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Abstract. In this paper a full totalization is presented of the Kurzweil-Henstock integral
in the multidimensional space. A residual function of the total Kurzweil-Henstock primitive
is defined.
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1. INTRODUCTION

Let F' be a differentiable function on an interval E in the m-dimensional space
with the derivative f. The problem of recovering F' from f is called the problem of
primitives. Cabral and Lee [3] gave an affirmative answer to the question whether
we can describe the Kurzweil-Henstock primitive F' without explicitly involving f.
To do this, they first adopted the convention [4, p. 57] that

L FL)

im

D.F(x) = { |1|—0+ |L]
0 if the limit does not exist,

if the limit exists,

where 1. is a compact cubic subinterval of E, = is a vertex of I. and |I.| is the
Lebesgue measure of I.. Secondly, they showed that if a real-valued point function f

lim F(I.)/|I.| =
i F(L)/ ||

f(x) almost everywhere on F, and after that they answered affirmatively the ques-

is Kurzweil-Henstock integrable on F with a primitive F', then

tion of whether it is possible to define a point function D.F(x) for a Kurzweil-
Henstock primitive F' which is Kurzweil-Henstock integrable on F and such that
(KH) fI D.F = F(I) for any compact subinterval I of E. One step further in this
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direction is a question whether we can describe F' that is not a Kurzweil-Henstock
primitive in the sense that the corresponding point function DcF' defined in what
follows is Kurzweil-Henstock integrable on E and (KH) [, DexF' # F(E). In this
paper, we give an affirmative answer to this question.

2. PRELIMINARIES

The set E always refers to a fixed, compact interval in the multidimensional space
R™. The collection Z(F) is the family of compact subintervals I of E. A Kurzweil-
Henstock partial division A = {(x,1)} of E is any finite set (collection) of point-
interval pairs (x, I), such that z is a vertex of I, I € Z(F) and the subintervals I are
nonoverlapping. The points x are the tags of A [1]. Let I' be a subset of E. If z € T
for each (z,I) € A, then A is said to be tagged in I'. A partial division A = {(z,I)}
of E is called a division of E if the union of the intervals I in A is equal to E. Given
d: E — (0,1), named a gauge, a partial division A of E is said to be d-fine if for
each (z,I) € A the interval I is contained in the open ball B(x,d(z)) centred at x
and of radius §(z).

Any real valued function F defined on Z(F) is an interval function. For any
collection of nonoverlapping subintervals I, Iy € Z(E), let F(I; Uly) = F(I1) +
F(Iy). This property is called additivity. A function F': Z(F) — R is said to be
differentiable at « € E with a derivative f(x) if for every € > 0 there exists a gauge
de: E — (0,1) such that |F'(I) — f(x)|I|| < e|I| whenever (x,1) is a d.-fine point-
interval pair and z is a vertex of I € Z(E). The function F' is called a primitive.
A function f: E — R is said to be Kurzweil-Henstock integrable to a real number
A on E if for every £ > 0 there exists a gauge 6.: E — (0,1) such that

(2.1) (A3 F@)lr] - 4| <

whenever A is a d.-fine division of E. In symbols, A = (KH) [, f. If a function f
is Kurzweil-Henstock integrable on E and F(I) = (KH) [, f for all compact subin-
tervals I of F, then the additive interval function F is called the Kurzweil-Henstock
primitive of f.

3. A RESIDUAL FUNCTION OF A PRIMITIVE

For a given pair of functions F' and f let X C E be the set of points at which the
primitive F' is not differentiable and [2]

M — {(2,1): © € E\ X is a vertex of I and |F(I) — f(z)|I]| < |I}.
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Then we can define a point function Dy F': E — R by extending f from E \ X to
E by DexF(x) =0 for z € X, so that

(3.1) D F:{f(x) if v € B\ X,

0 ifz e X.

From the collection of all §.-fine point-interval pairs (z, 1) € TX™ the subset £\ X
of F may be obtained, as follows.

Definition 3.1. The set {x € E: for every € > 0 there exists a d.-fine (z,I) €
'S} denoted by (vp)E is said to be the set of regular points of F' on E.

Given € > 0, in the set
(3.2) QM — {(2,1): z € X is a vertex of I and [F(I)| > ¢|I|}

we isolate two subsets:

KH
Q<5

KH
03

{(z,I): v € X is avertex of I and ¢|I| < |F(I)| <e} and
{(z,I): z € X is a vertex of I and |F(I)| > €}.

Now, from the collection of all d.-fine point-interval pairs (x, ) € Q’ECH, two subsets
of X may be obtained, as follows.

Definition 3.2. The set {x € E: for every ¢ > 0 there exists a d.-fine (z,I) €
QK™Y denoted by (vss)E is said to be the set of seeming singular points of F on E.

Definition 3.3. The set {x € E: for every £ > 0 there exists a d.-fine (z,I) €
Q’;?} denoted by (vs)FE is said to be the set of singular points of F' on E.

Accordingly, we are now in a position to define the notion of a residue of the
primitive F at x € E.

Definition 3.4. A function F': Z(E) — R is said to have a residue at z € E
with the residual value R(z) if for every € > 0 there exists a gauge 6.: E — (0,1)
such that

(3.3) IF(I) - R(z)| < ¢

whenever (z,I) is a d.-fine point-interval pair and z is a vertex of I € Z(FE).

