Archivum Mathematicum

R. Atmania; S. Mazouzi

On the oscillation of some impulsive parabolic equations with several delays

Archivum Mathematicum, Vol. 47 (2011), No. 3, 217--228

Persistent URL: http://dml.cz/dmlcz/141708

Terms of use:

© Masaryk University, 2011

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/141708
http://project.dml.cz

ARCHIVUM MATHEMATICUM (BRNO)
Tomus 47 (2011), 217-228

ON THE OSCILLATION OF SOME IMPULSIVE PARABOLIC
EQUATIONS WITH SEVERAL DELAYS

R. ATMANIA AND S. MAZOUZI

ABSTRACT. In this paper, several oscillation criteria are established for some
nonlinear impulsive functional parabolic equations with several delays subject
to boundary conditions. We shall mainly use the divergence theorem and some
corresponding impulsive delayed differential inequalities.

1. INTRODUCTION

In fact, several real world phenomena, especially in biological or medical domain,
population dynamics, ecology, industrial robotics and other domains are characte-
rized by short-term perturbations in the form of impulses because the duration
of the perturbation is very short compared with the evolution duration for the
phenomenon itself. A suitable mathematical simulation of some phenomena charac-
terized by contiguous time intervals is the impulsive partial differential equations
setting and to know more about this kind of partial differential equations, we refer
the reader to [I]. In the last few years the theory of impulsive partial differential
equations has been investigated by many authors. We notice that some of those
studies were devoted to the oscillation character of the solutions of problems with
or without delay, see for instance [2] B] [, [5l [6]. Regarding the delayed partial
differential equations the solution depends not only on its present state but on its
history as well.

Here, we are concerned by impulsive functional boundary value parabolic
problems with a finite number of delays. We consider the following delayed functional
parabolic equation

l
1) 2 (utt.2) = 3 b0ty (), )
j=1

n 82 m
=Y a5 (7t 0) + D gr(t )b (ult = r, )
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subject to the impulsive conditions

(2) u(tZ,x)—u(t,;,x):I(tk,x,u(tk,x)), k=1,2..., z€Q,
with the boundary condition
(3) u(t,z) =9t x), (tx)eRExIN, t#t,, k=1,2,....

Inspired by the results of Fu et al. [4] where they considered an impulsive
parabolic system with delay where b;(¢t) =0, j=1,...,[,7(t) =¢t,m =1, f(t,z) =
0, we intend to extend some of those results and obtain some practical oscillation
criteria for the problem f subject to one of the two kinds of boundary
conditions used in [4] by using the divergence theorem and some appropriate
impulsive delayed differential inequalities based on the property of the first positive
eigenvalue and the corresponding positive eigenfunction of a Dirichlet problem.
Actually, the techniques that we are going to use in the sequel are applied by some
authors to obtain other oscillation criteria. For example, Bainov and Minchev [I]
treated such a problem under the assumptions b;(t) =0, j =1,...,1, 7(t) = t,
a;(t) =a(t),i=1,...,n and m = 1, with two kinds of boundary conditions while
Cui et al. [3] investigated a similar problem under two kinds of boundary conditions
with b;(t) =0, j =1,...,1, the diffusion term has somehow a different form and
ft,x,u) = —p(t, x)u(t, ). The results are obtained under different conditions on
the diffusion term, the delay arguments as well as on the impulses effect.

2. PRELIMINARIES

In this section, we shall introduce the notations and the basic definitions which
will be used throughout the paper. We set the following assumptions:

(H1) Q is a bounded domain with smooth boundary 99, t € Ry = [0, +00) and
the impulses times are such that 0 < t; <to- - <tp...; limg o tx = +00,

(H2) a; € C(Ry;Ry) with a;(t) > ag, i = 1,2,...,n, for some positive constant
ap; 7 € PC(R1;R) with 7(¢) < t and limy_o 7(t) = +o0; b; € PC' (R4 ;R,),
p; € PC* (R4 ;R) with p;(t) <t and limg o p;(t) = +00, j = 1,...,1;

(H3) g» € PC(RL x Q3R ); hy € PC(R,R), m,- are positive constants r = 1,...,m

Withlr<naéx n-=nand [: Ry x QxR —R.

