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1. Introduction

A classical result of Boas [2] asserts that if
∞
∑

k=1

bk is an absolutely convergent series

of real numbers, then the improper Riemann integral

lim
δ→0+

∫

π

δ

1

t

∞
∑

k=1

bk sin kt dt

exists. Since then, many authors have presented different proofs and generalisations

of this result; see, for example, [3], [18], [28].

In 1991, Móricz [28] proved that if
∑

(j,k)∈N2

bj,k is an absolutely convergent double

series of real numbers, then the improper Riemann integral

(1) lim
(ε,δ)→(0,0)

(ε,δ)∈(0,π)2

∫

[ε,π]×[δ,π]

∑

(j,k)∈N2

bj,k sin js sin kt

st
d(s, t)

exists. The proof of (1) depends on the following multiplicative property of the

two-dimensional improper Riemann integral: the function (x, y) 7→ sinx sin y/xy is
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a multiplier for this type of improper Riemann integral; see [28, p. 462, (3.20)] for de-

tails. Unfortunately, this crucial property does not hold for this kind of conditionally

convergent integrals (see Example 2.11 below).

Our approach is based on the generalized Riemann integral defined by Henstock [9]

and Kurzweil [13] nearly fifty years ago. This integral, which is now commonly

known as the Henstock-Kurzweil integral, is equivalent to the classical Perron integral

(cf. [31]). While this is a classical integral studied by various authors; consult, for

instance [4], [5], [7], [10], [12], [14], [15], [16], [17], [20], [21], [22], [25], [31], [32], [33],

[34], [35], applications to multiple Fourier series are largely unexplored.

In this paper we prove two new norm convergence theorems for the Henstock-

Kurzweil integral (see Theorems 3.1 and 6.3 below); in particular, we sharpen as-

sertion (1) and provide a unified approach for extending several improper Riemann

integrability theorems of Boas [2], [3], Heywood [11] and Móricz [28], [29].

The paper is organized as follows. In Section 2 we state a number of useful results

concerning the Henstock-Kurzweil integral, with proofs where necessary. In Section 3

we prove Theorems 3.1 and 3.2. In Section 4 we apply Theorems 3.1, 3.2 and 4.2

to sharpen several integrability theorems of Boas [3], Heywood [11] and Móricz [28]

concerning the single or double Fourier series. The proof of Theorem 4.2 is given in

Section 5. In Section 6 we employ summation by parts and the generalized Dirich-

let test to prove another new convergence theorem for Henstock-Kurzweil integrals

(Theorem 6.3). In Section 7 we use various multiple summation by parts formulas

to generalize a result of Boas [2, Theorem 4]; see Theorems 7.1 and 7.4 for details.

Consequently, we deduce a necessary and sufficient condition for a multiple sine se-

ries to be Henstock-Kurzweil integrable on [−π, π]m (Theorem 8.1). Finally, we use

a double sine series (Example 8.2) to show that Theorem 6.3 is, in some sense, sharp.

2. Preliminaries

Let m > 1 be an integer and let Rm denote the m-dimensional Euclidean space

equipped with the maximum norm |||·|||. Points (x1, . . . , xm), (y1, . . . , ym), . . . are

denoted by their corresponding bold letters x,y, . . . For x ∈ R
m and r > 0, set

B(x, r) := {y ∈ R
m : max

k=1,...,m
|xk − yk| < r}. An interval in R

m is a set of the form

[u,v] :=
m
∏

i=1

[ui, vi], where ui, vi ∈ R and ui < vi for i = 1, . . . ,m. Unless stated

otherwise, [a, b] :=
m
∏

i=1

[ai, bi] denotes a fixed interval and Im([a, b]) the family of all

subintervals of [a, b].

A partial partition of [a, b] is a finite collection {(I1, t1), . . . , (Ip, tp)}, where

I1, . . . , Ip are nonoverlapping subintervals of [a, b] and ti ∈ Ii for i = 1, . . . , p. If
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δ is a gauge (i.e. a positive function) on a set Z ⊆ [a, b], we say that a partial

partition {(I1, t1), . . . , (Ip, tp)} of [a, b] is δ-fine whenever ti ∈ Z and ti ∈ Ii ⊂

B(ti, δ(ti)) ∩ [a, b] for i = 1, . . . , p.

Lemma 2.1 ([14, Lemma 6.2.6]). If δ is a gauge on [a, b], then there exists a δ-fine

partial partition {(I1, t1), . . . , (Ip, tp)} of [a, b] with
p
⋃

i=1

Ii = [a, b].

Let µm denote the Lebesgue measure on R
m.

Definition 2.2. A function f : [a, b] → R is said to be Henstock-Kurzweil in-

tegrable on [a, b] if there exists A ∈ R with the following property: for each ε > 0

there exists a gauge δ on [a, b] such that

(2)

∣

∣

∣

∣

p
∑

i=1

f(ti)µm(Ii) −A

∣

∣

∣

∣

< ε

for each δ-fine partial partition {(I1, t1), . . . , (Ip, tp)} of [a, b] with
p
⋃

i=1

Ii = [a, b].

Here the unique number A is called the Henstock-Kurzweil integral of f over [a, b],

and we write A as (HK)
∫

[a,b]
f(x) dx.

Unless stated otherwise, all functions in this paper are real-valued. The collection

of all functions that are Henstock-Kurzweil integrable on [a, b] will be denoted by

HK[a, b]. The following properties are known for the Henstock-Kurzweil integral;

see [14] for the proofs, where the term “Kurzweil-Henstock integral” is used to de-

scribe this integral. The term “Generalized Riemann integral” is used to describe

this integral in [10].

Theorem 2.3.

(i) HK[a, b] is a linear space.

(ii) If f ∈ HK[a, b], then f ∈ HK(J) for each J ∈ Im([a, b]).

(iii) If f ∈ HK[a, b], then the interval function J 7→ (HK)
∫

J
f(x) dx is additive on

Im([a, b]). This interval function is known as the indefinite Henstock-Kurzweil

integral of f .

(iv) If f ∈ HK[a, b], then for each ε > 0 there exists η > 0 such that

∣

∣

∣

∣

(HK)

∫

J

f(x) dx

∣

∣

∣

∣

< ε

whenever J ∈ Im([a, b]) with µm(J) < η.
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(v) If f ∈ L1[a, b], then f ∈ HK[a, b] and

∫

[a,b]

f(x) dµm(x) = (HK)

∫

[a,b]

f(x) dx.

(vi) If f, |f | ∈ HK[a, b], then f ∈ L1[a, b].

For the rest of this paper the space HK[a, b] will be equipped with the seminorm

‖ · ‖HK[a,b], where

(3) ‖f‖HK[a,b] := sup

{∣

∣

∣

∣

(HK)

∫

I

f(x) dx

∣

∣

∣

∣

: I ∈ Im([a, b])

}

.

We have the following useful remark concerning ‖ · ‖HK[a,b].

Remark 2.4. ‖ · ‖HK[a,b] is equivalent to the seminorm ||| · |||HK[a,b], where

(4) |||f |||HK[a,b] = sup

{∣

∣

∣

∣

(HK)

∫

[a,x]

f(t) dt

∣

∣

∣

∣

: x ∈ [a, b]

}

.

It is known that the space HK[a, b] is not complete; see, for example, [25]. Thus

it is necessary to obtain a simple characterisation of those additive interval functions

which are indefinite Henstock-Kurzweil integrals. Let F be an interval function on

Im([a, b]) and X an arbitrary subset of [a, b]. We set

VHKF (X) := inf
δ

sup
P

∑

(I,t)∈P

|F (I)|,

where δ is a gauge on X and P is a δ-fine partial partition of [a, b] with {t :

(I, t) ∈ P} ⊆ X .

Theorem 2.5 ([6, Proposition 3.3]). Let F : Im([a, b]) → R. Then VHKF is

a metric outer measure.

Let F be given as in Theorem 2.5. We say that VHKF is absolutely continuous

with respect to µm, in symbol VHKF ≪ µm, if VHKF (Z) = 0 whenever Z ⊂ [a, b]

and µm(Z) = 0. The next theorem gives a simple characterisation of indefinite

Henstock-Kurzweil integrals.

Theorem 2.6 ([15, Theorem 4.3]). Let F : Im([a, b]) → R be an additive interval

function. Then the following statements are equivalent:

(i) There exists f ∈ HK[a, b] such that F is the indefinite Henstock-Kurzweil inte-

gral of f .

(ii) VHKF ≪ µm.
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We are now ready to state and prove a useful Hake theorem for Henstock-Kurzweil

integrals.

Theorem 2.7. Let f : [a, b] → R, let F : Im([a, b]) → R be an additive interval

function, and let X ⊂ [a, b] be a closed set such that VHKF (X) = 0. If for each

I ∈ Im([a, b]) satisfying I ∩ X = ∅, f ∈ HK(I) and (HK)
∫

I f(x) dx = F (I), then

f ∈ HK[a, b] and F is the indefinite Henstock-Kurzweil integral of f .

P r o o f. In view of Theorem 2.6, it suffices to prove that VHKF ≪ µm. Let

Z ⊂ [a, b] be such that µm(Z) = 0 and let J1, J2, . . . be nonoverlapping intervals

such that [a, b] \ X =
∞
⋃

k=1

Jk. Then the assumption VHKF (X) = 0, Theorems 2.5

and 2.6 yield the desired result:

0 6 VHKF (Z) 6 VHKF (X ∩ Z) +
∞
∑

k=1

VHKF (Jk ∩ Z) = 0.

�

The following theorem is a special case of Theorem 2.7.

Theorem 2.8. Let f : [a, b] → R and suppose that f ∈ HK[c,d] for every [c,d] ∈

Im([a, b]) disjoint from {a}. Then f ∈ HK[a, b] if and only if

lim
x→a

x∈[a,b]

(HK)

∫

[x,b]

f(t) dt

exists. In either case,

lim
x→a

x∈[a,b]

(HK)

∫

[x,b]

f(t) dt = (HK)

∫

[a,b]

f(t) dt.

Following the proof of [17, Theorem 3.2], we obtain the following result.

