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Maximal free sequences in a Boolean algebra

J.D. MONK

Abstract. We study free sequences and related notions on Boolean algebras. A free
sequence on a BA A is a sequence (ag¢ : £ < «) of elements of A, with a an ordinal,
such that for all F,G € [o]<“ with F < G we have [[.cpag - [[¢cq —ae # 0. A free
sequence of length « exists iff the Stone space Ult(A) has a free sequence of length « in
the topological sense. A free sequence is mazximal iff it cannot be extended at the end
to a longer free sequence. The main notions studied here are the spectrum function

fsp(A) = {|a : A has an infinite maximal free sequence of length a}

and the associated min-max function

f(A) = min(fsp (A))-

Among the results are: for infinite cardinals x < X there is a BA A such that fsp(A) is
the collection of all cardinals p with x < g < A\; maximal free sequences in A give rise to
towers in homomorphic images of A; a characterization of fsp(A) for A a weak product of
free BAs; p(A), mxint(A) < f(A) for A atomless; a characterization of infinite BAs whose
Stone spaces have an infinite maximal free sequence; a generalization of free sequences
to free chains over any linearly ordered set, and the relationship of this generalization
to the supremum of lengths of homomorphic images.

Keywords: free sequences, cardinal functions, Boolean algebras

Classification: 06E05, 06E15, 54A25

Introduction

A free sequence on a BA A is a sequence (ag : £ < a) of elements of A, with o an
ordinal, such that for all F, G € [a]<% with F' < G we have leerae lleeq —ae #
0. Here [a]<% is the collection of all finite subsets of a. We write F' < G to mean
that £ < for all £ € F and n € G. We take empty products to equal 1. Thus if
G = (), then our condition just says that ngF ag # 0. So the elements of a free
sequence are nonzero, and have the finite intersection property (abbreviated fip).
Also, for F' = () we get ngG —ag # 0, so that no finite sum of elements of a free
sequence is equal to 1; in particular, 1 is not a member of any free sequence.

This notion of free sequence is closely related to the usual notion of a free
sequence of points in a topological space, and to the notion of tightness in a
topological space. Recall that a sequence (r¢ : £ < a) of points in a space is free

593



594

J.D. Monk

iff for all £ < o we have {z;; : n <&} N{xy: £ <n} = 0. Given a free sequence
(ag : € < a) in the algebraic sense, for each & < a let F¢ be an ultrafilter containing
{og 1 <& U{—my - € < n}; then (Fy : £ < a) is a free sequence in the Stone
space. And given a free sequence (I : £ < a) in the Stone space, for each { < «
there is an element x¢ of the Boolean algebra such that {F;, : n < ¢} C{G: G
is an ultrafilter and —z¢ € G} and {F;, : £ < n} € {G : G is an ultrafilter and
re € GY}; then (¢ : £ < a) is a free sequence in the algebraic sense. These
processes are not inverses of each other, and this gives rise to differences when
considering, as we do below, maximal free sequences.

A free sequence as above is mazimal iff there is no b € A such that (a¢ : £ <
a)”(b) is a free sequence, where (ag : £ < )™ (b) is the result of adjoining b at
the end of the sequence (a¢ : £ < a). Now we define

fsp(A) = {|a| : A has an infinite maximal free sequence of length a};
f(A) = min(fsp(A)).

This article studies these two notions, relating them to other functions defined
in a similar min-max fashion. Note that maximal free sequences always exist, by
Zorn’s lemma.

We also consider the topological version. A free sequence (F¢ : & < a) of
ultrafilters on A is maximal iff there does not exist an ultrafilter G such that
(Fe 0 € < )7 (G) is free. Maximal free sequences of ultrafilters do not always
exist; those BAs in which they do exist are characterized in Theorem 3.2.

It is natural to generalize the notion of a free sequence by indexing the sequence
by any linear order; we call such things free chains. Now in the notion of maximal
free chains we allow the possibility of inserting elements at any place in the chain.
Then the supremum of sizes of free chains in A is equal to the supremum of
linearly ordered subsets in homomorphic images of A. §(A) is less or equal to the
smallest size of a maximal free chain on A.

Notation. For set-theoretical notation we follow Kunen [80]. We follow Kop-
pelberg [89] for Boolean algebraic notation, and Monk [96] for more specialized
notation concerning cardinal functions on BAs. For cardinals k, A we use [k, A¢card
to denote the set of all cardinals p such that £ < g < A. Similarly for other inter-
vals, like [k, A)cara- Fr(k) is the free BA on k generators. Note that if 0 < a < 1
in Fr(k), then there is a unique smallest finite nonempty set G of generators
such that a € (G); this is called the support of a, denoted by supp(a). We let
supp(0) = supp(1) = 0. Finco(x) denotes the BA of finite and cofinite subsets of
k. A is the completion of A. In several places we use the following construction.
Let (A; : i € I) be a system of BAs, with I infinite. The weak product [[jc; A;
consists of all members x of the full product such that one of the two sets

{iel:x;#0} or {iel:x;#1}
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is finite; the corresponding set is then called the support of x, and is denoted by
supp(z); x is called of type 1if {i € I : x; # 0} is finite, of type II otherwise.

