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STATIONARY NON-ERGODIO SOURCES 

MHíOSiiAv NosÁi. 

Department of Mathematical Statistics at the Charles University, Praha 

{Received 17. VHI. 1081 

In this paper the special type of stationary noh-ergodic sources is studied and funda
mental theorems on transmission for this type of sources are proved. This work proceed 
from Winkelbauer's work [5]. 

INFORMATION SOURCES 

Throughput the whole paper the set of all natural numbers will be denoted 
by N and the set of all integers will be denoted by J. US is a finite non-empty 
set then the symbol S1 designates the set of all mappings of / into S, i. e. the 
set of all sequences of elements in S which are infinite to both sides; if x e S1 

then we shall write xt instead of x(i) for any i el. The a-algebra of subsets of 
S1 generated by the class of all sets of the form 

{x : x e S1, Xi = a)9 i e I, a e S 

will be denoted by F5. If p is a probability measure on the or-algebra F8, then 
the couple [S9 ft] will be called a information source or shortly source. Let Ts 
be the transformation of S1 defined by the equation 

(T8x)i = xi+l9 xeSz,ieI 

If p(T8E) = [A(E) holds for every E e Fs, then the source [S, fi] is said to be 
stationary. If further 

EeFS9 T8E = E9 p(E) > 0 =» p(E) = 1 

holds, then the source [S9 p] is said to be.ergodic. 
LEMMA 1. Let [S, fi(i)]9 i = 1, 2, f.., k be k different ergodio sources. Then 

the measures fi(i) and p® (i -?-= j) are singular and there exists the measurable 
partition & = (El9 E2, . . . , Ek) of S1 such that 

p{i)(Ej) = 5ij, i, j == 1, 2, . . . , k (Kronecker's symbol). 

Note: The sources [S9 p] and [S, v] are said to be different if there exists 
a set E e Fs, such that fi(E) ^ v(E). 
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Proof: It follows from Birkhoff's ergodic theorem, that the following 
relation holds for any /j^-integrable, i = 1, 2, . . . , fc, function f(x) on S1: 

(i) 

n—-11 

,1* {* : xe&, ^^ftтj) -* $&*} = 1, » =» 1, 2, ..., *. 
1=0 

Since the sources [S, /*<*>] are different, there exist the sets Ey e P5, i, j = 1, 2, 
. . . , k, i < j such that 

l&'(Ev) *i&(EM). 

Now we put in (1) /# = xS{j (characteristic function of the set Ey). 

Then f A V 1 «^(-*«)» I7«*»w = /*{i)(Ey) 
Further, the sets 

n—1 

^ = { 3 ; : . r e s ' , ^MTjx) -> .«»(-*«)} 
i=o 

n—1 

#« =.{* :a;es', - L ^ / ^ ) -̂  /*«>&«)} 
1=0 

are disjoint for any pair i, j = 1, 2, . . . , k, i < j and 

J W « ) = « h , . 0»(-*W = 0 , i,j = 1,2, .,.,*,» # j . 

If now we put 

-®i = n * « , » = 1,2, ...,fc 

then it is clear that 
/i«(«) = 1, » = 1,2, ...,-* 

Further 
* * ' 

ffii{Ei) = l&( n *u) ^ /*<»(-**) = 0 , i, j = 1, 2, . . . , k, i * j 
1=1 
l # i 

and , 

-«in*S = n *Vn n FimCFynFji = 8 (empty set), i, j = 1, 2, . . . , k, i ^j 
1 = 1 OT--1 

If we put 
&—1 

Ei = Ei9i = 1 , 2, . . . , A — 1, Ejc^S1— \jEif 

*=* 
then the partition ^ = (l^, .S2, • • • > -̂ a) has the property from the assertion of 
LEMMA 1. q.e.d. 
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LEMMA 2. Let [&, /jf% i = 1, 2, . . . , k (k > 1) be k different ergodic sources. 
Let«!, a* . . . , »* be fc real numbers such that 

fc 

^ = 1, « i > 0 , i = l , 2, .. .,fc 
i = l 

Further we put 

fJL = > dc<u<*> 

• 6 - J 

Then the source [S, ji] is stationary but non-ergodic. 
Proof: If EGF8 then obviously / 

fi(T8E) = V aifito(TsE) = y « ^ ( . 0 ) = p{E) 

