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Various Subscmirings of the Field Q of Rational Numbers 

V. KAl A. I'. KI-PKA. M. KORBI.LAR and .1. I). PHILLIPS 

Praha 

Received 15. October 2008 

Various subsemirings of the field Q of rational numbers are studied. For every subsemiring 
of Q+ a set of characteristic sequences is presented. All maximal subsemirings of Q+ are 
found and classified. 

I. I n t r o d u c t i o n 

A (commutative) semiring is an algebraic structure with two commutative and 
associative binary operations (an addition and a multiplication) such that the multi­
plication distributes over the addition. The notion of semiring seems to have first 
appeared in the literature in a 1934 paper by Vandiver [4J. Semirings are widely used 
in various branches of mathematics and computer science and in everyday practice as 
well (tiie semiring of natural numbers for instance). 

The structure of subrings and subgroups of rational numbers is quite well known. 
On the other hand, structural properties of subsemirings and subseniigroups of Q is 
not well understood, although the concept of semiring is a very basic one. In this 
paper we present a natural way how to deal with subsemirings of positive rational 
numbers. 
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For every subsemiring 5 of Q+ and every prime number p we define, using the 
p-prime valuation function, a characteristic sequence of 5 . Such sequences can be, 
on the other hand, used for construction of a semiring that is (in some sense) a good 
approximation of the original one. Using this idea we find and classify all maximal 
subsemirings of positive rational numbers. As we will see, there is an uncountable 
amount of them. In the end, we use this method to present another way of classifying 
subgroups of Q(+). 

For a more thorough introduction to semirings and a large collection of references, 
the reader is referred to [1], [2], [3], [5] and [6]. 

2, P r e l i m i n a r i e s 

A semiring is called 
(i) unitary if the multiplicative semigroup S(-) has a neutral element (usually 

denoted by Is or 1); 
(ii) miliary if the additive semigroup S(+) has a neutral element (usually denoted 

byO sorO); 
(iii) a ring if the additive semigroup 5(4-) is an (abelian) group; 
(iv) a semifield if it is nullary and the set 5\{0} is a subgroup of the multiplicative 

semigroup of 5 ; 
(v) a parasemifield if the multiplicative semigroup of 5 is a non-trivial group; 

(vi) afield if 5 is both a ring and a semifield. 
In the sequel we will use the following notation: 

(i) Z, the ring of integers; 
(ii) Q, the field of rationals; 

(iii) R, the field of reals; 
(iv) Z+ (ZJ, respectively), the semiring of positive (non-negative, respectively) 

integers; 
(v) Q+ (R+, respectively), the parasemifield of positive rationals (reals, respec­

tively); 
(vi) QQ (RJ, respectively), the semifield of non-negative rationals (reals, respec­

tively); 
(vii) ZQ (respectively Q Q , R ^ ) , the set (and additive semigroup) of non-positive 

integers (rationals, reals respectively); 
(viii) Q* (R*, respectively) the multiplicative group of non-zero rationals (reals. 

respectively); 
(ix) Oj = {tj €- Q : 1 :' «'/} (a unitary subsemiring of Q); 
(x) iQ f -= (•/ C: Q : 0 < (/ < 1} fa subsemigroup of the multiplicative group Q*); 

(xi) i ? / =-{'•£ ]?:: 0 ' ' T - ' 1} (a subsemigroup of R*); 
(xii) P, the set of (positive) prime integers. 
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For all p e ?' and q e Q \ there exists a uniquely determined integer vp(q) such that 
</ - -t I Iprj /</,k/); (of course, only finitely many of the numbers vp(q) are non-zero). 

Lemma 2.1 Pet p e P and t\ s € Q \ The/? 
(i) v;,(-r) = v;,(r); 

(ii) v/?(rv} = v7,(r) + vp(s); 
(iii) v/;(r 4' :>) > min(v/,(r), Vp(s)), provided that r •£ -s: 
(iv) v;,(r 4- A-) = min(v;,(r), Vp(s)), provided that vp(r) t vp(s). 

Proof (i) and (ii). Easy to check. 
(iii) We have r = r\pk and .v = s\pl where k = vp(r)J = vy)(s), v;,(ri) = 0 = v/7(si), 

and we can assume that / < k. Then r + s -~ pf.l = s\ + ri//'"',£ - / > ( ) . Further, 
ri =• a/h and A"I = c/d, where aj?,c.d e !Z* and /; divides neither /? nor d. Now, 
/ = (ad + bcpl:"l)/bd, vp(t) > 0 and v/;(r + v) = / + vp(t) > I = min(v/;(r), v;,(.v)). 

(iv) We car assume that v;,(.y) < v/((r). Then vp(s) = v;,(r+ A*- r) > min(v/,(r + v), 
v;,(r)), and so v;,(.y) > v;,(r + s) > min(v/,(r), v;,(.y)) = vp(.y). Thus vp(r + A*) = 
= min^XrXv^.y)). D 

Lemma 2.2 For all m € Z*,p\,p2,-..,pm
 E P»Pi < P2 < * * * < P,„,//i,//2»-* •-

//,„ e ,'Z, a//d /•, .v € Q, r < .y, there exists at least one t £ Q* s/ich that r < t < s, and 
vPt(t) =• ///, 1 < / < ///. 

Proof Find po e P \ {/>!,...,/>,„} such that a == p"l + l .. .p'!,?*{/po < (s - r)/2. 
Then 2a < .y - r and a = p\ ... /?„./; > /;, where /> = /?"' . . . P!Jj"/Po- Obviously there is 
k c Z; such tlu.t (k - 1 )a < r < ka and we put t -= ka + /? = (k/?i . . . pm + 1)/?. Clearly, 
/• < An < / = (k - 1 )a + a + b < r + a + /? < r + 2a < r + (s - r) = s; thus r < t < s. 
Moreover, v/;i U) = vPi((kp\ . . . />„, + 1)/?) = vp>(kp\ ,.. /?,„ + 1) + v̂ CTj) = vPi(b) = n,, 
for I < / < //. • 

For all /; c ?, r e j p \ and q c C \ put |^|;,, = r ^ € R+. Put also |0|;,.,. = 0. 

Lemma 2.3 La q\.q> £ 0 . Then: 
i'\) \q\\pj - 0 if and only ifq\ ~ 0; 

(ii) k/H/il/u- = k/il/;,r -k/2l/>,r.' 
(iii) k/i + a2|/M. < inax{;a,|/u.. k/2|/u I; and 
nv) |a, + q2\/u> = max{iai|/u.. \qi\pA provided that \q\\Ptr ± \qi\Ptn 

Proof Hiking into account the definition of the norm \q\Ptf, the equalities follow 
from 2.1. D 

For every /// € Z(p let %m denote the set of sequences r = (rm, r„M i, r/,..-2> .. .) of 
non-negative real numbers such that 

(A) r,M/; < r„ • /* whenever /// < // and m < k. 
Furthermore, let %m denote the set of the sequences r £ %m such that 
(B) t\ < r„ whenever in < n < k. 
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Lemma 2.4 Let m e Z{} and r € %m. 
(i) If mo > m is such that r„/(, = 0, then rk = ()for every k > /// + ///0; 

(ii) Ifm == (J aw/ r() =-- 0, ///n? r = 0 Oe., rk = 0,/br evi?ry k e Z, A > ///). 

Proof 
(i) We have k - ///0 > m and r* = r^w.0+,M() < r„_mo • r/Mo = 0 by (A). Thus r* 

(ii) This follows immediately from (i). 

Lemma 2.5 Lei r £ %Q, //>0 = 0, then r = 0. Ifro t 0, then r0 > 1. 

Proof We have r„ < r;, • r0 and r0 < r~. The rest is clear. D 

Lemma 2.6 Let /// € 3(* aw/r e flw . 77/̂ /z either lim{rw : n > m] = inf{r,. : // > 
>///} = 0 or rn > 1 /Or every ft > ///. 

Proof Assume that // < 1 for some k > ///. If k = 0, then using 2.5 is r{) = 0, r = 0 
and our assertion is true Hence, assume A > 0. Now, if 2k < /? then // = Ik + j for 
some / > 2 and 0 < j < k. We have rn < rk+j • rk"\ and therefore r;/ < rki.j • /{"'y" J ; ' 
and it follows that Y\m{rn : n > m) = 0. D 

Lemma 2 J Let /// a Z' and r e 5\w. 77/e// JO) - inffr^'1 : n > m) = limOl/#l : 
: n > m). Moreover, ifr (. %„„ then A(r) < 1. 

Proof If rWo = for some ///<> > ///, then JO) = 0 by 2.4 (i) and there is nothing 

to prove. Hence, assume that rt! t 0 for every // > ///. Now, if /// < A < n then 

n = Ik + j for s(»me / > 1 and 0 < j < A. We have r;, < r* > y • rj /1 , and therefore r,/" < 

<rk^.-rk =z rk\ .-(rk ) ' } . Using this, one sees easily that hmsupO,/ } < / y . 

Consequently, JO) < liminfO,1/"} < limsup)/*.1/'1} < JO), and so JO) = limO,*7"}. 

Finally, ifr e %,,, then JO) < 1 by 2.6. D 

Let NJv>» denote the set of Z-sequences r = (...,/* ; , r |, r(), /*i, /<,...) of non-
negative real numbers such that 

(A') r,/+jt < r,, • rAJror all if, A c Z. 
Furthermore, let _\c„ denote the set of the sequences r € H ^ such that 
(B') rk < rn whenever //. A c: Z, n < k. 

Lemma 2.8 I jet r e %,„./-' • Oi»r2, E3,...) and r~ = (r_i, r_2, r-3, . • •)• 77/e/i; 
(i) Either r = 0 Or /*,, ?- Ofjr every n £ Z. //i t/ze latter case, ro > 1 and 

r..m > 1 lrm for every m > 1. 
(ii) .v = JO ) = in f{/*„,'"' : /// > 1} = lini{rfrl : m ..; 1}. 

(iii) r = JO ) = infO1;;/ ; /// > 1} = limfrif;/ : /// - I}. 
(iv) sin < rm and tm < r tn for every m > 1. 
(v) st > I, provided that r(l ^ 0 (se£ (ij). 

(vi) //'() < r/; < 1 f//* at least one n > 1, f/ze/t 0 - A • 1 < t. 
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Proof (i) We have ro = rn-n < rn • r_„ and ro < r^. 
(ii) and (iii). Clearly, r+ _ %\ andr~ e %u and 2.7 applies. 
(iv) See (in and (iii). 
(v) We havj 1 < r]jm < rjjm • r.1;™ for every m > 1. But st = lim\rl[m • ri7™} 

(vi) We have A-< r)'n < 1. 

Lemma 2/) Le7r G _\t0. 77/^//; 
(i) r" _ 111. 

(iij Either lim{r„, : /// > 0} = 0 or rn > \ for every n _ __. 
(iii) .t(r') < 1. 
(iv) //'/*/, r- 0, ///?// ,l(r~) > 1. 

Proof See 2.8. • 

Remark 2..10 Let m € Z+ and r c !R„, he such that r„ > 0 for every // > /// (see 
2.4 (i), (ii)). For every k e Z+ . put irk(r) = sup{r„^/r/! • /- ^ w} £ P-+ U {CK)} and 
/^ (n = sup{rn/rn,k : n > m\ G ?F U {ocj . 

Lemma 2.11 
(i) cr0(r) = 1 and ti < r,nk/rn < irk(r) < (r\(r)k for every k € Z+ andn > m, 

i\\) (T/(r) < ri for every I > ///. 
(iii) //> G 'K,,,, ///£'// rn-(r) < 1 for every k G Z(*. 

Proof 
(i) We have rn>k/r„ = Y\"\k, "! r/* i M £• <n(r/' for all n > m and k > L The rest 

is clear, 
(n) We have r/M//rm < r/. 

(iii) Easy :o see. 
n 

Lemma 2.12 trk(r) < i\>for every k £ Z+ in each of the following four cases: 
(\) (r\(r) < oo ; 

(ii) /// ~ (*, 1; 
(;ii) rc%m; 
(iv) r,M £ r,,2for all m < t\\ < 112. 

Fro.-//. If (0 is true, then the result follows from 2.1 1 (i). If (ii) is true, then from 
2, II (i), (ii). if (iii) is true, then 2.1 1 takes place. Finally, assume that (iv) is true. If 
" > 2/ii 1 > 3, then r„, \/r„ < rm • r„ „,..[/ttl < r,„. D 

Lemma 2.13 Iftr\(r) < 00, theft o-(r) - Oro(r),rr|(r),(r2(r)%...) e %o. 

