Applications of Mathematics

Polina Vinogradova; Anatoli Zarubin
A study of Galerkin method for the heat convection equations
Applications of Mathematics, Vol. 57 (2012), No. 1, 71-91

Persistent URL: http://dml.cz/dmlcz/141819

Terms of use:

© Institute of Mathematics AS CR, 2012

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/141819
http://dml.cz

57 (2012) APPLICATIONS OF MATHEMATICS No. 1, 71-91

A STUDY OF GALERKIN METHOD FOR THE HEAT
CONVECTION EQUATIONS

POLINA VINOGRADOVA, ANATOLI ZARUBIN, Khabarovsk

(Received February 8, 2010)
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1. INTRODUCTION

A large number of works is devoted to the study of various convection problems. It
is possible to recognize two important directions of the study of convection phenom-
ena. The first is the experimental and theoretical study of the convective stability.
In detail these questions are considered, for example, in the monograph [7]. The
other important direction is the numerical modeling of convection processes (see,
for example, [7], [6], [5], [16], [2]). It allows to calculate the modes of convection
at various meanings of Rayleigh, Reynolds numbers and at other parameters of the
model. It is known that the main theoretical basis of numerical methods is the proof
of convergence of the approximate solution to the exact one of the corresponding
differential problem. In this connection we point out the monograph [14], where a
thorough research of numerical methods for solving the Navier-Stokes equations is
carried out. The order of the convergence speed of approximate solutions of a non-
linear problem much depends on the kind of the nonlinear terms. It is often difficult
to establish the convergence. In this case the basic information on the convergence
of the computing procedure is found by numerical experiments.
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In the present paper we study the Galerkin method for the approximate solution
of an initial boundary value problem for a non-stationary quasi-linear system which
describes the motion of the non-uniformly heated viscous incompressible fluid. The
convergence of the Galerkin approximations in a strong norm is established, and also
the asymptotic error estimates for the solutions and their derivatives in the uniform

norm are obtained.

2. STATEMENT OF THE PROBLEM AND AUXILIARY ASSERTIONS

Let 2 be a bounded domain in R? with a smooth boundary 99, Q@ = Q x (0,T),
S =00 x (0,T], where T < oo.

The initial boundary value problem for the heat convection in Boussinesq approx-
imation is formulated in the following way ([7], [12], [3]): We seck a vector-function
u(x,t): Q x [0,T] — R? and scalar functions p(z,t),0(z,t): Q x [0,7] — R such
that

ou

(1) i vAu + 961Vp—|— (u-V)u—gpBks0=f in Q,
(2) %—/@AH—}—U-VG:@ in Q,

(3) divu=0 in Q,

(4) u=0, #=0 on S,

(5) u(x,0) =0, 6(z,0) =0, z€Q.

These equations model the motion of the non-uniformly heated viscous incom-
pressible fluid, where u is the velocity vector, 6 is the temperature, p is the pressure,
v is the kinematical viscosity, « is the thermal diffusivity, gy is the constant density,
g is the free fall acceleration, § > 0 is the temperature-expansion coefficient, f is the
apparent density of the external forces, ¢ is the apparent density of the heat source,
ks is the up-ward vertically directed along the unit vector.

Let L,(©2), 1 < p < 00, (Lo (£2)) be the space of real functions absolutely integrable
on  with the power of p according to Lebesgue measure dz = dzidzs (respectively,
essentially bounded). These spaces with the norms

1/p
ullz @ = ( / |u<x>|pdx)

lull. (o) = ess sup lu(z)]

and
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are Banach spaces. The space L,(Q) is defined similarly. The Sobolev space W;"(€2)
is the space of functions from L, () whose all generalized partial derivatives up to
order m inclusively belong to L,(2) (m is a nonnegative integer). It is a Banach
space with the norm

1/p
lulhwpier = (X 1070l )

l7l<m

The space W2™™(Q) (see [11]) with m being a nonnegative integer is the Banach
space of functions from L,(Q), which have generalized derivatives D} D? with arbi-
trary nonnegative integers r and s satisfying the inequality 27 + s < 2m. The norm
in W2m™m(Q) is defined as

2m
lullyzmmgy =D Y ID;DsullL,q)-

7=02r+4s=j

We put

W, (@) = {u € Ly(Q): Dou € Ly(Q)},
V(E/% (Q) ={ue W (Q2): u=0 on 99 in the sense of traces}.

