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Productivity of the Zariski topology on groups

D. DikranJAN, D. TOLLER

Dedicated to the 120th birthday anniversary of Eduard Cech.

Abstract. This paper investigates the productivity of the Zariski topology 3G of
a group G. If G = {G; | i € I} is a family of groups, and G = [[;c; G is their
direct product, we prove that 3¢ C Hie[ 3¢, This inclusion can be proper
in general, and we describe the doubletons G = {G1, G2} of abelian groups, for
which the converse inclusion holds as well, i.e., 3¢ = 3G, X 3G,-

If ea € G2 is the identity element of a group G2, we also describe the class A
of groups G2 such that G x {ea} is an elementary algebraic subset of G1 X G2
for every group G1. We show among others, that A is stable under taking finite
products and arbitrary powers and we describe the direct products that belong
to A. In particular, A contains arbitrary direct products of free non-abelian
groups.

Keywords: Zariski topology, (elementary, additively) algebraic subset, d-word,
universal word, verbal function, (semi) 3-productive pair of groups, direct prod-
uct

Classification: Primary 20F70, 20K45; Secondary 20K25, 57MO07

1. Introduction

1.1 Algebraic subsets of a group and the Zariski topology. Let G be a
group. A self-map G — G of the form g — ¢1¢°1 9292 - - - g™ go, where n € N,
905915+, 9n € G, e1,...,en € {—1,1} and g € G, will be called a verbal function
of GG. Since these functions play a pivotal role in the paper, we give also a more
formal definition as follows.

Taking x as a symbol for a variable, we denote by G[z] = G * (z) the free
product of G and the infinite cyclic group (z) generated by z. A non-trivial
element w € G[z] is given by

(1) w(z) = g12° g2 - - - gz go,

where n € N and go,91,...,9n € G, €1,...,&, € {—1,1}. For simplicity, we write
only w, when this leads to no misunderstanding. We call G[z] the group of words
with coefficients in G and its elements w are called words in G. We denote by
eq[q) the neutral element (the trivial word) of Gf[z].

In these terms, every word w € G[x] determines a verbal function of G, namely
the associated evaluation function f,,: G — G, mapping g — w(g), where w(g) €
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G is obtained replacing x with ¢ in (1) and taking products (and eventually
inversions) in G (see [15] for more details on verbal functions).

Definition 1.1. If w € G[z], we let

Eg = fo'({ec}) ={9 € G| fulg) =ec} C G,

we call ES elementary algebraic subset of G, and we will denote it simply by E,,
when no confusion is possible.
We denote by Eq = {E, | w € Gz]} € P(G) the family of elementary
algebraic subsets of G, and by E¢g the family of finite unions of elements of Eg.
If X C G, we call X:

(a) additively algebraic if X is a finite union of elementary algebraic subsets
of G, ie. if X € Eg;
(b) algebraic if X is an intersection of additively algebraic subsets of G.

Obviously, every singleton is an elementary algebraic subset, so every finite
subset is additively algebraic. Then the family of algebraic subsets is closed under
finite unions and arbitrary intersections, and contains G and all finite subsets of G.
So it can be taken as the family of closed sets of a unique 77 topology 3¢ on G,
called the Zariski topology ([5], 6], [7], [8], [9], [2], [15]).

While the definition of elementary algebraic, additively algebraic and algebraic
subset goes back to Markov [11], he did not explicitly introduce the Zariski to-
pology, although it was implicitly present in [11], [12], [13] (through the algebraic
closure of a subset X, i.e., the smallest algebraic subset of the group G that con-
tains X). It was explicitly introduced only in 1977 by Bryant [3] under the name
verbal topology. Here we keep the name Zariski topology and the notation 34 for
this topology.

The Zariski topology of the abelian groups was described and thoroughly stud-
ied in the abelian case in [7] (we recall some of the most relevant facts in the
abelian case in §1.4). Here we provide examples in the non-abelian case.

Example 1.2. (1) If g € G, its centralizer in G is the subgroup
Ca(g) ={h € G| gh=hg}

consisting of the elements of G that commute with g. Then C¢(g) = Fu,
where w = gzg~ 'z € G[z]. Hence C;(g) € Eg.

If S C G, the centralizer of S is the intersection Cq(S) = (1,cg Ca(s),
consisting of the elements of G that commute with every element of S.
Therefore, Cz(S) is an algebraic subset of G.

In particular, the center Z(G) = Cq(G) of G is an algebraic subset.
We call center-free a group G such that Z(G) = {eq}.

(2) For every n € Z, let

Ginl={9eG|¢g"=ec} CG.
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For example, G[1] = {e¢} and G[0] = G.

The word z™ € G[z] determines the verbal function fu»: g — ¢", and
obviously G[n] = Eyn.

If G is abelian, every G[n] is a subgroup of G, and these (together with
their cosets, of course) are all the non-empty elementary algebraic subsets
of G (see (3) and §1.4).

(3) Let n € N. Here we shall provide some easy examples of cases when the
elementary algebraic subset E,» = G[n] is not a coset of a subgroup, by
imposing that the subgroup generated by G[n| # G is the whole group
G (as eq € G[n] # G). To this end, it suffices to consider a simple
group G with {eg¢} # G[n]. Indeed, the subset G[n] is invariant under
conjugations, so the subgroup N generated by G[n] is normal in G, and
we conclude N = G.

To get an easy example to this effect take a non-abelian finite simple
group G. Then |G| is even (e.g., by Feit-Thompson theorem), so that
{ea} # G2 # G,

As another example, let G be a compact, connected, simple Lie group
(for example, the group G = SO3(R) will do). Then G is covered by
copies of the torus R/Z (see for example [1]), so that {eq} # G[n] # G
for every n > 1.