If AisaBA and a € A, then S(a) = {F € Ult(A) : a € F}. Thus S is the
Stone isomorphism from A onto the BA of clopen sets in the Stone space Ult(A)

If L is a linear order, then Intalg(L) is the interval algebra over L (perhaps
after adjoining a first element to L). Any element z of Intalg(L) has the form
[ag,b0) U ... U [am—1,bm—1), with ag < bg < -+ < byy—1 < 00. (Here oo is not
in L.) The intervals [a;, b;) are called the components of .

1. fsp

Note that if a is an atom of A, then (a) is a maximal free sequence. This
explains our restriction to infinite av in the definitions of fs, and f.

Theorem 1.1. (i) If (a¢ : ¥ < a) is a strictly decreasing sequence of elements
of a BA A, with 1 > ag, then it is a free sequence.
(ii) Any infinite BA has an infinite free sequence.

PROOF: For (i), suppose that F,G C « are finite, with F < G. If F = ( # G,
then [[ecpag - [l ,cq —an = —av # 0, where v is the least member of G. If
F#0=G, then [[¢cpag - [],eq —an = av # 0, where v is the greatest member
of F. If F # () # G, then ngF“E . HneG —ay = ay - —ay # 0, where v is the
greatest member of F' and p is the least member of G.

(ii) clearly follows from (i). O
Theorem 1.2. For any infinite cardinal k, fsp(Finco(k)) = {w}.

PRroOOF: By Theorem 1.1, Finco(x) has a free sequence of length w. Now suppose
that (a¢ : £ < ) is a free sequence in Finco(x), with w1 < a; we want to get a
contradiction.

(1) Each ag, £ < wi, is cofinite.

For, suppose that £ < w; and ag¢ is finite. Then there exist n, u with § <n < p <
wy and ag Nay = ag Nay. Then ag Nay N —ay = 0, contradiction.
Now by (1), there is a I' € [w1]“! such that (—a¢ : § € ') forms a A-system,
say with kernel b. Take £ <n < p all in I'. Then
ag N —apN—ay, =acNb=0,
contradiction. (]

Theorem 1.3. fsp(Fr(k)) = {x}.

PROOF: It suffices to show that if (a¢ : £ < a) is a free sequence with a < &,
then it can be extended. Let X be a set of free generators of Fr(x). Choose
z € X\ Ug<qsupp(ag). Then (ag : § < o)™ (z) is still free. O

The following simple proposition will frequently be used in what follows.
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Proposition 1.4. A free sequence (a¢ : { < a) of elements of A is maximal iff
for every b € A one of the following conditions holds.

(i) There is a finite ' C « such that [[¢cpag -b=0.
(i) Tilere exist finite F,G C a such that F' < G and [[¢cpag - [Ieq —an -
—-b=0.

PROOF: Suppose that (a¢ : £ < @) is maximal, and b € A. Then (a¢ : £ < )™ (b)
is no longer free. Let a, = b. Then there exist finite F;G C a + 1 such that
F < Gand [Jeepag - [I)eq —an = 0. Since (ag : § < o) itself is free we must
have « € FUG. If a € F, then « is the largest element of F, G = (), and (i)
holds with F\{a} in place of F. If & € G, then « is the largest element of G, and
(ii) holds with G\{a} in place of G.

The converse is clear. ]

From results about attainment of tightness in Chapter 12 of Monk [96] we
obtain the following upper bound on members of fsp(A). Recall that t(A) is the
tightness of A, which is the supremum of the lengths of free sequences in A.

Proposition 1.5. (i) If A has a free sequence of infinite length «, then there is
a Kk € fsp(A) such that |a| < k.
(ii) If there is a free sequence (a¢ : { < a) such that |a| is the largest size of
any free sequence in A, then |a| € fsp(A).
(iii) If t(A) is a successor cardinal or a limit cardinal of cofinality > w, then
t(A) € fsp(A), and in fact t(A) is the largest member of fsp(A). O

Proposition 1.6. Suppose that (a¢ : £ < k) is a strictly decreasing sequence of
elements of a BA A such that {a¢ : { < r} generates an ultrafilter on A. Then
(ag : € < k) is a maximal free sequence.

PROOF: (a¢ : § < k) is a free sequence by Theorem 1.1. Clearly it is maximal.
O

Later we will see that p(A) < §(A) for any atomless BA A. Now Kunen
showed in exercise (A10) of VIII in Kunen [80] that there is a model of ZFC
with the continuum large and with 22(w)/fin having an ultrafilter generated by
a strictly decreasing sequence of length wi. Thus by Proposition 1.6 we have
f(P(w)/fin) = w(P(w)/fin) < 2% in this model. We do not have any further
information about f(#(w)/fin).

Proposition 1.7. Suppose that o and 8 are infinite ordinals, A has a maximal
free sequence of length «, and B has a free sequence of length 3. Then A x B has
a maximal free sequence of length  + «.

PrOOF: Let (be : £ < ) be a free sequence in B, and let (a¢ : £ < ) be
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a maximal free sequence in A. For any £ < 8+ a we define

(Lbe) if £ <5,
ce=4 (1,0) if £=5,
(an,0) if E=F+140.

We claim that (c¢ : § < 8+ «) is as desired.
To show that (c¢ : £ < B+ ) is free, suppose that ' and G are finite subsets
of 8+ a with F < G; we want to show that

I ce- [T —ce #0.

