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Abstract. For 1 6 c 6 p − 1, let E1, E2, . . . , Em be fixed numbers of the set {0, 1}, and
let a1, a2, . . . , am (1 6 ai 6 p, i = 1, 2, . . . , m) be of opposite parity with E1, E2, . . . , Em

respectively such that a1a2 . . . am ≡ c (mod p). Let

N(c, m, p) =
1

2m−1

p−1∑

a1=1

p−1∑

a2=1

. . .

p−1∑

am=1

a1a2...am≡c (mod p)

(1−(−1)a1+E1)(1−(−1)a2+E2) . . . (1−(−1)am+Em).

We are interested in the mean value of the sums

p−1∑

c=1

E2(c, m, p),

where E(c, m, p) = N(c, m, p)− ((p − 1)m−1)/(2m−1) for the odd prime p and any integers
m > 2. When m = 2, c = 1, it is the Lehmer problem. In this paper, we generalize the
Lehmer problem and use analytic method to give an interesting asymptotic formula of the
generalized Lehmer problem.

Keywords: Lehmer problem, character sum, Dirichlet L-function, asymptotic formula

MSC 2010 : 11N37, 11M06

1. Introduction

Let p be an odd prime. For each integer a with 1 6 a 6 p− 1, we know that there

exists one and only one b with 1 6 b 6 p − 1 such that ab ≡ 1 (mod p). Lehmer [2]

asks us to find the number of (a, b) in which a and b are of opposite parity with the

This work is supported by Basic Research Fund of Northwestern Polytechnical University
of P. R.China (JC201123).
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conditions above. For any fixed integer c (1 6 c 6 p − 1), let N(c, p) be the number

of solutions of the congruent equation ab ≡ c (mod p) for 1 6 a, b 6 p − 1 in which

a and b are of opposite parity; this can be expressed by

N(c, p) =

p−1
∑

a=1

p−1
∑

b=1
ab≡c (mod p)

2∤a+b

1.

Wenpeng Zhang [7] has studied the problem and has got

N(c, p) =
1

2

p−1
∑

a=1

p−1
∑

b=1
ab≡c (mod p)

(1 − (−1)a+b) =
p − 1

2
+ O(p1/2 log2 p).

It is also known that Wenpeng Zhang [8] has proved the formula

p−1
∑

c=1

(

N(c, p) −
p − 1

2

)2

=
3

4
p2 + O(p1+ε),

from which it can be concluded that the error term of N(c, p) may be the best

estimate. There are many other results about the problem by a lot of scholars ([6],

[5], [3], [4]).

Let E1, E2, . . . , Em be fixed numbers of the set {0, 1}, and let a1, a2, . . . , am (1 6

ai 6 p, i = 1, 2, . . . , m) be of opposite parity with E1, E2, . . . , Em respectively such

that a1a2 . . . am ≡ c (mod p). As a general case of N(c, p), we define

N(c, m, p)

=
1

2m−1

p−1
∑

a1=1

p−1
∑

a2=1

. . .

p−1
∑

am=1

a1a2...am≡c (mod p)

(1 − (−1)a1+E1)(1 − (−1)a2+E2) . . . (1 − (−1)am+Em),

and denote

E(c, m, p) = N(c, m, p) −
(p − 1)m−1

2m−1
.

In this paper, we will study the mean value of the sums defined above, that is

p−1
∑

c=1

E2(c, m, p),

where E(c, m, p) = N(c, m, p) − ((p − 1)m−1)/(2m−1) for the odd prime p and any

integers m > 2, and get an interesting asymptotic formula. That is, we will prove

the following theorem.
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Theorem. Let p be an odd prime, let E1, E2, . . . , Em be fixed numbers of the

set {0, 1}, let E(c, m, p) be defined as above. Then for any integers m > 2 and

1 6 c 6 p − 1 we have the asymptotic formula

p−1
∑

c=1

E2(c, m, p) =
1

2
K(m)

(−5p

π
2

)m

ζ2m−1(2)
∏

p0 6=p
p0 6=2

A(m, p0, 2) + O(pm−1+ε),

where

K(m) =
m
∑

i=0

(

m

i

)

(

−
2

5

)i i
∑

j=0

(

i

j

)

(−1)j 1

2|i−2j|

(

3

(

m + |i − 2j| − 1

|i − 2j|

)

+

(

2m − 2

m − 1

))

,

ζ(s) is the Riemann zeta function,
∏

p0 6=p
p0 6=2

denotes the product for all primes except p

and 2 and A(m, p, s) =
2m−2
∑

r=0
1/prs

r
∑

t=0
(−1)t

(

2m−1
t

)(

m+r−t−1
r−t

)2
.