The symbol V(E/’gl(Q) denotes the set of functions belonging to W22 1(@) satisfying
zero initial conditions and vanishing on S.

We shall deal with two-dimensional vector-functions, each component of which
belongs to one of the above defined spaces. We set [L,(Q)]?> = L,(Q) x L,(9),
[L,(Q)]? = Ly(Q) x Ly(Q), etc. The norm, for example, in [L,(Q)]? (p > 2) is
denoted by [-]1, (). A similar notation is used for the norms in the spaces [W3(Q)]?,
L QP W2 (@)

Let || - || and [-] stand for the norm in L2(f2) and in [Lo(£2)]2, respectively. The
inner product in L2(92) and in [Lo(2)]? will be denoted by (-, -).

The solution of the problem (1)-(5) is a triple of functions (u,p,f) from
W2HQ)]2 x Wi(Q) x W2 (Q) that satisfy equations (1)-(3) for almost all ¢
and also the boundary and initial conditions (4)—(5) in the sense of traces.

Let J(€2) be the space of solenoidal infinitely differentiable and finite on € vec-
tors v(z) = (v1(x),va(x)), let J( ) be the closure with respect to the norm of the
space [W3(Q)]2. The elements of J(Q) are the vectors v(x,t) that belong to J(Q)

for almost all t. Let P; be the orthogonal projection of [L2(£2)]? onto J(Q)
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It is known (see [10]) that [La(2)]? = J(2) ® G(Q), where the subspace G(Q2)
contains the gradients of all single-valued functions in Q. Acting on (1) by the

operator P; and taking into account P;Vp = 0, we come to the problem

ou

(6) 5 YPiAu+ Py((u-V)u) — gBP;(kst) = P;f in Q,
(7) %—HA@-FU'VQIQD in Q,

(8) u=0, =0 on S,

9) u(z,0) =0, 6(z,0)=0 for ae. z€Q.

On the other hand, if functions u € j(Q) and 0 € W2 (Q) are solutions of
problem (6)—(9), then equation (6) can be written as
PJ(% —vAu+ (u-V)u—gb’kgé)—f) —0

and hence,

%—VAu-l—(u'V)u—gﬂk‘g@—f:Vpl

for almost all ¢, where Vp; € [La(Q)]2. Thus, problems (1)—(5) and (6)—(9) are
equivalent.
We consider the spectral problems

—vPjAe = Xe, ee€ J(Q),

e(r) =0, z€d

and
—KkAmM = pm,

m(z) =0, z €.
By A; we denote the eigenvalue corresponding to the eigenvector e;(x), by p; we
denote an eigenvalue, corresponding to the eigenvector m;(z). The existence and
completeness of the eigenfunctions e;(x) € [WZ(Q)]2NJ(Q), m;(z) € WZ(Q)NW(Q)
in the spaces [L2(9)]? and L2(Q) are proved in [10], [1].

Let P, be the orthogonal projection of [L2(£2)]? onto the linear span of the vector-
functions {e;(x)}?"_,, let P,z be the orthogonal projection of Ly(€2) onto the linear
span of the functions {m;(z)}7;.

The approximate solutions for the problem (6)—(9) are defined as

un(x,t) = Zai(t)ei($)7
On(z,t) = Z'yi(t)mi(x),
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where the unknown functions «;(t) and ~;(¢) (: = 1,2,...,n) are the exact solution
of the following problem:

Oun .
(10) % — UPy Aty + Pt Py ((tn - V) — gBPa1 Py(ksbn) = Por Py f in Q,

(11) 8(; — kAl + Ppa(uy - VO,) = Py in Q,

(12) Un(2,0) =0, 0,(2,0)=0, z€Q.