Theorem 2.9. Let f ∈ HK[a, b] and let ν be a finite signed Borel measure on

[a, b) :=
m
∏

i=1

[ai, bi). Then the function x 7→ f(x)ν([a,x)) belongs to HK[a, b],

(5) (HK)

∫

[a,b]

f(x)ν([a,x)) dx =

∫

[a,b)

{

(HK)

∫

[x,b]

f(t) dt

}

dν(x)

and

(6)

∣

∣

∣

∣

(HK)

∫

[a,b]

f(x)ν([a,x)) dx

∣

∣

∣

∣

6 ‖f‖HK[a,b]|ν|([a, b)).
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The next theorem is an easy consequence of Theorem 2.9.

Theorem 2.10. Let f ∈ HK[a, b] and suppose that for each i ∈ {1, . . . ,m}

the function gi : [ai, bi] → R is non-negative and non-decreasing on [ai, bi]. Then

f
m
⊗

i=1

gi ∈ HK[a, b] and there exists ξ ∈ [a, b] such that

(HK)

∫

[a,b]

f(t)

m
∏

i=1

gi(ti) dt =

m
∏

i=1

gi(bi)

{

(HK)

∫

[ξ,b]

f(t) dt

}

.

The following simple example shows that higher-dimensional improper Riemann

integrals are not powerful enough for our applications; in particular, Theorem 2.9

fails to hold for such integrals.

Example 2.11. We define a function u : [0, π]2 → R by setting

u(x, y) =







sin 4x

y
if (x, y) ∈

[

π

2
, π
]

× (0, π],

0 otherwise.

Then the improper Riemann integral

lim
(ε,δ)→(0,0)

(ε,δ)∈(0,π)2

∫

[ε,π]×[δ,π]

u(x, y) d(x, y)

exists. On the other hand, since the map x 7→ sinx/x is continuous and strictly de-

creasing on [π/2, π], we have
∫

π

π/2(sinx sin 4x/x) dx > 0. Consequently, the improper

Riemann integral

lim
(ε,δ)→(0,0)

(ε,δ)∈(0,π)2

∫

[ε,π]×[δ,π]

u(x, y)
sinx sin y

xy
d(x, y)

does not exist.

3. A convergence theorem for Henstock-Kurzweil integrals

Let N0 := N∪ {0} and let Nm
0 :=

m
×

i=1
N0. Given two m-tuples p, q ∈ N

m
0 , we write

p 6 q if and only if pi 6 qi for i = 1, . . . ,m. Moreover, for any multiple sequence
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{uk}k∈Nm
0 } in a normed space (X, ‖ · ‖

X
) we set

∑

p6k6q

uk :=

q1
∑

k1=p1

. . .

qm
∑

km=pm

uk (p, q ∈ N
m
0 ),

where an empty sum is taken to be zero. We write W ′ = {1, . . . ,m} \W (W ⊆

{1, . . . ,m}), and the symbol ⊂ will be used for proper inclusion.

We are now ready to state and prove the main result of this section.

Theorem 3.1. Let {ck}k∈Nm
0
be a multiple sequence of real numbers, let

{ϕi,j}∞j=0 ⊂ L1[ai, bi] (i = 1, . . . ,m) and let {Cn}∞n=1 be a sequence of real numbers.

If

max
Γ⊆{1,...,m}

∑

k∈Nm
0

|ck|
∏

j∈Γ′

‖ϕj,kj
‖HK[aj ,bj ](7)

×
∏

i∈Γ

‖ϕi,ki
‖L1[ai+(bi−ai)/(n+1),bi] 6 Cn (n ∈ N),

then there exists ϕ ∈ HK[a, b] such that

(8) lim
min{n1,...,nm}→∞

∥

∥

∥

∥

∑

06k6n

ck

m
⊗

i=1

ϕi,ki
− ϕ

∥

∥

∥

∥

HK[a,b]

= 0.

P r o o f. By virtue of (7) and the completeness of L1[a, b], there exists a function

ϕ : [a, b] → R such that

(9) ϕ ∈ L1[x, b] and

∫

[x,b]

ϕ(t) dµm(t) = Φ([x, b]) for every x ∈
m
∏

i=1

(ai, bi),

where

Φ(I) :=
∑

k∈Nm
0

ck

∫

I

m
∏

i=1

ϕi,ki
(ti) dµm(t) (I ∈ Im([a, b]));

the multiple series on the right being absolutely convergent.

We shall next prove that ϕ ∈ HK[a, b] and Φ is the indefinite Henstock-Kurzweil

integral of ϕ. In view of assertion (9), Theorems 2.3 (v), 2.7, and 2.5, it suffices to

prove that

(10) VHKΦ(ZΓ,n) = 0 (n ∈ N, Γ ⊂ {1, . . . ,m}),
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where

[a, b] \ (a, b] =
⋃

n∈N

⋃

Γ⊂{1,...,m}

ZΓ,n,

ZΓ,n :=
m
∏

k=1

ZΓ,n,k and ZΓ,n,k :=







{ak} if k ∈ Γ′,
[

ak +
bk − ak

n+ 1
, bk

]

if k ∈ Γ.

P r o o f of (10). Let n ∈ N and let Γ ⊂ {1, . . . ,m}. Given ε > 0 we use (7) to

select a positive integer K = K(Γ, n, ε) such that

(11) max
l=1,...,m

∑

k∈N
m
0

kl>K

|ck|
∏

j∈Γ′

‖ϕj,kj
‖HK[aj ,bj ]

∏

i∈Γ

‖ϕi,ki
‖L1[ai+(bi−ai)/(n+1),bi] <

ε

2m
.

Using uniform continuity of the indefinite Henstock-Kurzweil integral (cf. Theo-

rem 2.3 (iv)), we choose η(Γ, n) > 0 such that

max
j∈Γ′

max
06kj6K

sup
[u,v]⊆[aj ,bj ]

0<v−u<η(Γ,n)

‖ϕj,kj
‖HK[u,v](12)

<
ε

2

(

1 + max
06k6(K,...,K)

|ck|
)−1
(

1 +
∏

i∈Γ

‖ϕi,n|L1[ai+(bi−ai)/(n+1),bi]

)−1

.

Define a gauge δΓ,n(x) on ZΓ,n by letting δΓ,n(x) := η(Γ, n) and select any δΓ,n-

fine partial partition PΓ,n = {(J1, t1), . . . , (Jq, tq)} of [a, b] with {t1, . . . , tq} ⊂ ZΓ,n.

We claim that

(13)
∑

(I,t)∈PΓ,n

|Φ(I)| < ε.

Clearly, the obvious equality card(P∅,n) = 1, (11), and (12) imply that

∑

(I,t)∈P∅,n

|Φ(I)| < ε.

On the other hand, suppose that Γ ⊂ {1, . . . ,m} is non-empty. In this case,

(14)
∑

(I,t)∈PΓ,n

|Φ(I)| 6
∑

k∈Nm
0

|ck|
∑

(I,t)∈PΓ,n

Sk,Γ(I)Sk,Γ′(I),

where Sk,W (I) :=
∏

i∈W

∣

∣

∫

Ii
ϕi,ki

dµ1

∣

∣ (W ⊆ {1, . . . ,m}).
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According to our choice of PΓ,n, µcard(Γ)

(

∏

i∈Γ

Ii ∩
∏

i∈Γ

I ′i

)

= 0 whenever
( m
∏

i=1

Ii,x
)

and
( m
∏

i=1

I ′i ,y
)

are two distinct elements of PΓ,n. Hence

∑

(I,t)∈PΓ,n

Sk,Γ(I) 6
∏

i∈Γ

‖ϕi,ki
‖L1[ai+(bi−ai)/(n+1),bi] (k ∈ N

m
0 )

and so

∑

(I,t)∈PΓ,n

Sk,Γ(I)Sk,Γ′ (I)(15)

6
∏

j∈Γ′

‖ϕj,kj
‖HK[aj ,bj ]

∏

i∈Γ

‖ϕi,ki
‖L1[ai+(bi−ai)/(n+1),bi] (k ∈ N

m
0 ).

Combining (14), (15), (12), and (11) yields (13):

∑

(I,t)∈PΓ,n

|Φ(I)|

6
∑

k∈N
m
0

06ki6K ∀ i∈{1,...,m}

|ck|
∏

j∈Γ′

‖ϕj,kj
‖HK[aj ,bj ]

∏

i∈Γ

‖ϕi,ki
‖L1[ai+(bi−ai)/(n+1),bi]

+

m
∑

l=1

∑

k∈N
m
0

kl>K

|ck|
∏

j∈Γ′

‖ϕj,kj
‖HK[aj,bj ]

∏

i∈Γ

‖ϕi,ki
‖L1[ai+(bi−ai)/(n+1),bi] < ε.

Since ε > 0 is arbitrary, (10) is proved. It is now clear that (7) implies (8). The

proof is complete. �

The next theorem, together with Theorem 3.1, will be used to prove Theorem 4.3.

Theorem 3.2. If the following conditions are satisfied:

(i) {cn}n∈Nm
0
is a multiple sequence of non-negative numbers;

(ii) for each i ∈ {1, . . . ,m} the function hi : [ai, bi] → R is positive and decreasing

on (ai, bi], {ϕi,n}∞n=0 ∪ {ϕi,nhi}∞n=0 ⊂ L1[ai, bi] and

(16) inf
n∈N0

min

{∫ bi

ai

ϕi,nhi dµ1, min
xi∈[ai,bi]

∫ xi

ai

ϕi,n dµ1

}

> 0;

(iii) there exists ϕ ∈ HK[a, b] such that

lim
min{n1,...,nm}→∞

∥

∥

∥

∥

∑

06k6n

ck

m
⊗

i=1

ϕi,ki
− ϕ

∥

∥

∥

∥

HK[a,b]

= 0;

9



(iv) ϕ
m
⊗

i=1

hi ∈ HK[a, b], then the multiple series

∑

k∈Nm
0

ck

m
∏

i=1

∫ bi

ai

ϕi,ki
hi dµ1

converges.