Proof By 2.12 (i), irk(r) < 00 for every k >(). Furthermore, rn+k^i/r,Hk < (T\(r) = 
- sap-ir,,, .//r,M : iii > ///) for all n > m,k > 0 and / > 0. Thus, r,nk+!/rfl < 
_' oVr) • rn,r/rn < (rt(r)(rk(r) and it follows that (Tk^(r) < (rk(r)(rt(r). That is, 
(fin <. _ \ ( ) . D 
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Lemma 2.14 Ifr e %m then cr(r) £ %o and ak(r) r." 1 for every k € ZJ. 

PrOO/: By 2.1 l(iii), (rk(r) < 1 and <r(r) G 5l() by 2.1 i Iff) £ k < /,thenr /M/ < r,,.k, 

and so rIH//r« < rn+k/rn. Consequently, (T/(r) < ak(r) and r c f\0. D 

Lemma 2.15 //'/// = 0, then ri} > 1 and rk/ri} < (rfAn < rk for every k > i). If 
moreover, r() == 1, then <x/(r) = rk (and hence <r(r) = r: ,v!r 2.13). 

Proof We have r<, > : by 2.5 and rk/r() < irk(r) :.' r* by 2.1 l(i), (ii). Z3 

Lemma 2.16 Let m = 1, .v c- !>[ a/?dr' = (.v.r). Then: 
(i) r' e «R0. 

(ii) rTjt(r') = maxlri/.v^r^frjj/t/mrry k > 1. 
(iii) Ifr e 5v: t7/zd .v > rj, ///<'// r ; e %h 

Proof Easy to check. • 

Lemma 2.17 
(i) p0(r) = 1 andi) «' rn/rn,k < pk(r) < p\(r)k for every k e Z+. 

(ii) Ifr/ < pt(r)for every I > m. 

(iii) Ifr £ %rm then 1 < pk(r) for every k £ Z+. 

Prop/. 
(i) We havt r„/rnik = H)",* ! /•///•,>! < pi(r)1" for all n > m and k > 1. The rest 

is clear, 
(ii) We have rn/rnlj > rtf/rttr( = 1/r/. 

(iii) Easy to ^ee. 
D 

Lemma 2.18 pk(r) < c^for every k £ 2^ in each of the following two cases: 
(i) pt(r) < <o; 

(ii) rni < r/;, for all m < n\ <". //?. 

Proof See 2J7(i), (ii). D 

Lemma 2.19 lfp\(r) < oo, thenp(r) = (po(r)-Pi(r)>P2(r)« . . . . )£ 5v(l. 

Proof By 2.18, p*(r) < oo for every k > 0. Furthermore, r,Hk/r,llk^ < />/(r) = 
= SEp{r„,/rIJl+i : «i > m} for all n\ > m,k > 0 and I > 0. Thus rn/rn,kfj < 
< P/(r) * r/i/r«+it < Pi(r)pk(r) and it follows that pjk+/(r) < pk(r)pi(r). That is, 
p(r) e %(h n 

Lemma 2.20 /fr e ftw, ///<'// i < pk(r) < pi(r)forall 0 <k<L 

Proof Easy to see. n 

Lemma 2.21 Assume that cn(r) < eo andp\(r) <" «.o. T/ieii cri-k(r) < (rt(r)pk(r) 
and pi-k(r) < crk(r)pj(r)jor all 0 < k < L 
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Proof We have rnHi.k)/rtHa..k^k < pk(r) for all i? > m. Consequently, /*„+/-*//•„ < 
< pk(r)r,,.i/rtl < pk(r)(Ti(r), and hence ai..k(r) < (n(r)pk(r). 

Similarly, rni(l.k)+k/rnHi.k) < (rk(r) for all // > ///. Consequently, rn/rtnl.k < 
1. irk{r)rn/r,ui < (rk(r)pt(r\ and hencepj.k(r) < (rk(r)pt(r). D 

Lemma 2.22 Assume that a\(r) < 00,/^1'r) < 00 and put r(r) = 

(,.. ,/»:!(r),/)|(r), l,rr](r),iT2(r),...). Then r(r) € % „ . Moreover, if r e %m then 

r(r) c ;K.,, 

frw;/; It is enough to combine 2.13, 2.14. 2.19, 2.20, and 2.21. • 

Lemma 2.23 Assume that m = 0 andp\(r) < co. Then f(r) = (... ,pi(r),p\(r), ro, 
n . h . . . . ) c SXVX) Moreover: 

(/)//(... , .V2, A'i, /*(), rj , Ei, . , . ) G 9v.v„ //id/ />*(r) <- Â-fbr Cl'CrV k > 1. 
/'//) //> G s}\() and ri < 1, then f(r) G sKl0. 

F/vH>f If 0 < k < /, then rk^/rk / + / < />/(r). and therefore r>„/ < rk-p/(r). Similarly, 
r,,w £ r/M(/ A)r/ tor every // > 0, and therefore r„/r„ ._(/-*, < rk • r„/rM+/ < r*/>/(r) and 
Pi. k(r) < npiir). Now, using 2.19 we conclude that f(r) G 9lCX). 

As concerns (i), if n > 0 and k > 1, then r„ < skrn+ky so that rn/rn+k < sk and it 
follows that/>*(>) < .v*. Finally, if r G %Q and rj < 1, then/>j(r) > ro/ri > ro and 
fir) c %KX} by 2.20. • 

Lemma 2.24 Consider the situation from 2,16. Thenpk(r') = max{5//^,/^(r)}/jr 
CIV/ V A' > I. 

Proof It is easy. D 

Lemma 2*25 Assume that m = 1 andf>\[r) < oo. Then f(r) = (... ,/n(r)./>i(r), 1, 
rt, r2,...) £ ^ i V . Moreover: 

(/)// ' ( . . . , ;»2, .s'i, .so, rj, ri....) G fl,V), ///<?// 1 < .VQ andpk(r) < skfor every k > 1. 
f//y //> G 5\i /̂//d r\ < 1, t/icn f(r) G 5l,0. 

Proof Combine 2.16 and 2.23. n 

Lemma 2.26 Assume that m > 2 and put K(r) = max{(r„....i(r), ri/2.-.}. 
(i) //'« G ? : \ ///<'// (a,r) G ^,,,..1 if and only if a > K(r). 

(\\) If a G :Fl* r///d</ > A-(r), then <rk(ya,r}) = \\Vdx\(rk(r),rttnk-\/a\ and pk((a*r)) = 
= max{/iA(r),fl/rWM^| }/;/• every k > j ^ . _ 

(iii) //Vi G 5:f <///dr/ > K(r), ///^// (a,r) G jKm.-i if and only ifr £ %m and a > rm. 

Proof (i) If a > K(r), then r,M,„. i/r„ < (r„,...j(r) < a, and hence r/M/„..i < rna for 
every // > ///. Moreover, r2m 2 <- u" and wc see that (a,r) G S.K//Mi. Conversely, if 
(a.r) c %nl 1, then r/MW i/r,, < </ for every n > m and /*2,„ 2 <~ tf2- Thus, O > K(r). 

(ii) and (iii). It is easy. • 

Lemma 2,27 If m > 2 and (rm {(r) < oof then (K(r),r) G %m..\. Moreover, 

(K(r).r) c- SR„ . 1 if and only ifr c %m and K(r) > rm. 
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Proof Use 2.26. • 

Remark 2.2S Assume that m > 2. 
(i) Ifor(r) < co, thenrrm_i(r) < a*i(r)m~1 and hence/c(r) < mnx{cr\(r)m~x *r\'2_^\. 

(ii) Ifcrm_i(r) < co, then cr\((K(r),r)) = max{o~\(r), rm/ K(r)}. Of course, rm/K(r) < 
< rnrm/rn+m-\ for every n > m. 

(iii) If rrm_i(r) < 1 (e.g., if or (r) < 1) and r_/--2 < 1, then K(r) < 1. If, moreover, 
rm < 1, then we can find a e jlrV such that K(r) < a and rm < a. We 
have (a,r) e %m.\ and rm/a < 1. By 2.26(H), en((a,r)) = miix{(r\(r),rm/a\. 
Consequently, rr ((a.r)) < 1, provided that a\(r) < 1. 

If rm < r„Mi. then we can choose a such that rm/rm,\ < a. Then rm/a < 
< rm+\/rm < (r{(r), and so or((a,r)) = cri(r). 

Lemma 2.29 The following conditions are equivalent: 
(i) o"i(r) < co (i.e., there exists r e R+ such /ha/ r„. i :" r • r,,/or ercry // > ///). 

(ii) rhere olyt To, n , . . . , rlw i e R"f sweh /ha/ (r f l , . . . , r,„. j , rm, r„lf i , . . . ) e %{). 

Proof (i) implies (ii). We will proceed by induction on Hi. The result is clear for 
m = 0 and follows from 2.16 for m = 1. If m > 2 then r' = (tf(r).r) e %.K,„_j and 
cr1(r ,)<°°by2.26(i),(ii). 

(ii) implies (i). Obvious. a 

Remark 2.30 Assume that cr|(r) < oo and consider the situation from 2.29 and 
put r' = (r0, r j , / 2 . . . . , rm_i, rm, rm+i,...) e %0. We have cri(r/) < oo. 

(i) If pi(r) < .», thenpi(r') < co. 
(ii) If rTi(r) < 1 and r„ < 1 for every n > m, then the numbers r j , . . . , rm. \ can be 

chosen from iF_". 
(iii) If r e 5lOT, then the numbers ro, n , . . . , rw_i can be chosen such that rf € %Q. 

If, moreover, rn < 1 for every n> m then we can find r i , . . . , rm_i € iE+ . 

Lemma 2.31 The following conditions are equivalent: 
(i) rTi(r) < co andp\(r) < co. 
(ii) There exi:>t.... r_ 2» >' i - ro« ri, r2. • •., rm-i £ £'• * -vuch lhal 

(. . . , r^2, r_ i, /o, /*i, r 2 , . . . , r,„-1. rm, rm¥\,...) e _\IV,. 

Proof (i) implies (ii). Taking into account 2.29 and 2.30, we can assume that 
m = 0. Now, the result follows from 2.23. 

(ii) implies (i). Obvious. • 

Example 2.32 We are going to construct a sequence r e %2 such that lim{r„ : 
: n > 2} = 0 (see 2.6) and c\(r) = co = pi(r). We will do it by induction. 

First, choose T2, r3 e ^ + arbitrarily. Then assume that positive real numbers 
r2,r~3,..., r2„-i, n > 2, are found such that r^j < r,// whenever 2 < /, j < 2// - 1 
and i + j < 2n— I. Now, put s\ -- minf/*/̂ ,--/ : / = 2 . . . . . 2n - 2}, .vo = min{ry-r2„. , - } : 
j = 2 , . . . ,2/? -- 1} and .v = min{si, sj, l/n\. Choose /'2n»r2//fi e ^:< s l l ch that 
0 < r2w>r2n+2 < '?^11 -- 'rin/r2nr\ for even /i and fi < t'ln+i/rin for /i odd. The rest 
is easy. 
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Example 2.33 Put r„ = 1/2" lor every n > 2. Then r = (r2, ri.rj,...) £ 

£ %2,<r\(r) = 1/32 and/>i(r) = oo. Moreover, K(T) = 1/4. 

Example 2.34 Proceeding similarly as in 2.32 one can construct a sequence r £ 
G H 2 such that lim{r„ : n > 2} = O.cr^r) = oo andpi(r) < oo. 

3. S ii I) s e in i r i n g s a n cl s u 1) r i n j» s of Q — F i r s t O b s e r v a t i o n s 

Proposition 3.1 Let S be a subsemigroup ofQ{ + ) such that S n Q + ^ 0 ^ 5 nQ'". 
7/ICI? S is a sdbg roup OfQ4. 

Proof Let a J), cut £ S* be such that a lb £ S and -c/d £ S. Then be - I £ 
c Z(\.ad £ 24 and hence, -a/b = (/;c - I ici/b + ad(-c/d) £ 5 . Similarly, /;c G 
G ;:. + c/d - 1 c Z{* and c/d = bdo/b) + (ad - 1 )(-c/d) £ S. D 

Proposition 3.2 Let S /?c <ri subsemiring ofQ such that S C\ Qf -£ 0. J7ICII 5 Lv a 
subiing O/*Q. 