If m = 2, c = 1, and E1, E2 are of opposite parity (such as E1 = 0, E2 = 1 or

E1 = 1, E2 = 0), this is the Lehmer problem, namely N(1, 2, p) = N(1, p). If m = 3,

we have the following corollary.

Corollary. Let p be an odd prime, and E(c, 3, p) = N(c, 3, p) − 1
4 (p − 1)2. Then

we have the asymptotic formula

p−1
∑

c=1

E2(c, 3, p) =
765

2π
6

p3ζ5(2)
∏

p0 6=p
p0 6=2

(

1 +
4

p2
0

+
1

p4
0

)

+ O(p2+ε).

2. Some lemmas

To complete the proof of the above theorems, we need the several lemmas.

Lemma 1. Let p be an odd prime, and let χ denote the Dirichlet character

modulo p. Then we have the identities

p−1
∑

a=1

(−1)aχ(a) =







0, χ(−1) = 1;

i

π

2χ(2)(χ(2) − 2)τ(χ)L(1, χ), χ(−1) = −1,

where τ(χ) =
p−1
∑

n=1
χ(n)e

(

n
p

)

is the Gauss sum, L(1, χ) is the Dirichlet L-function and

i is the imaginary unit.
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P r o o f. See [7]. �

Lemma 2. Let p be an odd prime, let E1, E2, . . . , Em be fixed numbers of the set

{0, 1}. For any integer c (1 6 c 6 p − 1) and m > 2, define

N(c, m, p)

=
1

2m−1

p−1
∑

a1=1

p−1
∑

a2=1

. . . ×

p−1
∑

am=1

a1a2...am≡c (mod p)

(

1 − (−1)a1+E1
)(

1 − (−1)a2+E2
)

. . .
(

1 − (−1)am+Em

)

.

Then we have

N(c, m, p) =
(p − 1)m−1

2m−1
+

2

(p − 1)

( i

π

)m

(−1)E1+E2+...+Em+m

×
∑

χ mod p
χ(−1)=−1

χ(c)χ(2m)(χ(2) − 2)mτm(χ)Lm(1, χ),

where χ is the Dirichlet character modulo p, τ(χ) is the Gauss sum, L(1, χ) is the

Dirichlet L-function and i is the imaginary unit.

P r o o f. From the definition of N(c, m, p) and the orthogonality of character

sums we get

N(c, m, p)

=
1

2m−1

p−1
∑

a1=1

. . .

p−1
∑

am=1

a1a2...am≡c (mod p)

(1 − (−1)a1+E1)(1 − (−1)a2+E2) . . . (1 − (−1)am+Em)

=
1

2m−1

p−1
∑

a1=1

. . .

p−1
∑

am=1

a1a2...am≡c (mod p)

1 −
1

2m−1

p−1
∑

a1=1

. . .

p−1
∑

am=1

a1a2...am≡c (mod p)

(−1)a1+E1 + . . .

+
1

2m−1

p−1
∑

a1=1

. . .

p−1
∑

am=1

a1a2...am≡c (mod p)

(−1)a1+a2+...+am+E1+E2+...+Em+m

=
1

2m−1

p−1
∑

a1=1

. . .

p−1
∑

am−1=1

1 −
1

2m−1

p−1
∑

a1=1

. . .

p−1
∑

am−1=1

(−1)a1+E1 + . . .

+
1

2m−1
(−1)E1+E2+...+Em+m

p−1
∑

a1=1

. . .

p−1
∑

am=1

a1a2...am≡c (mod p)

(−1)a1+a2+...+am

1138



=
(p − 1)m−1

2m−1
−

1

2m−1
(−1)E1

p−1
∑

a2=1

. . .

p−1
∑

am−1=1

p−1
∑

a1=1

(−1)a1 + . . .