P r o o f. In view of (i), (16), and (iv), it suffices to prove that

(17) sup
N∈Nm

0

∑

06k6N

ck

m
∏

i=1

∫ bi

ai

ϕi,ki
hi dµ1 6 4m

∥

∥

∥

∥

ϕ

m
⊗

i=1

hi

∥

∥

∥

∥

HK[a,b]

.

Let N ∈ N
m
0 be arbitrary and let us write

W (Γ,k,y) =
∏

j∈Γ

1

hj(yj)

∫ bj

yj

ϕj,kj
hj dµ1

∏

l∈Γ′

∫ yl

al

ϕl,kl
dµ1

(k ∈ N
m
0 , y ∈ (a, b], Γ ⊆ {1, . . . ,m}).

We will first prove that

lim
y→a

y∈(a,b]

m
∏

i=1

hi(yi)
∑

Γ⊆{1,...,m}

∑

06k6N

ckW (Γ,k,y)(18)

=
∑

06k6N

ck

m
∏

i=1

∫ bi

ai

ϕi,ki
hi dµ1.

To prove (18) we consider two cases.

Case 1 : Γ = {1, . . . ,m}. A simple computation gives

lim
y→a

y∈(a,b]

m
∏

i=1

hi(yi)
∑

06k6N

ckW (Γ,k,y) =
∑

06k6N

ck

m
∏

i=1

∫ bi

ai

ϕi,ki
hi dµ1.

Case 2 : Γ ⊂ {1, . . . ,m}. In this case, we deduce from (ii) that

lim
y→a

y∈(a,b]

m
∏

i=1

hi(yi)
∑

06k6N

ckW (Γ,k,y)

= lim
y→a

y∈(a,b]

∑

06k6N

ck
∏

j∈Γ

∫ bj

yj

ϕj,kj
hj dµ1

∏

i∈Γ′

∫ yi

θi

ϕi,ki
hi dµ1

(for some θi ∈ [ai, yi] (i ∈ Γ′))

= 0.

10



Next, it is easy to see that

(19) inf
k∈Nm

0

∑

Γ⊆{1,...,m}

W (Γ,k,y) > 0

because k ∈ N
m
0 , (ii), and (16) imply

∑

Γ⊆{1,...,m}

W (Γ,k,y) =
∑

Γ⊆{1,...,m}

∏

j∈Γ

∫ vj

yj

ϕj,kj
dµ1

∏

l∈Γ′

∫ yl

al

ϕl,kl
dµ1

(for some vj ∈ [yj , bj ] (j = 1, . . . ,m))

=

m
∏

j=1

∫ vj

aj

ϕj,kj
dµ1 > 0.

Finally, since (i), (ii), (18), and (19) hold, it remains to prove that

sup
y∈(a,b]

m
∏

i=1

hi(yi)
∑

k∈Nm
0

ck
∑

Γ⊆{1,...,m}

W (Γ,k,y) 6 4m

∥

∥

∥

∥

ϕ

m
⊗

i=1

hi

∥

∥

∥

∥

HK[a,b]

.

Let y ∈ (a, b] be arbitrary. Clearly, it is enough to consider the following cases.

Case α: Γ = {1, . . . ,m}. From (iii), (ii), and (iv) we get

(20)

∣

∣

∣

∣

m
∏

i=1

hi(yi)
∑

k∈Nm
0

ckW (Γ,k,y)

∣

∣

∣

∣

6 2m

∥

∥

∥

∥

ϕ

m
⊗

i=1

hi

∥

∥

∥

∥

HK[a,b]

.

Case β: Γ = ∅. We use (iii), (ii), and Theorem 2.10 to obtain (20):

∣

∣

∣

∣

m
∏

i=1

hi(yi)
∑

k∈Nm
0

ckW (Γ,k,y)

∣

∣

∣

∣

=

∣

∣

∣

∣

(HK)

∫

[ξ,y]

ϕ(t)

m
∏

j=1

hj(tj) dt

∣

∣

∣

∣

(for some ξi ∈ [ai, yi] (i = 1, . . . ,m))

6 2m

∥

∥

∥

∥

ϕ
m
⊗

i=1

hi

∥

∥

∥

∥

HK[a,b]

.

Case γ: Γ ⊂ {1, . . . ,m} is nonempty. Using (iii), (6), and (ii), we get (20), too.

The proof is complete. �
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4. Applications to multiple Fourier series

A function f : R
m → R is said to be in L1(Tm) if f is 2π-periodic in each variable,

and f ∈ L1([−π, π]m). The following theorem is a generalization of [28, Theorem 4]

and [11, Theorem 3] from single to multiple Fourier series.

Theorem 4.1. Let g ∈ L1(Tm) and assume that g(t) ∼
∑

k∈Nm

bk
m
∏

i=1

sinkiti. If

∑

k∈Nm

|bk|
m
∏

i=1

kαi−1
i converges for some α ∈ [0, 1]m, then there exists gα ∈ HK([0, π]m)

such that

lim
min{n1,...,nm}→∞

sup
x∈[0,π]m

∣

∣

∣

∣

∑

16k6n

bk

m
∏

i=1

∫ xi

0

sin kiti
tαi

i

dti − (HK)

∫

[0,x]

gα(t) dt

∣

∣

∣

∣

= 0.

P r o o f. Since p ∈ [0, 1] implies

sup
k∈N

sup
x∈[0,π]

{

1

kp−1

∣

∣

∣

∣

∫ x

0

sin kt

tp
dt

∣

∣

∣

∣

}

+ sup
k∈N

sup
δ∈(0,π]

δp

∫

π

δ

∣

∣

∣

sinkt

tp

∣

∣

∣
dt <∞,

a simple application of Theorem 3.1 yields the theorem. The proof is complete. �

We now need the following result, which is a special case of Theorem 5.5.

Theorem 4.2. Let f ∈ L1(Tm), let

f(t) ∼
∑

Γ⊆{1,...,m}

∑

k∈Nm

ck,Γ

{

∏

i∈Γ

cos kiti

}{

∏

i∈Γ′

sin kiti

}

and let

snf(t) :=
∑

Γ⊆{1,...,m}

∑

16k6n

ck,Γ

{

∏

i∈Γ

cos kiti

}{

∏

i∈Γ′

sin kiti

}

(n ∈ N
m, t ∈ R

m).

Then

lim
min{n1,...,nm}→∞

‖snf − f‖HK([−π,π]m) = 0.

We are ready to state and prove a higher-dimensional analogue of [3, Theorem 4.4]

concerning sine series.

Theorem 4.3. Let β ∈ (0, 1)m and let g ∈ L1(Tm) with

g(t) ∼
∑

k∈Nm

bk

m
∏

i=1

sin kiti.

12



If bk > 0 for every k ∈ N
m, then

∑

k∈Nm

bk
m
∏

i=1

kβi−1
i converges if and only if for each

α ∈ [0, π)m there exists gα,β ∈ HK
( m
∏

i=1

[αi, π]
)

such that

gα,β(t) = g(t)

m
∏

i=1

(ti − αi)
−βi

for every t ∈
m
∏

i=1

(αi, π].

P r o o f. (⇒) Let α ∈ [0, π) be given. Since p ∈ (0, 1) implies

sup
k∈N

sup
x∈[α,π]

{

1

kp−1

∣

∣

∣

∣

∫ x

α

sin kt

(t− α)p
dt

∣

∣

∣

∣

}

+ sup
k∈N

sup
δ∈(0,π−α]

δp

∫

π

α+δ

∣

∣

∣

sin kt

(t− α)p

∣

∣

∣dt

6 sup
θ>0

∣

∣

∣

∣

∫ θ

0

sin(x + α)

xp
dx

∣

∣

∣

∣

+ π <∞,

a simple application of Theorem 3.1 yields the desired conclusion.

(⇐) For this part of the proof we assume that α = 0 and β ∈ (0, 1]m. Since

inf
k∈Nm

bk > 0, inf
n∈N

1

np−1

∫

π

0

sinnu

up
du > 0 (p ∈ (0, 1])

and

inf
x∈[0,π]

inf
n∈N

∫ x

0

sinnt dt > 0,

the conclusion follows from Theorems 4.2 and 3.2. The proof is complete. �

From the proofs of Theorems 4.1 and 4.3, we get the following result.

Theorem 4.4. Suppose that g ∈ L1(Tm) with g(t) ∼
∑

k∈Nm

bk
m
∏

i=1

sinkiti. If

bk > 0 for every k ∈ N
m, then

∑

k∈Nm

bk converges if and only if there exists g0 ∈

HK([0, π]m) such that

g0(t) = g(t)
/

m
∏

i=1

ti

for every t ∈ (0, π]m.

Our next theorem resembles a result due to Hardy and Littlewood (cf. [8,

Lemma 19] or [23]).
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Theorem 4.5. Let f ∈ L1(Tm) and let an =
∫

[−π,π]m
f(t)

m
∏

i=1

cos(niti/π) dµm(t)

(n ∈ N
m). If ak > 0 for every k ∈ N

m, then
∑

k∈Nm

ak

/ m
∏

i=1

ki converges if and only

if there exists f0 ∈ HK([0, π]m) such that

f0(x) =
1

m
∏

i=1

xi

∫

m∏

i=1

[−xi,xi]

f(t) dµm(t)

for every x ∈ (0, π]m.

P r o o f. According to Theorem 4.2,

∫

m∏

i=1

[−xi,xi]

f(t) dµm(t) ∼
∑

k∈Nm

2ak

m
∏

i=1

sin kixi

ki
.

An appeal to Theorem 4.4 completes the proof. �

The following examples show that Theorem 3.1 is beyond the realm of Lebesgue

integration.

Example 4.6. Let g1(x) = x−1
∞
∑

k=1

k−3/2 sin(2kx) (x ∈ (0, π]) and let g1(0) = 0.

Then g1 ∈ HK[0, π] \ L1[0, π].

P r o o f. This follows from Theorem 3.1 and [3, p. 19]. �

Example 4.7. Let m = 2 and let

g2(x, y) =















∞
∑

j=1

∞
∑

k=1

1

(j + k)3
sin(2jx) sin(2ky)

tan
x

2
tan

y

2

if (x, y) ∈ (0, π)2,

0 if (x, y) ∈ [0, π]2 \ (0, π)2.