Here we have used the facts that P,1(vPjAu,) = vPjAu, and P,2(kP;A6,) =
RPJAGTL.
From now on, by C' we denote the so-called generic positive constant. It is inde-
pendent of n and can have different values at different occurrences.
Later the following multiplicative inequalities will be used very often (see, for
example, [8]). Let v € W} (),
K3 — Ko 2
V= ——>=, Ki=——1;, K1 <kg<ks3, I3<ly<ly.
K3 — K1 pi

Then

(13) [[o Cllll;

s

”W’Z(Q) l3(Q)|| | Wll'i(ﬂ).

This inequality also holds with Iy = I3 = 0 and ps =
In addition, we shall use the following well-known fact (see, for example, [13]).
Let u € W2™™(Q) and p(2m — 2h — s) > 4. Then any derivative D' D3u with
|a| = s belongs to the space L, (Q) with any r > p including » = oo and the inequality

”DéLD: )SEQm —2h—s—4(1/p— 1/r)||u||W 2h—s—4(1/p—1/r)HuHLp(Q)

zmm(Q)—l—E

holds for any ¢ > 0.
In the multiplicative form this inequality can be written as

(14) 1Dy DY < Cllully,

wzmm @Iz @
where = (2h+s+4(1/p—1/r))/(2m).

Lemma 2.1. Let f(z,t) € [L2(Q)]?, ¢(z,t) € L2(Q). Then problem (10)—(12)

has a unique solution u,(x,t) € [W2'(Q)]2 N j(Q), On(z,t) € V(I)/'gl(Q) for each n
and the inequalities

(15) (. D]y () < C.
(16) e t)HWz e
hold.
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Proof. We take the Lo(Q)-inner product of (11) and 60, (x, 7) and integrate the
resulting relation over the interval [0,¢], ¢ < T'. Then, using the equality

(Prz2(up, - V0,),0,) =0,

we obtain
t
(17) sup |\en|\2+/ V6,2 dr < C.
0<t<T 0
Similarly, using the equality

(Poa Pr((un - V)ug),un) =0

and (17), we have

(18) sup [un)? —l—/o [Vu,)? dr < C.

0<t<T

We multiply equation (10) in [L2(Q2)]? by —PsAu,, and integrate the resulting rela-
tion over the interval [0,¢], ¢ <T. Then

%[Vun(x,t)]2 + Z//Ot[PJAun(l',T)]2 dr
</O[f(xaT)][PJAun(fEaT)]d7+gﬂ/0 10 (z, 7) || [Py Aun (2, 7)] dT
+ / [t (2, 7) - V)tin (2, 7] [Py Atin (2, 7] -
0

elal? + e [b]? for sufficiently small

Now, using the Cauchy inequality |a|[b] < %

€ > 0, we obtain
t t
[Vun]? +/0 [Py Aun)?dr < C([f17,0) + 10n13.,0) +/0 [(tn - V)up)* dr).
This and (17) yield
t t
(19) (Vun]? + /0 [Py Aup]2 dr < c<1 + /O (- V)] dT).

Let us estimate the integral on the right-hand side of (19). Applying the Holder
inequality, we find that

+ t
J = /0 [(up - V)un]2 dr < /0 [un]2L4(Q) [Vun]%4(g) dr.
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By using (13) for the spaces W1 (), W2(Q) and W3 (), we get

t
J < C/o [un]i(n) [un]wz ) [unlwsz (o) dT-
Next,
[unliys oy = [un]® + [Vun]?.

Since u,, = 0 on 0f2, using Friedrichs inequality, we have
[un] < C[Vuy].

Hence,
[UJn]WQ1 @ S ClVuy,).
Therefore,

t
e / im0 [Vt [ty 7

From this and the coercive inequality (see, for example, [10])

(20) 2(@)lwz o) < Cl=PsAz(z)], Vz(2) € W Q) NJ(Q)

we obtain .
J<cC / [inl?., g [Py et [V .
0

Therefore, from (19) it follows that

t

t t 1
[Vu,]? + / [PrAu,)?dr < C(l + 5/ [PyAuy,)*dr + - /
0 0 0

Choosing sufficiently small £ > 0, we have

[Vun)? < C(l - /0 t[un]i4(9) [Vun]2d7').

Now, applying the Gronwall inequality (see [4]), we come to an estimate

t

(21) [Vu,|? < Cexp <C/O [un]‘}%(m d7'>.