/Vno/; IfV e S n Q", then a2 £ S O Q+ and 5(+) is a subgroup of Q(+) by 3.1. 
Thus .V is a subring. D 

Proposition 3.3 Let S be a non-zero miliary subsemiring ofQfs and T = 5\{0). 
Then: 

(i) T is a (non-nullary) subsemiring ofQ+. 
(ii) T is unitary if and only ifS is so. 

(iii) T is a (proper) maximal subsemiring of Of if and only iff S is a maximal 
subsemiring o/QJ. 

Proof It is obvious. 

Proposition 3.4 I jet T be a subsemigroup of Of and S = T U {()}. Then: 
(i) S iv O non-z.ero miliary subsemiring oj'0fy 

(ii) ,V is unitary if and only if J" is so. 
(iii) .V /v a maximal subsemiring OfQ4'J if and only ifT is a maximal subsemiring 

of Of 

Proof It is obvious. D 

Proposition 3.5 Let S be a subsemiring ofQ and let T = S u Z f U(S + Zj), Then: 
(i) 7' is a unitary subsemiring ofQ and S c 7\ 

(ii) S is an ideal ofT and S = 7' if and only if 1 e S. 
(iii) S U (S + Z1') cv O bi-ideal ofT (i.e., if is an ideal of both the semigroups T(+) 

andl {•)). 
(«\ ) 7' is a subring ofQ if and only ifS is a non-zero subring. 
(v) T - Q if and only ifS = 0 . 
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Proof (i), (ii), and (iii). Easy to check. 
(iv). First, assume that 7* is a subring of Q. Then -1 e T and, since -1 £ Z\ 

we have -1 G S U (S + Zf). If -1 € 5 , then S is subring by 3.2. If -1 € S + Z \ 
then S n Z~ •£ i) and we use 3.2 again. Conversely, if S is a non-zero subring. then 
-a/b e S c 1\ and T is a subring by 3.2. 

(v) If S = Q, then, apparently, T = Q. Now, assume that T = Q. Then S is a non­
zero subring of 3 by (iv). Consequently, S O Z+ 9- 0 and we put // = min(S n Z* ). 
If /1 = 1, then 1 € S and S = F = Q by (ii). Finally, if" there is a /; G I such that p 
divides 11% then 1 //; G T and we conclude easily that 1 / p c S + Z+ . Thus, 1 /p - a + m 
for some in a Z f and then (pm - \)/p = -a e S./w? - 1 c 5 H Z' = /iZ4 and /; 
divides />/// - 1, a contradiction. 

D 

Remark 3.6 Let S be a subsemiring of Q. Then So - S u|()} is the smallest miliary 
subsemiringcortaining.S' f see 3.2, 3.3, and 3.4). Clearly, So t Qif and only if S 9- Q. 
Furthermore, b\ 3.5, Si -•- S U Z'f U (S + Z4) is the smallest unitary subsemiring 
containing S. Again. S \ i:- Z if and only if S 9- Q. I;inally, S0.1 = Z(> U (S + Z0) is 
the smallest nul-ary and unitary subsemiring of Q containing S. We have Syj 9- Q if 
and only if S # Q In particular, if S is a (proper) maximal subsemiring of Q, then S 
is both miliary and unitary. 

Remark 3.7 (i) For every p e P put U(p) = {a/b : a e ZJ? e ZZp does not 
divide /;}. It is easy to check that ]U(p) is a maximal subring of Q. Of course, U(/>) is 
unitary. 

(ii) Let K be a proper subring of 0 . By 3.5 (iv), (v), R\ = (F + Z+')UZ+ is a proper 
unitary subring of Q anil there is at least one prime p <: ? such that \/p $ R\. If 
a/b G R\, where a, b e Z4,gcddr/, /?) = 1 andp divides />, then /; = mp and na + kp = 1 
for some /;/,//,k G Z. Now. 1//; = m///? + kF/F r= nma/b + k e R\, a contradiction. 
We have proved that Fj .1 U(/>). Consequently, K c "J(/>). too. 

(iii) It follows from (i) and (ii) that the subrings lfJ(/>)./> G ?, are just all maximal 
subrings of the held Q. According to 3.2, these subrings are maximal as subsemirings 
as well. 

Remark 3.8 If S is a proper subsemiring of Q such that S <£ 0,*, then S is a sub-
ring by 3.2, and hence S {• U(/>) for a prime p e P by 3.7 (ii). Using this (and 3.7 
(iii)), we conclude easily that the subsemiring QQ and the sub(semi)rings U(/>), p G ?, 
are just all maximal subsemirings of Q. Notice that QJ = {q G Q : \q\ < q\ = {q G 
G Q : |</| = q) and U(/» = U/ r- Q' : v/;(g) > 0} U {0} = (r/ c Q : |<y|/v < l | , r € j Z \ 

Remark 3.9 If S is 1 subsemiring of Q. then S - S •- {a - b : a J) e S\ is the 
difference ring of S. That is, it is just the smallest subring of Q containing S. 

Remark 3.10 Let Si and S2 be subsemirings of Q and let (p : S\ —> S2 be 
a homomorphism (i.e., cp is a mapping such that (p(a + />) - cp(a) + <p(b) and ip-(ab) = 
= (p(a)(p(b) for all a, b G S 1). 
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(i) First, assume that S\ c Z f r If 0 £ S., then <̂ (0) = ^(0 + 0) = ^(0) + ^(0), 
so that ip(0) -• 0 G 5 2 . If w € »Vi\{()} then Kp(m)<p(m) = tp(m2) = nnp(m), and hence 
either <£(///} = 0 or <£(///) = ///. If///,// e SiVO} are such that (f(m) = 0 and ^(/i) -£ 0, 
then ip(n) = /.\ <£(/// + n) = <D(//) = n & 0, and hence </?(/// + //) = /if + // and /// = 0, 
a contradiction. We have shown that either 0 £ 5 2 and </? = () or 51 c S2 and <D = id.v,. 

(ii) Next, assume that Si c Q ( r Again, ifO £ S,,then^(0) = 0. If a/b £ S\.aJ>,c 
c .1 , then a = b • a/b € T = Si n Z*4 and ^(n) = btp(a/h).ip(a/b) = tp(a)/b. Put 
i// = if\'l'. According to (i), either 0 c: 5 2 and 1// = 0 or T c S2 and </r = idy. In the 
former case, we get <p(a) = 0 and p(a/b) = 0. In the latter case, we get ^(r?) = a and 
(f(a/b) = a/b. We have thus shown again that either 0 G S2 and cp = 0 or S1 c S2 and 
^ = id 5 r 

(iii) Assume, finally, that S\ £ Q£. By 3.2, S1 is a subring of Q. If a £ S1 n Q", 
then - a € 51 n Q+ and 0 = ^(a - a) = (p(a) + ^( -0) and ^(a) = -ip(-a). Using (ii), 
we see that either 0 € S2 and ^ = 0 o r S i c S2 and ip = idty,. 

(iv) Combining (ii) and (iii), we conclude that either 0 G S2 and ^ = 0 or S j c S2 

and ip = ids,. 
(v) It follows immediately from (iv) that different subsemirings of Q are eon-iso-

morphic. 

Remark 3.11 Let S be a subsemiring of Q. If /// £ S H 2?, then the set S + m is 
again a subsemiring. Moreover, if r £ S u Z ' , r •£ 0, then the set Sr is a subsemiring. 

4. S u b s e m i r i n g s of C* — F i r s t S t e p s 

Throughout this section, let S be a subsemiring of Q+ and let p £ I', v = vp. 

Lemma 4.1 Ifm = v(a) > Ofor some a € S, then for every n > m there is at least 
one b £ S with \(b) = n. 

Proof Put b = pft-m -a. D 

Lemma 4,2 Ifm = \(a) < Ofor some a c S, then for every n £ !Z there is at least 
one h (. S with v(b) = n. 

P*oof First, v(c) = - 1 , where e •• p "'"] • a £ S. If // > (), then pfn] • c £ S and 
\ip"'l - e) = /». If if < 0, then e " e S and v(, /;) ~ n. D 

Definition 4.3 If \(a) > 0 for every o £ S (see 4.1 and 4.2), then we put 
(w,,(S 1 ~ ) w(S) = ntinfvki) : a £ S\. if \(b) < 0 for at least one b £ S (see 
4.2), tlien we put (w;,(S) =) w(S) = -00. 

Definition 4.4 For every n £ Z such thai n > w(5), (see 43) we put (upjt(S) = ) 
njS 1 = infjc £ S : v(c) < n) (e RJ). Moreover, ifm = w(S) > 0, then 
(ur(Si =) u(S) = (uni(S),um+i(S),um+2(S),...). Ifw(S) = -00, then (up(S) =) 
(ti(S) = ( . . .u_2(S) ,u_,(S) ,uo(S ,) ,ui(5),u2(5), . . .) . 
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Lemma 4.5 
(i) ///// = w(S) > 0, then u(S) e 9\,„. 

(ii) //w(S) =•: -oo, then u(S) £ flu,. 

Proof Let n.k G Z be such that n > w(S) and k -: w(5). It follows easily from 
4.4 that u„(S ) €- P̂ + and nk(S) < u„(S) if n < k. To show the condition (A) ((A'), 
respectively), consider sequences a = (//i,.-/2,fl3,...)and// = (b\J>iJ>y,...) of num­
bers from 5 such that a > az > a% > ••• ,v(fl/) < //. Iim(«) = uH(S)J)\ > hi > 
>!>}>•" ,v(b() < A\ and lim(/>) = u*(S). Then v(t////,-) < if + A\ «//>,- G SJim(tfft) = 
= u,,(S) • u*(S) and </,-/>/ > u„ + i(5). Thus Y\m(ab) > u,.^(S ). a 

Definition 4.6 / /w(5) > 0. then we put (Ap(S) =) A(S) = A(u(S)) (sec 4.5 
(i) and 2.7). / /w(S) = -v.x», then (A*,(S) =) ,V(S) = , K M ( S D «//J U;(S) =) 
/T(S) = ,t(ii(S)")(5w 4.5 (//') and 2.8). 

Lemma 4.7 Assume that w(5) = /?? > 0. F/ie/i; 
(i) Either lim(ii(5)) = 0 or u„(S) > 1 /Or every w > m. 

(ii) Ifum(S) = 0/or :vo/w ///o > //?, //?e/i u*(S) = 0/#r every k > m + mo. 
(iii) Ifm = 0 anrf u0(5) = ()f then u(S) = 0. 
(iv) Ifm = 0 and Uo(S ) -£ 0, ///f/i u0(5) > 1. 
(v) ^(S)n < u„(5) for every n > nu n ± 0. 

(vi) 0 < i ( 5 ) < 1. 

Proof By 4.5(i), u(S $G %?l. Now, we use 2.6, 2.4 (i). 2.4 (iii), 2.5, and 2.7. D 

Lemma 4.8 Assume that w('S) = -txx 77/̂ /?; 
(i) Either lim(u(S)f) = 0 r/r u„(S) > 1 for every n < Z. 

(ii) IfumQ(S) = Ofor some nii} e Z, then u(S) = 0. 
(iii) / /u 0 (5) # 0. ///<'// u(,(S) > 1 and A~(S) > 1. 
(iv) 0 < i + (5 ) < I andA'(S) < iii(S) < u0(S). 
(v) i+(S)OT < um(S)andA'(S)m < U-miS) for every m < 1. 

(vi) / / 0 < uIWo(S) < i for at least one m(, > 1, then 0 < ,1"(5) < 1 < ,1" (5). 

Proof. By 4.5 (ii), u(S) G I L » Now, we use 2.6, 2.8 (i), 2.9 (iii), 2.8 (iv). and 

2.8 (vi). Q 

Lemma 4.9 IfS £ Oj, ///c// lim(ii(5)) = 0 (lim(i/('S)') = 0, respectively). 

Proof Weuse4.7(i)and4.8(i). D 

Remark 4.10 Let Si and Si be subsemirings of Q+ such that Si Q Sj, Thee 
wF(52) < Wp(Si), u /v l l(S2) < u ^ ^ S O for every m £ Z,m > w/-(S!), and A^(S2) < 
<A+(Sil 

Lemma 4.11 Lei 5 be a proper subsemiring ofC *. T/iett 51 = 5 U Z'r U (5 + I.") 
is £i proper unitary subsemiring o/Q+. 
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Proof By 3.5 (i), S \ Is a unitary subsemiring of Q'1. Up G F is such that I //> € 51, 
then either 1/p G 5 or 1/p € S + Z4 . In the latter case, \/p = a + nua G A',/// G Z f , 
a contradiction. D 

Remark 4.12 Let T be a subset of iQ+ such that ab G T for all a J) G j and 
r 4- d c 7" for all r, d € 7\ c + d < 1. Denote by S \ the set of .v G QJ such that .yd G 7* 
whenever d G 7' and sd < I. Then 1 G 5 } and we put S = 7" U 51. 

