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A New Variational Characterization Of Compact
Conformally Flat 4-Manifolds

Faen Wu, Xinnuan Zhao

Abstract. In this paper, we give a new variational characterization of cer-
tain 4-manifolds. More precisely, let R and Ric denote the scalar curvature
and Ricci curvature respectively of a Riemannian metric, we prove that if
(M 4 g) is compact and locally conformally flat and ¢ is the critical point
of the functional

Flo)= [ (@R® + blRic) dv,.
M4
where
(a,b) € R*\ L1 U Ly
Li:3a+b=0; Lz:6a—b+1=0,

then (M*, g) is either scalar flat or a space form.

1 Introduction
Let (M™,g) be an n-dimensional compact smooth manifold. Denote by M and
G the space of smooth Riemannian metric and the diffeomorphism group of M
respectively. We call a functional F': M — R Riemannian if F' is invariant under
the action of G, i.e. F(¢*g) = F(g) for v € G and g € M.

By letting S2(M) denote the bundle of symmetric (0,2) tensors on M™, we say
that F' has a gradient VF at g € M if for h € So(M)

d
SF@+ o= [ (1LTF), v,
M

In [6], Gursky and Viaclovsky studied the functional
Fo) = [ ou(C,)d,
M3
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where 01(Cy) is the k-th elementary symmetric function of the eigenvalues of the
Schonten tensor C,; = Ric — %n—lflg. They proved that

Theorem 1. [6] Let M be a compact 3-manifold, then a metric g with Fy(g) > 0
is critical for Fy|n, if and only if g has constant sectional curvature,where M; =
{g € M|Vol(g) =1}

This gives a new variational characterization of three-dimensional space forms.
In [7], Hu and Li generalized the above result to the case n > 5. There are
many deep on going results about the 4-manifolds. M. J. Gursky considered in [5]
4-manifolds with harmonic self-dual Weyl tensor and obtained a lower bound of
the L? norm of the self-dual part of Weyl tensor. S.-Y.A.Chang, M. J. Gursky
and P. Yang obtained in [3] some sufficient geometric conditions for a 4-manifold
to have certain conformal class of metric and consequently to have finite funda-
mental group. C.LeBrun and B. Maskit [9] completely determined compact simply
connected and oriented 4-manifolds up to homomorphism which admit scalar flat,
anti-self-dual Riemannian metrics. There is a rich literature concerning results
related to the variation of curvature functional [1], [4], [10], [11], [12].

Early in 1938, before the higher dimensional Gauss-Bonnet formula were dis-
covered, C. Lanczos [8] studied the functional

Papc(9) = / (a|Rie|* + b|Ric|® + cR?) dv,
M4

on 4-manifolds. He found that the functional ¢1,_4; has a gradient which is iden-
tically zero. In fact this establishes that this integral is a differential invariant of
the manifold M. It is even a topological invariant, namely 3272y (M), where y (M)
the Euler-Poincare characteristic of M, i.e.

3212\ (M) = / (|Rie|* — 4| Ric|> + R?) dv, (1)
M4

Taking this Gauss-Bonnet formula into account, we naturally study the functional
F(g) :/ (aRZ + b|Ricg|2) du, (2)
M4

We obtain a new variational characterization of 4-manifolds as follow

Theorem 2. Suppose that (M*,g) is compact and locally conformally flat. If g is
a critical point of the functional (2) with any pairs (a, b) in the real plane with two
fixed lines deleted, that is

(a,b) ER*\ L1 ULy; L1:3a+b=0; Ly:6a—b+1=0,

then (M*,g) is either scalar flat or a space form.
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2 Preliminaries

Recently, the first author [13] studied the variation formulas of a metric by the
moving frame method. He obtained the first and the second variation formulas
for the Riemannian curvature tensor, Ricci tensor and scalar curvature of a metric
in another formalism which should be equivalent to the classical ones. He also
obtained some interesting applications of these formulas. We believe that these
formulas are more convenient in the computations of calculus of variation, especially
in the computations where the second variation of a metric is involved. We follow
the notations as in [13]. Classical variational formulas of metric can be found in [2]
and [12].
Suppose that

OEDIAD)

is a variation of a given metric g. For the sake of simplicity, from now on we use
Einstein summation convention; i.e., the repeated indices imply summation. The
indices 4, j, k, ... are from 1 to n unless otherwise stated. Let 0;;(¢) and Q;;(¢) are
connection one-forms and curvature two-forms determined respectively by

d;(t) = 0;;(t) N 0;(t)
(1) = dij (t) — Oar(t) A Oy (1) = *%Rijkl(t)gk () A 6i(t)

where d is the exterior differential operator on the manifold. These equations are
known as the structural equation of the Levi-Civita connection of the metric. R;j
are the components of the (0,4) type Riemannian curvature tensor. Assume that