Then g2 ∈ HK([0, π]2) \ L1([0, π]2).

P r o o f. By Theorems 4.1 and 2.9, g2 ∈ HK([0, π]2). It remains to apply [27,

Theorems 1 and 2] to show that g2 6∈ L1([0, π]2). But this is obvious, since the double

series
∑

(j,k)∈N2

1/(j + k)6 converges,

sup
k∈N

∞
∑

j=1

Ã

∞
∑

p=j

1

(p+ k)6
+ sup

j∈N

∞
∑

k=1

Ã

∞
∑

q=k

1

(j + q)6
<∞
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and

∑

(j,k)∈N2

Ã

∞
∑

p=j

∞
∑

q=k

1

(p+ q)6
>

∑

(j,k)∈N2

1

5(j + k)2
= ∞.

�

5. Proof of Theorem 4.2

In 1912, W.H. Young [36] proved that Theorem 4.2 holds if m = 2. However,

there is a gap in his proof; the claim on [36, p. 156, lines 18–19] need not be correct.

More precisely, if f ∈ L1(T2), the assertion

∫

[−π,π]2

{
∫

[0,x]×[0,y]

f(s, t) dµ2(s, t)

}

cos kxd(x, y) = 0

need not be true for every k ∈ N. In this section we correct the proof and strengthen

the result in other ways; see Theorem 5.5 for details.

Definition 5.1 ([26]). Let {uk}k∈Nm
0
be a multiple sequence of real numbers.

We consider the (formal) multiple series

(21)
∑

k∈Nm
0

uk :=

∞
∑

k1=0

. . .

∞
∑

km=0

uk.

(i) The multiple series (21) converges in Pringsheim’s sense to a real number s if

for each ε > 0 there exists N(ε) ∈ N0 such that

∣

∣

∣

∣

∑

06k6n

uk − s

∣

∣

∣

∣

< ε

for every n ∈ N
m
0 satisfying min{n1, . . . , nm} > N(ε).

(ii) The multiple series (21) converges regularly if for each ε > 0 there exists N(ε) ∈

N0 such that
∣

∣

∣

∣

∑

p6k6q

uk

∣

∣

∣

∣

< ε

for every p, q ∈ N
m
0 satisfying q > p and |||p||| > N(ε).
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The next theorem gives a simple necessary and sufficient condition for a multiple

series to be regularly convergent.

Theorem 5.2 ([26, Theorem 1]). Let {uk}k∈Nm
0
be a multiple sequence of real

numbers. The multiple series
∑

k∈Nm
0

uk is regularly convergent if and only if

(i)
∑

k∈Nm
0

uk converges in Pringsheim’s sense, and

(ii) for each choice of the index j ∈ {1, . . . ,m} and for all fixed integral values of cj ,

the (m− 1)-multiple series
∑

k∈N
m
0

kj=cj

uk

are regularly convergent.

The following theorem shows that Fubini’s theorem holds for regularly convergent

multiple series.

Corollary 5.3 ([7, Corollary 2.10]). Let {uk}k∈Nm
0
be a multiple sequence of real

numbers. If the multiple series
∑

k∈Nm
0

uk is regularly convergent, then

∑

k∈Nm
0

uk =

∞
∑

kσ(1)=0

{

. . .

{ ∞
∑

kσ(m)=0

uk

}

. . .

}

for every permutation σ of the set {1, . . . ,m}.

We need the following lemma to prove Theorem 5.5.

Lemma 5.4. If f ∈ L1([−π, π]m), then for each ε > 0 there exists N ∈ N such

that

max
x∈[−π,π]m

∣

∣

∣

∣

∑

p6k6q

∫

[−π,π]m
f(t)

m
∏

i=1

sin ki(ti − xi)

ki
dµm(t)

∣

∣

∣

∣

< ε

for every p, q ∈ N
m satisfying q > p and max

i=1,...,m
pi > N .

P r o o f. Let x ∈ [−π, π]m be given and let ε > 0. Since f ∈ L1([−π, π]m) there

exists η ∈ (0, 1
8π) such that

∫

m∏

k=1

U(xk)

|f | <
ε

2(4π)m
,

where U(θ) denotes the set [−π,−π + η) ∪ ([θ − η, θ + η] ∩ [−π, π]) ∪ (π − η, π].
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Clearly, we can fix a positive integer N (independent of x) such that

sup
θ∈[η,2π−η]

∣

∣

∣

∣

q
∑

k=p

sin kθ

k

∣

∣

∣

∣

<
ε

2
(

1 + (4π)m−1‖f‖L1([−π,π]m))

for every integers q > p > N . Then, for every p, q ∈ N
m satisfying q > p and

max
i=1,...,m

pi > N , we have

∣

∣

∣

∣

∑

p6k6q

∫

[−π,π]m
f(t)

m
∏

i=1

sin ki(ti − xi)

ki
dµm(t)

∣

∣

∣

∣

6 ‖f‖
L1
(

[−π,π]m\
m∏

i=1

U(xi)
)(4π)m−1 min

i=1,...,m
sup

θ∈[η,2π−η]

∣

∣

∣

∣

qi
∑

ki=pi

sinki(θ)

ki

∣

∣

∣

∣

+ ‖f‖
L1
( m∏

i=1

U(xi)
)(4π)m < ε (since sup

n∈N

sup
θ∈[0,2π]

∣

∣

∣

∣

n
∑

k=1

sinkθ

k

∣

∣

∣

∣

6 2π).

As x ∈ [−π, π]m is arbitrary, the lemma is proved. �

The following theorem is a refinement of W.H.Young’s theorem concerning double

Fourier series (cf. [36, p. 155–156]).

Theorem 5.5. Let f ∈ L1(Tm) and assume that

(22) f(t) ∼
∑

Γ⊆{1,...,m}

∑

k∈Nm

ck,Γ

{

∏

i∈Γ

cos kiti

}{

∏

j∈Γ′

sin kjtj

}

.

Then the following assertions hold.

(i) For each ε > 0 there exists N ∈ N such that

max
Γ⊆{1,...,m}

max
x∈[−π,π]m

∣

∣

∣

∣

∑

p6k6q

ck,Γ

{

∏

i∈Γ

∫ xi

−π

cos kiti dti

}{

∏

j∈Γ′

∫ xj

−π

sin kjtj dtj

}∣

∣

∣

∣

< ε

for every p, q ∈ N
m satisfying q > p and max

i=1,...,m
pi > N .

(ii) Let

snf(t) :=
∑

Γ⊆{1,...,m}

∑

16k6n

ck,Γ

{

∏

i∈Γ

cos kiti

}{

∏

i∈Γ′

sin kiti

}

(n ∈ N
m, t ∈ R

m).

Then

lim
min{n1,...,nm}→∞

‖snf − f‖HK([−π,π]m) = 0.
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(iii) (Parseval’s formula) If ν is a finite signed Borel measure on [−π, π)m, then

∫

[−π,π]m
f(t)ν

( m
∏

i=1

[−π, ti)

)

dµm(t)(23)

=
∑

k∈Nm

ck

∫

[−π,π]m

∏

i∈Γ

coskiti
∏

j∈Γ′

sinkjtjν

( m
∏

i=1

[−π, ti)

)

dµm(t);

the multiple series on the right being regularly convergent.

P r o o f. (i) Let Γ ⊆ {1, . . . ,m}, let x ∈ [−π, π]m and define

ψr(α) =

{

sinα if r ∈ Γ and α ∈ R,

− cosα if r ∈ Γ′ and α ∈ R.

Then, for any p, q ∈ N
m satisfying q > p, we have

∣

∣

∣

∣

∑

p6k6q

ck,Γ

{

∏

i∈Γ

∫ xi

−π

cos kiti dti

}{

∏

j∈Γ′

∫ xj

−π

sin kjtj dtj

}∣

∣

∣

∣

=

∣

∣

∣

∣

∑

p6k6q

ck,Γ

{

∏

i∈Γ

sin kixi

ki

}{

∏

j∈Γ′

− cos kjxj + cos kjπ

kj

}∣

∣

∣

∣

=

∣

∣

∣

∣

∑

p6k6q

∫

[−π,π]m
f(t)

m
∏

i=1

ψ′
i(kiti)(ψi(kixi) − ψi(kiπ))

πki
dµm(t)

∣

∣

∣

∣

6 4m max
Γ⊆{1,...,m}

max
θ∈[−π,π]m

∣

∣

∣

∣

∑

p6k6q

∫

[−π,π]m
f(t)

{ m
∏

i=1

sin ki(ti − θi)

πki

}

dµm(t)

∣

∣

∣

∣

.

An appeal to Lemma 5.4 yields the desired conclusion.

(ii) Set F (x) :=
∫

m∏

i=1

[−π,xi]
f(t) dµm(t) (x ∈ R

m). Since (22) implies

(24)

∫

[−π,π]m−1

∣

∣

∣

∣

∫

π

−π

f(t) dµ1(tσ(1))

∣

∣

∣

∣

dµm−1(tσ(2), . . . , tσ(m)) = 0

for every permutation σ of {1, . . . ,m}, we infer from the absolute continuity of F

that F ∈ C(Tm). Let

∑

Γ⊆{1,...,m}

∑

W⊆Γ′

∑

k∈N
m
0

ki>1∀ i∈Γ∪W
rj=0 ∀ j∈Γ′∩W ′

Ak

2m−card(W∪Γ)

∏

i∈Γ

sinkixi

∏

j∈W

cos kjxj
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be the multiple Fourier series of F . In view of (i), it suffices to prove that if Γ ⊆

{1, . . . ,m} and W ⊆ Γ′, then

∑

k∈N
m
0

ki>1∀ i∈Γ∪W
kj=0 ∀j∈Γ′∩W ′

Ak

2m−card(W∪Γ)

∏

i∈Γ

sin kixi

∏

j∈W

cos kjxj(25)

=
∑

k∈Nm

ck,Γ

{

∏

i∈Γ

sin kixi

ki

}{

∏

j∈W

(

−
cos kjxj

kj

)

∏

l∈Γ′∩W ′

cos klπ

kl

}

.