+
(−1)E1+E2+...+Em+m

2m−1(p − 1)

∑

χ mod p

χ(c)

p−1
∑

a1=1

. . .

p−1
∑

am=1

(−1)a1+a2+...+amχ(a1 . . . am)

=
(p − 1)m−1

2m−1
+

(−1)E1+E2+...+Em+m

2m−1(p − 1)

∑

χ mod p

χ(c)

(p−1
∑

a=1

(−1)aχ(a)

)m

where we have used mathematical induction to prove that all of the sums are zero

except the first and the last. Therefore according to Lemma 1, we have

N(c, m, p) =
(p − 1)m−1

2m−1
+

(−1)E1+E2+...+Em+m

2m−1(p − 1)

×

(

∑

χ mod p
χ(−1)=1

χ(c)

(p−1
∑

a=1

(−1)aχ(a)

)m

+
∑

χ mod p
χ(−1)=−1

χ(c)

(p−1
∑

a=1

(−1)aχ(a)

)m
)

=
(p − 1)m−1

2m−1
+

(−1)E1+E2+...+Em+m

2m−1(p − 1)

∑

χ mod p
χ(−1)=−1

χ(c)

(p−1
∑

a=1

(−1)aχ(a)

)m

=
(p − 1)m−1

2m−1
+

2

(p − 1)

( i

π

)m

(−1)E1+E2+...+Em+m

×
∑

χ mod p
χ(−1)=−1

χ(c)χ(2m)(χ(2) − 2)mτm(χ)Lm(1, χ).

This proves Lemma 2. �

Lemma 3. Let q be an odd integer, dm(n) the m divisor function. Then for any

positive integer m > 2 and any integer k > 0, we have

+∞
∑′

n=1

dm(2kn)dm(n)

n2

=

(

3
(

m+k−1
k

)

+
(

2m−2
m−1

)

4

)

ζ2m−1(2)
∏

p|q

(

1 −
1

p2

)2m−1 ∏

p†2q

A(m, p0, 2),

where ζ(s) is the Riemann zeta function,
∑′

n denotes the summation over n except

(n, q) = 1,
∏

p
denotes the product over all primes p such that the conditions are

satisfied, and A(m, p, s) =
2m−2
∑

r=0
1/prs

r
∑

t=0
(−1)t

(

2m−1
t

)(

m+r−t−1
r−t

)2
.
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P r o o f. See Lemma 9 in [5]. �

Lemma 4. Let p be an odd prime, let χ denote the Dirichlet character modulo p

and L(1, χ) the Dirichlet L-function. Then for any integer k (= 0,±1,±2, . . .) and

m > 2 we have

∑

χ mod p
χ(−1)=−1

χ(2k)|L(1, χ)|2m =
∑

χ mod p
χ(−1)=−1

χ(2k)|L(1, χ)|2m

=
p − 1

2k+3

(

3

(

m + k − 1

k

)

+

(

2m − 2

m − 1

))

ζ2m−1(2)
∏

p0 6=p
p0 6=2

A(m, p0, 2) + O(pε),

where
∏

p0 6=p
p0 6=2

denotes the product over all primes p0 except 2 and p, A(m, p, s) =

2m−2
∑

r=0
1/prs

r
∑

t=0
(−1)t

(

2m−1
t

)(

m+r−t−1
r−t

)2
, and ε is any fixed positive number.

P r o o f. First, for Re(s) > 1, the series L(s, χ) is absolutely convergent, so

applying Abel’s identity (see [1]) we have

Lm(s, χ) =
∞
∑

n=1

χ(n)dm(n)

ns

=

p/2k

∑

n=1

χ(n)dm(n)

ns
+ s

∫ +∞

p/2k

∑

p/2k<n6y χ(n)dm(n)

ys+1
dy

=

p
∑

l=1

χ(l)dm(l)

ls
+ s

∫ +∞

p

∑

p<l6z χ(l)dm(l)

zs+1
dz.

