alge-

LOur notation differs from the one in [ [5], as we reserved the symbol @ for the operation in
effect algebras
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bra. Equivalently, MV-effect algebras can be characterized as lattice effect algebras
satisfying Riesz decomposition properties, [8, Corollary 1.10.11]. MV-effect algebras
are in one-to-one correspondence with MV-algebras [6].

An MV-algebra M is a 0-MV algebra if M is a o-lattice.

It is well known that an orthomodular lattice can be covered by its blocks (i.e.,
maximal sets of pairwise compatible elements) which are boolean algebras. An
analogous statement has been proved in [28] for lattice effect algebras: every lattice
effect algebra E can be covered by its blocks, which are subalgebras and sublattices
of E, and are MV-effect algebras in their own right. If F is a o-orthocomplete lattice
effect algebra, then blocks are g-orthocomplete MV-effect algebras (equivalently, o-
MYV algebras) [14].

An element a in an effect algebra E is sharp if a A a™ = 0. The set of all sharp
elements in a lattice effect algebra forms an orthomodular lattice (OML), which is
a subalgebra and sublattice Sh(E) of E [14]. If E is o-orthocomplete, then Sh(E)
is a o-OML.

A state on an effect algebra F is a mapping m : E +— [0, 1] such that m(a ® b) =
m(a)+m(b) whenever a L band m(1) = 1. A state m is o-additive if m(a,) — m(a)
whenever a,, T a. A state is pure if it is an extreme point in the convex set of states.
We say that a state m on E is faithful if m(a) =0iff a =0, a € E. Let S(E) denote
the set of all states on E, and S,(E) denote the set of all o-additive states on E.

2. LOOMIS-SIKORSKI THEOREM FOR o-MV EFFECT ALGEBRAS

For the proof of the Loomis—Sikorski theorem for o-MV-algebras, see [7,[20] (see also
[3] for a different approach). In this paragraph, we briefly recall some basic facts
that are used in the proof of this theorem.

The following notion is a direct generalization of a o-algebra of sets. A tribe of
fuzzy sets on a set X # () is a nonempty system 7 C [0, 1]? such that

(Tl) 1x € T;
(T2) ifa €7 then 1x —a € T,

(T3) (an)$>; € T entails that the pointwise minimum
min (Zan, 1) eT.
n=1

Elements of 7 are called fuzzy subsets of X. Elements of 7 which are characteristic
functions are called crisp subsets of X.
The basic properties of tribes are [8, Prop. 7.16]:
Proposition 2.1. Let 7 be a tribe of fuzzy subsets of X. Then
(i) aVvb=max{a,b} € T, a ANb=min{a,b} € T;
(ii) b—aeTifa<b, ie a(z) <b(z)for al z € X;
(iii) if a, € T, n > 1, and a,, /" a (point-wise) then a = lim, a,, € T;
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(iv) T is a 0-MV-algebra closed under point-wise suprema of sequences of its ele-
ments.

Denote by
ShT)={ACX:xa€eT},

i.e., Sh(7) is the system of all crisp subsets in 7. According to [8, Th.7.1.7], Sh(T)
is a o-algebra of crisp subsets of X, and if f € 7, then f is Sh(7)-measurable. That
is, for every f € T and every B € B([0,1]) (where B([0,1]) denotes the Borel subsets
of [0,1]), the pre-image f~!(B) belongs to Sh(T). Moreover, the mapping

f71B([0,1]) — SK(T)
is a o-homomorphism of Boolean o-algebras.

Lemma 2.2. Let 7 be a tribe of fuzzy subsets of a set X # ). For every f,g € 7T,
f =g if and only if f~1(B) = g~ *(B) for all B € B([0,1]).

Proof. For the nontrivial direction, if f # g, there is x € X such that f(x) # g(z).
Assume f(z) < g(z), then g(z) > f(z) + % for some integer n. Putting f(z) = «,
we have = € f~1[0, a], while z ¢ g~1[0, a]. O

A state on a tribe 7 is a mapping m : 7 — [0,1] such that m(1) = 1, and
m(f 4+ g) = m(f) + m(g) whenever f,g € T with f+ g < 1. A state m is o-
additive if for any nondecreasing sequence (f,), C 7, if f, / f (point-wise), then
m(fa) — m(f).

By the Butnariu-Klement theorem [2], [27, Th.8.1.12], [3] for every o-additive
state m on 7 we have

Mﬁ=4ﬂ@®mv (1)

where p is a probability measure on the o-algebra Sh(7) given by u(A) = m(xa),
A€ Sh(T).

Let (M;+,*,0) be an MV-algebra. Recall that an element a € M is idempotent
iff a ® a = a, and a is sharp iff a A a* = 0. It is well-known that idempotent and
sharp elements in an MV-algebra coincide. By [B], for every MV-algebra, the set of
idempotent elements Sh(M) is a Boolean algebra. If M is a o-MV-algebra, then
Sh(M) is a Boolean o-algebra. Moreover, all countable suprema taken in Sh(M)
coincide with those taken in M [8, Th.7.1.12].

