Acta Universitatis Carolinae. Mathematica et Physica

Karel Drbohlav
A note on the minimum-ideal of a given matrix

Acta Universitatis Carolinae. Mathematica et Physica, Vol. 3 (1962), No. 1, 17--18

Persistent URL: http://dml.cz/dmlcz/142142

Terms of use:

© Univerzita Karlova v Praze, 1962

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/142142
http://project.dml.cz

g
1862 Aocra Unwmrrém CABOLINAE — MATHEMATICA ET PEYSIOA NO. 1 PaG 17—18

o1

A NOTE ON THE MINIMUM-IDEAL OF A GIVEN MATRIX
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The aim of the present note is to show how the notion of the minimum-ideal
and related methods introduced by N. H. MoCoy [1] may be used for genera.l-
ising a theorem on singular matriceg dute to O. Bonﬁm 2}

Let A be a given square matrix with elements in an arbltrary commutative
ring R with unit element.. The minimum-ideal .of A consists of all polynomials
¢(x) € R[z] with the property g(4) =O. It was already proved by McCoy
that, given any y(z) € R[z], the matrix y(A4) has its inverse matrix over R
if and only if (§, y(z)) = (1). From that it follows immediatly that & is not
a maximal ideal of R[z] if and only if there is a polynomial y(z) € R[x] such
that y(A4) # O and. such that y(4) has no inverse matrix over .

However, a generalisation of Boriivka's theorem (see [2], Theorem 2 or
the end of this paper) may be got as well as follows: -

THEOREM: Let R be an arbitrary commutative ring with unit element and let A
be a square matriz of order n with elements in R. The minimum-ideal § of A
18 not prime if and only if there is a polynomial y(x) € R[x] such that y(4) # O
and such that at least one of the following two conditions is satisfied:

a) det((tp(A)) =0, :

B) there exists a square matriz B of order n wtth elements in R such that det(B) +#~
# 0 and y(4)B = 0.

Proof: Suppose first of all that J is not prime and oconsider ¢(z)i(z)€ S,
oz) ¢ I, A(z) ¢ . It follows that ¢(4)i(4) =0, ¢(4) #0, i(A) #0. If
det (4(4)) = 0 the condition «) holds for ¥(x) = A(z).In the opposite case ,we put
¥(z) = p(x) and B = i(A4) and we get B).

To make the proof in the opposite direction consider at first the case p(4) %0
and det(y(4)) = 0. We denote by E the identity matrix of order » and we put
M(x) = y(x)E —y(4), d(x) = det(M(z)). From M(A) = O follows (see [1],
Theorem 3)8(4) = O and é(z) € J. Further from det(y(A4)) = 0, using the well-
" known expansion of det(M(z)) in powers of y(z), we get d(z) = [p(z)]"[a +
+ y(@)i(z)] with a # 0, A(x) e R[z], 1 <m < n. Now the assumption for S to be
prime leads to a oontra.dlctlon as follows. It would be a + ¢(z)i(x) e, all +
+ y(4)A(4) = 0. From,a # 0 we'have i(z) ¢ §. ’It follows

P(A)A(A4) = —aF, 0 = det(p(4))det(i(4)) = (—a),
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A4 = (—a)E =O.

It must be A(z) € § what is a contradiction with i(z) ¢ 5.

Consider now the case p(4) # O, det(B) # 0 and 1p(A)B 0 Put M (z)
= y(z)B so that M(4) =0. If 6(2:) = det(M(x)), it follows again 8(4) =
But § (x) = [p(x)]*det(B) € I and the assumption for § to be prime would give
det(B) e J and det(B) = 0 contrary to our hypothesis. Thus our theorem is
proved.

In the case that R is a field the condition g)never holds and we get Boriivka's
theorem (see [2], Theorem 2): The minimal polynomial ¢(x) of A is reducible
gver ERAzf and only if there is a polynomial y(z) e&R[x] .mch that w(4) #0 and

et(y(4)) = 0.

POZNAMEKA 0 M-IDEALU DANE MATICE

Souhrn

V préci se pouZivé pojmu M-idedlu (minimum-ideal) ¢tvercové matice nad libovol-
nym komutativnim o em 8 jednotkovym prvkem, zavedeného N. H. McCovEx
[1], ke zobecnéni jedné véty O. BordUvky ({2], véta. 2). Uvédi se nutné a postadujict
podminka k tomu, aby M-ideédl dané matice nebyl prvoidesl.
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