(4) By item 2, we have that G[2] = E,2. Here we slightly generalize this
example studying E,, for a word w = gizgex (note that w = x? when
91 =92 = €q).

Then w = a~(goz)?, for a = gag; *, so that
Ew={9€G|(g29)?=a}={9;'heG|h* =a} =g, {geCG|g"=a}

is a translate of the ‘square roots’ of the element a € G.
If B, # 0, i.e. if a = b? for some b € G, then g; ' (Cg(b)[2]))b C E,.

1.2 Preliminaries. We denote by Z the group of integers, by Ny the set of
positive integers, by N the set of naturals, and by P the set of prime numbers.

Given two elements g, h of a group G, their commutator element is [g, h] =
ghg~th~! € G. Note that [g, h] = e if and only if gh = hg, i.e. g and h commute.

A torsion group is a group in which each element has finite order. All finite
groups are torsion.

The exponent exp(G) of a torsion group G is the least common multiple, if
it exists, of the orders of the elements of G. In this case, the group is called
bounded, and exp(G) > 0. Otherwise, or if G is not even torsion, it will be
called unbounded, and we conventionally define exp(G) = 0. Any finite group has
positive exponent: it is a divisor of |G|.

Definition 1.3. Let w € G[z] be as in (1).

If g; # eg whenever ¢,_1 = —¢; for i = 2,...,n, we say that w is a reduced
word in the free product Glz] = G (z) and we define the lenght of w by 1(w) = n,
where n € N is the least natural number such that w is as in (1).
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We call constant a word w with 1(w) = 0, i.e. a word of the form w = go € G.

The proof of the following standard fact can be found in [15] and will be used
in Lemma 3.1.

Proposition 1.4 ([15]). Let ¢: G1 — G2 be a group homomorphism. Then there
exists a unique group homomorphism F': Gi[x] — Ga[z| such that F [g,= ¢,
F(x) = .

The map F': Gi[z] — G2[z] can be explicitly described as the assignment

Gilz] 2 G127 g2x®* - gnx"" go > d(g1)2" P(g2)2™ - - - P(gn) 7" P(g0) € Galx].

Remark 1.5. If w € Glz] and g € G, then also w' = gwg™' € Glz], and
E, = E,. As a consequence, if w is a non-constant word as in (1), we will
assume go = €q.

We also introduce the following notions.

e The constant term of w is ct(w) = w(eg) = g1g2- - gn € G.

o The content of w is e(w) = >7_, ; € Z, which will also be denoted
simply by € when no confusion is possible.

If w=g € @G, then ct(w) = w(eg) = g, and we define e(w) = 0. We call

singular a word w such that e(w) = 0. By definition, all constant words are

singular.

Definition 1.6. Let G be a group. A word w € G[z] is called universal, if
E,, = G. We denote by Ug the normal subgroup of G[z] consisting of the universal
words of G.

Note that w is universal if and only if f,, = eq is the constant function eg
on G.

1.3 The Zariski topology and subgroups. If H is a subgroup of a group G,
then H carries its own Zariski topology 3m, as well as the induced topology
3¢ lu. If w € H[z], then one can consider w also in G[z], so that both EHX
and ES make sense, and EXf = E$ N H. From this, one can deduce the inclusion
3y C 3¢ [g. To better describe the cases when the two topologies 35 and 3¢ [g
on H coincide, the following definition was given in [6].

Definition 1.7 ([6, Definition 2.1]). A subgroup H of a group G is called Zariski
embedded in G if 3¢ [g= 34H.

Note that H is Zariski embedded in G if and only if 3¢ [gC 3. This condition
is also equivalent to ask ES N H to be an algebraic subset of H for every word
w € Glz].

As a consequence of [6, Theorem 3.4] and [9, Proposition 2.7(c)] one can imme-
diately obtain the following result we will use in Corollary 4.13. For the reader’s
convenience, we give a direct proof here.

Proposition 1.8. Every central subgroup is Zariski embedded.
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PROOF: Let G be a group, and H < Z(G) be a subgroup of G. We will prove
that E$ N H € Eg for every word w € G[z].
Let w € G[z]. Then w(h) = ct(w)h™) as H < Z(G), so that

ESNH={xecH|wh)=eg}={xeH]|ct(w)h ™ =eg}.

If ct(w) € G\ H, then ES N H = () and there is nothing to prove.
Otherwise, let ct(w) = ho € H. Then wy = hoz“") € H[x], and the above
equation shows that ES N H = E,fo. O

1.4 The Zariski topology on abelian groups. Here we resume some results
from [7] on the Zariski topology of an abelian group.

Let (G,+,0s) be an abelian group. Then the elementary algebraic subset
G[n] ={g € G | ng = 0¢} is a subgroup of G, called the n-socle of G.

It can be easily verified that the family of verbal functions of G is {fg4nz | g €
G,n € Z}. The elementary algebraic subset of G determined by fginy is

(2)

B o if g + nx = 0¢ has no solution in G,
gtne G[n] + xo if zg is a solution of g + nx = O¢.
On the other hand, if n € Z, and ¢g € G, then G[n] + g = E_,g4na. So the
non-empty elementary algebraic subsets of G are exactly the cosets of the n-socles
of G:

(3) Eg\ {0} ={G[n]+g|neN,geG}.