We add
(A1) f e PC(Ry x ;R); ¢ € PC(R4 x 9 R).

We recall that PC is the space of piecewise continuous functions in ¢ with first
kind discontinuities at t = t;, for £k = 1,2,... and left continuous at ¢t = t;, for
k=1,2,....

u(tz, x) and u(t, ,x) are respectively the right and left limits at ¢ = ¢, for each
T €.

To accommodate the delays p;(t), 7 =1,...,; 7(¢), ny, r = 1,..., m; the function
u(t, z) is defined and given for (¢, z) € [p1,0] x Q where p = miny<;<; (infy>0 p;(t)),
infy>0 7(t), —n) and u(t, x) is continuous differentiable with respect to ¢t € [u, 0] for
x € Q and twice continuously differentiable with respect to x € Q for ¢t € [, 0] i.e.
u(t,x) € CY2 ([, 0] x Q,R).
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Definition 1. A solution to the problem 7 is a function wu (¢,x) : [u, +00) X
Q — R such that

1) u(t,x) is given for (¢,z) € [1,0] x Q and u (¢,z) € C12 ([, 0] x Q,R);
0 0?
) 8—7:7 W;x], i,7 = 1,...,n exist, are continuous and u (¢, x) satisfies
for (t,2) € (R+\{tk}k21) % Q0
3) wu(t{,z) and u(t, , x) exist such that u(t, ,z) = u(ty, ) and u(t, z) satisfies
for (t,z) € {tx}r>1 x Q and @)for (¢,z) € (Ry \ {tx}r>1) x OQ.
Such a solution is said to be nonoscillatory on Ry x 2 if there exists a number

o > 0 for which u (¢, z) has a constant sign for (¢,z) € [0, +00[ x §2; otherwise, it
is said to be oscillatory.

(Note that the two notations [a, +oo[ and [a, +00) are used in this paper to give
the same meaning.)

Definition 2. We mean by a positive (resp. negative) solution to the problem
(1)—(3) in some domain [0, +00[x €2, o > 0 that u (¢,2) > 0 (resp. < 0), u(7(t),z) >
0 (resp. < 0), u(p;j(t),z) >0 (resp. <0),j=1,...,l and u(t —n,,x) > 0 (resp.
<0),r=1,...,mfor (t,z) € [o,+o0[ x .

Remark 1. If there exists some o7 > 0 such that u(t,z) > 0 (resp. < 0), t > o7,

then, there exist some positive constants o9, 03 = maxlaé such that
1<5<

u(7(t),z) >0 (resp. <0) fort> oy such that 7(t) > oy
u(pj(t),x) >0 (resp. <0) fortzag such that p;(t) > o1, j=1,...,1;
u(t —nr,2) >0 (resp. <0) fort>o;+nsuchthatt—mn.>01, r=1,...,m.

So, u (t, x) is positive (resp. negative) solution to the problem (I)—(3) in [0, +00[x
for 0 =max (o1 +1n,09,03).

We have to use the following Lemma.

Lemma 1. If there is a constant ag > 0 such that a;(t) > ag, 1 =1,2,...,n, then
there is a first positive eigenvalue A1 with corresponding positive eigenfunction ®(x)
for the problem

(4) En: 82‘1) FAD(2) =0, in Q,

O(z)=0, on IN.

Remark 2. )\; satisfies the inequality \; > ag)g, where A\g is the first positive
eigenvalue of the Dirichlet problem

—Aw(x) = Iw(x), x €N
w(z) =0, x € 0f.
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We shall use the following notations

(5) U (1) ngl/nu(t,x)@ 2) dz

Ky = / () dr G(t)=1<ngl<nm(;g§gr(tx))
=Kg /ftx

\IJ(T(t)) = K,; w(T(t), x)V@(x) CA(t)m(x) dS,

o0

where A(t) = (ai;(t))i<ij<n: i(t) = ai(t) and a;5(t) = 0, if ¢ # j, dS is a
surface measure on 99, V is the divergence operator, m(z) = (m;(2))1<i<n =
(cos(N, xl))1<l<m N is the unit outer normal vector to 92, u(¢,x) is the solution
to problem (I)-(3) and ®(z) is the eigenfunction defined in problem ({

3. MAIN RESULTS
First we shall establish some correspondence results between the impulsive para-

bolic boundary value problem (I)—(3) and some impulsive differential inequalities.