It r. .v G 1\ then r.y G 7' C S. Assume, for a while, that r G T and .y e S\. If r.y < 1, 
then r:v G 7\ If r.y > I and d G 7' is such that rsd < L then rd G 7' and rsd G 7\ since 
.y G .V j . We have shown that rs G Si c S. Assume, finally, that r, :v G S\. U d G 7' 
is such that rsd < 1, then rd < 1 (since v > I), and so rd G 7' and, since :v G Si, we 
have rsd G 7\ Thus rs G Sj and, altogether, r.y G 5 . 

Let r, .y G 5. If r + s < 1, then r, .y G 7* and r + s G T c 5 . If r + s> 1 and d e T is 
such that (r + s)d < 1, then rd < 1. sd < 1 and by previous part (S is muhiplicativcly 
closed) are rd G T and .yd G 7\ Then 0*4- s)d G T and we have proved that r + s e S \. 
It follows that r+ .y G S. 

We have checked that 5 is a unitary subsemiring of Of. Clearly, T = S n iQ+. 
Moreover, if R is a subsemiring of Q* with R O \Of = 7\ then K c 5 . 

Remark 4,13 Let 7' be a non-empty subset of \Of such that r/ + b e 7' and O/;/(O + 
/;) G T for all a J) c 7\ Then the set J//"1 : a G 7\ is a subsemiring of QL 

5. M a x i m a l S u b s e m i r i n g s of Q+— F i r s t S t e p s 

Lemma 5.1 Let ihLhc G Z ! be such that a < b, c < b and gcd(a, c) = 1. Then 
\/b c S, wher S =< a/lhc/b > denotes the subsemiring generated by the numbers 
a/b and c/h (,ve have S c Q + ) . 

Proof First, find /// G Z+ such that m > 2 and (™) > (m + \)(b - l)4. We 
arc going to construct a sequence k{). A;,... ,km of integers such that 0 < kj < c. 
Since »cd(a"n].c) = 1, there is 0 < A:,, ~ c with //" = A-{,r/"

lfl (mode). Simi­
lar!}. £dUa!\c) = 1, (//" - k)am'x)/c = k\am(modc) for some 0 < A:, < c and 
/>'" "̂  ikudm' + kia'VXmodr2). Proceeding by induction, we find the remaining 
numbers A.:,. . ,k,„ such that //" = (/.'or/'""1 i kj«'V + • • • + kjam* ' "VKmodr ' '1) for 

every 0 :! i < in. Now, put / = X k,ami~l V . Since £i < 7j and c < /?, we have 
i o 

/ < tin + 1)(/; - 1 )"M- < Q)(b - 1)'" 2 < />"', and hence If1 - / > ( ) . On the other hand, 

/?'/f - - / =- k,„ 4 1 < •'"f! and //" = i + km. i cm f ' . M nally, it follows from the definition of / 
that \/h = (l-*-k„ltlc»"])/V"+l f:S. • 

Lemma 5,2 Let a.b,c,d G. Z1 //C* s//o'/ ///r// O < /;, c < d and gcd(a,b) = 
- gcd(c.d) = gcd(aw) =- 1. 77/GII l/lcm(7;,dj G< a/b,c/d >. 

Proof We have «//? = <'/#. c/d - f/g and gcd(c.f) = 1, where g = lcm(b,d). It 
remains to use 5.1. • 



In the rest of this section, let 5 be a subsemiring oi Q ' . 

Lemma 5 3 l,et p\,..,,/>„„ m > 1, be pairwise dij/ercnt prime integers and let 
ai,... ,am £ S n iQ+ be such vPi(cii) < Ofor every 1 < i < ///. Then there is b £ 5 
such that b < I and \Pl(h) < OJbr all i - 1 , . . . , //'/. 

Proof First of all, find an integer n such that m < n and O" < \/(m(p\ .. ./>„,)'" )• 
i = 1,2,.,.,///. Put/?/ = (p\ ..-Pi-\Pi+\ ...pmyfi" and/; = £//?/. We have hf < 

< (Pi . . . P,,i)fV/" < (Pi .. • Pm /V/1 < 1 /m and h < 1. Clearly, b e< au..., am >c 5 . 
Moreover, vp>(b() = nvPi(at) < 0 and v/??(hj) = n\Pi(cij) + j for j =£ /. If vPl(bJt) = 
= v^(b i2) for ji < 7:, 7i # / -£ J2, then n(vPi(ah) - \P,(ah)) = j 2 - Ji, 1 < 
< j 2 - f < ///? a contradiction with /// < //. Similarly, if vP((bj) = \Pl(bj) for/ ^ j , then 
n(\Pi(cii) - vp>(aj)) = f 1 < 7 < ///, again a contradiction. We see that the numbers 
vPi(b\),..., vPi(bm) are pair-wise different, and hence vPi(b) = minjv^(bj) : 1 < j < 
<///}< v;,((6|) < 0. a 

Definition 5.4 Put p(5) = {// € P : w;,(5) = -co}. That is, p £ p(5) if and only if 
vp(a) < Ofor at least one a £ 5. 

Lemma 5.5 p(5) = 0 if and only ifS c Z+, 

Proof It is obvious. • 

Lemma 5.6 p(5) = P if and only if for every prime p G P there r//*e positive 
integers ap and bp such thai p divides bp, p does not divide ap and ap/bp £ 5 . 

Proof It is obvious. • 

Definition 5.7 Let p £ P. The semiring 5 will be called p-paradivisible if S n 
n iQ+ £ 0 A//J \'/,(«) > 0/OT every A € 5 n iQ+. We de/w/c hv pd(5) /he .vet o/> £ P 
such //Hi/ 5 /s p-paradivisible. 

Lemma 5.8 Avwu/we that 5 n iQ+ ^ 0. 
(i) 1/f; € p(5) /s such that 5 /.v HOT p-paradivisiblef then vp(a) < 0 for at least 

one o e S f) j Q \ 
(ii) Ifp e F \ p(5), /he/? 5 /s p-paradivisible if and only ifvp(a) ?- OJbr every 

aeS n ,Qf 

Proof (i) There are /; £ 5 and c G 5 n iQ+ such that \p(b) < 0 and v/((c) < 0. 
Now, e"'/> < 1 for suitable m £ Z* and we have cmb e 5 n iQ4' and vp(c

mb) < 0. 
(ii) This is obvious. • 

Proposition 5.9 Av;v/////e //Hi/ 5 n ,Q+ ^ 0 and that pd(5) = 0. 77?e/i 5 =< l//> : 
/? G p(5) >= {a G Q* : \ / ; iai) > OJbr every pt £ P \ p(5)}. 

Proof. Put T =< 1/p : p £ p(5) > (notice that p(5) * 0 by 5.5). Clearly, 5 c T 
and 7 = {a : v; ,(a) > 0. />j e F \ p(5)}. If p e p(5), then there are positive integers 
b,c such that h < c, gcd(h,c) = 1, F divides c, /; does not divide b and fo/c G 5 
(see 5.8(i). If b = 1, then 1//; G 5 follows easily. If h > 1, then there are positive 
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integers nu k\,..., km and primes p\,... ,pm such that pi < p2 < • • • < pm and /; = 
== / / j l . . . //!/," • According to our assumption, we can find numbers f , . . . , fm £ S n i Q' 
with v/;,(f) < 0. By 5.3, there are positive integers d, e such that d < e, gcd(d, e) = 1, 
d/e G S and none of the primes pi,..., pw divides d» Then, of course, gcd(b, d) - 1. 
Consequently, by 5.2, l/g e S, where g = lcm(c,e). Since p divides c, we conclude 
that l / p e S , T h u s S = T. D 

Remark 5.10 Let Si and Si be subsemirings of Q+ such that Si c S2. Then 
P(S 1) c p(S2). Moreover, if S1 n , Q4 * 0, then pd(S2) c pd(S 1). 

6. M a x i m a l S u b s e m i r i n g s of Q f — S o m e Of T h e m 

Remark 6.1 It follows immediately from 4.11 that every maximal subsemiring of 
Q* is unitary. 

Proposition 6.2 
(i) Q[ is a (proper, unitary) maximal subsemiring OfQ+ and Qf = {q e Q : 1 < 

< k/| < ql 
ill) w;,(Q

r) = -00fior every p € P. Consequently, p(Qf) = P. 
(iii) UpjU(Q[l) = 1 /Ora/I p € P a n d m e Z. 
(iv) ,i;(Q f) = 1 - i ; (Q[) for allp E P. 
(v) P d ( o ; ) - a 

(vi) The dijference ring Qf" - Q | is the field Q. 

I'roof. For all a,/; € iQ+ there is a positive integer n such that c = b/aw > 1. 
Then r e Of, /> = can and b e< Qf,a >. It means that < Q+,0 >= Q+ for every 
a £ iQf = Qf \ Qf and we conclude that Of is a maximal subsemiring of Q+ . The 
rest is clear. • 

Proposition 6.3 Let p e P and Cp - {q c Q+ : v/?(^/) > 0} = Q+ n U;, = {</ € 
e Q' • k/1/..r --- l i r € -R*. 77K'/I; 

(i) 3 ;, i.v (i maximal subsemiring oj O f . 
Iii) w^S,,) = 0 andwpl(ZPt) = -00 for every pi € P \ {/?}. 

(iii) u/M/i(C/;) = 0 for all m > 0. 
(iv) V s / > ) = 0-
(v) u//M.„(.},,) = Ofjr «// /;, € p \ {/;f rim/ /i € Z. 

(vi) A;}l(Z„) = 0^ A-px(Zp) for every p\ c P \ {/>}. 
(v i i ) p(C7,) = P \ {p} andpd(Dp) = 0. 

(viii) I/V dijference ring S>p - C;, i.v ///(/ /*//ii? \J(p) (see 3.7 (/)) 

Proofi Clearly, Zp is a unitary subring of Q-' n V(p). Now, if a e Q"*' is such 
that vp(a) < 0, then a = b/pkc for some positive integers b,c,k, where p does not 
divide /;. We have c/b e. Zp and 1//) == pk'] • a - c/b €< Zp,a >. Consequently, 
Q' .= < 1//?] ; p! € P >c< Zp,a > and < G;.,a >= Q+. The remaining assertions are 
cas\ to check. D 
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Lemma 6.4 IfS is a subsemiring ofQ+, then ? \ pi5) - (/; G F : 5 c Zp\. 

Proof It is obvious. D 

Proposition 6.5 The Jollowing conditions are equivalent for a subsemiring 5 
oj Q \ 

(i) 5 = OJ (U\f 5 c C\ and 5 = f]Cpt p £ <d). 

(ii) p(5) ==.: and 1 /// c 5 fir at lmvt One* /; e: IF'. 
(iii) p(5) = 1: and I/in £ 5 for at least one m £ Z \ m :> 2. 
(iv) For every prime p £ P there exist positive integers apjbp%cp,dp such that p 

divides hfn p divides neither ap nor cpt cp < dp and ap/bp £ 5, cp/dp £ 5. 

Proof (i) implies (ii), (ii) implies (iii) and (iii) implies (iv). These implications 
are easy. 

(iv) implies (i). Since cp/df} £ 5\ we have cvjdp
 (' 5 0 i Q \ vp(cp/dp) < 0 

and p £ pd(5). Consequently, pd(5) = 0. Further, ap/bp £ 5 and vp(ap/bp) < 0. 
Consequently, pi 5) = P and it follows from 5.9 that 5 = Q \ D 

Proposition 6.6 f] C, - Of n f] Zp = Z \ 
p<r p<Lr. 

Proof It is obvious. a 

Proposition 6.7 77*e following conditions are equivalent for a subsemiring S 
oj Q + ; 

(i) 5 = 2 . + . 

(ii) 5 = p | -VpeP. 
(iii) 5 is unitary and p(5) = 0. 

Proof Combine 5.5 and 6.6. D 

Proposition 6.8 (cf 6.5 a/uV 6.7). The following conditions are equivalent for 
a subsemiring 5 Of Of; 

(i) 5 = nC /M,/?i € P\, for a non-empty proper subset P\ Of?. 
(ii) 0 ^ p(5 ) £ F am/5 = f) C/;, /> e P \ p(5). 