Ler £el

If F' C 3, this is true via the b¢’s; otherwise it is true via the ag’s.

For maximality, suppose that (d,e) € A x B; we want to apply 1.4. By 1.4 for
A, we have two possibilities.

Case 1. There is a finite F' C o such that [[;cpag-d = 0. Let H = {8+1+¢:
€€ F}. Then [[ecpyce - (dye) = (0,0).

Case 2. There are finite F, G C a such that F' < G and [[¢cpag - [[ecq —ae -
—d=0.Let H={U{f+1+¢:{€Fland K={8+1+¢:€&€ G}. Then
H < K, and

I ce I —ce-(=d—e) = (1,0)- [[(ag,0)- ] (—ae,1)- (=d,—e) = (0,0).

e £eK £EF ¢eq

O

By t/(A) we mean the least cardinal greater than the size of each free sequence
of A.

Corollary 1.8. If t/(A) < t/(B), then [f(A),t(B))card C fsp(A x B). O
Corollary 1.9. fsp(A) C fsp(A x B), for any BA B. O

Proposition 1.10. fsp([[.cp Fr(x)) = [min F, max Fc,.q if F' is a nonempty
finite set of infinite cardinals.

PrOOF: By 1.3, 1.8, and 1.9 it suffices to show that [], - Fr(x) does not have a
maximal free sequence of length less than min /. So, suppose that (a¢ : § < «)
is a maximal free sequence in [, cp Fr(x) with a < min F'. For each x € F' let
7y be a free generator of Fr(x) not in the support of any ag(x). Suppose that
H < G are finite subsets of o and [[¢c 7 ag - [I,eq —an - —xx = 0. Then clearly
ngH ag - HneG —ay = 0, contradiction. Similarly for the other possibility in 1.4.

O
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In connection with these results, notice that if (x4 : @ < k) is a system of free
generators of A, then this system is a maximal free sequence. In fact, it is clearly
a free sequence. To show that it is maximal, suppose that b € A; we check the
conditions of 1.4. We may assume that b # 0,1. Then there is a finite M C «
and al' C M9 guch that

b= Z H xz(a) and hence —b= Z H xa(a).

ecl aceM e€eMAT aeM

If Ve € T 3¢ € M[e(€) = 0], then 1.4(i) holds with F' = M. Otherwise, Ve €
Mo\T 3¢ € M[e(€) = 0], and 1.4(ii) holds with F = M and G = 0.

For any « such that x < o < kT, we can enumerate the free generators of
Fr(k) in a sequence of length « with no repetitions. Then the argument of the
previous paragraph shows that this sequence is maximal free. Thus maximal free
sequences can have length a successor ordinal, and lengths with cofinality less
than size.

Now we can show that fsp (A x B) is not in general equal to fsp(A) Ufsp(B). For
example, fsp (Fr(w) xFr(wz)) = {w, w1, wa}, but fsp(Fr(w))Ufsp (Fr(w2)) = {w,wa}.

Proposition 1.11. fs,(P(k)) = [w,2"]carq for any infinite cardinal k.

PROOF: First we show that f(#(w)) = w. For each m € w let ay = w\(m + 1).
Thus (am : m € w) is strictly decreasing, and so by Theorem 1.1 it is a free
sequence in P(w). Note that {0} = w\ag and {m+1} = am\am+1 for all m € w.
Now if b € P(w) and b # 0, choose n € b. If n = 0, then —ag - —b = 0, and if
n=m+ 1, then ay, - —am+1 - —b = 0. It follows that (an, : m € w) is a maximal
free sequence. So we have shown that f(2(w)) = w.

Write k = M U N with |M| = w and |N| = k. Then P(k) = P (M) x P(N).
Moreover, &(N) has an independent subset of size 27, and hence a free sequence of
that size. So our result follows from Proposition 1.6 and the preceding paragraph.

(]

Proposition 1.12. Let L be a linear ordering.
(i) If (a¢ : £ < ) is a strictly increasing sequence with lub b, with « a limit
ordinal, then ([a¢,b) : £ < @) is a maximal free sequence in Intalg(L).
(ii) If {(a¢ : £ < a) is a strictly decreasing sequence with glb b, with o a limit
ordinal, then ([b,a¢) : £ < ) is a maximal free sequence in Intalg(L).
(iii) Suppose that (a¢ : § < «) is strictly increasing, (be : £ < «) is strictly
decreasing, V¢ < alag < be], and there is no element ¢ € L such that
V¢ < alag < ¢ < bg]. Then ([ag,be) : € < a) is a maximal free sequence
in Intalg(L).

PRrOOF: (i): Let x be any nonzero element of Intalg(L). We consider two cases.
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Case 1. For every component [c,d) of x we have b < ¢ or d < b. Clearly then
there is a & < « such that [ag, b)N[c,d) = @ for every component [c, d) of . Hence
[ag,b) Nz = (), as desired in 1.4.

Case 2. There is a component [c,d) of  such that ¢ < b < d. Then there is a
£ < a such that [ag,b) C [c,d) C x. So [ag,b) - —z = (), again as desired in 1.4.