І-=I i - i 

•»-»*; In accordance with LEMMA 1 there exists the partition £? = (Et, Etf 
such that 

/.«>(#,) =a«, * , j = i , 2 , ...,*. 
00 

Now we shall investigate the set E = U T ^ . 
i——oo 

oo 

^>(£) =/ i< 1 >(U^i) .>^ 1 , (^ 1 ) => *»(.«) - 1 
i-»—oo 

' 00 00 

^(E) = rnvjyvi) ̂ fiT^i) =2 ̂ ^ = °« ' = 2> » » • • • » - -
i——oo' i——-oo 

It is dear that 
ItiJB = E. 

But 
fc 

fA(E) = V «^«)(B) = *! q. e. d. 
i - l 

Let [/S,/LC] be a source. For any n€N , let ^ be the set of all "ordered n-tuples,> 

of the elements from 8. We define the probability measure on the <r-algebra of 
.all subsets of Sn by the relation N • 

pn(E) = /*{*: a €/SM^/*i> ...9-x^1)ei\9- EcS* 

For every neiVwe denote 

Sn = — V Ain(x) log-/i»(x) 

41 



where logarithm is taken to the base 2. If a real number h exists, such that 
sequence • • . . 

* Hn, n = 1,2, . . . 
n 

converges to h, then the number h is called the entropy of the source [S, p] 
and is denoted by H[S, p]. (It is easy to show that the entropy of a stationary 
source exists.) 

Let [S,p] be an information source and for every n e N let nn be the mapping 
of the set {1, 2, . . . , sn} (where s is the number of elements in S i. e. 8 -= card S) 
on Sn so that 

PnfanU)) >Lin(nn(j + 1)K 

If e is a real number, 0 < e < 1, then the number Ln([,S, p], e), where 

k 

Ln([S, p], e) = min Ik : \pn(nn(j)) > 1 — e\ 
i=l 

is called the n-dimensional i-length of the source [S, p]. 

LEMMA 3. Let [S, p{i)], i = 1, 2, . . . , k be k sources. Let. aly og, . . . , a* be k real 
numbers such that 

* ' k 

*i > 0, i = I, 2, ...,&, \ «i = 1. 

Further let 

ЙЦU<*>. ^=2 
t - i 

Then for every n e N, 0 < e < 1 the following inequality holds 

i„([s, A*], e) < ^ Ln{[S, /.<«], e). «- l 

Proof: Let #,„, j = 1,2, . . . , k, n e N be the mapping of the set {1, 2 , . . . , $»} 
(where 8 = card S) on Sn such that- ^ 

^^(l))^^(^n(l+l)h 

Then for any n e . i V , 0 < f i < l 

m 

Ln[(S, /&], e) = minjm :S^'(^.(0) > 1 — e}, j = 1, 2, . . . , k. 

Now we form the sets 

Mf = {x : xes", ^(J) = x, Z = 1, 2, ..., £„([£, M«], «)}, j = 1, 2, . . . , k. 

42 



Obviously 

L t 
h<*(M,)>l+e, j = 1,2, . . . , * 

м = u Mj: 
j - i 

1-1 J-1 

In accordance with LEMMA 3, § 8 in [5] 

card M ^ Ln([5, /*], e). 
But 

card M <S card Jf, = y £»([#» /i»], e). 
J - l 7 - 1 

in([«, /i], e) ^ y £n([£, /!«], *)% neN,0<e< 1 q.e.d. 