Theorem 1. Besides assumptions (H1)—(H3) and (A1) assume that
(H4) h,, r =1,...,m are positive and convex functions on R .

(H5) There are positive constants o, k= 1,2,... such that for any function
v e PC(R; x ;RY), we have

/I(tk,x,v(tk,x)t) dx < ak/ v(tg,x)dx; k=1,2,...
Q

Q

If u(t,x) is a positive solution to problem — in some domain [o, +oo[ x €;
o >0, then U(t) defined by is a positive solution in [0, +oo] to the corresponding
impulsive delayed differential inequality

SO0 = 5,00 (0,0)) + MU (1) +6(0) 35 (U =1)
(6) SF(t) - U(r(t)), t#tyt>o
UtH) <1+ ap)U(te), k=12,...

Proof. Let u(t, z) be a positive solution satisfying problem . in [o, —|—oo[ x Q.
For every t # ti, we obtain from (1] . after multiplication by ®(z) and K<1> , and
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integration over €,

%(K‘;l /Q (“(t’x) - bj(f)U(pj(t),x))Mx) dx)

SK Y el [ g;g (r(t), 2)®(x) dx

+Ky! Z /Q gr(t, @) hy (u(t — np, ) @(2) da
r=1

(7) :K;l/ﬂf(t,x)cp(x)dz, >0

We infer from the given assumptions and Jensen’s inequality the following

K ; /Qgr(t,x)hr(u(t—nr,x))é(x)dx
2G(t)Zhr(qul/Qu(t—nr,x)q)(x)dx)

(8) >GWH)Y h(Ut-n)): t>o.

Next, by Lemma |I| and divergence theorem we obtain

221

IZaz — T(t) z)®(x) do = IZal (/ (t),z) 82;;(;) dx
—Agu(r(t),x)ag)iz) i(x )dS =-MKg / x)dx

(9)

— K" [ w(r(t),2)ve(z) - A(t)m(2) dS = — MU (7(t)) — U(r(t); t>o.

o0
So, by using (8)) and @, in We get for ¢ # ti

( Zl:b] )+>\1U ) +G(t Zh (t — 1))

Jj=1
(10) < F(t)—¥(7(1)), t>o.
For every t = t, thanks to assumption (H5), we have

K / u(ty ,z))®(z) do

= Kj / (tr, z,u)®(x) de < Kg ak/u(tk,x)@(x)dx,
Q
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so that

K3 / z)de < (ar + 1)K / (tg, 2)® () da .
Thus
(11) Uth) < (o + DU (tg) , k=1,2,....

We deduce immediately from , (11) and Definition [2] that U(t) is a positive
solution to the differential inequality (6] in [o, +00[, which completes the proof. [

Theorem 2. Suppose that hypotheses (H1)—-(H5), (A1) hold and

(H6) h.(—v) = —hs(v), r=1,...,m for veERy;

(H7) for each v € PC(Ry x Q; Ry )and k = 1,2, ..., we have
I(ty,z,—v) = —I(tg,z,v).

If u (t,x) is a negative solution to problem 7 in some domain [o, +oo[ x ;
o >0, then U(t) defined by is a negative solution to the corresponding impulsive
delayed differential inequality (6)) in [o, +ocl.

Proof. Assume that u(t,z) < 0 in [0, +oo[ x €, then, by virtue of hypotheses (H6)

and (HT7), the function v(t,xz) = —u(t, ) is a positive solution to the following
impulsive parabolic boundary value problem
0 ! n 0%
57 (0062) = 2 05000(p4(1),2) ) = X alt) 5 (r(1), )
j=1 i= i
+ 2 0t )by (0t =, 2) = —f(t2),  tF b €
(12) =1
o(th,x) — vty x) = I(t, z,v), k=1,2,...; z€Q
v(t,x) = —(t, ), (t,x) e Ry x 0 t#ty, k=1,2,...

