
Kybernetika

Vladimír Olejček
Fractal construction of an atomic Archimedean effect algebra with non-atomic
subalgebra of sharp elements

Kybernetika, Vol. 48 (2012), No. 2, 294--298

Persistent URL: http://dml.cz/dmlcz/142815

Terms of use:
© Institute of Information Theory and Automation AS CR, 2012

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz

http://dml.cz/dmlcz/142815
http://project.dml.cz
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FRACTAL CONSTRUCTION OF AN ATOMIC
ARCHIMEDEAN EFFECT ALGEBRA WITH NON-ATOMIC
SUBALGEBRA OF SHARP ELEMENTS

Vladiḿır Olejček

Does there exist an atomic Archimedean lattice effect algebra with non-atomic subalgebra
of sharp elements? An affirmative answer to this question is given.
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1. INTRODUCTION

A set E equipped with a partial commutative and associative operation ⊕, containing
elements 0 and 1, in which the existence of a unique inverse element x′ to any x ∈ E is
guaranteed, and a⊕1 is admitted only if a = 0 is well known as effect algebra. It was
introduced by Foulis and Bennet [2] and simultaneously by Kôpka and Chovanec as a
D-poset [4]. It can be equipped with partial order 6 as follows: For any x, y ∈ E, x ≤ y
iff there exists z ∈ E such that x ⊕ z = y. The effect algebra E with ≤ can form a
lattice and in such a case it is called lattice effect algebra [1]. This structure generalizes
both orthomodular lattices, i. e. the effect algebras in which x ⊕ x is not defined for
any x ∈ E, and MV effect algebras, i. e. effect algebras with all pairs of elements being
compatible [1], and is applied as a carrier of probability of unsharp or fuzzy events.

In connection with existence of states on lattice effect algebras properties of the
subalgebra of sharp elements are studied. The following definitions are consistent with
the ones in [1].

Definition 1.1. An element x ∈ E is called a sharp element, if x ∧ x′ = 0.

Let us denote S(E) the sets of all sharp elements of E. It is known that S(E) is an
orthomodular lattice [3].

Definition 1.2. An effect algebra is called Archimedian effect algebra, if for every x ∈ E
there is a positive integer nx such that x⊕ · · · ⊕ x︸ ︷︷ ︸

nx times

is defined and x⊕ · · · ⊕ x︸ ︷︷ ︸
nx + 1 times

is not

defined. The integer nx is called the isotropic index of x.
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Definition 1.3. A non-zero element x ∈ E is called an atom if for every y ∈ E such
that y ≤ x we have y = 0 or y = x. An effect algebra E is called atomic if for every
non-zero element x ∈ E there is an atom a ∈ E such that a ≤ x. An effect algebra E is
called non-atomic if there is no atom in E.

Z. Riečanová studied atomicity of lattice effect algebras regarding the atomicity of
S(E) and/or the atomicity of blocks. For instance, in [7] she proved that S(E) of every
complete atomic Archimedean modular effect algebra is atomic.

In [8], as well as at several presentations, Z. Riečanová formulated the following open
problem: Does there exist an atomic lattice effect algebra with non-atomic subalgebra
S(E)? In [5] we have found an affirmative answer to this question and even slightly
more. We presented an atomic MV-effect algebra with non-atomic subalgebra S(E) of
sharp elements. However, the example presented in [5] was a non-Archimedean lattice
effect algebra so that the above open problem remained partially open. In particular,
it remained unclear if there exists an atomic Archimedean lattice effect algebra with
non-atomic subalgebra of S(E) of sharp elements. In this article we give an affirmative
answer to this question.

2. ATOMIC ARCHIMEDEAN LATTICE EFFECT ALGEBRA
WITH A NON-ATOMIC SUBALGEBRA OF SHARP ELEMENTS

Example 2.1. Denote I = [0, 1) the real unit half open interval, N = {0, 1, 2, . . . } and

M = {0, a0, a1, a2, . . . , an, . . . ,1}

the zero-one pasting of infinitely many MV effect algebras {0, ai,1 = 2ai} for i ∈ N. In
particular, for every x, y ∈ M , x⊕ y is defined iff

(a) x = 0 or y = 0. Then x⊕ y = y or x⊕ y = x respectively, or

(b) x = y = ai for some i ∈ N. Then x⊕ y = 2ai = 1.

The set E is the subset of the set M I defined as the set of all functions f : I → M
satisfying the following two conditions

(i) there exists n ∈ N such that f is constant on every half open interval of the binary
division {0, 1/2n, 2/2n, . . . , i/2n, . . . , 1},

(ii) for every x ∈ I, if f(x) = ak and j ∈ {1, 2, . . . , 2k} is an integer with (j − 1)/2k ≤
x < j/2k then for every t ∈ [(j − 1)/2k, j/2k), f(t) = ak.

The effect algebra operations ⊕ and the complement ( )′ are defined on E as the
restricted ones from point-wise operations on M I .

Proposition 2.2. The above defined set E equipped with the operations ⊕ and ( )′ is
an atomic Archimedean lattice effect algebra with non-atomic subalgebra S(E) of sharp
elements.
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P r o o f . Since the effect algebra operations ⊕ and the complement ( )′ are defined on E
as the restricted ones from point-wise operations on M I , their properties are preserved.
It also follows that the zero element 0E and the unit element 1E of E are the constant
functions equal to 0 and 1 respectively on I.