One can verify that Eg is stable under taking finite intersections, and satisfies
the descending chain condition. Using this fact, the authors of [7] proved that E¢,
is the family of all the 3g-closed subsets of an abelian group G. In other words,
every algebraic subset of G is additively algebraic.

Theorem 1.9 ([7]). If G is an abelian group, then the family of 3g-closed sets
is Eg..

Remark 1.10. It follows from (2) that if G is abelian, and w € G[z] is singular,
then either F,, = G or E,, = 0.

The following result from [14] classifies the class of abelian groups that have a
cofinite Zariski topology. Recall that G is said to be almost torsion-free, if G[n]
is finite for every n # 0.

Proposition 1.11 ([14, Theorem 5.1]). Let G be an abelian group. Then 3¢ is
the cofinite topology if and only if either G is almost torsion-free, or exp(G) € P.

Finally, every subgroup of an abelian group is Zariski embedded by Proposi-
tion 1.8.
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1.5 Productivity of the Zariski topology. Consider the group Z of integers,
and the product G = Z x Z. Then the Zariski topology of G is the cofinite
topology by Proposition 1.11, so neither Z x {0} nor {0} x Z are Zariski closed
in G, whereas they are certainly closed in the product topology 3z X 3z.

Moreover, as the topology 37 X 3z is 11, it contains the cofinite topology 3¢,
so that 37«7z C 37 X 3z. We prove that this inequality holds in the general case
(see the comments below).

If {G; | i € I} is a non-empty family of groups, we denote by e; € G; the
identity element of G;. We consider the direct product G = [[,.; G;, and we
denote G by H' when all the groups G; coincide with a group H.

We denote by [[;c; 3a; the product topology on G of the Zariski topologies 3¢,
on each factor G;. Then the Zariski topology 3¢ of the direct product is coarser
than the product topology [];c; 3c,. For more details, see Theorem 3.4, where
we give also a description of the elementary algebraic subsets of the product G.

As we noted above, these two topologies 3¢ and [[;.; 3¢, on a product group
G = [l;e; Gi need not coincide even in very simple cases. These observations
motivated the following definitions.

Definition 1.12. Let G1, G5 be groups, and G = G X G2. Then the pair G1, G2
will be called:
e 3-productive, if 3¢ = 3c, X 3a.;
e semi 3-productive, if both G x {es} and {e1} x Ga are 3;-closed subsets
of G.

The pair Gy, G2 is 3-productive exactly when 3¢, xq, 2 3¢, X 3a,, as the
other inclusion always holds by Theorem 3.4.

From the definitions, it immediately follows that a 3-productive pair is semi
3-productive. We are interested in studying when the converse implication holds
true, so we explicitly state the following question.

icl

Question 1. Let G1, G5 be a semi 3-productive pair. Is G1, G2 then 3-productive?

Theorem A below answers the above question when G, G5 are abelian, thus
classifying the abelian 3-productive pairs.

Theorem A. Let Gi, Gy be abelian groups, and G = G; X G3. Then the
following conditions are equivalent:

(a) the pair G1, G2 is 3-productive;

(b) the pair G1, G is semi 3-productive;

(¢) Gy and G are bounded, G; = Fy x G}, and G2 = F» x G5, for finite sub-
groups F; < G; for ¢ = 1,2, and subgroups G} < G, for i = 1,2 such that
(exp(GF X G3),|Fil) = 1, (exp(G} x G3), [Fl) = 1, (exp(G), exp(G3)) =
1.

This theorem will be proved in §4.3.

To study when a pair of groups G, G2 is (semi) 3-productive, we have also
considered the cases when Gy x {ea} € Eg, xG,- To this end, we give the following
definition.
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Definition 1.13. Let G be a group. A word w € G[z] is called a §-word for G if
w is singular, and ES = {eg}.

Let us immediately see that a non-trivial abelian group G has no §-words.
Indeed, if w € G[z] is singular, then E,, # {ec} by Remark 1.10.
The class A of the groups that admit a §-word can be characterized as follows.

Theorem B. Let G5 be a non-trivial group. Then, the following conditions are
equivalent:

(a) Gz belongs to A;

(b) Gy x {e2} € Eg, xq, for every group G;.

In what follows, we will deduce Theorem B from some more general results
proved in Theorem 4.6 and Corollary 4.7.

We prove that the class A is stable under taking finite products (Corollary 3.9)
and under taking arbitrary powers (Theorem 3.10 Theorem 3.10). Moreover, we
characterize the infinite direct products that belong to A (Theorem 3.12). This
implies that every direct product of free non-abelian groups belongs to A (see
Proposition 3.11 and its proof).

2. 0-Words

We begin this section giving the definition and a few properties of the Taimanov
topology of a group.

Definition 2.1. The Taimanov topology T on a group G is the topology having
the family of the centralizers of the elements of G as a subbase of the filter of the
neighborhoods of eg.

It is easy to check that 7g is a group topology, and for every element g € G
the subgroup Cg(g) is a Tg-open (hence, closed) subset of G. In particular,
— T
{ea} © = Z(@), so T need not be Hausdorfr.

Lemma 2.2 ([4, Lemma 4.1]). If G is a group, then the following hold for T¢.

(1) T¢ is Hausdorff if and only if G is center-free.
(2) T¢ is indiscrete if and only if G is abelian.

We have already noted that a non-trivial abelian group does not admit any
é-word. In the following lemma, we give a much more precise result.

Lemma 2.3. If a group G € A, then its Taimanov topology T¢ is discrete. In
particular, G has trivial center.

PROOF: Assume w = g121gox®2 - - - g, € G[z] to be a d-word for G. Then in
particular e(w) = 0, and eg € Ey, i.e. ct(w) = eq.