The proof of (ii) is similar, but (iii) is more complicated. Clearly ([ag, b¢) : € <
a) is a free sequence in Intalg(L). Now suppose that x is a nonzero element of
Intalg(L). If for every component [c,d) of = there is a §{ < a such that be < ¢ or
d < ag, then there is a § < « such that z N [ag, be) = (), as desired. So, suppose
that there is a component [c, d) of x such that for every £ < a we have ¢ < b¢ and
ag < d. Then by the hypothesis of (iii) there is a & < o such that [ag, be) C [c, d).
Hence [ag, be)\z = (), as desired. O

The following proposition gives a connection between maximal free sequences
in a BA A and towers in homomorphic images of A.

Proposition 1.13. Suppose that {(a¢ : £ < «) is a maximal free sequence in
an atomless BA A. For each § < « let F¢ be an ultrafilter containing the set
{ag :n <& U{—ay:{<n<a}. Let I ={x € A:VE{ < a[-w € F¢]}. Then I
is an ideal in A and 0 < [ap]7 < [a¢]; < 1if £ <n < a. Moreover, if « is a limit
ordinal, then [[¢[a¢]r = 0, while if a =+ 1 then [ag]s is an atom of A/I.

ProOOF: Clearly I is an ideal on A. Now suppose that £ <n < a. If v < « and
ap - —ag € Fy, then n < v, hence also § < v and so a¢ € Fy, contradiction. Hence
Vv < a[—(ay - —ag¢) € F], and so ay - —ag € I and consequently [a,]; < [ag];.
Suppose that [ap]; = [a¢];. Then ag - —ay € I, and so —ag + ay € Fgpq. Also
ag € Feyq, 80 ap € Feyq. Since £ + 1 <, this is a contradiction.

Thus we have shown that [ay]; < [ag]r if £ < n < a. If [ay]; = 0, then
ap € I. But ay € Fy, contradiction. If [a¢]; = 1, then —ag € I. But —ag € Fp,
contradiction.

Now suppose that 0 < [b]; < [ag]; for all £ < a. By the maximality of (a¢ :
§ < a) there are then two possibilities. If [[;cpag - b = 0 for some finite subset
F of a, then [b]; = 0, contradiction. Suppose that [[¢cpag - [],eq —an-—b =0,
where F' < (G are finite subsets of a. If £ is the greatest member of F' and 7 is the
smallest member of G, then [a¢]r - —[ay]; < [b]7 < [ay]f, so that [ag]r - —[ay]r =0,
contradiction. If £ is the greatest member of F' and G = (), then [a¢]r - —[b]; = 0,
hence [a¢]; < [b]; < [ag]i, contradiction. If 7 is the smallest element of G' and
F =0, then —[ay]; - =[b]; = 0, so —[ay]; < [b]; < [ag];, so that —[ay]; = 0,
contradiction. ]

Proposition 1.14. Suppose that (A; : i € w) is a system of infinite BAs.

(i) Suppose that ig € w, and & Is a cardinal such that w < r < t'(A4;,). Then

def —w

B = []jc., Ai has a maximal free sequence of size k.
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(i) fsp(B) 2 [w;A)card, Where X is the least cardinal such that no A; has a
free sequence of size \.

(iii) With X as in (ii), if cf(X) > w then fsp(B) = [w, X)card, while if cf(A) = w
then fSP(B) = [wv )‘}Card-

(iv) f(B) = w.

PROOF: We may assume that ig = 0. Let (z¢ : £ < k) be a free sequence in Ay.
We now define a sequence (ag¢ : § < k +w) of elements of B. For £ < &, let

N e if 1=0,
af(l)_{1 if i > 0.

For any n € w define ax4n by

(i) = 0 if i<n,

A T )

Then (a¢ : § < k+w) is a free sequence. In fact, suppose that F,G € [k + w] <w
and F' < G; we want to show that [[ecpag - [l,eq—an # 0. If F C &, then
(Ilecr ae Il eq —an)(0) # 0 since (x¢ : £ < k) is a free sequence. If F Z k, then
(Ilecr ae - Il e —an)(n +1) # 0 if £ + n is the greatest member of F'. To show
that (a¢ : £ < Kk +w) is maximal, let b € B be given. Choose n greater than each
element in the support of b. If b is of type I, then ax4n - b= 0. If b is of type II,
then axypn - —b=0.

(ii)—(iv) are immediate from (i). O
Proposition 1.15. Suppose that v is an uncountable cardinal, and (k¢ : & < v)
is a system of infinite cardinals. Let A = [[{_, Fr(k¢). Then

(i) [min§<u K¢, Sup§<y K{)card - fSP (A)

(ii) If ming., k¢ < v and cf(supe., k¢) > w, then

fSp(A) = [min§<u K¢, SUPg <y “ﬁ)card'

(iil) If ming<, ke < v and cf(supg,, K¢) = w, then

fSP(A) = [min§<l’ kg, SUPg<y "%]card'

(iv) If v < ming o, K¢ and cf(supg,, kg) > w, then fsp(A) = [V, SuPg<y Ke)card-
(iv) If v < ming o, k¢ and cf(supgo, k¢) = w, then fsp(A) = [V, supg<y, Felcard-
(v) If ming, e < v, then §(A) = ming,, K¢.

(vi) If v < ming., k¢, then j(A) = v.

PRrROOF: (i) is clear by 1.6 and 1.9. Next we show:
(1) Every maximal free sequence in A has size at least min{v, ming,, ¢ }.