Obviously the above formula also holds for s = 1 and χ(−1) = −1. Hence according

to the definition of the Dirichlet L-function, for any integer k we have

∑

χ mod p
χ(−1)=−1

χ(2k)|L(1, χ)|2m =
∑

χ mod p
χ(−1)=−1

χ(2k)

( ∞
∑

n=1

χ(n)dm(n)

n

)( ∞
∑

l=1

χ(l)dm(l)

l

)

=
∑

χ mod p
χ(−1)=−1

χ(2k)

(p/2k

∑

n=1

χ(n)dm(n)

n
+

∫ +∞

p/2k

∑

p/2k<n6y χ(n)dm(n)

y2
dy

)

×

( p
∑

l=1

χ(l)dm(l)

l
+

∫ +∞

p

∑

p<l6z χ(l)dm(l)

z2
dz

)
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=
∑

χ mod p
χ(−1)=−1

χ(2k)

(p/2k

∑

n=1

χ(n)dm(n)

n

)( p
∑

l=1

χ(l)dm(l)

l

)

+
∑

χ mod p
χ(−1)=−1

χ(2k)

(p/2k

∑

n=1

χ(n)dm(n)

n

)(
∫ +∞

p

∑

p<l6z χ(l)dm(l)

z2
dz

)

+
∑

χ mod p
χ(−1)=−1

χ(2k)

( p
∑

l=1

χ(l)dm(l)

l

)(
∫ +∞

p/2k

∑

p/2k<n6y χ(n)dm(n)

y2
dy

)

+
∑

χ mod p
χ(−1)=−1

χ(2k)

(
∫ +∞

p/2k

∑

p/2k<n6y χ(n)dm(n)

y2
dy

)(
∫ +∞

p

∑

p<l6z χ(l)dm(l)

z2
dz

)

≡ M1 + M2 + M3 + M4 (say).

Now we will estimate each term of the above.

(i) From the orthogonality relation for character sums modulo p, we know that for

(p, nl) = 1 we have the identity (see [1])

∑

χ mod p
χ(−1)=−1

χ(n)χ(l) =























p − 1

2
, if n ≡ l mod p;

−
p − 1

2
, if n ≡ −l mod p;

0, otherwise.

Then according to Lemma 3, we can easily get

M1 =
∑

χ mod p
χ(−1)=−1

χ(2k)

(p/2k

∑

n=1

χ(n)dm(n)

n

)( p
∑

l=1

χ(l)dm(l)

l

)

=

p/2k

∑′

n=1

p
∑′

l=1

dm(n)dm(l)

nl

∑

χ mod p
χ(−1)=−1

χ(2kn)χ(l)

=
p − 1

2

p/2k

∑′

n=1

p
∑′

l=1
2kn≡l (mod p)

dm(n)dm(l)

nl
−

p − 1

2

p/2k

∑′

n=1

p
∑′

l=1
2kn≡−l (mod p)

dm(n)dm(l)

nl

=
p − 1

2

p/2k

∑′

n=1

dm(2kn)dm(n)

2kn2
−

p − 1

2

p/2k

∑′

n=1

p
∑′

l=1
2kn+l≡0 (mod p)

dm(n)dm(l)

nl
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=
p − 1

2

+∞
∑′

n=1

dm(2kn)dm(n)

2kn2
+ O(pε) + O

(

pε

p/2k

∑

n=1

p
∑

l=1
2kn+l=p

2k

l
+ pε

p/2k

∑

n=1

p
∑

l=1
2kn+l=p

1

n

)

=
p − 1

2k+3

(

3

(

m + k − 1

k

)

+

(

2m− 2

m − 1

))

ζ2m−1(2)
∏

p0 6=p
p0 6=2

A(m, p0, 2) + O(pε),

where
∑′

n indicates the summation over n such that (n, p) = 1,
∏

p0 6=p
p0 6=2

denotes the

product over all primes p0 except 2 and p and

A(m, p, s) =
2m−2
∑

r=0

1

prs

r
∑

t=0

(−1)t

(

2m − 1

t

)(

m + r − t − 1

r − t

)2

.

(ii) According to the method of (i) and making use of some properties of characters,

we have

M2 =
∑

χ mod p
χ(−1)=−1

χ(2k)

(p/2k

∑

n=1

χ(n)dm(n)

n

)(
∫ +∞

p

∑

p<l6z χ(l)dm(l)

z2
dz

)

=
∑

χ mod p
χ(−1)=−1

χ(2k)

(p/2k

∑

n=1

χ(n)dm(n)

n

)(
∫ p3(2m−2)

p

∑

p<l6z χ̄(l)dm(l)

z2
dz

)

+
∑

χ mod p
χ(−1)=−1

χ(2k)

(p/2k

∑

n=1

χ(n)dm(n)

n

)(
∫ +∞

p3(2m−2)