Let C = Cg(91,92;---,9n) be the centralizer of ¢1,g2,...,9n, and assume
g € C. Then

w(g) = ct(w) g™ = eqg” = e,

225
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so that g € E,,, which yields ¢ = eg. This proves C' = {eg}. As C is a Tg-
neighborhood of eg, we conclude that 7 coincides with the discrete topology
of G. 0

Remark 2.4. Note that a §-word has even length, being singular. It is immediate
to verify that the only group having a é-word w with 1(w) = 0 is the trivial group,
and w is the trivial word.

Now we show that no group has a é-word with 1(w) = 2. Assume by contra-
diction w € GJx] to be a J-word with 1(w) = 2. As ct(w) = e, we can assume

w = grg~ 'z~ so that w = [g, 2] and Example 1.2, item 1, gives

{ec} = Ew = Calg).
This forces g = e, hence w to be trivial, which contradicts 1(w) = 2.

In the following proposition we show a d-word with length 4 for every free
non-abelian group.

Proposition 2.5. Let F' be a free non-abelian group, generated by the elements
{a; | i € I}, and let a # b be two of them. Then

w = [a,z][b, ] = aza 'z bxb ™! € Fla]
is a §-word for F.

PROOF: Obviously w is singular, w(er) = ep, and we have to prove that f,,(g) #
eq for every g € F, g # ep. To this end, let fi1 = f,,, and fo = fu,, where

1 1

wy = [a, 2] = [z,a] = zax"ta™! € Flz],

wo = [b,x] = bbbtz € Fla].

As w = w] "wa, we have that f, = (f1)~'f2, and so fu,(g9) = eq if and only if
f1(g) = fa(g), for every g € F. So it suffices to prove that f1(g) # f2(g) for every
g < F, g 7& EF.

So let ep # g € F, and we are going to show that f1(g) # f2(g). We can
assume g ¢ (J;c (ai), so let g = aj’ha}" be the reduced form of g, for h € F,
0# n € Zand m € Z. (In particular, if h = ep, then g = af'a*, with i # j.)
Then

fi(g) = aj'haj" - a- (a?ha}”)_l ca” ' =alh aj’-a- a;mh_la;” cal,

f2(g9) = b-ajhal" - bt (a?ha}”)_l =b-alhal" - b1, a;mh_la;”.

As the only possible cancellations are between underlined elements, we can imme-
diately say that f1(g) begins with al'h...; on the other hand, f2(g) either begins
with a™'h ... (if a; = b), or it begins with b-alh... (if a; # b). In either case,

f1(g) # fa(9)- 0
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Although Theorem B characterizes the class A, it is desirable to have another
description of A.

Problem 1. Find an alternative description of the class A.

A necessary condition for G € A is given by Lemma 2.3 in terms of Taimanov
topology of G.

As a free non-abelian group contains cyclic (hence, abelian) subgroups, A is
not stable under taking subgroups. According to Proposition 2.5, A is not stable
under taking quotients either (as every group is a quotient of a free non-abelian
group).

The class A is stable under taking finite products (Corollary 3.9), and under
taking arbitrary powers (Theorem 3.10), while Theorem 3.12 characterizes which
infinite products belong to A. In particular, every product of free non-abelian
groups belongs to A by Proposition 3.11.

3. The Zariski topology on products

If I #0isaset,and {G; |i €[} isa famﬂy of groups, throughout this section

we will consider the direct product G = [[,.; G

Lemma 3.1. Let {G; | i € I} be a family of groups, and G = [[;.; Gi. Then
there exists a canonical map ¥: Glz] — [],c;(Gi[z]).

PROOF: For every i € I, let p;: G — G; be the i-th canonical projection. Apply
Proposition 1.4 to obtain the homomorphism 7;: G[z] — G;[z], such that m; [¢=
pi, and 7;(z) = x. Finally, consider the diagonal map ¥ of the family {m; | i € I},
so that ¥: Glx] — [[,c;(Gilz]).

The map ¥: Glz] — [[,c;(Gi[z]) has the following explicit form. Let

w = g(l)xflg@)va . g(”)xan c G[l‘],

where ¢gU) = (g,gj))iej € G for elements gfj) = pi(gY)) € Gy, for i € I and
j=1,...,n. Let

— 9(1)1‘619(2)1; gz(n)xgn c Gl[l‘]

be the word in G; obtalned by taking the i-th coordinate of the coefficients of w.
Then w; = m;(w), and Y(w) = (w;)ier € [;c;(Gi[z]). O

Definition 3.2. In the notation of Lemma 3.1, we call ¥(w) = (w;)ier the
coordinates of w in [[,.;(Gs[z]). Note that e(w;) = e(w) for every i € I.

The map ¢ in Lemma 3.1 is not injective if |I| > 1 and the groups under con-
sideration are not trivial (we discuss ker(+)) in Example 3.5 below). Nonetheless,
Lemma 3.1 suffices to obtain the following corollary which describes the verbal
functions of a direct product as products of verbal functions of each component.

Corollary 3.3. Let {G; | i € I} be a family of groups, and G = [[,.; G:i. If
w € G[z] has coordinates ¥(w) = (w;)ier € [[;c;(Gi[x]), then the verbal functwn
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fw: G — G is the mapping (g:)icr — (fw,;(9i))ic1, i.e., the product of the verbal
functions f,.

In the following theorem we show that the elementary algebraic subset F,, of
a direct product is the cartesian product of the elementary algebraic subsets E,,,,
where (w;);er are the coordinates of w in [, (Gi[x]).