We use the inequality (13) for the spaces L4(£2), Wi (), L2(Q), arriving at

T T
(22) /O [,y dr < C /O [un)?[Vu,)? dr < C,

[un]‘i4(ﬂ) [Vu,]? dT) .
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where the last inequality comes from (18). Therefore, from (21) we have

(23) sup [Vun(z,t)] < C.
0<t<T

By applying estimate (23), from equation (11) it follows that

(24) sup ||V, (x,1)]| < C.
0<t<T

From the coercive inequality (see [10])

]

@) g <C[(5-vRA)d],  YremEQPNI@

we have

[Un]Wzll(Q) < C([f]LQ(Q) + ||9n||L2(Q) + [(un : V)un]L2(Q))'

Then
[unlwz1(g) < CU+ [unlLe(@) [Vin]La(@))-

By using inequality (14) for the spaces W3 (Q), W3 (Q), L2(Q), we get

5/6 1/6
[Un]wzz,l(Q) < C(l + [Un]LG(Q) [u"]mij’l(Q) [un]L/z(Q))'

Since the space W3 (1) is embedded in Lg(2) and inequalities (18), (23) hold, it
follows that

5/6 )

[un]sz,l(Q) <C(l+ [un]WQQ,l(Q)

Thus, estimate (15) holds. By analogy we obtain (16).

From estimates (15), (16) and the Leray-Schauder principle it follows that the
solution of problem (10)—(12) exists. By analogy with the proof of the uniqueness of
the solution of the initial boundary value problem for the Navier-Stokes equations
(see [10]) the uniqueness of the solution to problem (10)—(12) is proved. O
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3. ERROR ESTIMATES FOR GALERKIN METHOD

In this section we establish error estimates for the approximate solutions, for the
gradient of the approximate solutions and for the derivative with respect to .

Theorem 3.1. Suppose that f(z,t) € [L2(Q)]* and ¢(z,t) € La(Q). Then

(26) sup [un (2, t) — u(z,£)] < CO 10> + i),
0<t<T

(27) sup |6 (2, 1) — B(z, )| < OO 14"+ ih),s
0<t<T

(28) nlingo[un(x,t) - u(x,t)]wzz,l(Q) =0,

(29) Tim |6, (2, 8) = 6(2,1) ][z ) =0,

where u(z,t) and 0(x,t) are the solution of problem (6)—(9).

Proof. For the differences u,, —u and 6,, — 6 we have

(30) w —vP;A(uy, — u)
={U = Pu)Pi((un - Vun, — f)+ Pr((u-Viu — (un - V)uy,)
—9B(I — Pu1)P;(k30y,) + gBP; (k36 — k30),
(31) w — kA6, — 0)

=(I = Pp2)(Vy - tup — ) — VO, - up + VO - u.

We take the [L2(€2)]?-inner product of (30) and u,, — u, take the Lo (Q)-inner product
of (31) and 6,, — 0 and integrate over the interval [0, s], s < T. Then

(32) %[un—u]Q—l—y/Os[V(un—u)]th
< / (Py(=F + (tn - V)t — gBksbn), (I — Por) (tn — )|l
0
+/S|(—(un'V)un+(u~V)u,un—u)|dt
0
p / (k36 — kb, — )] dt,
1 2 s 2
) 0.~ 01+ [ 190, o)
</ (V0 -t — 0, (I — Paz) (6 — 0))] dl
0
VO - u— Vb, - un, b0, — 0)|dt.
+/O [( u u )| dt
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Since 6, — 0 belongs to the space I/cl)/gl(Q), from (33) we obtain
1 2 ° 2
310 =07+ [ 190, = o)
<2 [ 196, - OlIvE, - u, — ol
+ /05 (VO - (un — u), 0, —6)]dt.

Because the space W;l(Q) is embedded in L4(Q) and in Wj’O(Q), by using the
Hélder and Cauchy inequalities and (15), (16), we get

1 S
36— 01+ [ 196, - )P
0
c _ e [f
< —Mniﬁr—/ V(6. — 0)]at
€ 2 Jo
+ / 1901l — a2, )16 — O112, .

This and (24) for sufficiently small € > 0 imply

661+ [ 196~ ) de < C<uni1 [l a6 = 010 dt)-

Using inequality (13) for the spaces L4(Q), W3 (Q2) and L2(£2), we find that
160 =61 + [ 1V (6~ ) at
<0+ [ T ulh oIV O, ~ 0] ).