According to Theorem [I] we see that the function

:qul/v(t,x)q) x) dx
Q

is a positive solution to the following impulsive delayed differential inequality

jt( ()= 3 BOV () + WV (7)) + GO0

(13) (PO - (), A0
VED) < (I+an)V(ty), k=12...,

MS

(V(t - nr))

r=1

which implies that U(t) = —V/(t) is a negative solution of inequality (6] in [o, +o0]
and the proof is complete. ([
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It is obvious that U (t) is piecewise continuous in ¢ with discontinuities of first
kind at t = t, for k =1,2,... and left continuous at t = t;, for k =1,2,... i.e.
U (t;) and U (t; ) exist and U (t) = U (t;,).

Now we are in position to state and prove our first oscillation criterion.

Theorem 3. Under hypotheses (H1)—(H7) and (A1), if U (t) defined by
is an oscillatory solution to the impulsive delayed differential inequality @ for
t € Ry, then u(t,x) is an oscillatory solution to problem f in Ry x Q.

Proof. It is easy to see that from Theorems [l and 2] if w (¢, ) is nonoscillatory
solution to (I)—(3) in some domain [0, +00[ x €; o > 0 then U(t) defined by () is
a nonoscillatory solution to @ in [0, +00[. The proof is complete. O
In the following, we investigate a special case of the problem f which
implies that under assumptions (H1)—(H7) Theorems [1| and [2] remain true. To do
so we replace hypothesis (A1) with the following:
(A2) f(t,z) =0, for (t,z) € Ry x Q; and ¢(¢,z) =0, for (¢t,z) € Ry x 9Q, t # ty,
k=1,2,....
So, consider the delayed functional parabolic equation of the form

! n 2,
%(u(t, x) — Zl bj(t)u(pj(t)w)) - 2@1'(75)21:?(7'(15), )

(14) —&-Zgr(t,x)hr(u(t —nr,x)) =0,
r=1
t#tn, k=1,2,..., (tz)€R, xQ

subject to the impulsive condition , and the boundary condition
(15) u(t,z) =0, t#ty, k=1,2,..., (t,z) € Ry x 0.
The corresponding impulsive delayed differential inequality is

4 (0= S 10U () + MU (0)

LG 3 b (U(E—1,)) S0, £ 1, £>0,
r=1
Ut <A +ap)Ulty), k=1,2,...

(16)

Next, we shall use the following lemma which gives approximately the number
of impulses in some interval to obtain two oscillation criteria in Theorems [ and [5]
depending on the impulses effect being in the considered interval.

Lemma 2. Let & be a positive constant. If there exists a positive constant § < &
such that tpy1 —tx > 6, k = 1,2,..., then there exists an integer number p > 1
such that the number of impulse moments in intervals of the form [t,t 4+ &], t > 0,
is mot greater than p.

Remark 3. We may take p > 1+ [£/4].
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Theorem 4. Assume that hypotheses (H1)—(HT7) and (A2) hold. Assume further
that

(H8) b,(ty)=0;j=1,....1; k=1,2,...,

(H9) there exists a nondecreasing function h € PC(R,Ry) such that h,(u) > h(u)

h () > K, for u>0.

U
If there exist two positive constants o and § such that 0 < ap, < a; 0 < J <7
and tp41 —tr > 6, k=1,2,..., for which we have

bt 1+ )y
limsup/ G(s)ds > ———,
k—oo th ( ) mK

then each non trivial solution to the problem f f is oscillatory in Ry x Q.

and there exists a positive constant K such that

Proof. Suppose the contrary that u(t, z) were a nonoscillatory solution to problem
(T4)-@)—(T5). If u(t, ) is positive solution in [0, +00[xQ; o = max(o1+7, 02,03) >
0, then U (t) is a positive solution to the differential inequality (I6)) for ¢ > o such
that U(t) > 0 for t > oy therefore we have U(7(t)) > 0 for ¢ > o2 such that
7(t) > 01 and we have U(p;(t)) > 0, for t > o3 such that p;(t) > 01,5 =1,...,1.
Moreover, we have h(U(t —n,)) >0, r=1,...,mfort > o1 + 1.