∑

p<l6z χ̄(l)dm(l)

z2
dz

)

6

∫ p3(2m−2)

p

1

z2

∣

∣

∣

∣

p/2k

∑′

n=1

∑′

p<l6z

dm(n)dm(l)

n

∑

χ mod p
χ(−1)=−1

χ(2kn)χ̄(l)

∣

∣

∣

∣

dz

+

∫ +∞

p3(2m−2)

1

z2

∣

∣

∣

∣

p/2k

∑′

n=1

dm(n)

n

∑

χ mod p
χ(−1)=−1

χ(2kn)
∑

p<l6z

χ̄(l)dm(l)

∣

∣

∣

∣

dz

≪

∫ p3(2m−2)

p

p

z2

∣

∣

∣

∣

p/2k

∑′

n=1

∑′

p<l6z

2kn≡l(mod p)

dm(n)dm(l)

n

∣

∣

∣

∣

dz +

∫ p3(2m−2)

p

p

z2

∣

∣

∣

∣

p/2k

∑′

n=1

∑′

p<l6z

2kn≡−l (mod p)

dm(n)dm(l)

n

∣

∣

∣

∣

dz

+ pε

∫ +∞

p3(2m−2)

1

z2

∑

χ mod p
χ(−1)=−1

∣

∣

∣

∣

∑

p<l6z

χ̄(l)dm(l)

∣

∣

∣

∣

dz.
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According to the properties of dm(n) we have

p/2k

∑′

n=1

∑′

p<l6z

2kn≡l (mod p)

dm(n)dm(l)

n
≪ pε

p/2k

∑

n=1

∑

1<l6z/p

1

n
≪ p−1+εz;

p/2k

∑′

n=1

∑′

p<l6z

2kn≡−l (mod p)

dm(n)dm(l)

n
≪ pε

p/2k

∑

n=1

∑

1<l6z/p

1

n
≪ p−1+εz.

Applying the Cauchy inequality and Lemma 4 in [8] we can easily get

∑

χ mod p
χ(−1)=−1

∣

∣

∣

∣

∑

p<l6z

χ̄(l)dm(l)

∣

∣

∣

∣

6

(

∑

χ mod p
χ(−1)=−1

12

)1/2(
∑

χ mod p
χ(−1)=−1

∣

∣

∣

∣

∣

∑

p<l6z

χ̄(l)dm(l)

∣

∣

∣

∣

∣

2)1/2

≪ p1/2z1−2/2m+ε.

Therefore, we have

M2 ≪ pε

∫ p3(2m−2)

p

1

z
dz + p1/2+ε

∫ +∞

p3(2m−2)

z−1−2/2m+ε dz ≪ pε.

(iii) Similarly, we also have

∑

χ mod p
χ(−1)=−1

χ(2k)

( p
∑

l=1

χ(l)dm(l)

l

)

(

∫ +∞

p/2k

∑

p/2k<n6y χ(n)dm(n)

y2
dy

)

≪ pε.

(iv) Using the method of (ii), we have

∑

χ mod p
χ(−1)=−1

χ(2k)

(

∫ +∞

p/2k

∑

p/2k<n6y χ(n)dm(n)

y2
dy

)

(
∫ +∞

p

∑

p<l6z χ(l)dm(l)

z2
dz

)

=

∫ +∞

p/2k

∫ +∞

p

1

y2z2

(

∑

χ mod p
χ(−1)=−1

χ(2k)
∑

p/2k<n6y

χ(n)dm(n)
∑

p<l6z

χ(l)dm(l)

)

dy dz

≪

∫ +∞

p/2k

∫ +∞

p

1

y2z2

∣

∣

∣

∣

∑

χ mod p
χ(−1)=−1

∣

∣

∣

∣

∑

p/2k<n6y

χ(n)dm(n)

∣

∣

∣

∣

∣

∣

∣

∣

∑

p<l6z

χ(l)dm(l)

∣

∣

∣

∣

∣

∣

∣

∣

dy dz
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∫ +∞

p/2k

∫ +∞

p

1

y2z2

∣

∣

∣

∣

(

∑

χ mod p
χ(−1)=−1

∣

∣

∣

∣

∑

p/2k<n6y

χ(n)dm(n)

∣

∣

∣

∣

2)1/2

×

(

∑

χ mod p
χ(−1)=−1

∣

∣

∣

∣

∑

p<l6z

χ(l)dm(l)

∣

∣

∣

∣

2)1/2∣
∣

∣

∣

dy dz

≪

∫ +∞

p/2k

∫ +∞

p

1

y2z2

∣

∣y1−2/2m+εz1−2/2m+ε
∣

∣dy dz

≪

∫ +∞

p/2k

∫ +∞

p

y−1−2/2m+εz−1−2/2m+ε dy dz ≪ p−4/2m+ε.