Let Γ ⊆ {1, . . . ,m} be given and let W ⊆ Γ′. We consider two cases.

Case 1 : W 6= Γ′. Following the proof of (i), we let

ψr(α) =

{

sinα if r ∈ Γ,

− cosα if r ∈ Γ′.

For each k ∈ N
m
0 satisfying {i ∈ {1, . . . ,m} : ki 6= 0} = Γ ∪W we have

Ak

∏

j∈W

(−1)

=
1

π
m

∫

[−π,π]m
F (t)

∏

i∈Γ

sin kiti
∏

j∈W

(− cos kjtj) dµm(t)

=
1

π
m

∫

[−π,π]m
f(t)

∏

i∈Γ∪W

−ψ′
i(kiπ) + ψ′

i(kiti)

ki

∏

l∈Γ′∩W ′

(π − tl) dµm(t)

=
1

π
m

∫

[−π,π]m
f(t)

∏

i∈Γ∪W

ψ′
i(kiti)

ki

∏

l∈Γ′∩W ′

(−tl) dµm(t) (by (22))

=
1

π
m

∫

[−π,π]m
f(t)

∏

i∈Γ∪W

ψ′
i(kiti)

ki

∏

l∈Γ′∩W ′

{ ∞
∑

rl=1

2(−1)rl sin rltl
rl

}

dµm(t)

=
∑

r∈N
m

ri=ki ∀ i∈Γ∪W
rj>1 ∀ j∈Γ′∩W ′

cr,Γ
m
∏

i=1

ri

∏

l∈Γ′∩W ′

2(−1)rl .

Case 2 : W = Γ′. In this case we can follow the proof of case 1 to show that if

k ∈ N
m, then

Ar

∏

j∈Γ′

(−1) = ck,Γ

/

m
∏

i=1

ki.
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Now, we deduce from the above cases, (i), Theorem 5.2, and Corollary 5.3 that

(25) holds:

∑

k∈N
m
0

ki>1∀ i∈Γ∪W
kj=0∀ j∈Γ′∩W ′

Ak

2m−card(W∪Γ)

∏

i∈Γ

sin kixi

∏

j∈W

cos kjxj

=
∑

k∈N
m
0

ki>1∀ i∈Γ∪W
kj=0∀ j∈Γ′∩W ′





∑

r∈N
m

ri=ki ∀ i∈Γ∪W
rj>1∀ j∈Γ′∩W ′

cr,Γ
m
∏

i=1

ri





∏

i∈Γ∪W

ψi(kixi)
∏

l∈Γ′∩W ′

(−1)rl

=
∑

k∈Nm

ck,Γ

{

∏

i∈Γ

sin kixi

ki

}{

∏

j∈W

(

−
coskjxj

kj

)

∏

l∈Γ′∩W ′

cos klπ

kl

}

.

Finally, since Theorem 2.9 and (i) imply that

∑

k∈Nm

ck

∫

[−π,π]m

{

∏

i∈Γ

cos kiti

}{

∏

i∈Γ′

sin kiti

}

ν

( m
∏

i=1

[−π, ti)

)

dµm(t)

is regularly convergent, (iii) follows from Theorems 5.3, 2.9, and (ii). The proof is

complete. �

We observe that the proof of Theorem 4.2 depends on regularly convergent mul-

tiple series. On the other hand, the proof of Theorem 4.5 relies on Theorems 3.1

and 3.2 involving absolutely convergent multiple series. In view of [8, Lemma 19],

[16, Theorem 4.5], Theorems 4.2, 4.5, 5.2, and the fact that Fubini’s theorem is valid

for the Henstock-Kurzweil integral, it is reasonable to believe that the following

conjecture is true for every positive integer m > 2.

Conjecture 5.6. Let f ∈ L1(Tm). Then the multiple series

∑

k∈Nm

1
m
∏

i=1

ki

∫

[−π,π]m
f(t)

m
∏

i=1

cos kiti dµm(t)

converges regularly if and only if the multiple Perron integral

(P)

∫

[0,π]m

1
m
∏

i=1

xi

{∫

m∏

i=1

[−xi,xi]

f(t) dt

}

dx

exists.
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6. Another convergence theorem for Henstock-Kurzweil integrals

The aim of this section is to establish a new convergence theorem (Theorem 6.3)

involving the Henstock-Kurzweil integral and regularly convergent multiple series.

We begin with the following important summation by parts theorem (cf. [19, Theo-

rem 2.2]).

Theorem 6.1. Let {ck}k∈Nm
0
be a multiple sequence of real numbers such that

lim
|||n|||→∞

cn = 0 and
∑

k∈Nm
0

|∆{1,...,m}(ck)| converges. If {uk}k∈Nm
0
is a multiple se-

quence of real numbers and if n ∈ N
m
0 , then

(26)
∑

06k6n

ckuk =
∑

Γ⊆{1,...,m}

∑

k∈N
m
0

06kl6nl−1∀ l∈Γ
kl>nl∀ l∈Γ′

{

∆{1,...,m}(ck)
∑

j∈N
m
0

06jl6kl ∀ l∈Γ
06jl6nl ∀ l∈Γ′

uj

}

.

Theorem 6.1 leads us to the following generalized Dirichlet test; see [19, Theo-

rem 2.3] for details.

Theorem 6.2. Let {ck}k∈Nm
0
be a multiple sequence of real numbers such that

lim
|||n|||→∞

cn = 0. If {xk}k∈Nm
0
is a multiple sequence in a Banach space (B, ‖ · ‖) and

∑

k∈Nm
0

{|∆{1,...,m}(ck)|}

{

max
06r6k

∥

∥

∥

∥

∑

06j6r

xj

∥

∥

∥

∥

}

converges, then the following assertions hold:

(i)
∑

k∈Nm
0

∆{1,...,m}(ck)
∑

06j6k

xj converges absolutely.

(ii) For each ε > 0 there exists N(ε) ∈ N0 such that

∥

∥

∥

∥

∑

p6k6q

ckxk

∥

∥

∥

∥

< ε

for every p, q ∈ N
m
0 satisfying q > p and |||p||| > N(ε).

(iii) We have

lim
min{n1,...,nm}→∞

∥

∥

∥

∥

∑

06k6n

ckxk −
∑

06k6n

∆{1,...,m}(ck)
∑

06j6k

xj

∥

∥

∥

∥

= 0.
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In the next theorem, the set Ξ cannot be empty and the limiting function f

need not be Lebesgue integrable on [a, b]; see Example 8.2 and [37, (1.9) Theorem,

Chapter V] for details.

Theorem 6.3. Let {ϕi,n}∞n=0 ⊂ L1[ai, bi] (i = 1, . . . ,m) and suppose that

Ξ :=

{

r ∈ {1, . . . ,m} : sup
n∈N0

∥

∥

∥

∥

n
∑

k=0

ϕr,k

∥

∥

∥

∥

HK[ar,br]

<∞

}

is nonempty. If {ck}k∈Nm
0
is a multiple sequence of real numbers and if

∑

k∈Nm
0

|∆Γ∪Ξ(ck)|
∏

l∈Γ′∩Ξ′

‖ϕl,kl
‖HK[al,bl](27)

×
∏

j∈Γ

max
06qj6kj

∥

∥

∥

∥

qj
∑

rj=0

ϕj,rj

∥

∥

∥

∥

L1[aj+(bj−aj/(n+1),bj ]

converges for every Γ ⊆ {1, . . . ,m} and n ∈ N, then there exists f ∈ HK[a, b] such

that

(28) lim
min{n1,...,nm}→∞

∥

∥

∥

∥

∑

06k6n

ck

m
⊗

i=1

ϕi,ki
− f

∥

∥

∥

∥

HK[a,b]

= 0.

P r o o f. We may assume that

(29) Ξ =

{

r ∈ {1, . . . ,m} : sup
n∈N0

∥

∥

∥

∥

n
∑

k=0

ϕr,k

∥

∥

HK[ar ,br]
6 1

}

.

Using (27) with Γ = {1, . . . ,m} we see that

(30)
∑

k∈Nm
0

|∆{1,...,m}(ck)|
m
∏

j=1

max
06qj6kj

∥

∥

∥

∥

qj
∑

rj=0

ϕj,rj

∥

∥

∥

∥

L1[aj+(bj−aj)/(n+1),bj ]

converges for every n ∈ N, where an empty product is taken to be one. Hence, by

Theorem 6.2, there exists a function f : [a, b] → R with the following properties:

I ⊂ (a, b] and I ∈ Im([a, b]) imply f ∈ L1(I), the multiple series(31)

∑

k∈Nm
0

ck

∫

I

m
∏

i=1

ϕi,ki
(ti) dµm(t) converges regularly and

∫

I

f(t) dµm(t) =
∑

k∈Nm
0

ck

∫

I

m
∏

i=1

ϕi,ki
(ti) dµm(t).
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We shall next prove that

(32)

∥

∥

∥

∥

∑

p6k6q

ck

m
⊗

i=1

ϕi,ki

∥

∥

∥

∥

HK[a,b]

→ 0 as max{|||p|||, |||q|||} → ∞.

P r o o f of (32). Let κ0 > 0 be given. Using (27) with Γ = ∅, we select N ∈ N

such that

max
i=1,...,m

∑

k∈N
m
0

ki>N

|∆Ξ(ck)|
∏

l∈Ξ′

‖ϕl,kl
‖HK[al,bl](33)

<
κ0

8m

(

1 + max
r∈Ξ

sup
n∈N0

∥

∥

∥

∥

n
∑

k=0

ϕr,k

∥

∥

∥

∥

HK[ar ,br]

)−1

.