On the set M (M) of all maximal ideals of M a topology 7/ is introduced as the
collection of all subsets of the form

OI):={Ae M(M): AP I} Iis an ideal of M.
For any a € M, we put

M) ={Ae M(M):a¢A}.
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It is easy to see that for a,b € M, (i) M(0) =0, (ii) M(a) C M(b) whenever a < b,
(iii) M(aAb) = M(a)NM(b), M(aVb) = M(a)UM(b). Moreover, {M(a):a € M}
is a base of T);.

In addition, we have the following facts (|8, Prop.7.1.13]): (i) M(a)¢ C M(a*)
(M(a)¢ is the set-theoretical complement of M(a)), (ii) if a is idempotent then
M(a)¢ = M(a*), (iii) if M is semisimple (in particular, if M is a o-MV-algebra),
then M(a)¢ = M(a*) iff a is idempotent.

Denote by Ext(S(M)) the set of all extremal states on M. Then by [2I, Theorem
2.5], Ext(S(M)) # () and it is a compact Hausdorfl space with respect to the weak
topology of states (i.e., mq — m iff my(a) — m(a) for all a € M), and any state m
on M is in the closure of the convex hull of Ext(S(M)).

From [12] Theorem 15.32] and Mundici’s ¢-group representation of MV-algebras
we have that there is a one-to-one correspondence between Ext(S(M)) and M(M)
given by the homeomorphism m — Ker,, (see also [8, Th.7.1.2]).

It follows that 75y makes M(M) a compact Hausdorff topological space. Let M
be a o-MV-algebra (that is, M is a o-lattice). With the topology 7as, the space
X = M(M) is basically disconnected (that is, the closure of every F,-subset of X
is open) [8, Proposition 7.1.15].

For a € M, define a — @, where a € [0, 1]F*/(S(M)) 1y

a(m) :=m(a), m € Ext(S(M)).

Notice that by [8, Prop.7.1.20], a € M is idempotent if and only if @ is a charac-
teristic function.

Let f be a real function on X # ). Define
N(f) = {z € X : |f(x)] > O}.

The following generalization of the Loomis—Sikorski theorem has been proved in
[20] and, independently, in [7].

Theorem 2.3. For every o-MV-algebra M there exist a tribe 7 of fuzzy sets and
an MV-g-homomorphism h from 7 onto M.

This can be briefly described as follows: Let M be a o-MV-algebra. Let 7 be the
tribe of fuzzy sets defined on X := Ext(S(M)) generated by the set {d : a € M}.
Denote by 7' the class of all functions f € 7 with the property that for some b € M,
N(f- l;) is a meager set. It can be shown that if for some by and by and f € 7’ we
have N(f — b;) is a meager set for i = 1,2, then by = by. Moreover, 7/ = 7. Due
to the definition of 77, for any f € 7 there is a unique element A(f) := b € M such
that N(f — b) is meager.

Moreover, h maps Sh(7) onto Sh(M) and h(f) = 0 iff h(xn(s)) = 0, 23 §5].
The triple (X,7,h) (X = Ext(S(M))), described in the preceding paragraph, is
called the standard Loomis—Sikorski representation of M.
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3. SHARP AND UNSHARP OBSERVABLES

Let (2, A) be a measurable space, where € is a nonempty set and A is a o-algebra
of subsets of . In accordance with [27], a (£2,.4)-observable on a o-orthocomplete
effect algebra E is a mapping £ : A — E such that (i) £(Q) = 1; (ii) £(U2, 4i) =
D7, £(A;) whenever (A;)2, is a sequence of mutually disjoint elements of A. (€2, .A)
is called the value space of the observable £. If m is a o-additive state, then mo¢ is a
probability measure on the measurable space (2, .A), which is called the distribution
of the observable £ in the state m. We will assume that S,(F) # 0.

A real observable is an observable with value space (R, B(R)), where R is the set
of real numbers and B(R) is the o-algebra of Borel sets.

An observable is sharp if its range consists of sharp elements. Observables which
are not sharp are called unsharp.

In what follows, E will denote a o-orthocomplete lattice effect algebra.

Theorem 3.1. The range of every observable on F is contained in a block of F.

Proof. Let & be an (9, A)-observable on E. Let A,B € A. Then ANB, A\ (AN
B), B\ (ANB) are pairwise orthogonal sets in A, and from A = (A\(ANB))U(ANB)
we get £(A) = E(A\ (AN B)) ® £(AN B), and similarly §(B) = {(B\ (AN B)) ®
E(ANB). Since E(AN(ANB))®EB\N(ANB)DE(ANB) = £(AU B), we see
that £(A), £(B) are compatible. Since A and B are arbitrary, the range of £ consists
of pairwise compatible elements of E. Consequently, the range of £ is contained in
block of E. ]

Remark 3.2. Since by Theorem the range of every observable £ on E is con-
tained in a block M of E, we may consider £ as an observable on the o-MV alge-
bra M.

Since the restriction of a o-additive state m on E to M is a o-additive state on
M, we have {mo&:m € S,(E)} C{mo&:m € S,(M)}. Similarly, the restriction
of a faithful state on F to M is a faithful state on M.