Theorem 3.4. Let {G; | i € I} be a family of groups, and G = [[;c; Gi. If
w € Glz], and (w;)ier are the coordinates of w in [[;c;(Gs[z]), then ES has the
form

(4) Ef = 1128

iel

In particular, w € Ug (resp., w is a §-word) if and only if w; € Ug, (resp., w;
is a §-word) for every i € I.

As a consequence, the Zariski topology 3¢ of the direct product is coarser than

the product topology [[;c; 3c,-
ProoF: By Corollary 3.3, g = (gi)ier € G satisfies w(g) = eq if and only if
gi € G; satisfies w;(g;) = e; for every i € I. Thus ES is as in (4), and ES = G if
and only if ES? = G; for every i € I, while ES = {eg} if and only if EG {ei}
for every i € I, and e(w;) = e(w) for every i € I.

By (4), it follows that ES is closed in the product topology [l;c; 3c;. Being
Eq a subbase for 3g-closed sets, we conclude that 35 C Hiel 3q;- O
Example 3.5. Let G1, G2 be non-trivial groups, g; € G;\{e;}, and G = G1 x Gs.
Consider the word

w= (g7 ", ea)z(er, g2)x " (g1, e2)x(e1, 95 )z~ "' € Gla],

and note that w # eg(,] is non-trivial, in fact I(w) = 4. As

-1 -1 -1
wy = m(w) = g; xO1T G1TE1T = Gy [al,
_ _ -1 11
woy = My(W) = €2Tgol™ €2Tgy T = €Gylal;

we have w € ker(1), in the notation of Lemma 3.1.
If w € ker(¥), then w; = eg,[,) is the trivial word for every i € I, so that in
particular w; € Ug,. Then also w € Ug by Theorem 3.4.

Corollary 3.6. Let G, G5 be non-trivial groups, and G = G1 X G3. Then G
has a singular, non-trivial universal word.

Proor: Cousider the singular, non-trivial word w € G[z] defined in Example 3.5.
Its coordinates in G'y[z] x Ga[z] are (w1, w2) = (eq,[2]; €Ga[x])s SO that equation
(4) gives EG = ES1 x EG2 =Gy x Gy. O

ec [z] eG [z]
The next definition will be used in the following Lemma 3.8 to give a suffi-
cient condition on an element (w;)icr € [[,c;(Gi[z]) to belong to ¥(G[z]), where
¥: Glz] — [[;c;(Gi[x]) is the map defined in Lemma 3.1.
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Definition 3.7. Let G be an arbitrary group and w € Glz]. If I(w) = n € N and
w = g1 gox®? - - - gpxn go € G[z], we define €(w) = (e1,€9,...,e,) € {1,—1}"™.
Lemma 3.8. Let n € Ny, € = (e1,€2,...,6n) € {1,—1}", and {G; | i € I} be
a family of groups. For every i € I, let w; € G;[x] be such that 1(w;) = n and
€(w;) = € Then, with G = [[,c; Gi,

(a) (w;)ier = H(w) for a word w € Glx];

(b) if every w; € G;[x] is a 6-word (resp., a universal word) for G;, then also

w € Glx] is a d-word (resp., a universal word) for G.

PROOF: (a). We have to prove that there exists w € G[z] such that (w;);ecs are
the coordinates of w in [[,.;(G;[z]). By assumption, for every i € I, the word w;
has the form

w; = gfl)xalg?)xez . -ggn)xa" € G;[z].
Defining ¢\) = (g,gj))iej € Gforj =1,...,n, the word w = gMae1gPg=2 ...
gMatn € Glx] satisfies 9(w) = (wy)ier, i.e. (wi)ies are the coordinates of w in
[Lic (Gilz]).
(b). By (4), w is a é-word (resp., a universal word) for G, if every w; € G;[x]
is a 6-word (resp., a universal word). (]

Now we prove that the class A is stable under taking finite products, using the
idea of the proof of Lemma 3.8.
Corollary 3.9. If G € A, and H € A, then also P =G x H € A.
PRrROOF: Let

wy) = g1 gox®? -+ - gt € Gz,

wy = hya® hoad? - hyad®™ € Hlz]

be §-words respectively for G and H.
Let

v = eqr’leqr®® - eqr’™ 12t gaa? - guatt € Glz],

)

Ve = h1z® hoz® - hya®megateya® - egat € Hlx].

Note that €(v;) = €(w;) = e(w1) + €(w2) = 0 and ES = ES = {e¢}, B =
Efz = {en}, so that also vy, vo are §-words respectively for G and H.

Let p; = (eg,hj) € P for j = 1,...,m, and pmy; = (gj,en) € P for j =
i,...,n, and consider

s 5 S .
w = P12t Paz®? P P17 P22 - P € Plal.

Obviously, e(w) = 0, and (v, v2) are the coordinates of w in G[z] x H|[z], so that
EP = E¢ x Efl = {ep} by Theorem 3.4. So w is a &-word for P. O

In the following theorem we show that a group G has a §-word (in other words,
G € A) if and only if G! does.



230

D. Dikranjan, D. Toller

Theorem 3.10. Let G be a group, and I be a set. Then G € A if and only if
Gl e A.

PROOF: Let w € G[x] be a 5-word. Then Lemma 3.8 gives a word v € G [z] such
that (w);e; € G[x]! are the coordinates of v, and v is a d-word for G'.

By (4), w € G'[z] with coordinates (w;);er is a d-word if and only if w; € G[z]
is a d-word for every i € I. O

As a consequence of Proposition 2.5 and Theorem 3.10, we get that every power
of a free non-abelian group has a §-word, i.e., belongs to A. In the following result,
we show that A contains all products of free non-abelian groups.