COMMUNICATION CHANNELS 

Let .4 and £ b e a finite non-empty sets and let v be a real valued function on 
the Cartesian product FB x A1 satisfying the following properties: 

a). For any x e A1, the set function v(., x) is the probability measure on the 
cr-algebra F£. 

b). For any set E e F*, the point function v(E,.) is F^-measurable. Then the 
triple [A, v, B] is called the communication channel. If further next oondition is 
satisfied: 

o). v(TBE, TAx) =v (E, x) for any E e F*, x € A1, 
then the channel [A, v, B] is said stationary. 

Let [A, v, B] be a channel. If there exists a non-negative integer m such 
that, for any 

x e A1, x* e A1, n e N, % e I, b e B* 
the relations 

Xi+j = x'i+j, j = —m, —m + 1, . *., —1, 0, 1, -«-.., n — 1 

imply that 
v(Vin(b),x') =v(VU*),x) 

where ^ 
Vin(h) = {y :yeBl, yi+i = bh j = 0, 1, . . . , n — 1}, * 

then the channel [A, v, B] is called a channel with finite past history; the 
least non-negative integer m, for which the above conditon is satisfied will be 
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caUed the length of the finite past history. We emphasize that the concept of 
the channel with finite past history, introduced and investigated first in [5], is 
more general than the concept of the channel with finite memory. 

Let [A, v, B] be a channel with finite past history of length m and let a be an 
integer, s :> m. If n e N, then for any u e As+n we define the probabiUty measure 
vn(. | u) on the cr-algebra of aU Subsets of B* by the relation 

vn(E\n) = v({if : y e B1, (y0, yl9 . V., yn^) e E}, x), where x e F_,. ̂ .(u). 

Let [A, v, B] be a channel with finite past history of length m and let neN, 
0 < e < 1. The set of aU mappings of Bn into Am+n wiU be denoted by 
K(B, A, m + n). Then the number Sn([A9 v, B], e), where 

Sn([A, v, B], e) = max {card {x : xeAm+n v(tp"1(x)\x) > 1 — e} : 

: xp e K(B, A, n,m + n)} 

is called an ^-dimensional e-size of the channel [.4, v, B\ Further we define the 
number C[A, v, B] by the relation 

C[A, v, B] = Urn Uminf — log Sn([A, v, B], e) 
*->0 n->oo n 

(the existence of the Umit is estabUshed). This number is caUed a capacity of 
the channel [A, v, B]. 

TRANSMISSION 

Let S be a finite non-empty set. If n is a natural number then a non-negative 
finite real-valued function wn on the Cartesian product /8>* x 8* is caUed an n-di-
mensional weight function on 8. An n-dimensional weight function wn on 8 is 
caUed regular if, for any z e Sn 

wn(z, z) = 0. 

The sequence w = {wn}, where for any n e N wn is an n-dimensional weight 
function on S will be caUed a weight function on S. If a weight function w 
consists of a regular n-dimensional weight functions only, then w is said to be 
a regular weight function on S. A Weight function won 8 is said to be bounded 
by a real number t if 

wn(z, z') <, t for z, z' e Sn, n e N . 

If w is a weight function on S, we shall define the fuction vn on the space 
S1 x S1 by the relation 

Vn(X} X') = Wn((x0, Xx, . . . , Xn.x), (X0, Xi . . . , Xn-X)), X, x' G S1 . 

If we define, for neN, the n-dimensional weight function vfn on S by the 
equation 

we
n (x, x') = 0 for x = x', x, x' e S* 

vfn (x, x') = 1 for x T-- x', x, x' e Sn 
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then the sequence W = {Wn} will be called the error weight function. The 
errror weight function is regular and bounded by the number 1. 

If we define, for n € N9 the n-dimensional weight function vat on 8 by the 
relation 

ł=-l 

then the sequence w* = {wf
n} will be called the frequency weight function. 