Let (Z, F) and (Y, G) be measurable spaces. We recall that a mapping v : Zx§G —
[0,1] is a Markov kernel (MK) (see e.g. [30]) if

(i) for any fixed G € G, the mapping v (-) :=v(-,G) : Z — [0, 1] is F-measurable;
(ii) for any fixed z € Z, v,(-) :==v(z,.) : G — [0,1] is a probability measure.

The notion of a Markov kernel can be weakened as follows (see [15]). Let (Z, F)
and (Y,G) be measurable spaces. Let P be a family of probability measures on
(Z,F). We will say that v : Z x G — [0,1] is a weak Markov kernel (WMK) with
respect to P if

(i) z+— v(z,G) is F-measurable;
(i) for every G € G, 0 < v(z,G) <1 P-a.e.;

(iii) v(z,Y) =1 P-a.e. and v(z,0) = 0 P-a.e;
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(iv) if {G,} is a sequence in G such that G,, N G, = 0 whenever n # m, then

v(z, U Gp) = Z v(z,Gp), P—ae.

n

Let (Z,F) and (Y, G) be measurable spaces, and let v : Z x G — [0, 1] be a WMK
w.r. P. It is easy to see that the mapping

GH/ZV(Z,G)P(dZ)

is a probability measure on (Y, G) for every probability measure P in P.
For a (Z, F)-observable &, with range in a block M, denote P(£) :={mo&:m €
S,(M)}. Then P(€) is a subset of the set of probability measures on (Z, F).

Definition 3.3. Let (Z,F) and (Y, G) be measurable spaces, let £ be (Z, F)-observable
on F and let v : Z x G — [0,1] be a WMK with respect to P(£). The mapping
from P(&) to the set of probability measures on (Y, G) defined by

P(mo &)(Q) ::/ZV(Z,G)moadz)

will be called the smearing of the observable ¢ with respect to v.
If, in addition, there is an (Y, G)-observable n on F such that

m(n(G)) = (me§)(G),G €,
we say that 7 is defined by the smearing of & with respect to v.

We note that sometimes the observable 7 is also called a smearing of £ with
respect to v.

Theorem 3.4. Every observable on a o-lattice effect algebra is defined by a smear-
ing of a sharp observable.

Proof. Let £ be an (€, A)-observable on E. By Theorem the range {£(A) :
A € A} is contained in a block M of E, and M is a 0-MV algebra. Let (X,7,h)
be the standard LS-representation of M, where X is a nonempty set, 7 is a tribe of
functions f : X — [0,1] and h: T — M is a 0-MV algebra homomorphism which
maps 7 onto M and maps the sharp elements Sh(7) of 7 onto sharp elements
Sh(M) of M. For every A € A there is an f4 € 7 with h(fa) = £(A), where f4
is Sh(7T)-measurable, and is unique up to h-null sets. Define v : X x A — [0,1] by
v(z,A) = fa(z). It was proved in [I5l Examples 3.3, 4.2], that v(x, A) is a weak
Markov kernel with respect to {moh :m € S;(M)}. Owing to [2] we have

m(E(A)) = m(h(fa)) = /X fa(@)P(dx),
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where P := m o h/Sh(T) = m((h/Sh(T)). The restriction h/Sh(T) : Sh(T) —
Sh(M) can be considered as a sharp (X, Sh(7))-observable on M, hence also on E.
By Definition the observable £ is defined by a smearing of the sharp observable
h/Sh(T). O

Let for every block M, (X, Tar, has) denote its standard LS representation. By
Theorems and every observable ¢ is defined by a smearing of hps/Sh(7ar)
for some block M. Observe that the functions fa4 € Tps such that £(A) = har(fa),
A € A, are defined up to hps-null sets. Thus we may say that v(z, A) = fa(x) is a
WMK with respect to hjys, independently of states.

In what follows, we denote hff, := hys/Sh(7y), and we call b, a basic observable.
Next we show some conditions under which a smearing of a basic observable defines
an observable.

Let M be a block of E, and let (2, 4) be a measurable space. Assume that
v: Xy x A—[0,1] is a WMK with respect to P(hf;) = {mohl, : m € S,(M)}.
Suppose further that v4 € Typs. Then for m € S, (M),

B(m o BB (A) = / va(@)m o hE (dz) = m(h(va))
XM

Clearly, if the mapping n : A — hp(va) is an observable, then 7 is defined by a
smearing of kY, and we write n = v o hf,.

Theorem 3.5. Let M be a block of E and (X, Tar, has) be its standard LS-
representation. Let (€2,.4) be a measurable space and let v : Xy x A — [0,1] be a
mapping with the property that for all A € A, the function v4 : X — [0, 1] belongs
to Tps. Then:

(1) If v is a Markov kernel, then 7 : A — hp(v4) is an (9, .A)-observable with
range in M.

(2) If v is a weak MK with respect to P(h%,), and there is a faithful o-additive
state on M, then n: A — hp(va) is an (Q, A)-observable with range in M.

Proof. (1) Let v be a MK. Since v4 € 7, we have, by the BK-theorem, that for
every m € S,(M),

mOhM(VA):/XVA(x)mOhM(dx).