Hence, for any p, q ∈ N
m
0 satisfying q > p and |||p||| > N , we have (32):

∥

∥

∥

∥

∑

p6k6q

ck

m
⊗

i=1

ϕi,ki

∥

∥

∥

∥

HK[a,b]

6
∑

r∈N
m
0

rj=0 ∀ j∈Ξ

pl6rl6ql ∀ l∈Ξ′

∥

∥

∥

∥

∑

k∈N
m
0

pj6kj6qj ∀ j∈Ξ

kl=rl ∀ l∈Ξ′

ck
⊗

j∈Ξ

ϕj,kj

⊗

l∈Ξ′

ϕl,kl

∥

∥

∥

∥

HK[a,b]

(by triangle inequality)

6 8m max
r∈Ξ

sup
n∈N0

∥

∥

∥

∥

n
∑

k=0

ϕr,k

∥

∥

∥

∥

HK[ar,br]

(

∑

k>p

|∆Ξ(ck)|
∏

l∈Ξ′

‖ϕl,kl
‖HK[al,bl]

)

(by Theorem 6.2 with m = card(Ξ),

Fubini’s theorem and triangle inequality)

< κ0 (by (33)).

The proof of (32) is complete. �

We shall next show that f ∈ HK[a, b] and G is the indefinite Henstock-Kurzweil

integral of f , where the interval function G : Im([a, b]) → R is defined by

G([u,v]) :=
∑

k∈Nm
0

ck

m
∏

i=1

∫ vi

ui

ϕi,ki
dµ1;

the multiple series on the right being regularly convergent (cf. (32)). In view of (31),

Theorem 2.7, and (32), it remains to prove that

(34) VHKG([a, b] \ (a, b]) = 0,

where (a, b] :=
m
∏

k=1

(ak, bk].
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P r o o f of (34). Since VHKG is an outer measure (cf. Theorem 2.5), it is enough

to prove that

(35) VHKG(ZΓ,n) = 0

whenever n ∈ N and Γ ⊂ {1, . . . ,m}, where

[a, b] \ (a, b] =
⋃

n∈N

⋃

Γ⊂{1,...,m}

ZΓ,n,

ZΓ,n :=

m
∏

k=1

ZΓ,n,k and ZΓ,n,k :=







{ak} if k ∈ Γ′,
[

ak +
bk − ak

n+ 1
, bk

]

if k ∈ Γ.

Let ε > 0 be given. From (27) we pick a positive integer K such that

∑

k∈N
m
0

k 6∈[0,K]m

|∆Γ∪Ξ(ck)|
∏

l∈Γ′∩Ξ′

‖ϕl,kl
‖HK[al,bl]

∏

j∈Γ

max
06qj6kj

∥

∥

∥

∥

qj
∑

rj=0

ϕj,rj

∥

∥

∥

∥

L1(ZΓ,n,j)

(36)

<
ε

2

(

1 + max
r∈Ξ

sup
n∈N0

∥

∥

∥

∥

n
∑

k=0

ϕr,k

∥

∥

∥

∥

HK[ar,br]

)−1

.

Employing the uniform continuity of the indefinite Henstock-Kurzweil integral

(cf. Theorem 2.3 (iv)), we select a η(Γ, n) > 0 such that

max
i∈Γ′

max
06ki6K

sup
[u,v]⊆[ai,bi]

0<v−u<η(Γ,n)

‖ϕi,ki
‖HK[u,v](37)

<
ε

2

(

1 +
∑

06k6N

|∆Γ∪Ξ(ck)|
∏

l∈Γ

∥

∥

∥

∥

kl
∑

jl=0

ϕl,jl

∥

∥

∥

∥

L1(ZΓ,n,l)

)−1

.

Define a gauge δΓ,n on ZΓ,n by setting δΓ,n(x) := η(Γ, n) and select any δΓ,n-

fine partial partition PΓ,n = {(J1, t1), . . . , (Jq, tq)} of [a, b] with {t1, . . . , tq} ⊂ ZΓ,n.

Since all the integrals are real-valued, it suffices to prove that

(38)

∣

∣

∣

∣

∑

(I,t)∈PΓ,n

∑

k∈Nm
0

ck

m
∏

i=1

∫

Ii

ϕi,ki
dµ1

∣

∣

∣

∣

< ε.
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P r o o f of (38). Write T = Γ ∪ Ξ and Φi,ki
=

ki
∑

ji=0

ϕi,ji
(i = 1, . . . ,m). Direct

computations give

∣

∣

∣

∣

∑

(I,t)∈PΓ,n

∑

k∈Nm
0

ck

m
∏

i=1

∫

Ii

ϕi,ki
dµ1

∣

∣

∣

∣

=

∣

∣

∣

∣

∑

k∈Nm
0

∑

(I,t)∈PΓ,n

∆T (ck)

(

∏

i∈T ′

∫

Ii

ϕi,ki
dµ1

)(

∏

i∈T

∫

Ii

Φi,ki
dµ1

)∣

∣

∣

∣

(by a card(T )-dimensional analogue of Theorem 6.2)

6
∑

06k6K

|∆T (ck)|

∣

∣

∣

∣

∑

(I,t)∈PΓ,n

(

∏

i∈T ′

∫

Ii

ϕi,ki
dµ1

)(

∏

i∈T

∫

Ii

Φi,ki
dµ1

)∣

∣

∣

∣

+
∑

k∈N
m
0

k 6∈[0,K]m

|∆T (ck)|

∣

∣

∣

∣

∑

(I,t)∈PΓ,n

(

∏

i∈T ′

∫

Ii

ϕi,ki
dµ1

)(

∏

i∈T

∫

Ii

Φi,ki
dµ1

)∣

∣

∣

∣

= R1 +R2,

say. To complete the proof of (38), we have to establish the following claims.

Claim 1. If Γ = ∅, then max{R1, R2} <
1
2ε.

P r o o f of Claim 1. Since card(P∅,n) = 1, (37) and (29) imply that R1 <
1
2ε.

Likewise, we infer from (36) and (29) that R2 <
1
2ε. �

Claim 2. If Γ ⊂ {1, . . . ,m} is nonempty, then max{R1, R2} <
1
2ε.

P r o o f of Claim 2. Our choice of PΓ,n implies that µcard(Γ)

(

∏

i∈Γ

Ii ∩
∏

i∈Γ

Ui

)

= 0

whenever
( m
∏

i=1

Ii,x
)

and
( m
∏

i=1

Ui,y
)

are two distinct elements of PΓ,n. Combining

this with (37) and (29), we get R1 <
1
2ε:

R1 6
∑

06k6K

|∆T (ck)|
∏

i∈T ′

‖ϕi,ki
‖HK[ai,bi]

×
∏

j∈Ξ\Γ

‖Φj,kj
‖HK[ai,bi]

∏

l∈Γ

‖Φl,kl
‖L1(ZΓ,n,l) <

1

2
ε.

A similar reasoning shows that R2 <
1
2ε. The proof is complete. �
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Corollary 6.4. Suppose that S ⊆ {1, . . . ,m} is nonempty and let {ck}k∈Nm
0
be

a multiple sequence of real numbers such that lim
|||n|||→∞

cn = 0. If the multiple series

∑

k∈N
m
0

ki>0∀ i∈Γ′∩S′

∣

∣

∣

∣

∆Γ∪S(ck)
∏

i∈Γ′∩S′

ki

∣

∣

∣

∣

converges for every Γ ⊆ {1, . . . ,m},

then the following assertions hold:

(i) The multiple series

∑

k∈Nm
0

ck

{

∏

i∈S

cos kixi

}{

∏

i∈S′

sinkixi

}

converges regularly for all x ∈ (0, π]m.

(ii) Let

fS(x) :=







∑

k∈Nm
0

ck

{

∏

i∈S

cos kixi

}{

∏

i∈S′

sin kixi

}

if x ∈ (0, π]m,

0 otherwise,

then fS ∈ HK([0, π]m) and

lim
min{n1,...,nm}→∞

∥

∥

∥

∥

∑

06k6n

ck

m
⊗

i=1

ϕi,ki
− fS

∥

∥

∥

∥

HK([0,π]m)

= 0.

P r o o f. Assertion (i) follows from Theorem 6.2. Since

sup
x∈R

sup
n∈N

∣

∣

∣

∣

n
∑

k=1

sinkx

k

∣

∣

∣

∣

6 2π,

assertion (ii) follows from Theorem 6.3. �

Remark 6.5. Whenm = 2 and S = {1, 2}, Corollary 6.4 refines [28, Theorem 1].

On the other hand, if m = 2 and S = {1}, Corollary 6.4 and Theorem 3.2 can be

used to refine [30, Theorem 2]. The details will appear elsewhere.
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7. A multidimensional analogue of Boas’ theorem

The aim of this section is to prove a useful multidimensional analogue of

Theorem 7.1 (cf. [2, Theorem 4]). Let {bk}∞k=1 be a sequence of real numbers

such that lim
k→∞

bk = 0 and
∞
∑

k=1

|bk − bk+1| converges. Then
∞
∑

k=1

bk/k converges if and

only if lim
x→0+

∞
∑

k=1

(bk cos kx)/k exists.

We need the following lemmas.

Lemma 7.2. Let {ck}k∈Nm be a multiple sequence of real numbers such that

(39) lim
|||n|||→∞

cn = 0

and

(40) max
∅6=Γ⊆{1,...,m}

∑

k∈Nm

∣

∣

∣

∣

∆Γ(ck)
∏

i∈Γ′

ki

∣

∣

∣

∣

<∞.

If j ∈ {1, . . . ,m} and αj ∈ N, then the (m− 1)-multiple series

∑

k∈N
m

kj=αj

ck

(

m
∏

i=1
i6=j

ki

)−1

is absolutely convergent.

P r o o f. Since

∑

k∈N
m

kj=αj

|ck|

(

m
∏

i=1
i6=j

ki

)−1

6
∑

k∈N
m

kj>αj

|∆{j}(ck)|

(

m
∏

i=1
i6=j

ki

)−1

the lemma follows. �

From the proof of Lemma 7.2 we get

Lemma 7.3. Let {ck}k∈Nm be a multiple sequence of real numbers such that (39)

and (40) hold. If j ∈ {1, . . . ,m}, then

lim
nj→∞

∑

k∈N
m

kj=nj

|ck|

(

m
∏

i=1
i6=j

ki

)−1

= 0.
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For the rest of this paper, we write (a, b) :=
m
∏

i=1

(ai, bi). In view of Theorem 6.2,

the following theorem is a generalization of [18, Theorem 4.3].