For, suppose that (f¢ : § < a) is a free sequence in A with o < min{v, ming,, ¢}
We want to show that it is not maximal. We consider two cases.
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Case 1. There is a £ < a such that f¢ is of type I. Define g to be of type I,
and to have support equal to that of f¢, with g(i) a free generator of Fr(x;) not
in the support of any element { f, (i) : 7 < a}, for each i in its support. We claim
that (f¢ : & < )™ (g) is still free. If not, there are two possibilities.

Subcase 1.1. There is a finite ¥ C « such that HneF fn -9 =0. We may
assume that & € F', and this easily gives a contradiction.

Subcase 1.2. There are finite subsets F' < G of a such that HneF fn -
HneG —fn-—g = 0. Then by the choice of g, for every i € supp(g) we have
(IT,er fn - Iyeq —fn)(i) = 0, while for i ¢ supp(g) we have

an'H_fn (Z): an'H_fn (Z)l

ner neG ner neG

NERIEAGEEG
neF neG
hence [, cp fn - [1,eq —fn = 0, contradiction.

Case 2. Every fe is of type II. Choose i € I\ g, supp(f¢), and let g be such
that g(7) is a free generator of Fr(k;), with g(j) = 0 for all j # i. Again we claim
that (fe : & < )™ (g) is still free. If not, there are two possibilities.

Subcase 2.1. There is a finite F' € a such that [, cp fn-9=0o0r [[,cp fy-
—g=0. But

1 #2-9| @) =96) #0,

ner
contradiction; similarly for Hne rfn-—g
Subcase 2.2. There are finite subset F' < G of a such HneF I HneG ~fy-
—g = 0. Then G # 0 because of the Case 2 condition, and

- 10-m|@=0

ner neG
since G # (), while for j # 1,

e I]-m1O={11 1]-f]06- 1

ner neG ner neG

=(IL /- 11 —/fn ] - —9G) =05

neF neG
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hence Hne rfn- HneG — fy = 0, contradiction.
This proves (1).
Now (ii) and (iii) follow by 12.1 and 12.2 of Monk [96].

(2) If v < pu < Kg, then there is a maximal free sequence of length v + p + 1.

To prove this, let (z¢ : § < ko) enumerate free generators of Fr(q).
For &, p < v we define

xg if P = O,
fep) =3 0 it p=1+¢
1 otherwise.

For n < p and p < v define

[ w4y i p=0,
Jvn(p) = { 1 otherwise.
Finally, for p < v define
0 if p=0,

i) = {

1 otherwise.

Clearly (f¢ : & < v+ p) is a free sequence. Now suppose that g € sz<z/ Fr(re).
Let F={¢ <v:1+4+¢ € supp(g)}. Choose e € 2 so that ¢ is of type I. Then
ngF fe  fotn -9 =0. So (fe : § < v+ p) is maximal.

Thus (2) holds, and (iv) and (v) follow.

(vi) and (vii) are immediate from the preceding conditions. O

This proposition shows that any interval of cardinals can appear as fsp(A) for
some atomless BA A, subject only to the cofinality condition indicated. This
leaves open the question whether fsp(A) is always an interval of cardinals.

2. §

We now concentrate on the least member f(A) of fsp(A). This is a cardinal
similar to many others studied especially for &(w)/fin. Most of our results relate
f to other functions, namely to mxinf, P, t, Smm, and i, whose definitions we recall
below.

By Corollary 1.8 we have
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Corollary 2.1. f(A x B) < min{f(A),f(B)}. O
A subset X of a BA A is independent iff

VE,Ge[X|™ |FNG=0— [z [] —v#0
zeF yeG

As is well-known, X is independent iff it is a set of free generators for the subal-
gebra which it generates. We define

i(A) = min{|X| : X is a maximal independent subset of A}.

Proposition 2.2. If A and B are atomless and f(A x B) = w, then i(A) = w or
i(B) = w.

PRrOOF: Suppose not: f(A x B) = w < min{i(A),i(B)}. Let ((ag,be) : € < )
be a maximal free sequence in A x B, with « an infinite countable ordinal. Then
{ag : € < a} is contained in a countable atomless subalgebra A" of A. Say that
X is an independent set of generators of A’. Then X is not maximal independent
in A, so there is a ¢ € A\X such that X U {c} is still independent. Hence
c-x # 0+# —c-x for every nonzero element x of A’. Similarly we get a countable
atomless subalgebra B’ of B and an element d € B such that {b¢ : £ < a} C B’
and d-y # 0 # —d -y for every nonzero y € B’. Now by the maximality of
((ag,be) : & < @) we have two cases.

Case 1. (c,d) [[ecp(ag, be) = (0,0) for some finite subset I of a. By symmetry
say that ngF ag # 0. Then c- ngF ag = 0, contradiction.

Case 2. (¢,d) - [I¢ep(ag, be) - [leeq —(ag, bg) = (0,0) for some finite subsets
F,G of a with F' < G. A similar contradiction is reached. O

Proposition 2.3. Suppose that k is an uncountable cardinal and I is any non-
empty set. Let A ="1Fr(k). Then f(A) = &.