Define n(A) := hap(va) € M, A € A. Since v is MK, we have n(Q2) = hy(vq) =
h(1) = 1. If (A;) is any sequence of pairwise disjoint sets in A with A = |J;2, 4;,
then vq = Y .2, va, (for all z € X), whence Y 1", va, < va < 1, which entails
that +;_qva, = min(> 1, va,,1) = Y1, va,, so that vs, are orthogonal and,
since hys is a 0-MV algebra morphism, we obtain har(va) = ha(Y oo, va,) =
har(imn oo 35001 va,) = Vol har (372 va,) = Vol @iiihar(va,) = @72 har(va, ).
Hence n(A) = ®2,n(A;), which proves that 1 is an observable. By the definition,
nN=1vo hﬁ.

(2) Let v be a weak MK, and let mq be a faithful state in Sy(M). Let a € M,
then a = hp(f,) for some f, € Tyr, and mo(a) = mo(har(fa)), hence mo(a) = 0
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iff @ = hap(fa) = 0. Moreover, for any a € M, mg(a) = 0 implies m(a) = 0
for all m € S,(M). It follows that v is a weak MK with respect to {m o h¥, :
m € S,(M)} iff v is a weak MK with respect to mg o hi,. Since v is a WMK,
v4 is Sh(T)-measurable function for every A € A, and by supposition, vy € 7.
Therefore hy(va) € M. We have to prove that A — hpy(v4) is an observable. Let
(A, CA A NA, =0, m#n, A=, An. Since visa WMK, vy =3 va,
ae. {mohy : m € S;(M)}. It follows that for all n € N, Y" w4, < va
a.e. mg o hyr, and therefore hp({z : Y0 va,(x) £ 1}) = 0. Put g1 = va,,
gi = va, N(g1 + - —i—gi,l)L7 it =2,...,n. Then g; € 7, g;, i = 1,...,n are
pairwise orthogonal, and v4, = g¢; a.e. mg o hys. It follows that hM(‘i'?le/Ai) =
har(min(3i, va,, 1) = har (3001, 9i) = ®ieihar(9i) = Dirhar(va,). Now vy =
lim, Y1 | va, a.e. mgo h, so that har(va) = ha(limy, Y i i) = ®2 1 har(gi) =
@2 har(va,;). Hence n(A) = @52,1n(A;), and 7 is an observable. O

Notice that if (€2, A) is a standard Borel space (in particular, if (€2, A) = (R, B(R)),
then under conditions (2), there is a Markov kernel v* such that, for every A € A,
v(z, A) = v*(z, A) a.e. mgo hl, (see, e.g., [29, pp. 338-340], [26, Appendix] or [30]
Theorem 6.11]).

In the next theorem, a joint distribution of real observables on a 0-MV algebra
is constructed by means of Markov kernels. The method applies also to observables
on lattice o-effect algebras, since the range of an observable is contained in a block,
which is a 0-MV algebra.

Notice that a standard LS representation need not contain all Sh(7)-measurable
functions. Indeed, by [8, Theorem 7.1.7 (3)], a tribe 7 contains all Sh(7 )-measurable
functions iff 7 contains all constant [0, 1]-valued functions.

Theorem 3.6. Let M be a 0-MV algebra with a faithful state mg € S,(M)
which has a standard LS-representation (X,7,h) such that 7 contains all Sh(7T)
-measurable functions. Let &,17 be two real observables on M. Then there is
an observable p with value space (R% B(R?)) such that p(B x R) = £(B) and
p(R x B) =n(B) for all B € B(R).

Proof. Since the observables are real, and there is a faithful state, we may deal
with MKs instead of WMKs. Let i : X xB(R) — [0,1], v : X xB(R) — [0, 1] be MKs
such that m(£(A)) = [ u(z, Aym(hf(dz)) and m(n(B)) = [y v(z, B)ym(h®(dz)),
A,B € B(R), m € S;(FE). For any fixed z € X, p(x,.) and v(x,.) are probability
measures on B(R). Define A(z, A x B) = p(z, A)v(z, B), then A(z,.) extends to a
probability measure on B(R?) for every = € X.

Moreover, for every fixed D € B(R?), A\p := A(+, D) is Sh(7 )-measurable. Indeed,
the family {D € B(R?) : Ap is measurable} is a monotone system and contains the
algebra generated by rectangle sets. Hence A is a Markov kernel.

By our assumptions, Ap € 7 for every D. Define p(D) = h(Ap), by Theorem
p is an observable on M with the desired properties. O

Let £ : (2, A) — E be a sharp observable with the range R(£). Then there is
a block M such that R(§) is contained in the Boolean o-algebra Sh(M) of sharp
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elements of M. Since Sh(M) is the range of the basic observable h%,, we have
R(&) € R(hL,), whence by [31, Theorem 1.4], there is a measurable function f :
X — Q such that £(A) = bl o f71(A), A € A (where f~1(A) € Sh(7u), owing to
measurability). In other words, ¢ is the function f of hl,. For every m € S, (M) we
then have m(£(A)) = [y xy-1(a)(x)m o hi (dz). If we put A(z, A) = x-10a4)(),
then X is a MK such that &€ = XA o h%,, and for every A € A, A(z, A) € {0,1}. This
proves the following statement:

Theorem 3.7. An observable £ from (Q,.A) to E is sharp if and only if there is a
block M of E and a measurable function f : X5, — Q such that £(A) = R, 0 f71(A)

for every A € A. Moreover, ¢ is defined by a smearing of h¥, with respect to the
MK Az, A) := x-1(A)(x).