Combining the estimates of (i), (ii), (iii) and (iv), we immediately obtain

∑

χ mod p
χ(−1)=−1

χ(2k)|L(1, χ)|2m

=
p − 1

2k+3

(

3

(

m + k − 1

k

)

+

(

2m − 2

m − 1

))

ζ2m−1(2)
∏

p0 6=p
p0 6=2

A(m, p0, 2) + O(pε),

where
∏

p0 6=p
p0 6=2

denotes the product over all primes p0 except 2 and p, A(m, p, s) =

2m−2
∑

r=0
1/prs

r
∑

t=0
(−1)t

(

2m−1
t

)(

m+r−t−1
r−t

)2
, and ε is any fixed positive number. This

completes the proof of Lemma 4. �

3. Proof of Theorem

In this section, we complete the proof of the theorem. First, from the definition

of E(c, m, p) and the orthogonality of character sums we have

p−1
∑

c=1

E2(c, m, p)

=
4

(p − 1)2

( i

π

)2m
p−1
∑

c=1

(

∑

χ mod p
χ(−1)=−1

χ(c)χ(2m)(χ(2) − 2)mτm(χ)Lm(1, χ)

)2
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=
4

(p − 1)2

( i

π

)2m ∑

χ1 mod p
χ1(−1)=−1

χ1(2
m)(χ1(2) − 2)mτm(χ1)L

m(1, χ1)

×
∑

χ2 mod p
χ2(−1)=−1

χ2(2
m)(χ2(2) − 2)mτm(χ2)L

m(1, χ2)

p−1
∑

c=1

χ1(c)χ2(c)

=
4

p − 1

( i

π

)2m ∑

χ1 mod p
χ1(−1)=−1

∑

χ1 mod p
χ1(−1)=−1

χ1χ2=χ0

(1 − 2χ1(2))m(1 − 2χ2(2))mτm(χ1)τ
m(χ2)L

m(1, χ1)L
m(1, χ1)

=
4

p − 1

( i

π

)2m ∑

χ mod p
χ(−1)=−1

|1 − 2χ(2)|2m|τ(χ)|2m|L(1, χ)|2m

=
4

p − 1

( i

π

)2m ∑

χ mod p
χ(−1)=−1

(5 − 2χ(2) − 2χ(2))m|τ(χ)|2m|L(1, χ)|2m

=
4(5p)m

p − 1

( i

π

)2m ∑

χ mod p
χ(−1)=−1

(

1 −
2

5
(χ(2) − χ(2))

)m

|L(1, χ)|2m

=
4

p − 1

(−5p

π
2

)m m
∑

i=0

(

m

i

)

(

−
2

5

)i ∑

χ mod p
χ(−1)=−1

(χ(2) − χ(2))i|L(1, χ)|2m

=
4

p − 1

(−5p

π
2

)m m
∑

i=0

(

m

i

)

(

−
2

5

)i i
∑

j=0

(

i

j

)

(−1)j
∑

χ mod p
χ(−1)=−1

χi−2j(2)|L(1, χ)|2m,

where χ−1 means χ. From Lemma 4 we have

p−1
∑

c=1

E2(c, m, p) =
1

2
K(m)

(−5p

π
2

)m

ζ2m−1(2)
∏

p0 6=p
p0 6=2

A(m, p0, 2) + O(pm−1+ε),

where

K(m) =
m
∑

i=0

(

m

i

)

(

−
2

5

)i i
∑

j=0

(

i

j

)

(−1)j 1

2|i−2j|

×

(

3

(

m + |i − 2j| − 1

|i − 2j|

)

+

(

2m − 2

m − 1

))
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and

A(m, p, s) =

2m−2
∑

r=0

1

prs

r
∑

t=0

(−1)t

(

2m − 1

t

)(

m + r − t − 1

r − t

)2

.

This completes the proof of Theorem. �
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