Theorem 7.4. Let {ck}k∈Nm be a multiple sequence of real numbers such that

(39) and (40) hold. Suppose that {ϕi,n}∞n=1 ⊂ C[ai, bi] (i = 1, . . . ,m) and

max
i=1,...,m

{

sup
n∈N

‖ϕi,n‖C[ai,bi] + sup
ai<xi<bi

sup
n∈N

∣

∣

∣

ϕi,n(xi) − ϕi,n(ai)

n(xi − ai)

∣

∣

∣

+ sup
xi∈[ai,bi]

sup
n∈N

∣

∣

∣

∣

n
∑

k=1

(xi − ai)ϕi,k(xi)

∣

∣

∣

∣

}

<∞.

Then the following assertions hold.

(i) If x ∈ [a, b] \ {a}, then
∑

k∈Nm

(

ck/
m
∏

i=1

ki

) m
∏

i=1

ϕi,ki
(xi) converges regularly.

(ii) The function x 7→
∑

k∈Nm

(

ck/
m
∏

i=1

ki

) m
∏

i=1

ϕi,ki
(xi) is continuous on [a, b] \ {a}.

(iii) If

lim
x→a

x∈(a,b)

∑

k∈Nm

ck
∏m

i=1 ki

m
∏

i=1

ϕi,ki
(xi)

exists, then
∑

k∈Nm

(

ck/
m
∏

i=1

ki

) m
∏

i=1

ϕi,ki
(ai) converges regularly.

(iv) If
∑

k∈Nm

(

ck/
m
∏

i=1

ki

) m
∏

i=1

ϕi,ki
(ai) is regularly convergent, then the function x 7→

∑

k∈Nm

(

ck/
m
∏

i=1

ki

) m
∏

i=1

ϕi,ki
(xi) is continuous on [a, b].

P r o o f. Without loss of generality we may suppose that

max
i=1,...,m

{

sup
n∈N

‖ϕi,n‖C[ai,bi] + sup
ai<xi<bi

sup
n∈N

∣

∣

∣

ϕi,n(xi) − ϕi,n(ai)

n(xi − ai)

∣

∣

∣(41)

+ sup
xi∈[ai,bi]

sup
n∈N

∣

∣

∣

∣

n
∑

k=1

(xi − ai)ϕi,k(xi)

∣

∣

∣

∣

}

6
1

2
.

(i) Let x ∈ [a, b] \ {a} and set

Γx := {i ∈ {1, . . . ,m} : xi 6= ai}.

28



If p, q ∈ N
m and q > p, then it follows by summation by parts and (41) that

∣

∣

∣

∣

∑

p+16k6q

ck
∏m

i=1 ki

m
∏

i=1

ϕi,ki
(xi)

∣

∣

∣

∣

(42)

6
∑

r∈N
m

rj=1∀ j∈Γx

pl+16rl6ql ∀ l∈Γ′
x

∣

∣

∣

∣

∣

∑

k∈N
m

pj+16kj6qj ∀ j∈Γx

kl=rl ∀ l∈Γ′
x

ck
∏

j∈Γx

ϕj,kj
(xj)

kj

∏

l∈Γ′
x

1

2kl

∣

∣

∣

∣

∣

6
2m

∏

i∈Γx

(xi − ai)

∑

r∈N
m

rj=1∀ j∈Γx

pl+16rl6ql ∀ l∈Γ′
x

∑

k∈N
m

pj+16kj ∀ j∈Γx

kl=rl ∀ l∈Γ′
x

∣

∣

∣

∣

∆Γx
(ck)

∏

l∈Γ′
x

2kl

∣

∣

∣

∣

.

It is now easy to check that (i) is a consequence of (42), (40), and Definition 5.1 (ii).

(ii) We infer from (42) that the regularly convergent series
∑

k∈Nm

(

ck/
m
∏

i=1

ki

) m
∏

i=1

ϕi,ki

is uniformly convergent on each compact interval
m
∏

i=1

[ui, vi] ⊂ [a, b] \ {a}. Hence

(ii) follows.

(iii) Let Φ(x) :=
m
∏

i=1

ϕi,ki
(xi). In view of (41), Lemma 7.2, and Theorem 5.2, it

suffices to prove that

(43) lim
δ→0

δ∈
m∏

i=1

(0,bi−ai)

∣

∣

∣

∣

∣

∑

16k6(⌊1/δ1⌋,...,⌊1/δm⌋)

ck
∏m

i=1 ki
Φ(a)−

∑

k∈Nm

ck
∏m

i=1 ki
Φ(a + δ)

∣

∣

∣

∣

∣

= 0.

To prove (43), we select any δ ∈
m
∏

i=1

(0,min{1, bi − ai}) and a direct computation

yields

∣

∣

∣

∣

∣

∑

16k6(⌊1/δ1⌋,...,⌊1/δm⌋)

ck
∏m

i=1 ki
Φ(a) −

∑

k∈Nm

ck
∏m

i=1 ki
Φ(a + δ)

∣

∣

∣

∣

∣

6

∣

∣

∣

∣

∣

∑

16k6(⌊1/δ1⌋,...,⌊1/δm⌋)

ck
∏m

i=1 ki
(Φ(a) − Φ(a + δ))

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∑

k∈Nm\
m∏

i=1

[1,⌊1/δi⌋]

ck
∏m

i=1 ki
Φ(a + δ)

∣

∣

∣

∣

∣

= Sδ + Tδ,

say.
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Using [18, Lemma 4.2] and (41), we get

Sδ 6

m
∑

j=1

( 1

⌊δj⌋

)−1 ∑

k∈N
m

ki>1 ∀ i∈{1,...,m}\{j}
16kj6⌊1/δj⌋

|ck|
m
∏

i=1
i6=j

1

ki

and hence Lemma 7.3 yields

(44) Sδ → 0 as |||δ||| → 0.

It remains to prove that Tδ → 0 as |||δ||| → 0. We write

UΓ(δ) =

∣

∣

∣

∣

∣

∑

k∈N
m

ki>⌊1/δi⌋ ∀ i∈Γ
16kj6⌊1/δj⌋ ∀ j∈Γ′

ck

m
∏

i=1

ϕi,ki
(ai + δi)

ki

∣

∣

∣

∣

∣

and observe that

Tδ 6
∑

∅6=Γ⊆{1,...,m}

UΓ(δ).

Therefore it is enough to prove that

(45) max
∅6=Γ⊆{1,...,m}

UΓ(δ) → 0 as |||δ||| → 0.

Let Γ ⊆ {1, . . . ,m} be nonempty and write q = max
i∈Γ

i. Then the triangle inequality

and (41) yield

(46) UΓ(δ) 6
∑

k∈N
m

kq=1
ki>1∀ i∈{1,...,m}\{q}

m
∏

i=1
i6=q

1

2ki

∣

∣

∣

∣

∣

∑

j∈N
m

jq>⌊1/δq⌋
ji=ki ∀ i∈{1,...,m}\{q}

cj
ϕq,jq

(aq + δq)

jq

∣

∣

∣

∣

∣

.
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In order to obtain an appropriate upper bound for the right-hand side of (46), we

let ki ∈ N (i ∈ {1, . . . ,m} \ {q}) and get

∣

∣

∣

∣

∣

∑

j∈N
m

jq>⌊1/δq⌋
ji=ki ∀ i∈{1,...,m}\{q}

cj
ϕq,jq

(aq + δq)

jq

∣

∣

∣

∣

∣

(47)

6
∑

j∈N
m

jq>⌊1/δq⌋
ji=ki ∀ i∈{1,...,m}\{q}

|∆{q}(cj)|

∣

∣

∣

∣

∣

jq
∑

rq=⌊1/δq⌋+1

ϕq,rq
(aq + δq)

rq

∣

∣

∣

∣

∣

(by single summation by parts and triangle inequality)

6
∑

j∈N
m

jq>⌊1/δq⌋
ji=ki ∀ i∈{1,...,m}\{q}

|∆{q}(cj)|
4

δq(1 + ⌊1/δq⌋)

(by single summation by parts and (41))

6 8
∑

j∈N
m

jq>⌊1/δq⌋
ji=ki ∀ i∈{1,...,m}\{q}

|∆{q}(cj)|.

Combining (46), (47), and (40) yields (45). This completes the proof of (iii).

(iv) In view of (43) and Fubini’s theorem for regularly convergent multiple series

(cf. Corollary 5.3), it suffices to prove that if S ⊂ {1, . . . ,m} is nonempty and if

ηi ∈ (0, bi − ai) for every i ∈ S, then

∣

∣

∣

∣

∣

∑

k∈N
m

16ki6⌊1/ηi⌋ ∀ i∈S
kj>1∀ j∈S′

ck

m
∏

i=1

ϕi,ki
(ai)

ki
−
∑

k∈Nm

ck
∏

i∈S

ϕi,ki
(ai + ηi)

ki

∏

j∈S′

ϕj,kj
(aj)

kj

∣

∣

∣

∣

∣

(48)

= o(max
i∈S

ηi).

A modification of the proof of (43) yields (44), since (39), (40), and (41) imply

max
∅6=Γ⊆S

∑

r∈N
m

ri>1∀ i∈S
rj=1∀ j∈S′

∏

l∈Γ′

1

rl

∣

∣

∣

∣

∣

∆Γ

(

∑

k∈N
m

ki=ri ∀ i∈S
kj>1∀ j∈S′

ck
∏

j∈S′

ϕj,kj
(aj)

kj

)∣

∣

∣

∣

∣

6 max
∅6=Γ⊆S

∑

r∈Nm

∣

∣

∣

∆Γ(cr)
∏

j∈Γ′

rj

∣

∣

∣ <∞
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and

∑

k∈N
m

ki=ni ∀ i∈S
kj>1∀ j∈S′

∣

∣

∣

∣

ck
∏

j∈S′

ϕj,kj
(aj)

kj

∣

∣

∣

∣

6
∑

k∈N
m

ki>ni ∀ i∈S

∣

∣

∣

∣

∆S(ck)
∏

j∈S′

kj

∣

∣

∣

∣

→ 0 as max
i∈S

ni → ∞.

The proof is complete. �

Using Theorem 7.4 with [a, b] = [0, π]m, ck = bk and ψi,k(x) = cos kx (k ∈ N,

i = 1, . . . ,m), we deduce the following m-dimensional analogue of Theorem 7.1.