The frequency weight function is regular and bounded by the number 1. 
It is clear that 

(2) (n +s)wn+,((u9 v), i*'*yi ^ n,t<(n, W) +*.uP(r,Y), 

u,u{e-fr9Y9 + eS9.-

Jiet 4 and Bbe two finite sets and n, seN. Amapping* from A* into & 
ig called a code of type (n, 8) from A into J5. If the mapping x is one-to-one, 
then the code x is also said to be one-to-one. We denote the set of all codes 
from A into B of type (n, s) by K (.^J^n**),, 

If mel9 m ;> 0, n* seN9 m <n9 XGK(A, B, n9 s) 
and if t — 

x(x'9 x) ^x{?F,x)9xeA*-» 

for any x", x' €ulm, then we shall say that the code x doee not riiftti>gnfrh 
the first m symbols. Then the codtfV € K(A9B9 n — m9 s) uniquely defined by 

*'(i> =? x(x?9 x), x' 6 Am
9 x e A*-* , 

••• • ' . . ? . . ' • • 

will be called the reduced form of the code *. 
Let x be a code of type (n, *) from 4 i-M*> B, where n > 0. We define the 

transformation x of 41 into J3* by the equation 

(Mtei (**Wl> • . . , ' ( « ) * ^ i ) fef »(̂ *n, «toH.l» • • •, ar^+n-i), * € / , X G A1 . 

The transformation T is said to be associated with the code x. , 
I-̂ t [8, fi] be an information souyoe, let [A, v, B] be a communication chan

nel and let w be a weight function on #* Further let n, 5 € N, * e JSL(IS, .4, n,*), 
deK(B, 8, s, n). We shall titifa'fa-i^.t&8-, /i], C4, >, -?], x, <5; w) of 
length n with respect to the weight function *? on 8, corresponding to the trans
mission e£ the source [89 p] over the channel [A, v9 B] with th* encoder x and 
decoder d by the equation 

rn([S9 p]9 [A, v, B], x^#; w) ==£(** (*> QV) dv(y9 tx) dp (x)9 

where t and Q are the transformations aasooiated with the codes,Kand d. (It is 
easy to show that the risk is defined by the above equation.) The minimum 
risk rnt9([8, p], [A, v,B]; w] will be defined by the relation 

rU[S, p], [4, v9 B]; w) = min {rn({89 p]9 [.4, v, B]9 x9 3; w) : 

: x e K(S9 A9 n, s)9 d e K(Br 8, s9 n)} ,-
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The risks with respect to w/> or wf will be called the probability of error or the 
average frequency of errors, respectively. 

It is clear that if [A, v, B] is a channel with finite past history of length 
m, [S, ft] is a source, w is a weight function on 8, n, s e N, x e K(8, A, n, s) 
b G K(B, 8, a, n) then 

rn([S, fi], [A, v, B], x, d;w)'*=\ \ wn(x, by) v8(y | xx)fin(x) . 

x€Sw y€B* 

If even [S, ft] and [A, v, B] are stationary, if b does not distinguish the first m 
symboles arid if 6' is a reduced form of the code b, then clearly 

(3) rn([S, fi], {A, v, B], x, b; w] = ^ ^ wn (x, b'y) „,_w(y | xx)fin(x) . 

xe-S* yeB*"11* 

We shall say that the source [8, fi] is transmissible over the channel [A,v,B] 
(with respect to the weight function w on S) if, for every positive real number «, 
there is a natural number n such that 

U.n([S, ft], [A, v,B]; w) < e 

We shall say that the source [8, fi] is strictly transmissible over the channel 
[A, v, B] (with respect to the weight function w on 8) if, for every positive real 
number e, there is a positive integer n0 such that, for any natural number 
?t i> fto the inequality 

rn,n([S, fi], [A, v, B]; w) < e 
holds. 

We shall say that the source [S, fi] is not transmissible over the channel 
[A, v, B] (with respect to the weight function w on 8) if there exists a positive 
Teal number € such that 

inf r-n, n([8, fi], [A, v, B]; w) ^ e . 