Next, for every t # ti, t > o, we put

l
(17) W(t)=U(t) =Y _b;(t)U
j=1
It follows from the fact that U(p;(t)) and b;(t), j =1,...,1 are positive, then
(18) Ui)>wi(), for t>o.
We infer from that
(19) %W( )+ MU (7(t) + G(t) zm:lhr(U(t —n)) <0, for t>o0,

implying that

m

(20) dtW( ) < —G(t) Z he (Ut —n,)) = MU(7(t)) <0, for t>o.

r=1
We conclude that W (¢) is a nonincreasing function for ¢ > o, t # tx, and thus
- d
(21) 0<G(t);hr(Ut <= W), for >0t

Integrating over [t,tg+1] C |tk tkr1[, we obtain

fk+1 tht1
0< / Zh (s—n))ds < — W'(s)ds=W(t) — W(tks+1)
t
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giving W (t) > W (tx41). It follows from (H8) that W (ty) = U(ty) >0, k=1,2,....
Hence W (t) > 0 for t > o and accordingly, htm inf W (t) > 0 which shows that W (¢)

is positive and nonincreasing.
Next, using (H9) and the fact that W (¢) is positive and nonincreasing, we get
from , for t # ti, t > o, the following

f@W( ) > MW (7(1) + G(t) Y h(W(t—m))

> MW () +G) Y KW (t—n) > MW (t) + mG)KW(t).
r=1
Therefore,
%W(t) MW () + mEGEW (£) < 0.
Multiplying by exp (M (t —T)), t > T > o and setting Z(t) = W(t)exp (M (t — T)),
t > T, we obtain

(22)

(ZZ( B+ mKGH)Z(E) <0, 4ty

It is easy to see that Z(t) is a nonincreasing function.
For ¢t = ty, W(ty) = U(tx); so, we have

Z(t5) = 2 (t) = (W () = W (tx)) exp (M (b = T))

(23)

(24) <apW (tk)exp (M (te = T)) < apZ (tg) .
Integrating from t; to tr + n we get
k+p-1 tr+n
Z(tk+n) - Z(t5) — Y uZ(ts) +mK Z(s)G(s)ds < 0.
i=k tr
Thus
tk+77 k+p-1
mkK - / $)ds < Z(t)) = Z(tk+n) + Y ouZ(t:)
i=k
from which we get
trt+n ktp—1
mkK - Z(tk)/ G(s)ds < (1+ap)Z(te) + Y aiZ(t;)
tk i=k+1
k+p—1
(25) <SA+a)Z(te)+a Y Z(t).
i=k+1
Now, since Z(t) is nonincreasing and 0 < o, < o0, k =1,2,..., we have

Z(ter1) < Z(t) < (L+a)Z(te);

Z(thr2) < Z(6,) < L+ @) Z(trer) < (14 )* Z(tr)
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by induction we obtain that

then
k+p—1 p—1 1
. 1 p=1_1
N Z(t) < Z(t) Y (1+a) = Z(ts)(1+ a)L .
i=k+1 i=1 “
Substituting in we get
te+n
mK - Z(tk)/ G(s)ds
tr
1 =l 1
< (T4 a)Z(te) + aZ(te) (1 + Q)L =Z(te)(1 4+ a)?,

e
implying that
tetn (1+a)P
/t k G(s)ds < i

this is a contradiction. On the other hand, if u(t,z) < 0, then v(t,z) = —u(t, x) is
a positive solution of 77 and V(t) is a positive solution to the inequality
; so by analogous arguments we arrive at the same conclusion which completes
the proof . 0

Theorem 5. We assume that (H1)-(H9) and (A2) are fulfilled.
If there exists a positive constant § > n such that txy1 —tr > 6, k=1,2,...,
and
1 tr+n 1
h;rlsip ) /tk G(s)ds > %
for ap > =1,k =1,2,..., then each non trivial solution of the problem 7 f
is oscillatory in Ry x Q.