Theorem 7.5. Let {bk}k∈Nm be a multiple sequence of real numbers such that

(49) lim
|||n|||→∞

bn = 0

and

(50) max
∅6=Γ⊆{1,...,m}

∑

k∈Nm

∣

∣

∣∆Γ(bk)
/

∏

i∈Γ′

ki

∣

∣

∣ <∞.

Then the following assertions hold.

(i) If x ∈ [0, π]m \ {0}, then
∑

k∈Nm

(

bk/
m
∏

i=1

ki

) m
∏

i=1

cos kixi converges regularly.

(ii) The function x 7→
∑

k∈Nm

(

bk/
m
∏

i=1

ki

) m
∏

i=1

cos kixi is continuous on [0, π]m \ {0}.

(iii) If lim
x→0

x∈(0,π)m

∑

k∈Nm

(

bk/
m
∏

i=1

ki

) m
∏

i=1

cos kixi exists, then
∑

k∈Nm

(

bk/
m
∏

i=1

ki

)

is regularly

convergent.

(iv) If
∑

k∈Nm

bk/
m
∏

i=1

ki is regularly convergent, then the function

x 7→
∑

k∈Nm

(

bk

/

m
∏

i=1

ki

) m
∏

i=1

cos kixi

is continuous on [0, π]m.

The next example shows that Theorem 7.4 is a proper generalization of [18, The-

orem 4.3].

Example 7.6. Let cn =
∞
∑

k=n

(−1)k−11/(k(ln(k + 1))2) for n = 1, 2, . . .. Clearly,

lim
n→∞

cn = 0,
∞
∑

k=1

(

|ck − ck+1| +
|cn|

n

)

<∞
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and

(51) lim
(ε,δ)→(0,0)

(ε,δ)∈(0,π)2

∑

(j,k)∈N2

cjck
jk

cos jε cos kδ

exists.

On the other hand, since
∞
∑

k=1

|ck − ck+1| ln(k + 1) = ∞, [18, Theorem 4.3] cannot

be used to deduce (51).

8. A Henstock-Kurzweil integrability theorem

for multiple sine series

The next result is a generalization of [18, Theorem 5.2]; in particular, we give

a negative answer to an open problem of Móricz (cf. [29, Remark 1 (ii)]).

Theorem 8.1. Let {bk}k∈Nm be a multiple sequence of real numbers such that

(52) lim
|||n|||→∞

bn = 0

and

(53) max
∅6=Γ⊆{1,...,m}

∑

k∈Nm

∣

∣

∣

∣

∆Γ(bk)
∏

i∈Γ′

ki

∣

∣

∣

∣

<∞.

Then the following assertions hold.

(i)
∑

k∈Nm

bk
m
∏

i=1

sin kiti converges regularly for every t ∈ [0, π]m.

(ii) If x ∈ [0, π)m \ {0}, then the function t 7→
∑

k∈Nm

bk
m
∏

i=1

sinkiti is Henstock-

Kurzweil integrable on
m
∏

i=1

[xi, π] and

(54) (HK)

∫

m∏

i=1

[xi,π]

∑

k∈Nm

bk

m
∏

i=1

sin kiti dt =
∑

k∈Nm

bk

m
∏

i=1

∫

π

xi

sin kiti dti.

(iii) The function t 7→
∑

k∈Nm

bk
m
∏

i=1

sin kiti is Henstock-Kurzweil integrable on [0, π]m

if and only if
∑

k∈Nm

(

bk/
m
∏

i=1

ki

)

is regularly convergent. In either case,

(55) (HK)

∫

[0,π]m

{

∑

16k6n

bk

m
∏

i=1

sin kiti −
∑

k∈Nm

bk

m
∏

i=1

sin kiti

}

dt → 0

as min{n1, . . . , nm} → ∞.
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P r o o f. (i) If t ∈ [0, π]m and
m
∏

i=1

sin ti = 0, then the result is obvious. On the

other hand, if t ∈ [0, π]m and
m
∏

i=1

sin ti 6= 0, then the result follows from Theorem 6.2.

(ii) Using Theorem 6.3 with [a, b] =
m
∏

i=1

[xi, π] (x ∈ [0, π)m \ {0}) and ϕi,k(t) =

sin kt (k ∈ N, i = 1, . . . ,m), we get the result.

(iii) We infer from (54) and Theorem 2.8 that the function t 7→
∑

k∈Nm

bk
m
∏

i=1

sin kiti

belongs to HK([0, π]m) if and only if

(56) lim
x→0

x∈[0,π]m

∑

k∈Nm

bk

m
∏

i=1

∫

π

xi

sinkiti dti

exists, which is easily seen to be equivalent to the assertion

(57) lim
x→0

x∈[0,π]m

{

∑

Γ⊆{1,...,m}

∑

k∈Nm

bk
∏m

i=1 ki

(

∏

i∈Γ

cos kiπ

)(

∏

i∈Γ′

cos kixi

)

}

exists. Hence assertion (57) holds if and only if

(58) lim
x→0

x∈[0,π]m

∑

k∈Nm

bk
∏m

i=1 ki

m
∏

i=1

cos kixi

exists, since Theorem 7.5 (ii), (52), and (53) imply that

lim
x→0

x∈[0,π]m

{

∑

∅6=Γ⊆{1,...,m}

∑

k∈Nm

bk
∏m

i=1 ki

(

∏

i∈Γ

cos kiπ

)(

∏

i∈Γ′

cos kixi

)

}

exists. It is now clear that the first assertion of statement (iii) follows from parts (iii)

and (iv) of Theorem 7.5.

Finally, Theorem 2.8, (54), and Theorem 7.5 yield (55):

(HK)

∫

[0,π]m

∑

k∈Nm

bk

m
∏

i=1

sinkiti dt

= lim
x→0

x∈[0,π]m

(HK)

∫

m∏

i=1

[xi,π]

∑

k∈Nm

bk

m
∏

i=1

sin kiti dt

= lim
x→0

x∈[0,π]m

{

∑

Γ⊆{1,...,m}

∑

k∈Nm

bk
∏m

i=1 ki

(

∏

i∈Γ

cos kiπ

)(

∏

i∈Γ′

cos kixi

)

}

=
∑

k∈Nm

bk

m
∏

i=1

∫

π

xi

sin kiti dti.

�
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The following example shows that Theorem 6.3 is, in some sense, sharp.

Example 8.2 (cf. [1]). Let m = 2 and let bj,k = 1/(ln(j + k + 2))2 ((j, k) ∈ N
2).

Then

∑

(j,k)∈N2

{

|∆{1,2}(bj,k)| +
1

k
|bj,k − bj+1,k| +

1

j
|bj,k − bj,k+1|

}

<∞.

According to parts (i) and (ii) of Theorem 8.1, the double trigonometric se-

ries
∑

(j,k)∈N2

bj,k sin jx sin ky converges regularly for every (x, y) ∈ [−π, π]2, and

the function (x, y) 7→
∑

(j,k)∈N2

bj,k sin jx sin ky is Henstock-Kurzweil integrable on

every interval [a1, b1] × [a2, b2] ⊂ [0, π]2 \ {(0, 0)}. On the other hand, since
∞
∑

j=1

∞
∑

k=1

bj,k/jk = ∞, we infer from part (iii) of Theorem 8.1 that the function

(x, y) 7→
∑

(j,k)∈N2

bj,k sin jx sin ky cannot be Henstock-Kurzweil integrable on [0, π]2.

However, this does not contradict Theorem 6.3 because sup
n∈N

sup
x∈[0,π]

∣

∣

∣

n
∑

k=1

∫ x

0
sin kt dt

∣

∣

∣ =

∞.

The following corollary refines [18, Theorem 5.2].

Corollary 8.3. Let {bk}k∈Nm be a multiple sequence of real numbers such that

lim
|||n|||→∞

bn = 0 and
∑

k∈Nm

|∆{1,...,m}(bk)|(ln(|||k|||+ 1))m−1 converges. Then the multi-

ple series
∑

k∈Nm

(

bk/
m
∏

i=1

ki

)

converges regularly if and only if the improper Lebesgue

integral

(59) lim
δ→0

δ∈[0,π]m

∫

m∏

i=1

[δi,π]

∑

k∈Nm

bk

m
∏

i=1

sin kixi dµm(x)

exists.

P r o o f. For each x ∈ [0, π)m \ {0}, we apply Theorem 6.2 with cn = bn,

(B, ‖ · ‖) =
(

L1
( m
∏

i=1

[xi, π]
)

, ‖ · ‖
L1
( m∏

i=1

[xi,π]
)

)

, xk =
m
∏

i=1

ϕi,ki
and ϕi,k(t) = sinkt

(k ∈ N, i = 1, . . . ,m), to conclude that the function t 7→
∑

k∈Nm

bk
m
∏

i=1

sin kiti belongs

to L1
( m
∏

i=1

[xi, π]
)

and

(60)

∫

m∏

i=1

[xi,π]

∑

k∈Nm

bk

m
∏

i=1

sin kiti dµm(t) =
∑

k∈Nm

bk

m
∏

i=1

∫

π

xi

sin kiti dti.
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Since our assumptions and Theorem 6.2 imply that (52) and (53) hold, the corol-

lary follows from Theorems 8.1 and 2.8. �

Let χX denote the characteristic function of a set X ⊆ R. The following example

shows that Theorem 8.1 is a proper generalization of Corollary 8.3.

Example 8.4 (cf. [24, Example 2.6]). Let m = 1, let b1 = 0 and let

bk =

∞
∑

j=k

(−1)ln j/ ln 2 χ{2r : r∈N}(j)

(ln j)3/2
(k ∈ N \ {1}).

Using Theorem 8.1 with m = 2, we see that the function

(x, y) 7→
∑

(j,k)∈N2

bjbk sin jx sin ky

is Henstock-Kurzweil integrable on [0, π]2. In view of Corollary 8.3, it remains to

check that
∞
∑

k=1

bk sinkx is not a Fourier-Lebesgue series. But this assertion follows

from [24, Example 2.6].
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