LEMMA 4. Let [8, /*<»>] be sources, i = 1, 2, . . . , k. Let <x, *%, . . . , at* be non-
negative real numbers such that 

t=*i 

Let ^ 
k 

"1 0ЩІ 

i=т 

(i) 

"Further let [..4, v, B] be a stationary channel with finite past history, w a 
weight function on 8, n, s e N . 
Then 

k 

U([S, fi], [A, v, B], x, b; w) = y a,rn ([S, ^>], [4, v, B], x, b; w) 

i = \ 
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»*.([£./*], [A, v,B];w) :>y «fUlS,m> [-->' V, B]; w): 
' •"• i = l ' - ' • • ' . ' • 

Proof: By definition 

rn([S, p], [A, v, B], x,d; w)~jyvnfa 

where ris the transformation associated with thecode x and pis the transformation 
associated with the code 6. Let /(a?) be afunction on S1 defined by the relation 

f(x) =^n(x,Qy)dv(y^ zx). 

It is clear that/(x) is a simple function and oosequently is integrable. 
Obviously * " 

J/(a:) ĉ (a:) = 2 ^ J/(̂ )d>» (̂ar) 

and then 

rn([S, pi [A, v, B], x, dywy =^*V*^,m> Ml * B± *, *; w). 
i=-l 

Further 

inf Ы[8,/i], [A, v, B], x,å; ш); x є Ќ(S, *;<*, «), ł e K B Д í , - ) } = 

= rU[S, ft],[A, v, B]; w) ^ - ; 
* ' ' " ' • ' • : • " ' ' . 

^ У cц inf {rn([S, /.<*>], [A, v, B], x, ôi w) : * e Д<І, Л, n, І),è èЩB, S, s,»)} = 
. i==i . . . , • ' • \ .-'? ,: "' . .-.?•' 

* r?-. ;- '•• j .- - • , ' ' . 

^УcaГnЛtf, fл<4 [A, v, B];w). q.e.d. 
i=-l 

Now we can proceed to thi proofs of the fundamental theorems. 
THEOREM 1. Let [A, v, B] be a stationary channel with finite past history. 

Let [S, /*<*>], i = 1, 2, . . . , h be different ergodic sources such that 

max H[S9 j*«>] <C[A, v, B]. 
i < < < * 

k 

Let«!, <%„ .. . , ak be positive real numbers for which \ «i == 1 . 
i-=l 

* ' ' • • 

fA = > «^*(<* 

Further let 
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and let w be a regular bounded weight function on S. Then the source [S, p] 
is strictly transmissible over the channel [A, v, B] (with respect to the weight 
function w on S). Especially the source [S, fi] is strictly transmissible over the 
channel [A, v, B] with respect to the error weight function and with respect 
to the frequency weight function. 

Proof: In accordance with Theorem 4, § 16 in [5] it is sufficient to prove 
that the source [S, ju] is strictly transmissible with respect to the error weight 
function. 
We denote 

H = max .ff [#,/*<*>] 

According to LEMMA 3 if 
0 < * < 1, neN 

then 
k 

Ln([S,rì,e)<zУLni[S,^le)-

Since the sources [S, /i<*>], i = 1, 2, . . . , i are ergodio then according to Theorem 
4, § 7 in [5] and Lemma 5, § 8 in [5] 

i log LJL[89 /•»], s) -> H[S, * * ] , i = 1, 2, . . . , * 
n 

and oohsequently for any e > 0 there exists n^ natural such that for » <> »* 

— logLn([S,^), e]<H[S,p&] +e<H +s,i = 1 , 2 , ...,k. 
n 

Now we denote n0 = max n&. Obviously for any natural number n *> n„ is 

^ i « . > i V < ^ , * = i, 2,..., *. 
Consequently for any e > 0 there exists a natural number n0 such that for 
every natural number n ^ n* is 

(4) \f Ln([S,fx],e)<k.2«*+*. 

Let a real number e, 0 < e < 1 be given. We choose A > 0 and 0 < e' < 1 
so that * 

jy—eT.4, , , £ ] +e' +X = / 9 < 0 , 2f i '<€. 