Proof. Reasoning by contradiction as in the proof of Theorem [ and setting
Z(t) =W(t)exp (M (t —T)), t > T > o, we obtain at once ([23), for ¢ # ¢4, and
, for t = tg.
Integrating from tj to ty + m, observing there is no impulses effect, we
obtain
tr+n
Z (ty +77)fZ(t'k")+/ mG(s)KZ(s)ds <0.
tr
From (H9) and the nonincreasing character of the function Z(t) we have

te+n
mEK - Z(tk)/ G(s)ds < Z(tH) — Z(tx +1) < (1 + an) Z(ty) -

t

and since oy > —1, then
1 tr+mn 1

— G(s)ds < —

(1 + Ckk) /tk (S) 5= mK

which is a contradiction. For the negative case we obtain a contradiction by a
similar reasoning. The proof is complete. ([
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We illustrate the obtained results by the following concrete example.

Example 1. Consider the following impulsive delayed parabolic problem

0 L |sint| , 0%u t
- L)) — 21+ ) 2oL
gy (ult:2) = 22 == ulh0)) - 204055 (.0)
N g Ar|sint|(a? 4+ 1D|u (t — 57, @) | _o,
(26) r=1 r
t#£kr; t>0, x€Q=(-1,1),
t
u(tﬁ,x)fu(t;,x):M(lf(ﬁosx), ty =km; k=1,2,...,
k
with boundary condition
(27) u(t,z) =0, t>0,t#£kn, k=1,2,..., z€{-1,1},

and the delayed values of wu(t,x) for (¢,z) € [71—17r,0] x [—1,1] are given by

2
u(t,z) = t(1 +2?).
One can easily check hypotheses (H1)—(H4), for

sint t .
b](t):u> pj(t):7§t7 leu 7l7
J J
t ; .
T(t)zi, a;(t) =214+t)*>ap=2, i=n=1
4 [sint| (x? 4 1) [ul 11
g'f( 3'73) \/77' ) 7( ) \/F’ I 27’ I 9 , M
t
ft,x) =0; I(tk,x,u(tk,x)) = M(l —cosx), tp=km; k=12,....
k
Since h,, r =1,...,m are positive and convex in R, then there exist positive
constants ay = T k=1,2,..., such that for any function u: Ry x [-1,1] = R,
0

we have by assumption (H5),

1 1
k 1
/ M(l —cosz)dr < —/ u(km,x)dr, k=1,2,...
1 km km J_4
So, according to theorem [1} if u(¢,x) is a positive solution to the problem
lj in [0, +oo[ x (=1,1), 0 > %w, then the corresponding impulsive differen-
tial inequality

(00~ £ 0] e () SR £ ED <o

U < (14 ) Utt), t=hm, k=1,2,...
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has a positive solution U(t) = K" Jq u(t, z)®(x) dz, where

4| sint|(z? + 1 47| sint
Ko~ [@@)dr, G) = win (ur O AT
Q 1<r<m \ze(-1,1) T vm
As the assumptions (H6)—(HT7) are also satisfied, then Theorem [2] can be applied.
On the other hand, the hypotheses (H8)—(H9) are satisfied and we have,

int
bj(tk):M:O, for t, =km,
thyr —tp >, 0<ak:1/k7r<a:l, k=1,2,...,
) = sy = 1L

v N

h is nondecreasing and there exists K > 0 such that E(“) = % > K, for every u

> 0. So, for np == max s, we have for p =1+ [77/71'] 6 and each m > 1
7,’,7
i /k”+" 47| sin s| ds = 1i 47r 26
im sup ———ds= 1msup
k—oo km vm k—oo VM vm

Thus we have to take K and m such that 1 > K/m > % =~ (0.4629.
We conclude by Theorem that each non trivial solution to the problem 7
is oscillatory in R4 x (—1,1).
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