A real-valued point function R defined on F is called a residual function of the
primitive F on FE.
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Definition 3.5. Let F: Z(E) — R and I' C E. The residual function R of
F is said to be basically summable (BS5.) on I' with the sum S € R, if for every
€ > 0 there exists a gauge 6.: E — (0,1) such that [(A) > F(I) — S| < € whenever
A = {(z,I)} is a d.-fine partial division tagged in I". The residual function R of F
is BSG5, on I' if I can be written as a countable union of sets on each of which F

is BSs.. In symbols, S = > R(x).
zel

Remark 3.1. By Definition 5.11 in [1], if S = 0 in the above definition, then F’
has negligible variation on I'. On the contrary, if there is a subset I of E of variation
zero (this means, given £ > 0 there is a gauge J. such that (A) > |I| < € whenever
A ={(z,I)} is 0.-fine partial division tagged in T', [2]) on which R of F is BSs,with
S # 0, then F' does not satisfy the variational Strong Lusin condition (SL,(E)) on E.
On the other hand, since for every ¢ > 0 there exists a gauge d. such that |F(I)] < ¢
whenever (z,I) is a d.-fine point-interval pair tagged in (vp)E U (vss)E and x is
a vertex of I € Z(E), it follows immediately that R(z) = 0 on (vp)E U (vss)E. In
addition, for a given pair of functions F' and R, if F' is an additive function and R
is BSs. on E, then, by Definition 3.5, S = F(FE), that is >, R(z) = F(E). So, if

€E

x
F is the Kurzweil-Henstock primitive, then, in spite of the fact that R(x) vanishes
identically on E, for any compact interval I € Z(FE) we have

> R(z) = (KH) /l DexF.

zel

4. THE TOTAL KURZWEIL-HENSTOCK PRIMITIVE

If there are compact subintervals I of E such that F(I) # (KH) [; DexF, then
a question that arises is whether we can describe the primitive F', in this emphasized
case, too. The affirmative answer comes from the following definition.

Definition 4.1. If F': Z(E) — R is an additive function, then D¢ F' is totally
Kurzweil-Henstock integrable to F(E) on E. In symbols,

(4.1) F(E) = (KH)ut /E DexF.

By the total Kurzweil-Henstock integral the Kurzweil-Henstock primitive is to-
talized, in the sense that any additive interval function F' defined on Z(F) is
the total Kurzweil-Henstock primitive of DexF on E. This means that F(I) =
(KH)vt f ; DexF for any compact subinterval I of E. Therefore, if Doy F' is Kurzweil-
Henstock integrable on E and F(E) # (K'H) [, DexF', then there is a real number
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S such that F(E) = (KH)vt [, DexF' = (KH) [, DexF + S. Clearly, in this case,
the integral equality F(I) = (KH) [; DexF, which is not valid for all compact
subintervals I of E, must be replaced by F(I) = (KH)vt [; DexF. If DexF' is not
Kurzweil-Henstock integrable on E, then the sum (KH) [, DexF' + S reduces to the
so-called indeterminate expression oo — oo that, in this particular case, takes the
value F(E). However, in this case, too, F(I) = (KH)vt [, DexF' for any compact
subinterval I of E.
Our main result reads as follows.

Theorem 4.1. Let F': Z(E) — R be an additive function such that D¢ F' is
Kurzweil-Henstock integrable on E. Then F is a total Kurzweil-Henstock primitive
if and only if its residual function R is BS;5. on Q™.

Proof. By the definition of Do F' at a point x € (vp)E, given £ > 0 there is
a gauge 0*: E — (0,1) such that |F(I) — DexF(z)|I]| < €|I| whenever (z,I) € T
is a ¢-fine point-interval pair.

(=) Suppose that F' is a total Kurzweil-Henstock primitive. Since DexF'(x) is
both totally Kurzweil-Henstock integrable with a primitive F' and Kurzweil-Henstock
integrable on E, it is true that there exists a real number S with the following
property: for every ¢ > 0 there exists a gauge 67 : E — (0, 1) such that |(A) Y [F(I)—
DexF(x)|I|] — S| < € whenever A is a ¢ -fine division of E. A gauge J. may be
chosen such that 0. (z) = min(dz(x), 0% (x)) if z € (vp)E and d.(x) = §%(x) otherwise
on E. Therefore, for any d.-fine division A of E (remember: if x € E \ (vp)E, then
DexF(z) = 0)

|(ANQE™ Y F(1) - 8| < |(8) YIF() - DocF @)1 - §
+ (AN STIF(D) = DexF(@)11]| < =(1 + |E).

(<=) Let R of F be BSs« on QK™ If A = {(x,1)} is a d.-fine division of E such
that d.(x) = 0% (x) if v € (vp)E and d.(x) = ¢} (z) otherwise, then

|(8)STIF() = DexF(@)I1]] = 8| < (AN QE™) 3 IF (1) = DexF (@)1
+|(anor) S R - s‘ < (B +1).

Remark 4.1. By the preceding theorem

F(E) = (KH) /E DexF+ ) R(z),

zEQRM
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that is
(KH)vt / DexF = (KH) / DexF+ Y R(x).
E E zeQk™
Since, by Hake’s theorem [1], (KH) [, DexF = (KH)up [, DexF', where the so
called principal value of (KH) [, DexF is denoted by vp, the sum >°  R(z) may

zeQkH
be conditionally called the singular value of (K'H) [, DexF (K'H). In symbols,
> R(x) = (KH)vs [ Dex F'. Accordingly,

zeQRH

(KH)wt / DexF = (KH)up / DedF + (KH)vs / DerF.
E E E

If F(I):= (KH) [,,; F, where OI is the boundary of I € Z(E), and if Dey I vanishes
identically on (vp)FE, then

k) [ F= 3 R,

zeQLH

which is an extension of Cauchy’s residue theorem result in R™.
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