Let m be the length of finite past history of the channel [A, v, B]. We put 

' , h = 2-mlC[A'y-Bi—xK 

According to (4) there exists a natural number nx such that for any n ;> n^ 

Ln([Syf*]ye')<k.2«*+<\ 

According to Theorem 1, § 17 in [5]*there exists a natural number n-, such that 
for any n > % 

Sn-m([A, V, B]S') > 2^-^X^.V.^-A) = h m 2n(CU,r.B}-X)m 
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We-denote n, = max (».. n,). Then for any natural number * >. n, 

LJdS,rt,S) k.V**™ . h L ' 

Sinoe ft < 0 there exists a natural number n, audi that for any ft > ft0 

According to Theorem 7, § 17 in [5] there exists a one-to-one code x e K(8, A 
n, n) and code d e K(B, #, n, n) so that 

rJL8, ft], \A, v, B], x,d; u?) < 2^ < e ' ' * q.e.d. 

THEOREM 2. Let [A, v, B] be a stationary channel with finite past history 
such that G[A, v, B] > 0. Let [8, /*<*>], i = 1, 2, . . . *» be ergodio sources such 
that 

max UlSti/i*} =*C[A, v,B]. 
l < i < * * 

* 
Let «i,'oc2, . . . , <x* be real positive numbers such that *£« 

4 - 1 

Further let 

/ * = = - > ói/i<%; 

Then the source [£, /*] is strictly twjaariwbte over the channel [A, y, B] 
with respect to the frequency weight function i^. , ? 

Proof: First of all we prove then the sou*pe [£, /*] is transmissible over the 
channel [A, v, B] with respect to the frequency weight function W*. In accord
ance with Theorem 3, § 16 in [5] the source {8, p] shall be strictly transmissible 
over the channel [A, v, B] with respect to the frequency weight function vf. 

Let e' > 0 be given. We must choose a natural number ^ and codes xe 
eK(S, A, ft, ft), d e K(B, 8, n, n) audi that k *• 

rn([S, pi [A, v, E], x, d; vt) < e\ 

We denote H = max H[S, p®] and let m be a lenght of finite past history 
l< i<* 

of the channel [A, v, B]. 
Now we choose 0 < e < 1 and A > 0 such th%t 

22 1 
3 e > « ' , 1<B, T - L j < L « ' . 

In accordance with Theorem 1, §1T in [5] there exists a natural number p9 
such that for any p >. p^ 

Sp([A,v,B],e)>2«*-» 

Further in accordance with (4) there exists a natural number q», auoh that 
forany9 .>g 0 . . ' ' • * 

£ , ( [#>] , «)<i.**<*+*> 
holds. "• 
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я—д [ JJ 
P —= 

H + A 
logfe ] 

. H + X\ 
Then 

„ ^ B-K \ogk 
q ^ v H +X H + X 

and cosequently 
k^iH+l) < - 2v{H~k) 

Since p > p0, g "> g0 we have . , 

i a ( [ / S , ^ ] , e ) < ^ ( [ ^ , V , £ ] , £ ) . 

According to Theorem 7* § 17 in [5] there are codes x' e K(S, A, q, m + p), 
8' e K(B, S, m + p} q) where d' does not distinguish the first m symbols such 
that 

rq{{S9 H [A, v, B], x', 8'; w) < 2e . 

Now we put n =-= m + p. Obviously q <>n. 