Now, by applying the Cauchy inequality, we obtain

16361+ [ 1916, ~ o)[Par

<(imbi+ 5 [ 190 -0 s oo [Tuuald, o6, - oPar).

Hence, for sufficiently small € > 0 it follows that
) 6.~ 017+ [ 1V, - 0t < c(u;il 4 [ wnlt a6, - e||2dt).
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By analogy, from equation (32) we have

(35)  [up —u)®+ /OS[V(un — )2 dt

C<>\n+1+/[ un]‘z4(9)[un—u]2dt+/ |9n—9|2dt).
0 0

Adding (34) and (35), we come to the inequality
[t — ul® + 16 — 0]

< C(u;il A+ / ([ = wnl? iy + 1118 — Bull? + 0~ unF)dt).

We use the Gronwall inequality; then

T
(36) [un —u)?®+ |0, — 0)|> < C(ﬂn}rl + /\;}rl)eXp (C/O ([u— un]‘i4(ﬂ) +1) dt).

Similarly to (22) we obtain

T
/[u— L4(Q C/ (w — un)] [ty — u)*dt < C,
0

where the last inequality comes from (18) and (23). Therefore, from (36) we obtain
estimates (26) and (27).
Now we shall prove the relations (28) and (29). We put

ouy,
5y = el vP;Auy + Py((un - V)un) — 98Py (k3bn) — Ps f,
5,21 8(% — kA, + VO, -u, — .

Since u,, and 6, are the solution of problem (10)—(12), we have
8y = —(I = Pa)Psf + (I = Pa1) Pr((un - V)un) = gB(I — Pu1)Py(ksn).

Hence,

[00]02(0) < [(I = Pa1)Prflry) + [(I = Pat) Pr((un - V)un)]1,(q)
+[98(I = Pu1) Py (k30n)]1,(q)-

From (15), (16) and from the embedding theorems (see [13]) it follows that the sets
{Pj(un - V)u,} and {60,} are compact in L3(Q). It is known that a sequence of
bounded operators converges uniformly on a compact set, and therefore

(37) [5;][12((2) - 0, n — oo.

81



By analogy, we establish that
1671122y = 0, m— o0,

For the difference u, — u we have the identity

O(un —u)

e —vP;A(uy —u) = 61 + Pr((u-V)u — (uy - Vun) + 98Py (k3 (6, — 6)).

From this and from (25) it follows that

(38) [up— U;]W;J(Q)
< C(10n] o) + [(w V)u = (un - V)un]r,(Q) + [98k3(0n — 0)]1.(@)-

From (27) we obtain

(39) (98k3(0n — 0)|L,@) — 0, n — oo,

Now we estimate the second summand on the right-hand side of (38)

[(w- V)= (un - V)un]Ly(@) < [tn = tlLy@) [VUlLi@) + [un]Le(@ [V (tn — w)]Ly(0)-

By using the inequality (15) and the embedding of the space W5 (Q) in Lg(Q) and
in W,"°(Q), we come to the estimate

[(u-V)u = (un - Vun]r,Q) < Cllun — ulr, @) + [V(un — u)lryq))-

Further, applying inequality (14) for spaces L4(Q), W3 (Q), and Ly(Q), and also
for W, °(Q), W3 (Q), and La(Q), we have

((u-V)u— (up - V)un]Lz(Q)

< Ollun — uliy2

1/9 5/6 1/6
= g+ [t = 2 g — ulEi))

From this, (15), and (26) it follows that
(40) [(u-V)u = (un - V)un|r,@) — 0, n— oo,

Using (37), (38), (39), and (40), we obtain (28). By analogy, we come to esti-
mate (29). O
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In order to obtain error estimates for the derivatives of the approximate solutions
we introduce an auxiliary problem and prove its unique solvability. Let the vector-

function z; (z,t) belong to the space [W5'(Q)]2 N J(Q) and let the function zy(x,t)
belong to the space ng(Q) We consider the problem

(41) % —vP;Av+ Ps((z1 - V)v + (v-V)z1) — g8Ps(ksw) = Psh  in Q,

(42) aa_,l:_K/Aw'f'V'lU'Zl'f'VZQ'U:hl in Q,
(43) dive =0 in Q,

(44) v=0, w=0 on S,

(45) v(z,0) =0, w(z,0)=0 z¢cqQ.