The method of the proof of the following theorem is a modification of the last
part of the proof of [I6, Theorem 3.3].

Theorem 3.8. Let mg be a faithful o-additive state on E. Let £ : (2, 4) — E,
n:(3,B) — E be observables, and let £ be defined by a smearing of n with respect
to a WMK v with values in {0,1}. If (©2,.A) is a standard Borel space, then there
is a measurable function f : ¥ —  such that for every state m and every A € A,

m(&§(A)) = m(n o f~H(A)).

Proof. Since (,.4) is standard Borel space, by [26, Appendix], there is a MK
A: X x A — [0,1] such that, for every A € A, A(y,A) € {0,1} modulo mg o 7.
Put 7(A) :={y € ¥ : M(y,A) = 1}, A € A. Then 7(A) N 7(A°) = 0, since A(y,.)
is a probability measure. This yields a partition ¥ = 7(A4) U w(A°) U Cyu, where
1n(C4a) = 0 by the assumptions. Then, for every state m,

Ay, Aym(n(dy)) + /C Ay, Aym(n(dy))

m(E(A)) = / N Amlaa) + /

(A*°)

The first integral is m(n(mw(A)), the other two are 0. Next we show that 7 is a
o-homomorphism of sets modulo mg o 7.

(1) m(AnB) = {y : My, AN B) = 1}. Since A(y,.) is a probability measure,
AMy,ANB) =1iff Ay, A) =1 = A(y, B). This entails 7(AN B) = w(4) Nw(B).

(2) If A C B, then n(A) C n(B) follows from \(y, A) < A(y, B). It is also clear
that m(B\ A) = m(B) \ n(4).

(3)Let A, e AneN, A,NA,, =0m#n. Put A:=J, A,. Then A4, CA =
m(Ay,) C 7(A), hence | J,, 7(A,) € w(A). Let C :=n(A)\ U, 7(An). If y € C, then
Ay, A) = 1 while A(y, Ay,) # 1 for all n, so that either A(y,A,) = 0ory € Cyu,.
Since A(y,A) = >, My, A,) = 1, there is n with A(y, A,) # 0, hence y € Cy,,.
Therefore C C J,, Ca,,, so that n(C) = 0, hence 7(A) = |J,, 7(A,) modulo n-null
sets.

This concludes the proof that 7 is a set o-homomorphism modulo 7.

Recall that p := mgon is a probability measure on B. Put I := {BeB: u(B)=0},
then I is a o-ideal of sets, and B/I is a Boolean algebra. Let p : B — [B] be the
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canonical homomorphism. Put 71 : 4 5 B & B/I. Then m is a o-homomorphism.
The triple (X, B,p), where p : B — B/I is surjective, satisfies conditions of [22]
Lemma 4.1.8], or [31, Theorem 1.4], and hence there is f : 3 — €2, measurable, and
such that 71 (A) = po f~1(A), A € A. By definition of I, By € [B] iff u(B1AB) = 0,
and since my is faithful, n(B;) = n(B). Hence m(A) = [f~1(A)] = [r(A)] implies
m(€(A)) = m(n(x(A)) = m(n(f~(A)), m € 5,(E). O

A set S of states on E is said to be order determining iff for a, b € E, m(a) < m(b)
for all m € S implies a < b [8] p. 254].

Corollary 3.9. If there is an order determining set of states on E, then under the
conditions of Theorem £(A) = no f7Y(A) for every A € A. Consequently,
R(&) € R(n). In particular, if n is sharp, then £ is sharp as well.

In what follows, we will consider ordering with respect to smearings of observables
with ranges in the same block. For a block M, let R(M) denote the set of observables
with ranges in M.

If £ and n are observables in R(M), we will write £ =< 7 if 1 is defined by a
smearing of .

If ¢ < npand n < &, we will say that £ and n are equivalent and write £ ~ 7. An
observable ¢ is called minimal if n X € implies £ ~ 7. By Theorem we have for
every block M, hf, € R(M) and h¥, < ¢ for every & € R(M). Moreover, hf; is
minimal in R(M).

Let us recall the following facts (cf. [I7]). Let (Z,F), (Y,G) and (V,H) be
measurable spaces, v : Z X G — [0,1] be a WMK with respect to a probability
measure 7 on (Z,F), p: Y x H — [0,1] be a WMK with respect to a probability
measure p on (Y, G) such that T}, (7) is absolutely continuous With respect to p, where
T,(7) is the smearing of 7 by v, i.e., T,( = [, v( dz), G € G. By [11,
§2.1], then there is a WMK X : Z x H — [ 1], such that for every probability
measure p < 7, T,(T, (p)) = Tx(p). This WMK A is called the composition of 1 and
v, and will be denoted by A = powv.

Assume that there is a faithful state mg on M. Let f ~< 77 w.r. v,andn <X ( w.r. p.
Putting 7 = mg o0&, p = mgon, we have p(G) = = [, v(z,G)my(£(dz)) =
T, (7)(@), and for every m € S,(M), mo& < mg 05 =T. Thls entails that < £ w.r.
A, where A = pov. It follows that < is reflexive and transitive, hence a preorder.