PROOF: Suppose that (a¢ : £ < o) is a free sequence in A, with « infinite but with
la| < k. Foreach i € I, let b; be a free generator of Fr(x) not in {J, ., supp(an(i)).
Clearly (ag : & < )™ (b) is still free.

Now the Proposition follows by 2.1. O

We now consider the relationship of f to other cardinals. See Monk [01] for
definitions and background. There are many problems here, so we do not attempt
to list all of them, but we formulate some important ones. We restrict ourselves
to atomless BAs.

For our first result we need some terminology and notation. A weak partition
of a BA A is a system of pairwise disjoint elements of A with sum 1. We call it
weak because we do not assume that all entries are nonzero. A subset X of A is
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m-dense, where m is a positive integer, iff for every weak partition (a; : i < m)
of A there exist an z € X1+ and an i < m such that < a;. We define

mXinf(A) = min{|X| : X is m-dense for every m > 2}.

The notation here comes from a topological equivalent. The m-character of a
point « is the smallest size of a collection U of open sets such that each open
neighborhood of = contains some element of U. Then myins(A) is equivalently
defined as the least w-character of any ultrafilter on A, thus applying the topo-
logical definition to the Stone space of A. The equivalence is proved in Balcar,
Simon [91]. Further important facts about my;j,¢ can be found in Balcar, Simon
[92] and Dow, Steprans, Watson [96].

Proposition 2.4. myius(A4) < f(A) for any atomless BA A.

PROOF: Suppose that (a¢ : £ < a) is a maximal free sequence. Suppose that
2 <m < w. We claim that

[Tac:Fela<sul [[ae [] —ac: F.Gelo]~ F<G
ger EEF ¢eG

is m-dense. To see this, let (b; : i < m) be a weak partition of A. If there is an
i < m such that [Jecpag - [[ecq —ag - —bi = 0 for some finite ' < G, this is as
desired. If for every i < m there is a finite F; such that ngFi ag - b; = 0, then
with G = J;,,, F; we have

<m

Hagz Hag <(bo+ -+ +bm-1) =0,

feG e
contradiction. O

For any BA A, let
p(A) =min{|X|: Y X =1and Y F #1 for all finite F C X}.
Theorem 2.5. p(A) < f(A) for any atomless BA A.

PRrOOF: Let (a¢ : £ < o) be a maximal free sequence, with o an infinite ordinal.
Clearly ngF ag # 0, for every finite F' C . Suppose that 0 # b < a¢ for every
& < a. Choose u with 0 < uw < b. First suppose that ngG ag -u = 0 for some
finite G C . Now u < b < ngG ag, so u = 0, contradiction. Suppose that
[leegae - Ilem —an - —u = 0 with finite G < H. If H # 0, choose n € H.
Then u < b < ay, so —ay < —u, and it follows that [[ccq ae - [[,,ey —an
Ieeq ae - 1l,em —an - —u = 0, contradiction. Hence H = (). Hence [ ae
u<b< ngG ag, contradiction.

OIA
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Example 2.6. There is an atomless BA A such that f(4) < i(A). This is an
algebra A of McKenzie, Monk [04]: with w < x < A both regular, A has a strictly
decreasing sequence of length x which generates an ultrafilter, while i(A) = A.
See Proposition 1.6.

We define
u(A) = min{|X| : X generates a nonprincipal ultrafilter on A}.

Perhaps the most interesting problems concerning f are whether there is an atom-
less BA A such that f(A) < u(A), or one such that u(A) < f(A).

A subset X of A is ideal independent iff

Vo € XVF € [X\{z}]<¥ |z - H —y#0
yeF

We define
Smm(A4) = min{]|X| : X is ideal independent in A}.

For an example with f < sym, see Monk [08], proof of Theorem 2.13, and Exam-
ple 2.6 above. Another interesting problem is whether there is an atomless BA A
such that spm(4) < f(A).

A tower in a BA A is a subset of A\{1} well-ordered by the Boolean ordering,
with sum 1.

Example 2.7. There is an atomless BA A such that f(B) < ¢(B). Let A =
“IFr(k)™ with £ > wy, and see Proposition 8(ii) of Monk [01] and Proposi-
tion 1.15.

Proposition 2.8. f(A4) < t(A) for any atomless interval A.
PROOF: By Proposition 1.11, using Proposition 41 of Monk [01]. O
Proposition 2.9. f(4) = w for A superatomic.

PROOF: Let a € A be such that a/at(A) is an atom. Let (b¢ : § < k) enumerate
all of the atoms below a. For each i < w let ¢; = a-— EO<j§i b;, and let ¢, = bo.
Thus (¢; : i € w) is strictly decreasing, and so it is a free sequence. We claim that
it is maximal. For, let d € A be given. Since ¢y, -d = 0 or ¢, - —d = 0, maximality
follows. O

Since interval algebras do not have uncountable independent subsets, there is
no interval algebra A such that f(A) < i(A). Since a superatomic algebra does
not have an infinite independent subset, there is no superatomic algebra A such
that f(A4) < i(A).
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3. Free sequences of ultrafilters