Lemma 3.1. Suppose that h(z,t) € [L2(Q)]?, hl(x t) € La(Q). Then prob-
lem (41)—(45) has a unique solution v € [W Q)2 n J(Q), w e W3 (Q) for any
functions z € [W3' (Q)]2 N J(Q) and z3 € W2 '(Q) such that

[Zl]wjvl(Q) SR, ||22HW22’1(Q) SR,

where R is a positive constant.

Proof. We put

K(z1,22)) = (PJ((Zl - VV)ZIZ-.FI(I.V)M) _géf{(:ﬂ)) . (Z)) .

Then

(46) || K (21, 22)%|[Loc))?
<z VU] + [Vw - 21 || 4+ [(v - V)21] + ([ V22 - ]| + gB[ksw].

By using the Holder inequality and (13), we obtain

I = [(z1- V)] < [a1]La@) [Vola) < Cla]rao) [U]%g(g) [o] /4.
From (20) we have
(47) 11 < C[Zl]L4(Q) [—PJA’U]B/4[’U]1/4.

Because zl(:v O = 0, we see that

% st L [ 2 tvarae L [
// zy dx dt74/ﬂ/0 8t(zl)dtdx74/ﬂzldx.
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This implies that
/sz dz < C[Zl]WZ,I(Q) [zl]%G(Q).

The space W' (Q) is embedded in Lg(Q) (see [13]). Therefore,

/sz dz < C[zl]‘év;,l(Q).

Hence, from (47) we have
(48) I, < CR[—PyAv)>/*[u]'/4.
By analogy, we come to the estimate
(49) = [IVw - 21| < OR|| Aw|*/* ]2,
The space W$(Q) is embedded in Lo, (£2) (see [13]). Therefore,

I3 = [(v-V)z] < CllL_ )Vl
By using inequality (13) for the spaces Lo (Q2), WZ(Q), and La(f2), we get
(50) Is < C[Vz][-PrAv) /2 [0]) /2,

It is obvious that

/ / %Azldxdt / / avlezldxdt
- 8|V21|2 o 1 2
= 2/9/0 T dtdx = Z[Vzl] .

From this and from (50) it follows that

(51) I3 < OR[—P;Av)/?[v] V2,
Likewise, we come to the estimate

(52) Iy = ||Vzy - v|| < CR[—PyAv])Y2[]Y/2,
From (46), (48), (49), (51), and (52) we obtain

(53) | K (21, 22)9 |l (Lo (272
< CR([—PyAvP ] + || Aw|[3||w]|*/* + [— Py Av] 2 [v]/2) + Clw.
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Setting
—Z/PJA 0
A =
( 0 —KA) ’

1ALy )2 = [V PrAv] + || —kAw].

we get

From this and (53), by virtue of the positive definiteness of the operators (—P;A)
and (—A), it follows that

(54) 1K (21, 22) 0 |z (e < CHABI S a0 oo

Thus, the operator K (z1, z2) is subordinated to the operator A with order %. There-
fore, the statement of the lemma follows from Theorem 2.1 of paper [15]. O

Theorem 3.2. Let f(z,t) € [CY([0, T]; L2(Q))]2, f(z,0) = 0, ¢(z,t) € C1([0, T);
L2(9)), p(x,0) = 0. Then

Ofun — —1/8 | —1/8
55 H H O\ 7
(%) OiltlgT[ ot } +021:£T At + Hngd)
(56) sup [V(un, —w)]l + sup [|[V(0, — 0)] < OO+ unthh).
0<t<T 0<t<T

Proof. In problem (41)-(45) we put z1 = u, z2 = 6, where u and 6 are the
solution of problem (6)—(9), h = 0f/dt, hy = Op/dt. Then, according to Lemma 3.1,
problem (41)—(45) has a unique solution v € [W2"'(Q)]? ﬂj(Q), w e 13/31(@) Now,
we set 21 = U, 22 = 0, where u,, and 6,, are the solution of the problem (10)—(12).
Again, using Lemma 3.1, we obtain that problem (41)—(45) has a unique solution

v(n) = v(n;z,t) € (WP (Q)2N j(Q), w(n) = w(n;x,t) € V?/gl(Q) for each n.