4. OBSERVABLES WITH THE RANGE IN THE SET OF SHARP REAL
OBSERVABLES

For every a € E, there is a block M with a € M, hence by the LS theorem,
a = hy(fa), where f, € Ty Put A, : B(R) — E, A,(B) = R, (f,1(B)). Since f,
is Sh(7ar)-measurable, it follows that A, is a sharp real observable. It was proved in
[23] Theorem 4.1] that the map a — A, is one-to-one, i. e. it does not depend on the
choice of the reprebentative fa of the element a. Owing to [2], for every o-additive
state m, m(a) = m(hum(fa)) = [x,, fal@ (x)mohf, (dx). By the integral transformation

theorem, [y fa(z)m o hf(dz) = [} tm o hf(f71(dt)) = [ tm(Aq(dt)).



552 A. JENCOVA, S. PULMANNOVA AND E. VINCEKOVA

It was proved in [I0], that every element of a Dedekind o-complete unital ¢-
group admits a unique rational spectral resolution. Since o-MV algebras in the
Mundici representation are categorically equivalent with Dedekind o-complete ¢-
groups with strong unit [8, Prop. 6.22], we may derive from [I0, Corollary 4.8] that
for every element @ in a 0-MV algebra M, the observable A, is uniquely determined
by its rational spectral resolution, and hence does not depend on the choice of the
LS representation, and conversely, every element a € M is uniquely defined by
the observable A, [24]. Moreover, it was proved in [25], that for any a € E, the
observable A, does not depend on the choice of the block M to which a belongs.
Consequently, elements of E are in one-to-one correspondence with special sharp
real observables of E.

As a special case of Theoremand taking into account the proof of [26, Theorem
4.1], we obtain the following result.

Theorem 4.1. A real observable £ on E is sharp if and only if there is a block
M and a measurable function f : X3, — [0,1] such that £(B) = A (f~1(B)),
B € B(R). In addition, if f € Ty, then £ = A,, where a = hps(f).

Let M be a block of E, which is 0-MV algebra with standard LS-representation
(Xar, Tar, har). Let € : (Q, A) — E be an observable with range in M. For every
A€ A E(A) =hy(fa) with fa € Ty, and Ag(A) = hﬁOfgl : B([0,1]) — Sh(M) C
Sh(E) is a sharp real observable on E. Let us write £ for the map A — A¢(a)- Then £
maps A to the set of sharp real observables on M with the value space ([0, 1], B([0, 1]).
For every A € A, E(A) = A¢(a) can be considered as a real observable on the o-OML
Sh(E) of all sharp elements on E.

Let L be a o-OML. Observables (u;);cs associated with L are compatible iff their
ranges are contained in the same block B of L. We recall some basic facts about
compatible observables on 0-OMLs and their functional calculus, see [31, Th.1.4,
Th.1.6].

Let &1,&s,...,&, be compatible sharp real observables on F. Then their ranges
are contained in Sh(M) for a block M. Put £ = Sh(M), S = Sh(7Ty). Then
hﬁ maps S onto £. By Theorem there are measurable functions f; : Xy, —
[0,1] such that & = A% o f7'. Starting with (X, Sh(7ar), hy) as (X, S,h), we
will follow the construction in the proof of [3I, Th.1.6 (ii)]. Let Lo denote the
smallest sub-o-algebra of Sh(M) containing the ranges of &;,i = 1,2,...,n. Define
f: Xy — R by f(x) = (fi(z), f2(2),..., fu(z)). Then f is Sh(T)-measurable.
Let u := h¥, o f~1. Then u : B(R") — Sh(M) is a o-homomorphism (of boolean
o-algebras) and &;(B) = u(p; 1(B)), i = 1,2,...,n for all B € B(R"), where p; is
the projection from R™ to R. Since B(R™) is the smallest o-algebra of subsets of R”
containing all the sets p{l(B),i =1,2,...,n, the range of u is Ly. For any Borel
function ¢ : R® — R, the mapping u o ¢! is an observable on Sh(M) whose range
is contained in Ly. Conversely, if 1 is any sharp real observable with range in Ly,
there exists a Borel function ¢ : R — R such that n(B) = u(¢~1(B)), for all B.

By [31, Remark p. 17], uo ¢! is interpreted as the function ¢ of the observables
&,1=1,2,...,n, in symbols ¢(&;, &, . .., &,). Notice that the function of observables
does not depend on the choice of (X, S, h), see [31, Remark on p.17].
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Thus for every B € B(R),

¢(£17£27"'7£n)(3) - h’ﬁ Of_-il(d)il(B)) - hﬁ((bo (.fly---afn))il(B)' (2)

We will also need the following definition. Let n,,n(n € N) be real observables on
L with ranges in a block B. We say that the sequence n,, converges to n everywhere
if for every € > 0 we have liminf((n, — n)(—¢,+¢€)) = 1, [22] Def. 6.1.2]. Assume
that for some observable z and measurable functions f,,, f we have n,, = zo f, 1, n =
z o f~1. Then the sequence 7, converges to n everywhere iff there is a subset
Z € B(R) such that z(Z) =1 and f,, — f everywhere on Z, [22] Th.6.1.3].