Recall from the introduction that there is also a topological notion of free
sequence, so also a notion of maximal free sequence of ultrafilters. Note that the
straightforward method of constructing a maximal free sequence of ultrafilters,
namely adding new ultrafilters at the end, one by one, breaks down at limit
stages. The results in this section explain why this happens.
Proposition 3.1. A free sequence (F¢ : § < «) of ultrafilters on a BA A is
maximal iff {F¢ : & < a} is dense in Ult(A). (Ult(A) is the Stone space of A, and
we are dealing here with free sequences in the topological sense.)
PROOF: Suppose that (F¢ : £ < a) is a free sequence of ultrafilters. For =,
suppose that {F¢ : £ < a} is not dense; let G € Ult(A)\{F¢ : £ < a}. We claim
that (F¢ : & < )7 (G) is free. Let Fyy = G. Suppose that { < a+ 1. If { = q,
the desired conclusion is clear. Suppose that { < «, and H € {F;,:n <} n
{Fp:£<n<a}U{G}. So&#0. Since G ¢ {F;:n < a},alsoG ¢ {F, :n <&},
and hence H # G. Let a € H\G. Then for any b € H we have S(b-a) N {F} :
§<n<a}#0. Thus H € {F;: n <& N{F;: £ < n}, contradiction.

The implication < is clear. (|

Theorem 3.2. For any infinite BA A the following conditions are equivalent:

(i) A has a maximal free sequence of ultrafilters;

(ii) A is atomic, and there exist an infinite cardinal x and an isomorphism
f of Intalg(x) into A such that {f({a}) : @ < k} is the set of all atoms
of A.

PrOOF: (ii)=-(i): Assume (ii). For each a < k let Fy, be the principal ultrafilter
generated by f({a}). To show that (F, : a < k) is free, suppose that ¢ < .
Then {Fy; : n < &} € S([0,€)) and {F,; : £ <1 < k} C S([¢,~)). This proves
freeness. To prove denseness, for each nonzero a € A, choose a < k such that
f{a}) < a. Then F, € S(a), as desired.

(i)=(ii): Let (F¢ : £ < a) be a maximal free sequence in A, with o an infinite
ordinal.

Suppose that A is not atomic. By denseness, there is a smallest £ < « such
that F¢ has an atomless element a as a member. By freeness, let y € A be such
that {F,:n <&} CS(y) and {F;; : £ <n < a} € S(—y). Thena-y € F¢. Choose
b such that 0 <b < a-y and b € F¢. Then the element a -y - —b is atomless, and
since it is < g, it must be a member of some [}, with n < &, contradiction.

Therefore, A is atomic. By denseness, for each atom a of A there is a §; < «
such that a € Fg,. So Fg, is the principal ultrafilter generated by {a}. This
implies that & # & for a # b. Thus € is a one-one function, so £~ has its
natural meaning. Let (7, : 7 < ) enumerate in increasing order the set {&, : a
an atom of A}. Here 8 is an infinite ordinal since A is infinite. Now by freeness,
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for each n < B choose h(n) € A such that {Fy : 0 < v} € S(h(n)) and {F, :
Yy <o <at CS(=h(n).
(1) If n < 7, then h(n) < h(7).
For, suppose to the contrary, and let a be an atom < h(n) - —h(7). Say & = Yo
Now a € F¢, = Fy, and a < h(n), so h(n) € Fy,. It follows that 75 < 73, and so
o <. Hence o0 < 7. Therefore F,, € S(h(7)). But a < —h(7) and a € F,,, so
—h(r) € F,,, contradiction.
(2) h(0) = 0.
Suppose not, and let a be an atom < h(0). Now F¢, = F,, for some n < . Since
a € Fg,, it follows that h(0) € F,. Hence v, < 70, contradiction.
(3) h is one-one.
For, suppose that < 7 and h(n) = h(r). Then v, < 77, and so F,, € S(h(7)) =
S(h(n)), hence v, < vy, contradiction.
(4) If =0 + 1 for some ¢, then h(J) # 1.
For, we have {F,; : 75 < 0 < a} C S(—h(9)), so Fy5 € S(—h(0)), hence —h(5) # 0,
and (4) holds.
(5) If n+1 < B, then £ () < h(n+1) - —h(n).
For, let a = £~ 1(7y). Now F,, € S(h(n+1)), so h(n+1) € F,,. But also
a € Fe, = Fy,,s0a-h(n+1) € F,. Hence a < h(n+ 1), since a is an atom.
Also, Fy, € S(—h(n)), so —h(n) € Fy, and so a < —h(n). Thus (5) holds.

The last part of this argument gives
(6) If B =+ 1, then £ () < —h(n).
(7) I+ 1< f, then &' (vy) = h(n+1) - —h(n).
In fact, let a be an atom < h(n+ 1) - —h(n). Say £ = 7,. Now by (5) and (6) it
follows that p =, so (7) holds.
Similarly, we get

(8) If B =n + 1, then £~ () = —h(n).

Now we define f([0,7)) = h(n) for all n < 5. Then by the above and Remark 15.2
of Koppelberg [89], f extends to an isomorphism g of Intalg(5) into A. Now let
n<pB. Ifn+1< g, then

9({n}) = g([0,n+ D\[0,n)) = f([0,n+ 1)) - = f([0,n)) = h(n + 1) - —h(n),
giving an atom of A by (7). Similarly, if 8 =n+ 1, then
9({n}) = 9([0,00)\[0,7)) = —f(0,n) = —h(n),

again giving an atom.
Clearly every atom of A is obtained in one of these two ways. O
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4. Free chains

A natural generalization of the notion of free sequence is as follows. A free
chain for a BA A is an ordered pair (L, a) such that L is a linear order, a € VA,
and for any F,G € [L]<%,if F < G then Ieer ae - Ilyeq —an # 0. We say that
(L,a) is a free chain over L.