Proposition 3.11. Let {G; | i € I} be a family of free non-abelian groups. Then
G = [],c; Gi belongs to A.

PRrROOF: For every i@ € I, let a;,b; € G; be two of the generators of GG;, and
w; = [a;, 2][bi, 2] = a;za; ‘27 b;ab; '™t € Gi[z] be the d-word for G; constructed
in Proposition 2.5. As l(w;) = 4, and €(w;) = (1,—1,1,—1) for every i € I,
Lemma 3.8 applies, so there exists a d-word w € G[z] such that (w;);cr are the
coordinates of w in [, (Gi[x]). O

Let Ay, € A be the class of groups G having a é-word w € G[z] with I(w) < m.
Then Ag = Aggy1 for every k € N, and Ag = Ag only contains the trivial group
{e} by Remark 2.4. Moreover, A, contains every product of free non-abelian
groups by Proposition 3.11. Then

(5) Aog=Mr={{e}}CACAC...C [JAn=A

In the following theorem, we characterize which products belong to the class A.

Theorem 3.12. Let {G; | i € I} be a family of groups, and G =[]
the following are equivalent:

1. Ge A;
2. there exists m € N such that G € A,,;
3. there exists m € N such that G; € A, for every i € I.

ic1 Gi- Then

PROOF: The equivalence between conditions 1 and 2 follows from the definitions,
while 2 implies 3 (with the same m) by Theorem 3.4.

So we only have to prove that 3 implies 1. Let w; € G;[z] be a §-word, with

For 1 <k <m,let I, = {i € I | l(w;) = k}, and note that &(w;) € {—1,1}* for
every i € Iy. So for every €€ {—1,1}*, let also I}z = {i € I | €(w;) = €}.

Note that I = ;L Uze(_1,1}» Ie is a partition of I into finitely many subsets
Iz If Iz is empty, let Gz = {e} be the trivial group, otherwise let Gz =
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Hielk,g G;. Then

G= ]I Gk

k=1,....m
e{-1,1}*
is a finite product of the groups Gy, ¢.
Then we can apply Lemma 3.8 to the family {G; | i € I ¢}, obtaining that
kag € A.
Finally, G € A by Corollary 3.9. O

Note that both Theorem 3.10 and Proposition 3.11 can be obtained as corol-
laries of Theorem 3.12.

Remark 3.13. (a) The class A is stable under taking arbitrary products if
and only if A = A,, for some m € N, i.e. the chain (5) stabilizes after
finitely many steps.

(b) We do not know if the equivalent conditions in item (a) do hold, for
example we do not even know if Ay C Ag.

Motivated by Remark 3.13, one can ask the following question.

Question 2. Does the equality A = A,, hold for some m € N7 Or, equivalently,
is it true that for every integer m > 2 there exists a group G, € Agpmia \ Ao ?

We conclude this part with an easy result on the Zariski topology of a direct
product.

Lemma 3.14. Let {G; | i € I} be a family of groups, and X; C G; be a subset
for everyi € I. If G = [[,c; Gy, then [[,c; Ca,(X;) is a 3g-closed subgroup of G.
In particular, if Gj, is center-free for some ig € I, then {ei,} X [[; Licr Gi s
3a-closed.
ProoOF: It follows from the fact that [],.; Cq,(Xi) = Ca([[;c; Xi). Then Ex-
ample 1.2, item 1, applies.
In the special case when G;, is center-free,

{e) < [ Gi:C’G(GiUx I1 {ei}). O

ioFAiIE] ioAiEl

4. 3-productivity
4.1 The class A and 3-productivity.

Lemma 4.1. Let Gy, G2 be groups, with Go € A and G = G X G2. Then
G1 x {e2} = ES, for a singular word w € G/z].

PROOF: Let wg = ¢12° ga2°2 - - - gpz® € Ga[z] be a é-word for Go. For i =
1,2,...,n define the elements g; = (e1,¢9;) € G and let w = 12 G2 - - - g™ €

231
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GJz]. The coordinates of w in G [x] x Ga[z] are (w1, wp), where wy = ejz®tea®? - - -
e1xfn = z¢(wo) = 20 is the neutral element of G1lx].
Then ES = ES! x ES? = G x {e2} and e(w) = e(wg) = 0. O

Example 4.2. Let G5 be a product of free non-abelian groups, (G; be an arbitrary
group, and G = G; x G2. By Proposition 3.11, G2 € A, so that G; x {e2} € Eg
by Lemma 4.1.

In particular, Gy x {ea} is a 3g-closed subset of G for every group G;. In
Theorem 4.11 we prove that the groups Go with this property are exactly the
center-free groups.

Lemma 4.3. Let G be an abelian group, and assume that G is a finite union
of elementary algebraic subsets determined by non-singular words. Then G is
bounded.

PROOF: Let G = Ule G[n;] + ¢ for elements g; € G and integers n; € N, as
1<i<k Ifm=ning - ng, then Gn;] C G[m], so that G = Ule G[m] + g;.
Then [G : G[m]] is finite, and so mG = G/G[m] is finite. As m # 0, we deduce
that G is bounded. O

As a consequence of Lemma 4.3, if G is an abelian unbounded group, and
G is a finite union of elementary algebraic subsets, then at least one of them is
determined by a singular word. This motivates the following definition introducing
the class W; of groups in the general case.