It ) — (Z) W(n) = Y(n;z,t) = <Z((Z))> F= (P‘J;i%fﬂ), then

(57) ?,;f 4 AY+ K (w0 = F, (x,0) =0,

(58) 8%&”) () + K (. 60)0(n) = F,  (n; ,0) = 0.

Let P, = (D gl P(;) be the orthogonal projection of [L2(£2)]? onto the linear span
of the clements {e;, m;}"_,. Then from (57), (58) we have

G9) 2P g pn)) + Pa )0 — b))

ot
= (Pn = DK (u,0)( = 9(n)) + (K (un, On) — K(u,0))(n).
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According to inequality (54), the operator K (u,#) is subordinated to the operator A
with order 2. Hence, from [15] it follows that the operator ((0/0t) + A+ P, K (u,0))
is invertible and

(gt+A+P K(w.0)) '

(§t+A) (I—Pn(I+K(u,9)<gt+A) an)ilK(u,0)<gt+A) 1).

Therefore, from (59) we have

(60) ¥~ v = (2

x (I —p, (1 + K (u,0) (% + A)ian)ilK(u, 0) (% + A)fl)
X ((Pn = DE (u,0) (¢ = 1(n)) + (K (un, 0,) — K (u, 0))9(n)).

We estimate each summand on the right-hand side of (60):

wa)

1l (2o = H (81& + A) (I - P, (I + K(u,&)(% + A)_lpn)_l

x K (u, 9)(% + A)_l) (Py — DK (u, 0) (1) — ¢(n))H

(L@
<G +4) P DE@O@ v,

+| ( +4) ‘P, (1+ K (u0) (% + A>_1Pn)_1

x K (u, 9)(% + A>_1(Pn — DK (u,0)(v) — ¢(n))H[L2(Q)P.

In [15] the estimates were established, which with reference to the given problem can
be written as

(61) |G +4) =D,

< OO+ s >|\g||[L2<Q> Vg e [L2(Q)P,
(62) H (I + K (w,6) (% * A)_lpn)_l “[LQ(Q)]3~>[L2(Q)]3 <G
(63) |5 +4) 9], 0 < Clollzaa: Vo (L@

Taking into account (61)—(63), we come to the estimate

64) [ J1llizagys < COntE + i E (1w, 0) (9 — () [0y

0|k 0) (24 4) (P~ DE @, 0)w — v

[L2(Q))3
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From (54) we have

1 (u,0) (0 — () inac@ys < CIAG = bm)I oyl = v o

From Lemma 3.1 it follows that

sup_ [[v ()02 < €

St

(65) 1A () [iLa(@e < C-

Therefore, from the last three inequalities we obtain

(66) 1K (u, 0)(v = %(n))|l Loy < C.

Now we shall consider the second summand of (64):
-1

[ o)(5 +4) @ - DE@OW -]

<cla(g+4) @ - DE@OW- V)|
4K&+A)7m—mKw@w_meﬁ@W

Thus, taking into account inequalities (61) and (66), we derive

K(u,0
|t atar

This, together with (64) and (66), leads to the estimate
(67) [l zac@ne < ORI +pih™):

We estimate the second summand on the right-hand side of (60):

(68) 12 lcacop = || (e 4) (1= Pu (1 K 0) (2 +4) R)

< K (w.0) gt )Y (B s 00) — K (. 0)) ()|
< CI(K (un, 0n) — K (u,0))(n)||{£,(Q)2 -

It is obvious that

(69)  [I(K (tn, 0n) — K (u,0)9(n) L2012
< [Pr(((un = w) - V)o(n)lL, @) + V() (un = wllL.(@)
+ [Pr((v(n) - V)(un =)L) + IV = 0) - v(n)llL, @)

-1

[L2(D)]?
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Now we shall consider each summand on the right-hand side of (69). Applying the
Holder inequality, we get

I = [Py(((un —u) - V)o(n))]L, @) < [un — ul,@) [VV(n)] L, (@)

Next, we use the estimate (65) and inequality (13) for the spaces L4(f2), WZ(Q),
L2(9). Therefore,

T 1/4
L < C</O [tn — u]%,vg(m[un —ul? dt> .