0;(t) = 0; + wit + o(t) Rijri(t) = Rijr + rijrit + o(t)

a0, (¢
where 0; = 0;(t)|i=0, wi = (;t() o aij0;, Rijri = Rijri(t)|i=0, 7ijki =
dRgjri(t)
a |

By a crucial lemma proved in [13], there exists an isometry of g(t), such that
a;; are symmetric. So we may always assume a;; = a;; without loss of generality.
With these preparation we have [13]

Tijht = —(Qik,ji — Qi jk + Gjiik — Qjkil + Rijkmmi + RijmiGmi) (3)
where a;; 1 is defined by
@ij 10 = daij g + ar5,600 + e k0 + aij itk
and a;j  is defined by
aij k0, = dasj + arjOr + aibi;j

0i; = 0:5(t) =0
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aijr and a;; r; are the first and the second covariant derivatives of a;; with respect
to the initial metric g.
Defined the Ricci curvature

Rij(t) = ZRikjk(t) = R;j + rijt + o(t)
k=1

and the Scalar curvature

R(t) = Zn: R;i(t) = R+t + o(t)

i=1

of g(t) respectively the above two formulas, then by making contraction from (3)
one obtain immediately

OR;;(t
a”t( ) ’t:o =71y = —Aaij — apkij + Qi kg + kgl — Rigar; — Rigjragr — (4)

OR(1)
761‘, —o =Tr= 2(0,1']‘77;]' - Aaii - ainij) (5)

where Aa;; denotes the Laplacian of a;; with respect to the original metric g. For
more details see [13].

3 Proof of the theorem 2
By (4) and (5) we have

d dR(t) dRi; (1)
SF®], = /W{z(m(ze)7 bRy ) - (B2 + bR )aym | v,

= / {2(1R . 2(0,1‘3'71']' — Aaii — ainij)
M4
+ 2bR;;(—Aaij — akk,ij + Qik kj + Gkjik — Rim@m; — Rikjiar)
+ (aR? + bR}, ) amm } duvg
= / aij(VF)ij dUg
M4

where
(VF);; = 4aR ;; — 4aARd;; — 4aRR;; — 2bAR;;
— 20Rp1 k10i5 + 20Ri kj + 20Rkj ik — 20Rm R (6)
— 20Rp Rir. j1 + (aR* + bR3,))6i; -
Since g is a critical point of the functional (2), we have
(VF)y = 0. (™)

Taking trace of (7) and making use of the following identities which are obtained
from the second Bianchi identity and the Ricci identity respectively

2R = R,
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2Rij,ij = AR,
Rijri — Rijik = Ry Rkt + Rim Rk,
1
Ryjik = iR,ij + RipRij + RrRigj,

then we have

4aAR — 4 - 4aAR — 4aR? — 2bAR — 4bAR + bAR + bAR

75

— 2bR; — 2bR3; + 4(aR? + bR;) = 0

or after simplifying we arrive at

(Ba+b)AR=0.

By the assumptions of the theorem, 3a + b # 0. This gives AR = 0. Since M* is

compact, R must be a constant. In this case, from (7) and (6) we have

— 4CLRRij - QbARij + Qb(RmRn]‘ + RklRiklj)

— 20Riy Rimj + 20Rp Riaj + (aR* +bR3,)6;; = 0. (8)

If (M*, g) is locally conformally flat, then

1 1
Riji = E(Rikdjl — Rudjr + 0ixRj1 — 0uRjk) — 63(5ik5ﬂ — 0udjk) -

Substituting this expression into (8) we have

2
(4a n gb) RE;; + 2bAE;; — 4bEyp Ey; + bE20;; = 0

where 1
E;j = Rij — ZR%',
is the traceless part of the Ricci tensor. If b # 0, then

b 1

1
AEZ']‘ = 2Eik:Ekj - = (2(1 + *)REij — §E,%l(5w .

b 3

Comparing the standard result in [7)

1 1
AE;; = 2E;.Ey; — = RE;; — 5E,?l(sij

3

on a locally conformally flat 4-manifold. We have

—% (Qa + %)REH - —%REU

or equivalently
(6(1 — b+ 1)RE2J =0.

(10)
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Again by the assumption of the theorem, 6a — b+ 1 # 0, then
RE;; =0. (11)

So R =0 or E;; = 0. In the first case, (M?, g) is scalar flat and in the second
case, considering g is also locally conformally flat we see that (M?, g) has constant
sectional curvature. If b = 0, then a # 0 by the assumption. From (9) we still
have RE;; = 0, and the same conclusion remains true. This completes the proof
of theorem 2.

Remark 1.

1. If 3a+b=0and 6a—b+1 =0, then (a,b) = (—4, 3). It can be checked that

1 1
R} — AR + R® = 76(7§R2 + ngj)

that is, the integrand of our functional is a multiple of the integrand of the
Gauss-Bonnet formula. In this case, the variation is identically zero.

2. All points (a,b) considered in our functional fall into four regions. It would
be interesting to study further property of the functional.
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