Definition 4.4. We say that a group G € W} if G satisfies the following property:
for every k € Ny, if wy,wa,...,wx € G[z] are such that G = Ule E,,, then w;
is singular for some i =1,2,... k.

Here we give some necessary and sufficient conditions on a group G to belong
to Wg.

Remark 4.5. o If G € Wy, then every universal word of G is singular. In
particular, if G is a bounded group, and n = exp(G), then n > 0 and

™ € Ug is non-singular, so that G ¢ W.
e On the other hand, if G is an abelian unbounded group, then G € W by
Lemma 4.3. So if G is abelian then G € Wy if and only if G is unbounded.

In the following theorem we prove that the converse of Lemma 4.1 holds for
groups G1 € Wg.

Theorem 4.6. Let G € Wy and Gy be groups. If G = Gy x Ga, then the
following conditions are equivalent:

(a) Gso € A;

(b) G x {ex} = ES, for a singular word w € G[z];

(c) G1 x {e2} € Eg;

(d) G1x {e2} € Eg.
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PRroor: (a)= (b) follows by Lemma 4.1.

(b) = (c) = (d) are trivial.

(d) = (a). Assume G; x {es} = UZ L EG for a positive integer k, and words
w; € Gla] for i = 1,...,k with ES # 0.

By (4), every elementary algebraic subset ES of G has the form ES = ES} X
ES2 for words w' € Gi[z] and w” € Golz]. So Gy x {ez} = Ule Eg} X ES/_%,
from which we deduce Z 7'

k
(6) Gl = U EMG){17
=1
k
(7) and {ex} = U EG?/, ie. EG// = {es} forevery i =1,... k.

i=1

As G1 € W§, (6) implies that w/ is singular for some ¢ = 1,..., k. This implies
that also w/ is singular. By (7), w/ is a §-word for Gs. O

Lemma 4.1 and Theorem 4.6 immediately imply Corollary 4.7 below. In par-
ticular, the equivalence between its items (b) and (c) provides a converse to
Lemma 4.1. Moreover, the equivalence between items (a) and (b) is Theorem B.

Corollary 4.7. Let Gy be a group. Then, the following conditions are equivalent:
(a) Go € A;
(b) G1 x {e2} € Eg, xq, for every group Gy;
(C) Gy x {62} S EGleg for every G € Wg,
(d) Gy x {62} S EGleg for some G € Wg

By Theorem 3.10, every power G4 has the same properties as those of Gy stated
in the above corollary.

Corollary 4.8. Let G1, G2 be abelian groups, with G; unbounded and G2 non-
trivial. Then Gy x {02} is not a Zariski closed subset of G = G1 x Ga.

Proor: We have G; € W by Lemma 4.3, while the abelian group G has no 6-
words by Lemma 2.3. Then G1 x{0¢,} ¢ Eg by Theorem 4.6, so that Theorem 1.9
applies. O

Remark 4.9. (a) The implication in Corollary 4.8 need not hold if one of
the groups G, G2 is not abelian. Indeed, consider an arbitrary group
G1, a product G2 of free non-abelian groups, and let G = G; x G3. B
Example 4.2, we have that G; x {ea} is 3g-closed, independently on G;.
(b) Onme can relax the hypothesis “non-trivial abelian” for G2 to Z(Gs3) #
{e2}, but then only the weaker conclusion “G; x {ez} is not additively
algebraic” can be obtained.

We anticipate the following result from [10] about the Zariski closure of Gy x
{ea2} in the product G; X G3, when G1 € W.

233
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3G, xGo

Proposition 4.10 ([10]). Let G1 € W{. Then G1 x {es2}
for every group Gs.

= Gl X Z(Gg)

By Corollary 4.7, a group G5 € A if and only if G; X {e2} € Eg, xg, for every
group G1. In particular, Gy x {ea2} is a Zariski closed subset of G1 x G5 for every
group (G1. The next theorem characterizes the groups G2 with the latter (weaker)
property.

Theorem 4.11. For a group G2 the following are equivalent:
(a) Gy is center-free;
(b) G1 x {es} is a Zariski closed subset of G1 x Gg for every group Gi.

PROOF: (b) = (a). Proposition 4.10, applied with H = G1 = Z, implies Z(G2) =

(a) = (b). Since G3 is a center-free group, Lemma 3.14 applies to conclude
that Go satisfies (b). O

4.2 Semi 3-productive pairs.

Lemma 4.12. Let G1, G2 be groups, H; < G;, for i = 1,2 be subgroups, G =
G1 x Go and H = Hy x Hsy. If H is Zariski embedded in G, then the following
hold.

(1) If the pair G1, Gy is semi 3-productive, then also the pair Hy, Ho is semi
3-productive.

(2) If the pair Gy, G2 is 3-productive, then also the pair Hy, Hs is 3-produc-
tive.

PRrOOF: (1) By assumption, G X {e2} is a 3g-closed subset of G, so Hy x {ea}
is a 3¢ [g-closed subsets of H. As 3¢ [m= 3m, this proves that Hy x {ex} is a
3p-closed subset of H. The same argument holds for {e1} x Ha.

(2) Note that 3(;1“_11 X 302[1-12 D) 3H1 X 3[.12. Then

3 =3¢ [u= (3¢, X 36,) [H=3G,1u, X 3Galu, 2 IH, X 3H,,

where the first equality holds as H is Zariski embedded in G, while the second
equality holds as G1, G is 3-productive.

From Theorem 3.4 and the above equation, it follows that 3y = 35, X 3m,.

O

Corollary 4.13. If Gy, G2 is a (semi) 3-productive pair, and H; < Z(G;), for
i = 1,2 are subgroups, then also Hy, Hy is (semi) 3-productive.