In this section we investigate this notion, and in the next section we consider
maximal free chains.

First we define a related topological notion. Let X be a topological space.
A free chain for X is an ordered pair (L, z) such that L is a linear order, z € L X
and for any € € L,

{an n<&Gnfay:£<nt=0.

As in the case of sequences, a BA A has a free chain (L, a) iff Ult(A) has a free
chain (L, z).
For any BA A, we define

Lengthyy (A) = sup{Length(B) : B is a homomorphic image of A}.
Proposition 4.1. For any infinite BA A we have

Lengthyy, (A) = sup{|L| : A has a free chain (L,a)}.

PrROOF: The proof is just a modification of the proof of Theorem 4.21 of
Monk [96]. For >, suppose that (L,a) is a free chain in A; we will find an ideal T
of A such that A/I has a chain of size |L|. For each { € L let I be an ultrafilter
on A such that {ap :n <& U{—ap:{ <ne L} CFe LetY = {F¢:§¢€ L},
andlet I ={x € A:Y C S(—x)}. Clearly I is an ideal in A. We claim that

(1) V&, me LIE <n— ap/I <ag/l].

To prove this, suppose that § < 7. To show that ay - —a¢ € I, take any p € L.
If n < p, then also § < p and so a¢ € F), and it follows that —ay + a¢ € F), so
that Fy € S(—ayn +ag). If p <7, then —a;, € F) and again F, € S(—ay +ag). So
an - —ag € I. Thus a,/I < ag/I]. Also, a¢ € F;) and —ay € Fy, so it follows that
an/I # ag/I. Thus (1) holds.

Conversely, suppose that I is an ideal in A and {an /I : @ € L) isa chainin A/I.
Let a <y, B iff an/I < ag/I. This makes L into a linear order. We may assume
that ag/I # 0 and no aq/I is equal to 1. We claim then that (—aq :a € L) is a
free chain. For, suppose that F,G € [L]<¥ with F' < G. Then if both F and G
are nonempty, we have

Il —aa- [T as | /1= 11 (~(aa/D)- 1] (as/]) = —(aa/1) - (ap/T),

aEF BeG aEF BeG



Maximal free sequences in a Boolean algebra

where « is the largest element of F' and [ is the smallest element of G. So
—(aa/I) - (ag/I) # 0, and hence [[,cp —aa - [Igec ap # 0. The case when one
of F, G is empty is treated similarly. O

Note that in Intalg(R) every infinite free sequence is countable, while there are
uncountable free chains.
5. Maximal free chains

Zorn’s lemma can be applied to obtain maximal free chains, for example by

considering linear orders on subsets of |A|T. We now define

fchngpect (A) = {|L| : A has an infinite maximal free chain over L};
fchnmm(A) = min(fchngpect (4)).

Proposition 5.1. fchngpect (Finco(k)) = {w} for any infinite cardinal k.
PrOOF: This holds by Proposition 5.1 and Corollary 5.29 of Rosenstein [82]. O
Proposition 5.2. fchngpect (Fr(k)) = {x} for any infinite cardinal k. O

Proposition 5.3. Suppose that (I,a) is a free chain in A. Then the following
conditions are equivalent.
(i) (I,a) is maximal.

(ii) For allb € A and all M,N C I, if M < N and M UN = I, then there

exist finite F C M and G C N such that one of the following conditions

holds:
(a) ngF ag-b- HneG —ay = 0;
(b) ngF ag-—b- HneG —an = 0. U

Note here that one of M, N, F, G can be empty.

Proposition 5.4. Suppose that (L, a) is an infinite maximal free chain in A, and
(M,b) is an infinite maximal free chain in B. Assume that M N L = 0, and let
m be a set not in M U L. Order M U{m} U L in the natural order M < m < L.
Then A x B has a maximal free chain of the form (M U{m} UL, c).

PROOF: Define
(1,be) if &€ M,
Cg = (1,0) if f =m,
(G,E, 0) if £€L.
Then (cg : £ € MU {m}UL) is a free chain. In fact, suppose that F,G €
[MU{m}U L]~ with FF < G. If F C M, then [[¢cpce - [[,eq —cn # 0 because
of the b¢’s, and if F¥'Z M, then ngF e HneG —cp # 0 because of the ag’s.
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Now for maximality, suppose that C < D with CUD = M U {m} U L, and
(eg,e1) € A x B.

Case 1. C C M. Apply maximal freeness of the b¢’s to the pair (C, DN M) to
obtain finite F* C C and G C D N M such that e 'ngF be - HneG —by =0 or

—e1 - HfEF bg . HUEG —bn = 0. Then (60, 61) . ngF Cg . HUEG —Cg . (O, 1) = (O, O)
or —(ep, e1) 'ngF e HneG —ce - (0,1) = (0,0).
Case 2. C £ M. Here one can use the maximal freeness of the ag¢’s similarly.

Proposition 5.5. f(A4) < fchnym(A) for any infinite BA A. O
There are many problems concerning fchnpy,.
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