Further we define a code x e K(S9 A,n,n) by the equation 

x(z) = x (z1, z29 ..., zQ), z = (zl9 Zs, . . . , zq9 ... zn) eSn . 

and a code 6 e k(B9 S9 n9 n) by the equation 

8(x)=(d'(x)9u)9xeB» 
where u e S*~Q i% a firm vector. We show that the codes x and 8 are suitable 
for our purpose. * 

The code 8 does not distinguish the first m symbols. Let d" be the redueed 
form of the code 8. Obviously 8" e K(B9 S9p9n). 
In accordance with (2) and with (3) 

rn([S9 >], [A9 v9 B]9 x, 8; w>) = ^ ^ <(z, d"x)vP(x | xzK(z) = 

zesn x€B p 

"2 2 _£(» ^(z,,i*x) + !^<^(^'-))MX|^K(Z,Z') 
z€S« z'e^-^xeB - 5 

where <5* is the reduced form of the code 8'. • 

rtt([S, /i], [,4, v, B], x,d;wt)=±^^ «£(«,- (J*x)vP(x | x'z)pq(z) + 

+ A ^ i " 2 M , ^ ( z ' u K " s ( z ' ) ^ 
Z ' € S » - T 

^ * £ 2 2 «̂ (z,«J*xK(x| x'zK(z) + ̂  « 
-esflxeBi" 
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E€S*X€-9* 

= f- *•«([/?, A»], [Av.B], V i ^ ) 4 - - ^ -

But - ^ = ^ = m + ^ ~ g < 4 « V £ < i,T,mrt,\Ar9,Bl,tf,P;mfi) < 2e 
n tn + P & n , 

and consequently 
rn([S, /*], [A, v,B], x, d;ut) < 2e + i - e' < e' 

. q, e, d, 
THEOREM 3. Let [A, v, B] be a stationary channel with finite past history. 

Let [S, /*<*>], i ==1 ,2 , . . . , & be argodic sources such that 

max H[S, /*«>] > C[A, vr B]. 
1<*<* , - " ' 

' ~"^' , k 

Let al9 «2, . . . , *k be positive rpal numbers such that \ «4 == 1 . 
i«-i 

Further let 

- 2 ÖЦ/Í ;«> 

Then the source [&,•/*] is not transmissible over the channel [A, v, B] neither 
with respect to the error weight function w nor with respect to the frequency 
weight function tir*. 

Proof: Let [S, /*<*>] be the source for which H[S, /i<*>] -= max HIS, /*<*>]. 
l< i<* 

Since H[S, /*<*>] > C[A, v, B], there exists (according to Theorem 7, § 19 in 
[5]) e' > 0 such that 

m f r n . n ( [ ^ n ^ 
neN . . ' . . . . 

By assumption aj > 0. We denote e == one' > 0 . 
According to LEMMA 4 we have 

1 • . k 

rj\a, / . ] , [A, v, B]; w>)-2> S ^([8, > ] , [A, v, B]; w) 

Then 

inf rU[S, ft], [A, v, B]; w) ^ ^ * inf r^([s, / * • ] , [A, v, B]; w>) ^ 
neN i k A\U • ^ ' 

" ! i = - l - • 

2> a i inf ^ ( [ S , /*<*>], [4, v, B\; w) -> e . 
neN ' - ' • / ' , . 

Second part of th* proof we obtain if we write v$ instead W. ••*]"< q* e* d. 
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THEOREM 4. Let e and K be arbitrary real numbers, e > 0. Then there exists 
a stationary source [S9 ft] with the following property: 

1. H[S,/i] = f i . 

2. If [A; v, B] is any stationary channel with finite past history such that 

* C[A9v9B]<:K 

then the source [S9 fi] is not transmissible over the channel [A, v9B] neither 
with respect to the error weight function up nor with respect to the frequency 
weight function %tf. 

Proof: If K < e then the assertion is the consequence of Theorem 3,. 
§ 19 and of Lemma 7, § 6 and Lemma 3, § 7 in [5]. Then let be K *> e. We 
choose real numbers ^, t% such that 

0<t1<e, K < t% < + oo . 