(iii) p(5) ••£ ?' a//d 1 //>2 (• 5 far a/ least one p2 £ r. 
(iv) p(5) * .? and l/m c 5 far at least one m £ 2 / , m > 2. 
(v) p(5) t ? and for every prime p £ P there exist positive integers apJ)p such 

that ap < bp, p does not divide ap and ap/bp < 5. 

Proof (i) implies (ii). Combining 5.10 and 6.3(vii), we get p(5) € ? \Pi and Pi c 
c p \ p ( 5 ) (see also 6.4). In particular, p(5) # P. Furthermore, since Pi t P, we have 
1 ipi £ 5, /;3 £ ? \ Pi, 5 £ IZ+ and p(5) # 0 by 5,5. Finally, 5 = f] 07>, p £ P \ p(5) 
by 6.4. 

(ii) implies (iii), (iii) implies (iv) and (iv) implies (v). These implications are easy. 
(v) implies (i). We have ap/bp £ 5 f) iQ+ and \'p(ap/bp) < 0. Consequently, 

pd(5) = 0. Now. 5 = n •-/>, P e P \ p(5) by 5.9. n 
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Corollary 6.9 Let 5 be a subsemiring ofQ*. Then S = n S;,,P G PfOr a subset 
P of P zf £iri£l only if either S is unitary and p(5) = 0 Or 1 /H? G S for at least one 
m £ Z \ m > 2. 

Proof Follows from 6.5, 6.7 and 6.8. • 

Remark 6.1§ Every proper subsemiring of Q+ is contained in a maximal sub-
semiring of 0 \ 

Indeed, let S be a proper subsemiring of 0" . If 5 n iQ'f = 0, then S Q QJ and 
our result is true (see 6.2(i)). Henceforth, we can assume that S C\ jQ+ ^ 0. Further, 
due to 6.4 ana 6.3(1), we can assume that p(,V) = ?. Since S is a proper subsemiring 
of 2 ' . we have pd(5) * 0 by 5.9. 

Let :7 denote the set of proper subsemirings T of Q+ such that S Q T. Then 
S c Z7 and the set :J is ordered by inclusion, Since S Q J\ we have P = p(5) c p(T), 
and so p(T) = P. Now, again, pd(7') t~ 0 follows from 5.9. Taking into account that 
v„(l/2) < 0 for all primes p £ P, we conclude that 1/2 g 7" for every 7' £ :J. 
Consequently, the ordered set :7 is upwards inductive and it contains at least one 
maximal subsemiring. 

Remark 6.11 For all Pi,P2 G ^* Pi ^ P2» w e h a v c (Pi + O/Pi e Qj \ S/M wKl 
l / p : G ZPl \ [ZP1 U Q,f). Consequently, QJ 2 2p, 5= QJ" and G/?1 £ C7,,. Moreover, 
PiQi ^ QJ, p\ZP{ -?- C7,, and pjC/}, = C7„. From this, we conclude that the semirings 
C-j and Zp,p C: p, are pair-wise nonisomorphic (see also 3.K)(v)). 

Remark 6,12 
(i) Notice that QJ + Q{ = \q £ 0 : q > 2}, and so 1 <£ QJ' + Qj . If a J) £ QJ 

are such that ab = 1, then a = 1 = /?. Moreover, let 1 < <y e 0 . Put 
t/ = iV/ + 1 )/2 and h = 2q/(q + 1). Then a, b > 1 and rib = q. Hence 
(Q; \ { U ) - ( Q j \ | l } ) = QJ \ { 1 } . 

(ii) Let p £ P. If p\ £ p, p\ ^ /; then \/p\ £ Zp and (p\ - \)/p\ G Zp. Thus 
1 c Zp + Zp and it follows that a = n/Pi + a(p\ - 1)/Pi for every a G C/}. 
Consequently, C/; + Zp = C/;. Moreover, a/p\,p\ G C7, and />i • n/pi = 
= .7, if a £ pu and 1/Pj,/^ G C7, and /?j • l//>i = a, if a = /!i. Hence 
( c / / \ i i } ) - ( c / , \ { n ) = 2/,. 

Remark 6.13 
(i) It is easy to see that for a maximal subsemiring S of Q' the following is true: 

S is (additively) semisubtractive iif .V - 5 ^ Q. 
Indeed, if S is semisubtractive then for every a, /; G QJ, a > /?, is a-b £ S 

and hence S - S = (~S) U {()} u ,V -£ Q. On the other hand, if S isn't 
semisubtractive, then there are a\J>\ £ S, Oj > b|, such that a\ - b\ € S. 
Hence S £ (S - 5 ) 0 0 * and (5 - 5 ) n Q4 = Q \ Thus S - S = Q. 

(ii) QJ is not semisubtractive (see (i)). On the other hand, for all c,d £ QJ there 
exists m G Z4 with wr - d £ QJ. That is, Qj" is (additively) archimedian. 

(iii) Let p £ P. The semiring Zp is semisubtractive (see (i)) (and hence archi-
medean as well). 
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Remark 6.14 Let p £ P. Then p$p is a proper ideal of the semiring Zp (clearly, 
1 i pZp), and so 3/} is not ideal-simple. Now, let / be a non-empty subset of S;, such 
that 1 + Dp c 1 and 11 c /. If a £ I and b £ G;, is such that a < ft, then b - a e C/?, 
and so ft = (ft - </) + a £ I. Put r = inf(/). If r < 1, then r = 0 and I = C/;. If r > 1, 
then I = {</ e r7, : <:/ > r}. Using this, we conclude easily that the semiring Zp is 
bi-ideal-simple. 

7. M o r e S u b s e m i r i n g s of Q* 

Proposition 7.1 For all p £ P, /// e Z(| a/u/r e 5vm, ///// V(p,///,r) = {a G 0 + : 
: Hi < v;,(a) and t\ t(a) < a}. Then: 

(i) V = V(p, ///, r) /.v n proper subsemiring OfQ". 
(ii) V /s unitary if and only ifm = 0 anJ ro < 1. 

(iii) w;,(V; = ///. 
(iv) upM = rn for every n > ///. 
(v) ^,(V) = inf{ry": / />/ / /} . 

(vi) w/?;(V) =- -co for every pi e P \ {/;}. 
(vii) p(V)=?\{/>h 

(viii) pd(V) c {/?} a//d pd( V) = {p} //7i/iL/ o/?/y ifrk < 1 /Or ar least one k > /// a/zd 
either m > 1 Or Hi = 0 and ro > 1. 

Proof For all a, ft € V, we have /// < min(v;,(O), vp(b)) < vp(a + ft), and therefore 
rv (a+/,) < rv,(<o *"' « < « + ft. provided that v;,(a) < v7,(ft). The other case is symmetric 
and we see that a + ft £ V. Further, /// < 2/?/ < v;,(a) + vp(b) = vp(ab) and rv/<//,) = 
= rvp{a)+%>Pib) ^ *\,,(a) ' rv,,</» < cd). T h u s ab e V. 

By 2.2, for all /// < /i £ S and .v £ P.+ , there is c e Q'f with rn < c < r„ + .v 
and vp(c) = //. Then c 2 V and we see that V t 0, V i s a subsemiring of Q+ and 
MP(V) = ///. Moreover, since .v was arbitrary, we also see that upM(V) < rn. On 
the other hand, if d £ V and vp(d) < //, then rn < t\ i(({} < d and it follows that 
i W V ) = rw. 

If pi € P \ {//} and k € Z\ then rm < e = p'/p* for some / € Z+, /// < /, and we 
have m < I = v;,(c), r/ ^ r/« ^ -% t" ^ V and v,,,^) = -k. Consequently, w/?t( V) = -co 
andp(V) = P \ {/;}. 

The assertion (ii) is obvious, (v) follows from (iv). and it remains to show (viii). 
If rn > 1 for every n > Hi, then V c Q+ and pd(V) = 0 trivially. Hence, assume that 
rk < 1 for at least one k > m. If pi € P \ {p}, then, by 2.2, there is a £ \(Cf such 
that rk < a < 1, v^(a) = k and vp.(fl) = 0. Then a £ V D iQ1 and it follows that 
pi i pd(V). Then pd(V) c {/?} and pd(V) = {/?} if/// > 1 or /// = 0 and r0 > 1. D 

Proposition 7.2 Assume thai inf\rn : n > m] = 0 (= r > 1, resp.) (see 2.6). Let 
pi GP\{p}. Then: 

(i) upiMl = 0 (u/3l/ll = r, resp.) for every ni £ Z. 
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(ii) A]n(V) = 0 = ,1-(V) (Aj
pi(V) = 1 = Ap](V)f resp.). 

Proof Let :v = inf{r/?} and /?i € Z. For every s G Pi4", there is k > m with r* < s + e. 
B} 2.2, there exists b G 0 + such that rk < b < s + 6\ vp(b) = k and vPl(b) = n\. Then 
/? G V and it is now clear that upufn(V) ~ s. D 

Lemma 7.3 
(i) V c Z p and V = Zp if and only if m - ro = rj = r2 = • • • = 0. 

(ii) V £ ZPl for every p\ G p \ {/;}. 
(iii) V c QJ' (equivalently, V c Of" n C;J if and only if'\nf{rn : /i > ///} > 1. 

Proof It is easy (use 7.1). • 

Lemma 7.4 V(/;q,//zi,r) c V(/?2,/W2--*) if and only if p\ = F2» ^2 ^ ^i» fl'-d 
A\, £ rn for every n > nt\. 

Proof Only the direct implication needs a proof. First, the equality pt = p2 = p 
follows by combination of 7.3(i),(ii). Further, the inequality n%2 < m\ follows from 
4.10 and 1 .\(\\\). Finally, if rn < sn for some n > m\, then, by 2.2, vp(q) = n for 
some a G Q f such that r-, < a < sn. Then £i e V(p\,m\,r) and £i g V(p2»W2,s), 
a contradiction. D 

Remark 7.5 It follows immediately from 7.4 that the subsemirings V(p,m,r), 
/? € P,m e Zp,r € %m, are pair-wise different. Due to 3.10, they are pair-wise 
non-isomorphic as well. 

Lemma 7.6 Let S be a subsemiring ofQ1 and let p € P be such that m = w/?(S) > 
> 0 (i.e.. p G P \ p(5)). 77/e/i 5 c V(/>, ///, w, (5)). 

Proof See 4.3, 4.4 and 4.5(i). n 

Proposition 7.7 For all p e P and r c *X.,,. Pul V(/;, eo,r) = {c/ G Q f : rv (fl> < a}. 
7/irii: 

(i) | > : V(p, co, r) /.v a subsemiring ofO". 
(ii) V -£ Q*" if and only //><> -£ 0 (///r// ro > U 

(iii) V /v unitary if and only if r() < 1 (//uvi ro = 0, 1). 
(iv) vipi(V) = —oojbr every p\ 6 P. 
I \) u /v/( V) = r„ for every it e Z. 

(vi) ,Vp(V) = inftr,1/" : // > 1} < 1 <7//d,-;,(V) = inffr1^ : n > 1}. 
mi ) p(V) = P. 

(viii) pd(V) c lp\ and pd(V) = {/?} if and only if r{) ̂  0 (see (ii)) and rk < 1 for at 
least one k G Z. 

Proof Siir ilar to that of 7.1 (use 2.1, 2.2, 2.8 and 2.9). D 

Proposition 7.8 Assume that inf{r„ : // > 1} = 0 (= r > 1, resp.) (see 2.6). Let 
p\ c ? \ {/?}. 77ie7i; 

(i) u;/J<//1(V) = 0 (upiMl(V) = i\ resp.) for every n\ G Z. 
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(ii) A+pi(V) =- 0 = ,1-(V) (A+
pi(V) = 1 = Am(V% resp.). 

Proof Similar to that of 7.2. • 

Lemma 7.9 
(i) V % CPl for every //. r- 0 

(ii) V c Qj //7///d enz/y //>„ > 1 f>r every « e 0 twee 2.6). Moreover V = 0[' //' 
a/id <7///v /fr„ = I for every n e .0. 

Proof It is easy. • 

Lemma 7.10 Let / \ , O: - £ and r,s e %^. Then V(//|.oo,r) c V(/?2-^-\.v) if and 
only if at least (and then just) one of the following three conditions holds: 

(1) % = ()(thens = OJ; 

(2) pi = p2- .vo ^ 0, .v,, < rH for every n £ Z; 
(3) p i # / ^ A'o 9- 0, /'// > 1 and sn < mf{rk : k > 0} for every n e Z. 