Lemma 4.2. (i) Let aj,as,...,a, be orthogonal elements contained in a block M
of E. Then Ay, gay--@a, = ¢(Aay,---,Aa, ), where ¢(t1,...,t,) =t1 +to+ -+t
(ii) Let a,b € M, b < a. Then Ayop = ¢(Aq, Ap), where ¢(t1,t2) = t1 — to.

Proof. (i ) Let Ly be the smallest sub-g-algebra of Sh(M) containing the ranges
of Ag,,i=1,2,...,n. Puta:=a; ®as ®--- B ay,. Forevery x € Xy = Ext(S(M)),
z(a) = Y <p ( ), hence a(z) = >, ai(x), and a; = hy(d;), i = 1,2,...,
a = har(a). Then for all B € B(R), Aq,(B) = hyod; '(B), i = 1,2,...
Ay = hyoa '(B). Put ¢(t,...,tn) = > ., ti, then by 1} Aoy ++ + Aan
hiy © (Dicn @) H = hij 0 a™" = Aq.
(ii) The proof follows the same pattern as the proof of (i) with ¢(t1,t2) = t1 —to
and taking into account that z(a © b) = x(a) — x(b) for all x € Xy = ExtS(M). O

3

)

|I3

Theorem 4.3. For every observable ¢, the mapping € : A — A¢(a) has the following
properties:

(GO1) £(Q) = Ay, where A is the (unique) observable on Sh(E) with Ay ({1}) = 1;

(GO2) if Ay,..., A, are pairwise disjoint elements of A, then §A U---UA,) =
S £(A ) where the latter sum is given by the functional calculus for com-
patible observables;

(GO3) for any A,,A € A, n € N such that A, / A, we have £(4,) — £(A)
everywhere.

1 = h(1), where 1(z) =

Proof. Write h = hy. (GO1): we have {(Q) =
1}) = X, hence Agoy({1}) =

x(1) =1 for all z € Xp; = ExtS(M). Then 1-1({1}
h(A7H({1}) = h(Xar) = h(xx,,) = 1.

(GO2): As Ay,..., A, are disjoint, £(A1),£(A2),...,£(A,) are orthogonal, and
E(UMA) = @ 1&(A;). Put a; :=€(A4),i=1,2,...,n, a = U1 4;) = & 1a,,
then a; = h(d;),a = h(a),i =1,2,...,n,and A,, =hod; ', Ay =hoa .

The proof follows by Lemma (i).

(GO3): If A, 7 A, then £(A4,,) / &(A). Let £(A;) = a; = h(d;), &(A) = a =
h(a). Put f, :=sup{a; : i <n}, then (f,), is a nondecreasing sequence of functions
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in Ty with h(fn) = V,<, h(di) = ay for every n. Put V,, := {z € Xy : fu(x) #
dy ()}, then h(V,) = 0.

Let f = lim, f, = sup,, fn be their pointwise limit. Then f € 7y, h(f) =
h(sup, fn) = V,,h(fn) = V,an = a. Put V = {z € Xy : f(z) # a(x)}, then
h(V) =0.

So we have d,, — @ pointwise on Z := X/ \ (VUJ,, Vo), h(Z) = 1. This entails
that for every € > 0, U, Ny>n (@ — dn) " (—€,+€) = Z.

By Lemma 4.2 (ii), Ay — Ay, = ho (@ —dy,)~ . Thus

liminf(A, — Ag, )(—€,4+€) = liminfho (a—dy,) ' (—e, +e)
= h(J [ (@—dn) " (=€ +e))
n k<n
= h(Z)=1
This concludes the proof that £(A,,) — £(A) everywhere. O

Definition 4.4. Let (©,.4) be a measurable space. A mapping = from A to a
compatible set of real observables on Sh(E) with properties (GO1), (GO2), (GO3)
will be called an (9, A)-generalized observable on E.

If = = £ for an observable &, we say that = is associated with &.

Let Z be an (2, A)-generalized observable on E and let M be a block that contains
the range of £(A), VA € A. Define

PI(A) = /Rtm o Z(A)(dt), A € A,m € Sy(M). (3)

Notice that if = is a generalized observable associated with an (€2, .A)-observable &,
then Z(A) = £(A) = h, o f4', A € A, where fa € Ty is such that £(A) = has(fa).
Then we have

) = [ tmodayan = [ amonf (3 @)

R

= fa(z)m o b (dz),
Xm

By (1), the identity (3) can be equivalently written as

P2 (A) = m(&(A)). (4)

Lemma 4.5. For every m € S,(M), the mapping A — PZ'(A) is a probability
measure on (2, A).