We will prove that the order on E coincides with the point-wise order as well. Assume
f, g ∈ E and f(x) ≤ g(x) for all x ∈ I. If both functions take only the values 0 and 1
and satisfy the condition (i) then their difference satisfies the condition (i) as well and
therefore f ≤ g with respect to the order derived from the ⊕ operation on E. Take
an arbitrary x0 ∈ I and assume that g(x0) = ak for some k ∈ N. According to (ii)
g(x) = ak for all x in an interval J(j, k) = [(j − 1)/2k, j/2k) for some j ∈ {1, 2, . . . , 2k}.
Since f(x0) ≤ g(x0), f(x0) = 0 or f(x0) = ak. If f(x0) = ak then f(x) = ak for all
x ∈ J(j, k). If f(x0) = 0 then from the assumption f(x) ≤ g(x) on I and from (ii)
we have f(x) = 0 for all x ∈ J(j, k). The case f(x0) = ak can be inspected applying
the duality principle interchanging ≤ with ≥ and 0 with 1. Summarizing, for any two
elements f, g ∈ E such that f(x) ≤ g(x) on I we obtain: if one of them takes a value ak

for some k ∈ N (and consequently it is constant on an interval J(j, k)) then the other
one is also constant on that interval and their difference is ak or 0. Thus, f ≤ g with
respect to the order derived from the ⊕ operation on E.

It is not difficult to see that the lattice operations meet and join cannot be taken
point-wise. Next, we will show what is the meet of two functions in E. For any f, g ∈ E
denote m(x) the point-wise meet of f and g, i.e m(x) = min{f(x), g(x)} if f(x) ≤ g(x)
or f(x) ≥ g(x) and m(x) = 0 otherwise. We modify the function m(x) such that it
becomes the greatest lower bound of f , g.

M(x) =

{
m(x) if m(x) = 0 or 1 or m(x) = ak for all x ∈ J(j, k)
0 if m(x) = ak and m(t) = 0 for some t ∈ J(j, k).

First, realize that M ∈ E for any two functions f, g ∈ E. In fact, the second row
of the definition of M(x) secures that the condition (ii) is fulfilled. Suppose h ∈ E
is such that h ≤ f and h ≤ g, i. e. h(x) ≤ f(x) and h(x) ≤ g(x) for all x ∈ I. Then
h(x) ≤ m(x). It remains to show that h(x) ≤ M(x) in case M(x) = 0 and M(x) < m(x),
i. e. m(x) = ak and m(t) = 0 for some t ∈ J(j, k). Let x0 ∈ I be such that m(x0) = ak

and m(t) = 0 for some t ∈ J(j, k). Then at least one of the values f(x0), g(x0) equals
ak. Thus h(x) ≤ ak for all x ∈ J(j, k). However, at the same time there is a value
t ∈ J(j, k) such that m(t) = 0 and consequently h(t) = 0. Summarizing, for h ∈ E we
have h(x) ≤ ak for all x ∈ J(j, k) and h(t) = 0 for some t ∈ J(j, k). Hence h(x) = 0 for
all x ∈ J(j, k). The analogous property of the meet operation can be verified using the
duality principle interchanging ≤ with ≥, ∧ with ∨ and 0 with 1. Since every non-zero
element f ∈ E is non-zero on a whole interval [(j − 1)/2n, j/2n) for some n ∈ N and for
some j ∈ {1, 2, . . . , 2n}, the function α(x) = an if x ∈ [(j − 1)/2n, j/2n) and α(x) = 0
otherwise, is an atom in E with α ≤ f . Hence E is atomic.

Evidently, E is Archimedean with the isotropic index of every atom equal to 2.
It is not difficult to verify that the subalgebra S(E) of sharp elements of the lattice

effect algebra E is the Boolean algebra consisting of all zero-one functions in E. Since
the process of binary divisions of the interval I is infinite, the subalgebra S(E) of sharp
elements is non-atomic. �
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Note 2.3. Denote χi,k the characteristic function of the interval Ji,k = [(i − 1)/2k,
i/2k). The mappings Φ : [0, χi,k] → [0, χ2i−1,k+1] and Ψ : [0, χi,k] → [0, χ2i,k+1] defined
by Φ(f)(x) = f(x/2+ (i− 1)/2k+1) and Ψ(f)(x) = f(x/2+ i/2k+1) respectively, can be
identified as homomorhisms of an interval of E onto its “halves”. It justifies calling the
example construction ‘fractal’.

Note 2.4. The lattice effect algebra E defined in the Example can be generalized
by replacing the MV effect algebras {0, ai,1 = 2ai} with chains of any length, i. e.
{0, ai, 2ai, . . .1 = niai}, where ni represents the isotropic index of the atom ai.

Note 2.5. The lattice effect algebra E defined in the Example is uniformly
Archimedean [6], i. e. the isotropic indices of all elements are not only finite, they
are bounded.

Note 2.6. To see better “inside” the above example let us describe the blocks of the
lattice effect algebra E. A routine inspection shows that every block (a maximal set
of mutually compatible elements) in E uniquely corresponds to a binary partition D of
I into finitely many intervals J(ji, ki) = [(ji − 1)/2k, ji/2k), i = 1, 2, . . . , nD, i. e. D is
characterized by the set of boundaries of the intervals{

0 =
j1 − 1
2k1

,
j1
2k1

=
j2 − 1
2k2

,
j2
2k2

=
j3 − 1
2k3

, . . . ,
jnD

− 1
2knD−1

=
jnD

− 1
2knD

,
jnD

2knD

= 1
}

.

A function f ∈ E belongs to the block corresponding to the partition D iff

f(x) =
nD∑
i=1

βiαki(x)

where

αki(x) =

{
αki

if x ∈ [(ji − 1)/2ki , ji/2ki)
0 otherwise

βi ∈ {0, 1, 2} and 0aki = 0, 1aki = aki and 2aki = 1.
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