Proof Let V) = V(p , t \ \ r ) c V(/>2,co,-0 = V2> Pi # F2 a n d .vo i1 0. Suppose, 
for contradiction, that rk < 1 lor some k e Z. Then 0 f Vi 0 (0, 1) c V2 n (0, 1) and 
thus there is /// c Z such that .v,„ < 1. By 7.7(viii) and 5.10 we have {p2} c pd(V2) c 
c pd(Vi) c {pi}, a contradiction. 

The rest is easy (use 2.2). a 

Remark 7.11 It follows easily from 7.10 that the subsemirings V(/\eo,r), r € 
G Hoo, r not constant, are pair-wise different. Due to 3.10, they are pair-wise noniso-
m.orphic as well. Notice that if r = (... ,r, r, r,...), /* = 0 or r > 1, is constant, then 
V(p,oo,r) = k / ' : Q 4 : r:.:<y}. 

Proposition 7.12 Let S /><' </ sahseniiring of!0{ and let p G P he such that wp(S) = 
- 0 0 (i.e., p e p(S)). Thcn S L, V(/\co,w/;,(.S')). 

Proof. See 4 3, 4.4 and 4.5(ii). D 

Lemma 7.13 Let S he a proper subsemiring ofQ+ such that S £ OJ" and S 5. Zp 

for every p e P. Then: 
(i) s n iCT * 0 . 

(ii) p(S) = ? (/>., w;,(S) = -oo far every p e P). 
(iii) pd(5) * 0. 
(iv) 5 c V(/\ cxi, up(S ))for every p e P. 

Proof Since S <£ Oj , we have S n iQ+ ^ 0. The equality p(5) = I? follows from 
6.4. Further, pdiS)±(h by 5.9. Finally, S c V(/\oo,uF(5)) by 7.12. c 

8. M a x i m a I S u b s e m i r i n g s of ' / — Al l F o u n d 

PropositionS.l For p (. 1: and r e {£'*, put l/(p.r) = (a £ 0/ : k'i/;./ < o}. 
Then: 
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(i) \Y = 77(/>, r) is a proper unitary subsemiring of Of and QJ H S|? c W. 
in) \Y = ':f(p.co,r), where rm = tJU for i very /// G Z. 

(tit) w/;i(M
;) = -co for every p\ G P. 

(iv) u/M!(\V') = tJi for every n e Z. 
(v) p(W) = P. 

(vi) A;;(W) = r^rvn 
(vii) pd(W) = {/>}. 

(v?ii) 77/e difference ring W - W is thejield 0. 

P/v/^//: Put /•/„ = /•"' for every /// G Z. Then r € 51^, and it is clear that W = 
- 7(/>. oo,r). Now, the assertions (i),..., (vii) follow from 7.7. To show (viii), put 
A = If7 - H7. Let a G Qf be such that \p(a) < 0. If /?i € P is such that \a\lhr < p\, then 
\'p(p\ - r/) = v;,(a) and p\ + « € W. Of course, p\ e W and p\ + a - /?i = a. It is easy 
to see that /I = Q. n 

Proposition 8.2 Let p\ € P \ {/?(. 7'//e/z: 
(i) u^.^WO = 0 for every n G Z. 

ni) j ; I i o n = o = /i;)I(W). 

P/vH//; Combine 8.1(ii) and 7.8. D 

Lemma 8.3 Let p\-,pi G p and r|,r: £ i?-+ /^ .vw// ///a/ lf(p\,r\) c 7/(/?2»r2)-
7'//e// />j = P2 and r\ = r2. 

Proof Combining 8. Kii) and 7 JO, we get />i = /M and /•? < r1;1 for every ti e Z. In 
particular, ^ < ri and /%! < rj"1, i.e., ri < r2. Then ri = r2. D 

Lemma 8.4 Let /; e P and let r G %^, be such that 0 < r* < 1 for at least one 
k c. :::. P/// r = A(r*)(sce 2.8). 77/e/z r G , ? / and'7(p,oo,r) c 7/(/;,r). 

P/Yw/.' By 2.8(vi), 0 < r < 1 (in fact. A > 1). Let A G V(/>, co,r) and /// = v;,(«). If 
/// = 0, then r(( = rm < a. But ro > 1 by 2.8(i), and hence \a\pj- = 1 < a. Urn > 1, then 
z"11 < r,„ by 2.8(iv), and so \a\pj = r"' < /•„. < <z. II7/z < - 1 , then rm < r„„ / = /i(r~), 
by 2.8(iv), and T V«> == r ' " < /•„. < ,,. Bu /•/ > I, by 2.8(v), so that / > r'1 and 
/''" > r"'. Thi s \a\pj- = tjn < / ' " ' < a. We have checked that a e 77(/;, /•). D 

Lemma 8.5 Let S be a proper subsemiring ofCf such that S <j= Q|' and S % Dp 

for every p c. r. Then: 
(i) pdi.S; ± 0. 

f ii) Jfp\ c pd(.V), t//e/z .y = A(uPi(S)') ( \P:4 andS c 77(>i, .v). 

Pwe;/. (i)See7.13(iii). 
(ii) By 7A3(iv). S c V = V(/?|, t\\i#,, (S )). Since p\ G pd(i'), we have uPx${S) > 

> !. By 4.8(ii), nPlJtl(S) * 0 for every /// G Z. Since S £ Qf, we have V7 £ Qf and 
then 0 < u/M./(S) < 1 for at least one k G Z (in fact, k > \) by 7.9(H). Now, by 8.4, 
v :.:7/(/;i,.v). n 
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Proposition 8.6 FOr all pel? and r G iPf. the subscmiring 7/(/?, r) is maximal 
in Q+. 

PrOOf By 8.1(v),(vii) we have p(W) = P and pd(lV) = {/>}, W = W(p, r). Conse­
quently, W ^ Q | and IV ^ ZP] for every p\ e P. Now, let S be a proper subscmiring 
of Q+ such that W c S. By 8.5, S Q W(p2,s)f p2 G pd(5) and .y G ,F / \ Thus 
W(p, r) c W(p2, s) and we get p = pi and r = s by 8.3 and it means that 7/(/>, r) is 
a maximal subscmiring of O \ • 

Theorem 8.7 P/ic semirings Q+, Sp andW(p,r)f p c P, r E JF;1 are just all 
(proper) maximal subsemirings ofQ+, These subsemirings are pair-wise different 
(and hence non-isomorphic). Every proper subscmiring of 0+ is contained in (at 
least) one of titan. 

Proof By 6.2(i), 6.3(i) and 8.6, all the indicated subsemirings are maximal in Q+ . 
If S is a maximal subscmiring of Q+ such that S t Q | and S -£ Sp for every p € P, 
then p(5) = P and pd(S) ± 0 by 7.13. According to 8J , we have 5 = W(pus% 

Pl epd(5) , .y€ ,P.+. 
By 6.1V the subsemirings Q+ and Sp are pair-wise different. By 8.3, the same 

is true for the subsemirings W(p,r). Moreover, W(pfr) # Q | (compare 6.2(v) and 
8.1(vii)) and 7/(/?,r) •$• SPl (compare 6.3(viii) and 8.1(viii)). Finally, by 3.10, all 
these subsemirings are pair-wise non-isomorphic. 

The rest follows from 8.5. D 

Remark 8.8 The same result as in 6.10 follows (independently) also from 8.5, 8.6 
and 8.7. 

Remark 8.9 Let p G 7: and r G jFV. If a,h e W(p.r) are such that a < 1 and 
b < 1, then vp(a) > 1. v;.(/;) > 1, and hence vp(a + b) > 1. In particular, a + b t \. 
Thus 1 i W(//, r) + 7/(/>, r) and ?/(/), r) + 7/(/>, r) # 1H/K r). 

Now, assume that 1 = cd for some c\d G W(p.r). If r = V then d = 1 and 
conversely, and hence let c t 1 # d, c < 1 and 1 < d = 1 /c. We have iJ" < c < 1 
and r~w < c"1, /ii = v7,(r) =- -vp(d). Consequently, /if > 1 and tjn = c = pmc\/d\* 
C\,d\ G Z+,//''ci < d\, p divides neither tj nor d\. I:rom this, r = pelf,f\ c = cj /d | , 
e € , 0 / , vp(e) = 0, e < l / / / ' \ e = (r/p)m. 

Conversely, assume that im is rational and vp(r"1) = m for some m G Z+ . Then 
c = r"1 = pmci/di, where rj,di G Z+, /?mc'i < di and p divides neither c\ nor di. 
We have m =- v/}(r), O G W(p, r), - m = v^c"1) and c"1 G W(p, r). Of course. 
c -£ 1 -£ c"1. 

We have shown that «/ = 1 for some c, d G W(p, r) such that c ± 1 £ d if and only 
if there exists f G JQ^ such that vp(f) = H? > 1 and r = f 1 / w . 

Remark 8.1(1 From 6.13(i) follows that W(p,r) is not (additively) semisubtrac-
tive. 

Let a,b G W(p,r). There are ki,k2 G Z+ with v/((/>j - v;>(«) < ki and i*',{h) < 
< pkla - b. Put k = ki + k2 and c = pka - b. Then vp(p

ka) = k + vp(£i) > vp(b), 
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\p(c) = \p{b) and rv^c) = rvl^ < pka - /;? = c. Thus c £ W(p, r) and we have proved 
that the semiring W(p, r) is (additively) archimedean. 

Remark 8.11 Let S be a subsemiring of Q such that S - 5 = Q. If 5 n Q^ t 0, 
then S is a subring of C by 3.2, and hence S = S - 5 = Q. Now, assume that S c Q+ 
and put F = 5 n Q+. Then F is a subsemiring of Q+ and T - T = Q. Assume, finally, 
that 1 € 7' + T. We are going to show that T = Q+ . 

Let on the contrary, T be a proper subsemiring of Q+ . Since T — T = Q we 
get 7" £ C;, for any p € P (use 6.3(viii)). Since 1 e T + T, we have T £ QJ". 
Now, it follows from 8.7 that T c W(p,r) for some /? € P and r e I!R+. But 
1 ^ 77(/>, r) + W(/>, r) by 8.9, a contradiction. 

We have proved the following assertion (see also 6.9): Let S be a subsemiring of 
Q such that S - 5 = O and 1 = a + b for some a,b € S,a £ 0 & b. Then either S = Q 
otS = Q£orS = Q\ 

As a corollary, we get such an assertion: Let S be a subsemiring of Q such the 
S - S = 0 and 1 /m e S for at least one m e Z, m > 2. Then either 5 = Q or 5 = QJ 
orS = 0\ 

9. U n i t a r y a n d n o n - u n i t a r y s u b g r o u p s of Q(+) 

Definition 9.1 Let A be a unitary subgroup of Q(+\ (i.e., 1 € A). For every 
prime p e P let ch(A,p) = supfk e ZJ : p~k £ A} £ ZJ U {oo}. Furthermore, put 
ch(A) = (ch(A,p) : peF). 

Lemma 9.2 Let A be a unitary subgroup ofQ(+). Ifa/b £ A where a, b £ Z, b £ 0 
and gcd(aj)) = 1, then l/b e A. 

Proof We have 1/1? = ma/b + nb/b £ A, where m,n £ Z are such that 1 = 
= gcd(a, /;) = ma + nb. D 

Lemma 9.3 Let A be a unitary subgroup ofQ(+) and let p £ P. Ifc/d £ A and 
k (: 'Zf* „ where c\ d £ Z, d £ 0, p does not divide c and pk divides df then k < ch(A, p). 

Proof We have d = pkL c/pk = /c/d € A, ged(t\/?*) = 1 and 9.2 applies. • 

Lemma 9*4 Let A be a unitary subgroup ofQ(+) and let Pi,Pi,.». ,pm,m > 1, 
/*' pair-wise different primes. Then a/p^pt; • • • p," £ Afar all a £ Z anJ 1 < kf- < 
! ch( A,/>,-), / = 1,2,...,///. 

Proof Put/; = p\*p%--.rft7 andc = X ^ / M ' " ' ^ - I P ! " •• - P « ^ = l i f 

tw = 1). Then c/b = £ £ . 1/ / / ' e A and gcd(c,/>) = 1. By 9.2, l/b £ A, and hence 
a/h € A, too. • 

Proposition 9.5 Let A be a unitary subgroup ofQ(+). Then A = {q £ Q* : vp(q) > 
> -ch(A, p)f<9r every p £ ¥) U {0} and ch(A, p) = sup{-v;,(x) : O ^ J C G A} for every 
p €P . 
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Proof. First, take q € A,q ?. 0. We have q = a/1), a J) G Z\gcd(n,ft) = 1. If 
/? G ? and vp(q) > 0, then ~eh(A,/>) < 0 < vp(q) trivially. If m = vy,(a) < 0, then 
m > -eh(A,/9 by 9.3. 