Proof. Recall that for all A € A, Z(A) is a sharp real observable with range in
M. By Theorem there is a measurable function fa : Xpr — [0, 1] such that

E(A)(B) = hiy(f4'(B)), B € B(R).
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By (GO1), E(Q2)(B) =1if 1 € B, and Z(Q)(B) = 0 otherwise. From this we obtain
that bl ({z € Xy @ fa(z) #1}) =0, and

/R tm o Z(0)(dt)
_ / tm o hfy (o (1))

fa(z)m o R (dz) = 1.
XM

PE(Q)

Let A;,i € N, be a sequence of pairwise disjoint elements of A, and A = [J; ¢ 4.
From (GO2) and (GO3) we get

E(A) =) E(4), (5)

i€EN

where the series on the right converges everywhere. Now let Z(4;) = h¥; o f;il,
E(A) = hE, of;1 (cf. Theorem 4.1)). By the functional calculus, equation entails

that
hip({w € Xar s > fau(@) # fa(@)}) =0,
i€EN
Therefore for all m € S, (M),
Pr(4) = / tmoZ(A)d) = [ fa(x)m o hE (dz)
R Xm
- / S fa(@)m o Wy (de)
X jeN
- ZN/XM Fa(am o hiy(ds) = S PE(AD,

]

We will use the notation P(E) := {PZ* : m € S;(M)}. Then P(E) is a set of
probability measures on (£2,.4).

Definition 4.6. Let (Z,F) and (Y, G) be measurable spaces, E be a (Z, F)-generalized
observable on E and let v : Z x G — [0,1] be a WMK with respect to P(E). The
mapping ¢ from P(Z) to the set of probability measures on (Y, G) defined by

B(PPY(G) = /Z v(z, G) P (dz)

will be called the smearing of the generalized observable = with respect to v.
If, in addition, there is a (Y, G)-generalized observable © on FE such that

P (G) = (P2)(G), G € G,

we say that © is defined by the smearing of = with respect to v.
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Lemma 4.7. The smearing of é coincides with the smearing of &.

Proof. By Deﬁnitionand 1' P( Pm = [, v( f"(dz) =
= /v (£(d2)). O

Theorem 4.8. Every generalized observable = is defined by a smearing of a basic
observable hf;.

Proof. Let Z be a (2, A)-generalized observable on E. There is a block M such
that for every A € A, the range of Z(A) belongs to M. By Theorem for every
A € A, there is a measurable function f4 : Xy — [0,1] such that Z(A)(B) =
RE (f11(B)) for every B € B(R). Then we have for every m € S, (M),

PZ(A) /R tm o Z(A)(dt)
- / tm o W (f71(dt))

fa(z)mo hﬁ (dx).
XM

Defining v(z, A) = fa(z), it is easy to check that v is a WMK with respect to
{mohf : m € S;(M)}, and we obtain that = is defined by a smearing of hf,

(equivalently, of h%,) with respect to the WMK v. O

Our last theorem shows that if there is a faithful state on F, then the system of
generalized observables is closed under smearings.

Theorem 4.9. Let (Z, F) and (Y, G) be measurable spaces, = be a (Z, F)-generalized
observable with ranges in M, and let u: ZxG — [0,1] be a WMK. If there is a faith-
ful state in S, (M), then the smearing of = with respect to p defines a generalized
observable.

Proof. By Theorem =is deﬁned by a smearing of hf, with respect to a WMK
v: Xy X f—> [0,1], so that PZ*( fXM x, F) mohR ay(dz), m € §;(M). Then
Y(P)(G) = [, u(z, G)PL(dz) fX xGhR(dz) where A : X x G — [0,1]
is a COIHpOblthH of p and v. Since X is a WMK, the function fg : Xy — [0,1],
fa(z) := Mx, G) is measurable for every G € G, and it is easy to see that ©(G) :=
hi o fa 1is a generalized observable.

Moreover,

PR(G) = / tmo bl (f51at) = [ falz)mo i (dt)

X

_ /Z iz, G) P2 (dz) = $(PL)(G).
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5. CONCLUDING REMARKS

We have proved that on a lattice effect algebra, every observable is defined by a
smearing of a sharp observable, but further conditions are needed to ensure that a
smearing of an observable defines an observable. In order to close the set of com-
patible observables under smearings, we need to introduce generalized observables.
It might be instructive to compare this situation with the algebra of Hilbert space
effects.

Let H be a complex, separable Hilbert space, and £(H) denote the effect algebra
of Hilbert space effects, i.e., operators between 0 and I in the usual ordering of
self-adjoint operators. The set £(H) can be organized into an effect algebra, and
the effect algebra ordering coincides with the original one. In this ordering, £(H) is
far from being a lattice (see, e.g., [8, §1.11]).

Recall that observables on £(H) coincide with normalized positive operator-
valued measures (POVM). The sharp observables are projection valued measures
(PVM), which correspond to self-adjoint operators. If the range of a POVM consists
of commuting effects, it is contained in a maximal Abelian von Neumann subalgebra
R, which can be described as the set of all measurable functions of a sharp observ-
able (or the corresponding self-adjoint operator), and £(H) N R can be organized
into a 0-MV-algebra. The corresponding tribe 7 in the LS-representation contains
all the Sh(7T)-measurable functions. It follows that every generalized observable on
E(H)NR is an observable and the set of observables with range in R is closed under
smearings.

In fact, the last statement is true for the set of all observables on £(H): every
smearing of an observable is again an observable. Moreover, the set of o-additive
states on E(H) is rich enough so that every POVM is determined by the set of its
probability distributions in all states.

On the other hand, it is well known ([I3] [15], that a POVM is defined by a
smearing of a sharp observable iff it has commutative range. But most of POVMs
have non-commutative ranges.
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