According to Lemma 7, § 6 and Lemma 3, § 7 in [5] there exist ergodic sources 
[S9 /i0)] and [S,/*™] such that 

-ff[£,i"(1,]='i H[S9^]=t%. 
Now we choose a > 0 and /3 > 0 such that oti-., + fit^ = e, a + 0 = 1 . 
Further we define the source [S9 fx] by the equation 

According to LEMMA 2 the source [S9 ft] is stationary and according to Theorem 
6, § 6 in (5) 

H[S9 fi] == **-. + fa = e . 
Since 

max H[89 /*<*>] = H[S9 ft™] =t2>K^i G[A9 v9 E], 
l< i<2 

then the source [S9 p] is not transmissible over the channel [A9 v9 B] neither 
with respect to the error weight function w* nor with respect to the frequency 
weight function ufi (the consequence of THEOREM 6). 

q. e. d. 
COROLLARY. Let € be a positive real number, let n be a natural number. 

Then there exists a stationary source (S9 /*] with the following property: 

1. H[S9fi]=e. 

2. If [A, v, B] is any stationary channel with finite past history where the 
numbers of elements both in A and B do not exceed n, then the source [S9 fi] 
is not transmissible over the channel [A, v, B] neither with respect to the error 
weight function vfi nor with respect to the frequency weight function vtf. 

Proof: He > 0 and n are given, we put 

K = log n . 

If [A, v9 B] is a channel for which the numbers of elements both in A and B 
do not exceed n9 then 

G[A9v9B]<K 
(see Theorem 4, § 17 in [5].) 
The assertion is the consequence of Theorem 4. * 
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DISCUSSION , 

Lemma 1 and 2 show that a non-trivial linear combination of the different 
ergodic sources is not the ergodio source and thus the problem of the trans
mission is not solved in this case. Theorems 1, 2 and 3 solve this problem. 
Theorem 4 shows that the entropy of the stationary ergodic source is not so 
important for transmission as in the ergodic case. It would be interesting if it 
is possible to solve a general stationary case by a similar method (i. e. by 
means of the aproximation of stationary source by the linear combination 
of ergodic sources). 

Резюме 

В этой работе изучается специальный тип стационарных неэргоднческих источ
ников информации и доказываются некоторые основные теоремы о переносе. 
Работа основывается на исчерпывающей работе [5] Карла Винкелвауера. Основ
ные результаты следующие: 

Пусть [А, V, В] стационарный канал с конечным прошлым, пусть' [&, /лЩ9 
* =- 1, 2, . .., к эргодические источники, пусть <х19 «,, . .., <хк положительные 

к 
действительные числа также что N <ц**19 пусть 

i - l 

k 

џ = N cuuW . cцџ^ 
i -1 

Если к > 1 и составные источники разные, то источник [&, /*] есть стационарный 
неэргодический источник. Если 

тах Н[&, цЩ < С[А, V, В] 
1<*<& 

(Я [#, рЩ энтропия г-того источника [Я, рЩ и С[А9 V, В] пропускная способность 
канала [А, V, В)]) и если го регулярная органиченная функция потерь, то ис
точник [#, р] стриктно переносительный каналом [А, V, В] относительно го. 
Специально источник [#, /л] стриктно переносительный каналом [А, V, В] относи
тельно ошибочной функции потерь и относительно частотной функции потерь 
(т. е. с произвольно малой вероятностей ошибки и с произвольно малой средней 
частотой ошибок). Если С[А,у,В] > 0 и если тах Я[8, /*«)] =- С[А,у,В] 

1<*<А 
то источник [/5, /л] стриктно переносительный каналом (А,V, В) относительно 
частотной функции потерь. 
Если 

тах Н[3, /лЩ > С[А, V, В] 

то источник (#, /л) непереносительный каналом [ 4 , 4 В] относительно ошибочной 
функции потерь и относительно частотной функции потерь. 

Интересно следующее утверждение: 
Пусть е и К произвольные действительные числа, е > 0. Тогда существует 

стационарный источник [.5, ц] так что 

1. Н[8,р]~е. 

2. Если [4, V, В] произвольный стационарный канале конечным прошлым, для 
которого 

С[А,ъВ]<К, 
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то источник [&, /А] непереносительный каналом [А, ?, В] относительно ошибочной 
функции потерь и относительно частотной функции потерь. 
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