From this and from Theorem 3.1 we obtain
(70) n<onE
By analogy, we find that

(1) L= Vo) (u, — )l < CALL,
I3 = [Ps((v(n) - V)(un — u)]Ly@) < [0(0)]Le@)[V(un — u)]Lyq)-

Now we apply estimate (65) and inequality (13) for the spaces W3 (Q), W2(Q), L2(9).

Then
T 1/3
I3 < C(/o [un_u]?/vg(a)[un_u] dt> .

From the preceding relation and also from Lemma 2.1 and Theorem 3.1 it follows
that

(72) <oy

Likewise, we obtain

(73) L = [V (6n — 0)v(n) | a(@) < Crinis'-
According to inequalities (68)—(73), we have

(74) |72l izaeope < COGH® + i),
From (60), (67), and (74) it follows that

(75) 1 — () lizaeye < COM + s
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. Un Un u
Puttlngwn:< ),zn=< ),z:< ),weget

(76) % + Ay + Py K (un, 0n)tn = PuFy - (,0) = 0.

Equations (76) and (58) lead to the relation

O =900) Ay, — b)) + P (tm, 00) (6 — ()

ot
By analogy with the proof of (75), it is easy to establish that
~1/8 ~1/8

(77) lvn — (M) liLy@s < CAt + By )-

From (28) and (29) it follows that

(78) lim

n—oo

_ %H
Ot ll[L2(Q))?

It is obvious that

wn_

0z
< 1= v lza@yp + 6o = 6 izacre + 6 = 5 o0

-

The last inequality, together with (75), (77), and (78) leads to the equality ) = 9z/0t
almost everywhere in (). Since

O(zn —
HM 1Y) = dnlliza@yre,

ot H[LQ(Q)P S H% B (n)H[Lg(Q)P

from (75) and (77) we obtain estimate (55).
Because z, is the solution of problem (10)—(12), we see that

Ozn
22 e PPl V)] + [Paa(V0, - )|

+ 9B[Pn1 Py (k36n)] + [Paa Pr f] + [| P2

[Azpl[L, 0 < H

Hence, from (55) and (17) we have
[Azlizae < C + [t - V)] + [V, .
Applying the Holder inequality, we obtain

| Aznll[Lo)p < C + [un]Lg@) [VunlLs @) + [UnlLe@) VOl Ly
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Since the space Wy () is embedded in Lg(2), from (23) and (24) it follows that
| Aznll[Lo)p < C(L+ [Vun]r,) + VOl L))

Now we use inequality (13) for the spaces W3 (Q), W2(Q), L2(2), and inequalities (17)
and (18). Then

2/3 2/3
1Azl {zas < OO+ unlis ) + 1a ]33 q)):

This and coercive inequality (20) yield
2/3
1Azl Loy < CO+ [[AznllF7E yp0)-

Therefore,
sup || Azn|l [z, )2 < C.
0<t<T

We use the moment inequality (see [9]), concluding that
1/2 1/2
[V (tn = w)] + [V (O = Ol < [ Azn = 2) | {foaypo 20 = 2117 2o

Hence, the desired estimate (56) follows. The proof of the theorem is complete. [

Remark. In this paper, the unique solvability of the approximate problem
for the heat convection equations was proved. The convergence estimates for the
Galerkin approximations and their derivatives in the uniform norm were obtained.
In this case the eigenfunctions are not represented in an explicit form. However, in
numerical realization of the method the eigenfunctions can be found approximately.

The technique can be applied to the study of other initial boundary value problems
for the heat convection (e.g. with a free boundary). Then the eigenfunctions can be
written explicitly for certain types of domains.
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