Conversely, if*/ G Q* is such that vp(q) > -eh(A,/>) for every /; G ?, then </ = 
= a/b.aj? G Z\gcd(a.ft) = I and either/; = +l and q c A trivially or b # ±l and 
q = a//; G /I by 9.4. D 

Corollary 9.6 Let A\ and Ai be unitary subgroups of 0(+). Then: 
(i) A\ c A2 if and only ifc\\(A\) < eh(A2) (/>., eh(Ai,/>) < ch(A2, p) for every 

p G p). 
(ii) A\ = A2 if and only ifch(A\) = ch(A2). 

Remark 9.7 Let A\ be a unitary subgroup of Q( + ) and let <p be a (group) homo-
morphism of A, into a subgroup Ai of Q(+). Then fCO) = 0 and, if a, ft e Z \ {()} are 
such that a/b G ,4 j , then -pi I )a = ip(a) = (p(b • a/ft) = Ixpia/b) and ip(o/b) = f (I )a/ft. 
Thus <f(a) = <f(l)a for every a G Af. In particular, either <£(-) = 0 and ip = 0 or 
</?(!) =£ 0 and </ is injective. If ip(\) -£ 0, then A3 = ec(l)Aj is a subgroup of A2 
and A3 = A\. Clearly, A\ is unitary if and only if ip(\)'{ G Ai. Finally, e; is an 
isomorphism of Aj onto A2 if and only if (p(l) # 0 and A2 = ^(l)Ai. 

Remark 9.8 Let A\ be a unitary subgroup of Q(+) and let r G Q* be such that 
r"1 e A\. Put /12 = rAi. Then A2 is a unitary subgroup of Q(+) and the mapping 
a —> ra is an isomorphism of A\ onto A2 (cf, 9.7). Moreover, \p(ra) = vp(r) + vp(a) 
for every p e P. Now, is clear that ch(A2,F) = ch(Aj, /;) •- v;>(r). 

Consequent!}', the following two conditions are satisfied: 
(1) For every p G ?, ch(A j , p) = 00 if and only if ch(A2, p) = 00; 
(2) The set {/.» G ? : eh(Aj,/;) # ch(A2,/?)} is finite. 

Remark 9.9 Let A\ and A2 be unitary subgroups of C( *-). Then the following are 
equivalent: 

(i) A, s A : . 
(ii) A2 = rAj for sonic /• c Q(+) (then r -,-= 0 and r ! ( Ai). 

(iii) The conditions 9.8 (I). (2) are satisfied. 
Indeed, the first two conditions are equivalent by 9.7 and 9.8 and they imply the 

third one by 9.8. Now, assume that the conditions 9.8 (1), (2) are satisfied. Put 
sp = ch(Ai,/0 - eh(A2, p) for every p e P (here, to - <\» = ()) and r = [\ //> (use 
9.8 (1), (2)). Then r G Q4 and vp(r) = sp for every /> G ?. if Ai = rA|, then 
ch(A3,Ej) = ch(-li,/;) - sp = ch(A2,F) for every p < ;? (see 9.8). Now, rAi = A2 

follows from 9.(>. 

Remark 9.10 Let a : .? -~* ZJ U {00} be a mapping. Put A(cY) = \q e Q* : 
: vp(q) > —a(p) for every /> G P} U {0}. Then A(a) is a unitary subgroup of Q(+) and 
ch(A(a9) = a. 
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Proposition 9.11 There exists a In unique correspondence between unitary addi­
tive subgroups of*Q(+) and mappings a : I --> Z(JU{oo}. The correspondence is given 
by A -~> ch(A; and cr —• A(a) (see 9.1 and 9.10). Moreover: 

(h If A\ and Ai are unitary subgroups of Q(+), //?e7f ft) c A2 if and only if 
eh(/l|) < ch(/l2) and A\ = A2 if and only if the conditions 9.8 (1), (2) r/re 
satisfied (see 9.9). 

ui) //V\ iv a unitary subgroup of'C(+), ///^// /l is Jinitely generated if and only 
if the set {p £ if' : eh(/\,/>) 9- 0} is Jinite. In such a case, A is cyclic and 
A -- If m for some in £ Z \ 

(iii) ch(Z) = (0 .0 , . . . ) and ch(Q) == {co, ,v>,...). 

F/vH//. See and combine 9.1, . . . , 9.10. D 

Proposition 9.12 Let A be a non-zero subgroup of Q(+). Then: 
(1) 4 n Z ( ^ 0 and A 0 Z -=A'M) * Z, u7fm\i/(/4) = min(/4 n Z+). 

fii) /t/iV/i) /A' a unitary subgroup ofQ$+) isomorphic to A. 
(iii) /I /.v unitary if and only ifx(A) = 1 • 
(iv) / /> € F dividesx(Al then ch(A/x(A),p) = 0. 
(v) //V/, b G Z, h t 0 are A7/c// ///<// «//> G /I, then x(A) divides a. 

Proof II is easy (if \/p e Afx(A), then yiA)/p e A, and so /; does not divide 
XiA)). D 

Definition 9.13 Let A be a non-z.ero subgroup of Q(+). Wfc /;/// ch(/4,p) = 
= ch(A/ \-(A), p)J})t* every prime p G F andch(A) = ch(A/x(A)) (see 9.12). 

Lemma 9.14 Let /I /;^ a non-zero subgroup ofQ(+) and let p £ P. 
//) If p dividesx(A)> then eh(A,p) = 0. 
(/// If p does not dividex(A), then ch('/l, p) = supjk G 2^ : ^-(/4)/// £ A}(e Z(\ U 

U M ) . 

Proof (i) See 9.13 and 9.12 (iv). 
(ii) l;or every k £ Z(+, we have 1///' € /1/iV/i) if and only i f^04) / / / £ A. 

D 

Lemma 9.15 Let A he a non-zero subgroup ofQj(+) and let p £ P. 
(/) Ifa/b £ A, where a J) eZJ> * 0. and gal(aj)) = 1, then x(A)/h £ A. 
iii) Ifc/d € A and k G Z(*r where c. d c; Z, d ^ 0, /> does not divide c and //' divides 

cL then k < ch(A.p). 

Proof, (i) We have a £ A (1 Z, and so a •-- x(A)e for some ^ G Z. Consequently, 
c//; G /l/,v(/l).. \/b £ Af\(A), by 9.2 and, f i n a l l y , ^ ) / * e .4. 

iii) Using 9.3, we can proceed similarly as in the proof of (i). 
D 

Lemma 9,16 Let A be a non-zero sul>group ofQf+) and let p\, pi,..., pm*m ^ 1» 
/*' pair-wise different primes. Then a/'pki pk

2 - • • pk,"1 £ A Jar all a £ Z such that x(A) 
di\ ides a and all 1 < kt < ch(/4, />;), i - 1,2.,.., tit. 
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Proof Use 9.4 (sec the proof of 9.15(i)). D 

Proposition 9.17 Let A be a non-zero subgroup ofQ(+). Then A = \q e Q* : 
: vp(q) > vp(x(A)) - ch(A.p)for every p e P | U {0}. 

Proof 117/ e /\, q t 0. then q/x(A) e A/x(A) and \p(q) - vp(x(A)) > -ch(_4, p) by 
9.5. Conversely if q e Q* is such that v^q) > vp(ch(A)) - ch(A,/>) for every /; e r , 
then vp(q/x(A)) > -ch(/1, />),q/x(A) e A/x(A) by 9.5. and so q e A. D 

Lemma 9.18 Let A\ and A2 be non-zero subgroups of*0(+). Then A\ QA2ifand 
only ifx(Ai) divides x(A\) andd\(A\.p) < ch(A2, p) + vp(x(A\))-vp(x(A2))jbr every 

P/ruf If/\j c /i2 , then /ij n Z c A 2 n Z and il follows easily that x(Ai) L^'1™ 
videsx(A\)<x(A\) = mx(A2) for some /// e ZL Moreover, / l | /^( / \ | ) c /l2/^'(/li) = 
= (A2/A-(-42))//// and ch(A\/x(A\),p) < ch(A2/x(A\),p) by 9.6(i). But ch(A2/x('Uh 
p) = ch(A2/x(A2), p) + vp(m) = ^h(^2/X(^2)?P) + v/,0k-(/l|))-v/,0t'(-42)) follows from 
9.8. The rest follows from 9.17. a 

Corollary 9.19 Let A\ and A2 be non-zero subgroups ofQ(+). Then A\ = A2 if 
and only ifx(A \) = x(A2)

 {lfUl ch(A\) = ch(/i2). 

Remark 9.2(1 Let A\ and /l2 be non-zero subgroups of G(+). Then A\ = A\ /x(A\) 
and A2 = A2/\-(A2). Using this and 9.9, we conclude that A\ = A2 if and only if the 
conditions 9.8 (I), (2) are satisfied. 

Remark 9.21 Let /// e Z4 and let a : F —> Z4 U {eo} be a mapping such that 
a(p) = () whenever/; divides ///. Put A(a,m) = ///A(<r) = {<:/ € Q* : v/)(^/) > 
> vp(m)-a(p) lor every p e P} U {()} (see 9.10). Then A(ct% /if) is a non-zero subgroup 
of Q(+),x(A(a. m)) = /// andch(A(o\///)) = cr. 

Proposition 9.22 There exists a biunique correspondence between non-zero addi­
tive subgroups o/Q(+) and ordered pairs (a, ///), where m (~ Z4" and a : P —* Z* U {c\?} 
/A* a mapping such that a{p) = Ofbr nYvy p dividing ///. 77/̂  correspondence is given 
by A -» (ch(A).,vW))r///d(rr,///) -» A(<y,///) (AW 9.12. 9.13. and 9.2\). Moreover: 

(i) If A\ and A i are rum-zero subgroups OfQ(+), ///</// A\ Q A2 if and only if \iAi) 
dividesx(A\) and ch(A\,p) < ch(A2, p) + vp(x(A\)) - \'P(x(M))for every p € P and 
A\ = A2 if and only if the conditions 9.8 (1), (2) are satisfied (see 9.20). 

(//') If A is non-zero subgroup f/fQ(+), then A isjinitely generated if and only if the 
set {p € P : ch(A.p) =£ 0} isjinite. In such a case, A is cyclic and A = Zc/ for some 
q€Q\ 

Proof See and combine 9.18, . . . , 9.21 and 9.1 L • 

10. U n i t a r y a n d N o n - u n i t a r y S u b r i n g s of O 

Proposition 10.1 Let A(= A(+)) be a unitary subgroup ofQf + ). Then A is a {uni­
tary) subring oj 0 if and only ifch(A(+), p) e {0, oo)for every p £ P (see 9.1 j . 
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Proof Use 9.5 and 9.1. a 

Proposition 10.2 There exists a biunique correspondence between unitary sub-
rings oJQi and subsets Of P. If A is a unitary subring ofQ, then the corresponding 
subset is p,\ = {// £ P : 1 //; £ A). If P is a subset OfP, then the corresponding unitary 
subring is A/> = \q £ Q* : vp(q) > OJbr every p £ F \ P} U {()}. Moreover: 

(i) /fj\i and Az ore unitary subrings oJQ\ then A\ c A 2 if and only /fp,t, Q p,i> 
and A i = Ai if and only if A\ = /I2. 

(ii) //'A is a unitary subring OfQ, then A is ajinitely generated ring if and only if 
the set PA is finite. 

(iii) pr : = 0. 
(iv) p ; = F;. 

Proof It is easy (see 10.1, 9.5 and 3.10). D 

Proposition 10.3 Let A(= A(+)) be a non-z.ero subgroup of Q(+). Then A is 
a subring OfQ if and only ifch(/l(+), p) £ {(), co}Jbr every p e P (see 9.1, 9.12, 9.13 
and 10 A). 

Proof Put /// = ;r(A) (see 9.12). If A is a subring of Q and p £ P is such that 
ch(A(+),p) > U then // does not divide m (9.12(iv)), 1//; e A/m and //;//; € A. 
Consequently. m"/p" £ A and mn'x/pn £ A/m for every /? € Z4 and it follows from 
9.3 thai eh(A(+),p) = ch(A(+)/m,p) = co. 