In particular, if G1, Gy is an abelian (semi) 3-productive pair, and H; < G,
for i = 1,2 are subgroups, then also Hy, Hs is (semi) 3-productive.

PRrROOF: As central subgroups are Zariski embedded by Proposition 1.8, we have
that H = Hy x Hy < Z(G1) x Z(G2) = Z(Gy x Gg) is Zariski embedded in
Gl X GQ.

Finally, Lemma 4.12 applies. [l
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4.3 Abelian 3-productive pairs.

Lemma 4.14. Let Gy, G2 be bounded abelian groups having coprime exponents.
Then G, G4 is 3-productive.

PROOF: Let G = G1 x Go, and exp(G;) = m; for i = 1,2. By (3), the 3¢,- (resp.,
3¢, )-closed subsets are generated by the cosets of the n-socles G [n] (resp., Ga[n]),
for n € N. So it will suffice to show that, for every n € N, the subgroups G1[n]x G
and G1 X Gz [n] are 3g-closed subsets. Indeed G1[n]x G4 is an elementary algebraic
subset of G, as

Gl[n] X G2 = Gl[n] X Gg[an] = Gl[nmg] X Gg[nmg] = G[nmg],

where the first equality holds as ms = exp(G2), and the second one as
(exp(G1),mg) = 1. Similarly, G; x Ga[n] = G1[nm4] x Ga[nmi] = Glnmy]. O

If {G; | i € I} is a family of groups, for an element g = (g:)icr € G = [[;¢; Gs,
we denote by supp(g) = {i € I | g; # e;} C I the set of indexes such that the
correspondent coordinates of g are non-trivial.

The subgroup S of G consisting of the elements g such that supp(g) is finite
will be called direct sum of {G; | i € I}, and denoted by S = €,_; G;. Obviously,
S = G when [ is finite.

For an abelian group G, recall that 7(G) = {p € P | G[p] # {0}}, and for p € P
it is defined the subgroup

icl

Gp={9€G|3IneN plg=0}= UG[p”].
neN

It is well-known that if G is a torsion, then G = €D, ) Gp-

Now we are ready to prove Theorem A. It will give a positive answer to Ques-
tion 1 for abelian 3-productive pairs, and provides a description of the structure
of abelian groups G, G5 such that the pair Gy, G2 is 3-productive. Moreover,
the implication (b)=>(c) is a ‘symmetric’ form of Corollary 4.8, giving a much
more precise conclusion.

PrROOF OF THEOREM A: We have to prove that if G1, Gy are abelian groups,
and G = G1 X Ga, then the following conditions are equivalent:

(a) the pair Gy, G2 is 3-productive;

(b) the pair G1, G is semi 3-productive;

(¢) G1 and G2 are bounded, G; = F1 & G5, and G = F>, ® G3, for finite sub-
groups F; < G; for ¢ = 1,2, and subgroups G} < G; for ¢ = 1,2 such that
(exp(G] ® G3), [F1]) = 1, (exp(G] @ G3), [F2]) = 1, (exp(GT), exp(G})) =
1.

(a) = (b) follows by the definitions.

235
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(b)=(c). As both G7 x {02} and {01} X G2 are 3G-closed subsets of G, then
both GG; and G2 are bounded by Corollary 4.8. Let G; = GBPEW(GI_) G p, where
7(G;) is finite, for ¢ = 1,2.

Let m = m(G1) Nmw(Ge). If 7 = 0, let Fy and Fy be the trivial subgroups of Gy
and G respectively. Otherwise, let

F1 = @GLP and F2 = @GQ’Z).

peT peE™T
Set

Gi= @ Gipand Gi= P Gap,
pem(G1)\n(G2) pem(G2)\n(G1)
so that
G1 :PH@G’iK and Go :FQ@G;.
It only remains to prove that both Fj, F5 are finite groups, that is: if p € 7, then
both G, and G2, are finite.

So let p € 7 and by contradiction assume G, to be infinite. If Hy = Gi[p] <
G1p, then also H; is infinite. Fix an element x € G of order p, and let Hy =
(x) < Go. Finally, let H = Hy x Ha, and note that exp(H) = p, so that 3 is the
cofinite topology by Proposition 1.11. Being Hy = H; X {02} an infinite proper
subgroup of H, it is not 3gy-closed. This contradicts Corollary 4.13.

(¢)=(a). Assume Gy = Fy & G} and G2 = F, & G5, with Fy, F» finite, Gf,
G5 bounded, with coprime exponents as in the statement of (¢). Then 3q, =
3F, X gz for i = 1,2 by Lemma 4.14, so that

3G, X 3G, = 3, X 367 X 3R, X 3G3-

Finally, let F' = F} x F5 and note that 3 = 3r X 3, is the discrete topology
on the finite group F. So

(%)
3G1xGy = IR 0G x @Gy = IFxGixGy = IFX3G: X3ay = IF XIF X6 X363,

where the equality (%) follows again from Lemma 4.14, as the three groups F, G}
and G% are all bounded with mutually coprime exponents. This concludes the
proof. ([

Corollary 4.15. Let G1, Gy be an abelian semi 3-productive pair. Then neither
(1, nor (G2, can contain as a subgroup any of the following groups: the group
of integers Z; the p-Priifer group Zys; @, Zyn for a prime number p € P;
@D, , Z,, for infinitely many different prime numbers p,, € P, as n € N.

n=1

It follows from Theorem A that for every non-trivial abelian group G there
exists a bounded abelian group H such that G, H is not a 3-productive pair.
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