Now, if eh(/4(+), p) £ {(), e^} for every // ••: P, then A/m is a subring of Q by 10.1, 
and hence abjnr £ A/m and ab/m £ A for all aj> £ A. Then, of course, ab £ A and 
A is a subring. • 

Proposition 10.4 There exists a bi unique correspondence between (non-zero) sub­
rings of Q ai;d ordered pairs (I\m), w fie re m £ Z+ r//?d P /.v a subset oj'Tr such 
that p £ r \ P whenever p £ P divides m. If A is a subring ofQ, then the corre-
s/)onding pair is (p/\,x(A(+))X where pt\ - \p £ P : x(M+))/p € A). If(I\m) 
is a pair as above, then the corresponding subring is A(/>Jfl) = \q £ 0* : \'r(q) > 
> vp(m) Jar every p £ P \ P) U {()}, Moreover: 

(i) If A\ and Ai ore subrings OfQ, then A\ Q A 2 if and only if x(Ai(+)) divides 
X(A\{ + )) andpAl c p<4, and A\ = A2 if and only ifA\ = A2. 

(ii) /fA is a subring ofQ, then A is ajinitely generated ring if and only if the set 
pA is finite. 

Proof It is easy (see 9.14, 9.22, 10,2, 10.3 and 3.10). • 

II. S u b s e m i g r o u p s of G (+1 — F i r s t O b s e r v a t i o n s 

Proposition 11.1 (see 3.1) Let S be a subsemigroup ofQ(+) such that S n Q+ -£ 
^ 0 £ S O Q" Then S is a subgroup ofQ>(+). 
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Proposition 11.2 Let S be a subsemigroup ofQ()(+) ( C0(+), resp.}. Then -S = 
= {-q : q £ S] is a subsemigroup o/Q^(+) (Q0(+)» resp.) and the mapping q H* -q 
is an isomorphism ofS(+) onto (-S)(+). 

Proof It is obvious. • 

Proposition 11.3 Let S be a subsemigroup o/Q+(+) such that 0 € S. Then: 
(\) 0 is a neutral element ofS(+). 

(ii) IfS is non-zero, then T = S \ {()} is a subsemigroup ofQr(+); the semigroup 
T(+) has no neutral element. 

Proof It is obvious, a 

Proposition 11.4 Let S be a subsemigroup ofQ'(+) such that r e Q \ where 
r = inf(S). Then r~l S is a subsemigroup of Of (+), \\\\(r lS) = 1 and the mapping 
q !—> r"xq is an isomorphism ofS(+) onto (r'lS)(+). 

Proof It is obvious. a 

Proposition 11.5 Let S be a non-zero subsemigroup ofQ(+). If r £ 5, /* # 0, then 
r~~lS is a unitary subsemigroup ofQ(+) and the mapping q i-» r~{q is an isomorphism 
ofS(+)onto(r'~]S)(+). 

Proof It is obvious. a 

Lemma 11.6 Let S be a subsemigroup ofQ(+) and let a,b,c,d £ Z be such that 
b > 1, </ -£ 0, a/h e S anda/b - c/d e S. 

Then: 
(l) a eS> (ad-bc)idc.S. 

(ii) a -c/d = (ad- c)/d c S. 
(iii) Ifd> h then ad c S, ad — be £ S and ad - c c .S\ 

Proof. (i) We have a -• b - a/b £ S, (ad - bc)/bd " a/b - c/d £ S and hence 
a - bc/d = (ad • - bc)/d c S . 

(ii) If b > 2, then a - a/b = (b - \)a/b £ S and (ad - c)/d = a - c/d = 
= (a - a/b) + (a/b -c/d) c.V. 

(iii). Used) and (ii). Q 

Lemma 11.7 Let S be a subsemigroup ofQ(+) such that S - S = Q and T = 
= S n Q+ £ 0. Then for every n c Z+ t/iere* O/F a,,, </,', r T n Z+ .v//c7? ///<// f/„ - 1 //? = 
= (nan - 1)/// G 7\ //a,. - I £- 0, and a'n - 1 l(nan - 1) -- ((//a,, - 1 )</,', - 1 )/(nan - I) c 7\ 

Moreover, r -• nan - 1 <: 7* n Z \ s = ra', - 1 £ T n 2/ and gcd(r<ns) = 1. 

Proof Clear-'y, 7' is a subsemigroup of C(+). If.V ^ Z t 0, then S is a subgroup 
of Q(+) by 11.1, and therefore S = 5 - 5 = Q and F ~ Q \ If S n Q' = 0, then 
S c Q+ and T - S \ {()}. Now. we see that 7' - T = \ anyway. 

By 11.6, theie are an,bn £ Z ! such that an/bn e 7\ </„ 6 7' n Z \ .-/„//>„ - \/n £ 1" 
and a,! - 1/n = r//i € 7\ Then r € r n Z \ too. In particular, r ^ 0 and, by 1 1.6 

56 



again, there a-e a'frb'n £ Z f such that a'nlb'n £ 7\ a'n £ F n Z \ a'Jb'n - 1/r € F and 
^ ~ l //• = ,v/r G 7\ Then .v € T n Z*. too, and hence ns £ T n Z \ 

Now, if /; (: P divides both r and //.v, then p divides nan - 1 and p does not divide 
//. Consequently, /; divides ,v = ra'n -~ 1 and /; divides 1, a contradiction. Thus 
gcd(r.//.v) = 1. • 

Lemma 11.8 Let S be a subscmigroup (fQ(+) such that T = 5 0 Of =£ 0. 77/c 
following conditions are equivalent: 

( i ) S - 5 = Q . 
(ii) FOr every n £ Z1 ///m' i',v ///„ € Z\ A7ic7? tluit k/n £ 7\/<?r m'ry k G Z, A > ///„. 

(iii) /Y//* Ol/ f £ T and q e C there is I £ Z\ H7*t/i It - q e T. 

Proof (i) implies (ii). By 1 1.7, there are r, .v € T f) Z" such that r/n £ 7\ s/r £ T 
and i!cd(r, ns) = 1. We have /*, ns £ T and we put T\ = {//r+w/s : //, v G Z{\ u+v =>= ()}. 
Clearly. 7*i is a subscmigroup of (7' f) Z4X+) and r,//:y e 7\. Using the equality 
gcd(r.//.s) = L we find ///„ c Z4 such that///„..///„+ l,///„ + 2 , . . . € 7\ (see 12A). Now, 
if k ••• Zf is si-ch that A' > ///„, then k = uir + \*{//.v for some ui,i'i G Z ( \ ii\ + V| =£ 0, 
and k/n = u\r/n + v\ns/n = Hi • r/// + \'ir • sir £ T. 

(ii) implies (iii). Wfe have / = a/b and q ••=• e/d, where tf,/?,d £ Z f and r: € Z. By 
(ii), there is //» € Z* such that A*//*/ c-: 7" for every k £ Z \ k > ///. Now, find / £ Z1 

with lad - /;r > ///. Then It - q = la/b - r / J = (/w/ - bc)/bd £ T, 
(iii) implies (i). It follows immediately that C = T - T c S — S. D 

Remark 1 L9 Let S be a subscmigroup of C(+) such that T = 5 n Q~ =* 0. Con­
sidering the subscmigroup —S and using 11.8, we see that the conditions 11.8(i),(iii) 
remain equivalent and, moreover, they are equivalent to: 

(ii2) I;or every n £ Z} there is ///,. c Z ' such that A//f c 7' for every k £ Z, A" < ///„. 

Remark I Lit) Let 5 be a subscmigroup of C(+) such that 5 - 5 = Q and 1 /t £ S 
for some / G Z\\ / > 2. 

Clearly, S is unitary and we show that for every q £ Of there exists / £ Z\ with 
t'qcS. 

Put F = .S* n Q+ and R = 7' U F// U 7'/r U •••. Then T - T = Q and R is 
a subscmigroup of C"'(+). If// c Z+ , then it follows from 1 1.8 that tl/n £ T\ for some 
/ c r ; . We have /'/// = a £ 7\ /j e Z0 , and so 1/n = a/t1 £ R. We have shown that 
I /n ••: R for every // G Zf and it follows easily that R = O4 . 

Remark 11.11 (cf. 8.1 1). Let S be a subsemiring of Q such that 5 - 5 = O. Then 
7 -- S ° C ' is a subsemiring of C\ and T - 7' = 0 . 

(i) Assume that 1 /f G 7* for some / o Z \ / > 2. Uq £ C \ then tlq £ T for some 
/ € Z' (by 1 LKI). But I//1 c 7\ and hence <y G 7\ Thus T = Cf and either 
S == 'Zf or S = Q{* or 5 = C. 

(ii) Assume that 1 G 7 ' + 7\ Then i = a/b + c/d for some </, />, c, d G Z f such that 
a/b c 7\ c/J € 7' and gcd(tf,/» = 1 = gcd(cd). Wc have 1 = (r/rf + bc)/bcL 
and lunce gcd(^/,c) = I as well. Now, using 5.2, we get 1// £ 7\ where 
i = IcinC/^/) > 2. By (i), T = C \ 
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12. F i r s t O b s e r v a t i o n s On S u b s e m i g r o u p s of Z(+) 

Lemma 12.1 Let S be a subsemigroup ofiZ* (+) such that gcd(S) = 1. Then there 
exists at least one positive integer s such that s, s + 1, s + 2 , . . . € S. 

Proof. Let tn denote the smallest positive integer such that /// + n £ S for some 
n £ S U {()}. If ni\ £ Z f and iij £ S U {0} are such that wii + /ii e S, then ///i = 
= km + /,k € 2 + , l e Z,() < / < m, and both km + k« + iii = k(m + n) + ti\ and 
km + kn + n\ + ! = m\ + n\ + kn are in S. Since I < m, we get / = 0 and it follows 
that m| m\. Consequently, /// | a for all a £ S, and hence m| gcd(S) = 1, /// = 1. Thus 
/i + 1 € S; if n = 0, then 1 c; S and S = Z+. 

We have shown that / c- S and t + \ e S for at least one t e S. If /*i > / and 
0 < E2 < t, then rjt + r2 == (/*i - /*2)/ + r2(t + 1) e S. We can put s = r. n 

Proposition 12.2 Let S /^ a subsemigroup ofZj and let r = gcd(S). 77?eif ///m' 
exists a uniquely determined positive integer s = <r(S) swc// ///at (s - \)r £ S and 
sr,(s + l)r,(.v + 2 ) / ; . . . £ S. 

Proof. T = r ^ S is a subsemigroup of Z+(+) and gcd(F) = 1. Now, the result 
follows from 12.1. D 

Proposition 12.3 Every subsemigroup oj'Z(+) is finitely generated. 

Proof. Let S be a subsemigroup of Z(+). If S is a non-zero group, then S( + ) is 
a cyclic group and it is, as a semigroup, generated by the two-element subset {a. -a}, 
where a = min(S n Z4). If S is not a group, then, taking into account ILL 11.2 and 
11.3, we may restrict ourselves to the case S c Z+. If r = gcd(S), then the semigroups 
S(+) and T(+) are isomorphic, T = r~lS c Z% gedff) = 1, and therefore we can 
assume that r = 1. Put .v = .rr(S) (see 12.2) and /// = min(S). Now, denote by R 
the subsemigroup of Z(+) generated by the set {n e S : n < s + m - 1). Clearly, 
PCS, [n\ £ S : n\ < s] C /?, /// e /?, s e P and R(+) is a finitely generated 
semigroup. If //. = 1, then P = S = Z+. If //? > 2, then .v, s + 1 , . . . , s + /// - 1 £ R. 
and hence s + km, s + km + 1 , . . . . s + (k + I)/// - 1 e R for every k > 1. Consequently, 
{si : s < si} c P and we conclude that R - S. • 

Example "12.4 The set Am = {m,m + L//z + 2 , , . .} , m > 1, is a subsemigroup 
of Z+(+) and the set {///,/// + 1, . . . ,2m - 1} is the smallest generator set of Am( + ). 
Consequently, the semigroup Am(+) cannot be generated by less than /// elements. 
Notice also that S = Am when S is a subsemigroup of Z/C+) such that gcd(S) = 1 
and cr(S) = min(S). 

Remark 123 Let S be a finitely generated subsemigroup of Q(+). Then the dif­
ference subgroup A = S - S is finitely generated, and hence it is a cyclic group. 

Remark 12.6 Let S be a subsemigroup of Q(+) such that S n Qf -£ 0 (see 1 L2). 
Then S n Z+ # 0 and, if r = gcd(S n Z+), then there exists s e Z+ such that 
sr,(s + l)r,(s + 2)r, . . . € S. 
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