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Abstract. In this paper, a class of non-autonomous delayed competitive systems with the
effect of toxic substances and impulses is considered. By using the continuation theorem
of coincidence degree theory, we derive a set of easily verifiable sufficient conditions that
guarantees the existence of at least one positive periodic solution, and by constructing a
suitable Lyapunov functional, the uniqueness and global attractivity of the positive periodic
solution are established.
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1. INTRODUCTION

In recent years, the dynamical behavior of a competitive system has been one of
the dominant themes in both ecology and mathematical ecology due to its universal
existence and importance. Most widely studied competitive systems are mainly
continuous or discrete [2], [3], [5], [7], [10], [11], [13], [14], [15]. Recently there has
been a new category of competitive systems, which are neither purely continuous-time
nor purely discrete-time ones; these are called impulsive competitive system. This
category of impulsive competitive systems displays a combination of characteristics
of both the continuous-time and discrete-time systems [4], [8].

This work is supported by National Natural Science Foundation of China (No. 11261010
and No. 10961008), Soft Science and Technology Program of Guizhou Province (No.
2011LKC2030), Natural Science and Technology Foundation of Guizhou Province
(J[2012]2100), Governor Foundation of Guizhou Province ([2012]53) and Doctoral Foun-
dation of Guizhou University of Finance and Economics (2010).
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In 2003, Song and Chen [14] proposed a delay two-species competitive system in
which two species have toxic inhibitory effects on each other:

% = z(t)[K1(t) — ar(t)z(t) — Sr(t)y(t) — n )z )yt — 71(1))],
(1.1)
% = y(O)[I2(t) — a2 (D)y(t) — Ba(t)z(t) — v2(D)z(t — m2(t))y(t)],

where z(t),y(t) stand for the population densities of two competing species, re-
spectively. K;(t) (i = 1,2) are the intrinsic growth rates of the two compet-
ing species; «;(t) (i = 1,2) denote the coefficients of interspecific competition;
K;(t)/a;(t) (i = 1,2) are the environmental carrying capacities of two competing
species; 1 and 2 stand for, respectively, the rates of toxic inhibition of the species
x by the species y and vice versa. For more details about the model, one can see
[12]. By applying the coincidence degree theory, Song and Chen [12] established the
existence of a positive periodic solution for system (1.1).

Considering the impulsive effects and periodic perturbations, Liu et al. [9] in-
vestigated the periodic impulsive delay competitive system with the effect of toxic

substances
S O ) — o (02(0) — B (1) (OOt~ a0, 1 b
(12) { L= yOIKD) — ar(t)y(t) — Balt)e(t) — 2a(D)alt — o)D), 1 # b
z(t)) = 2(tr) +p, t =ty
y(ty) = (1+br)y(tr), t =1ty

with an initial condition (z(s),y(s)) = ¢(s) = (p1(s), p2(s)) for —7 < s < 0,9(0) >

_ 2 _ (- R . , . .
0, € PC([—7,0],R%), where 7 11%22(2 trerﬁ):]{n(t)}, Ki(t), a;(t), Bi(t), vi(t), 7i(t)

(i = 1, 2) are continuous w-periodic functions, and «;(t), 6(t), v:(t) (i = 1,2) are pos-
itive and 7;(¢) (i = 1,2) are nonnegative. The intrinsic growth rates K;(t) (i = 1,2)
are not necessarily positive and may be negative. Also k € N and N is the set of
positive integers. The jump conditions reflect the possibility of impulsive effects on
the species  and y. p > 0 is the impulsive stocking amount of the species x at time
t = tg, which implies that the populations are subject to impulsive stocking at a
constant rate p. The term bry(tx) < 0 (k € N) represents the impulsive harvest-
ing amount of the species y at time ¢ = tj, while bry(t) > 0 which represents the
perturbations may stand for the impulsive stocking amount of the species y at time
t = ty. By applying the theory of impulsive differential equations and some analysis
techniques, Liu et al. [9] obtained a set of sufficient conditions for the permanence
and partial extinction of system (1.2).
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Considering that the harvest of many populations is not continuous, the harvest
can be viewed as an annual harvest pulse. To describe a system more accurately, we
should consider using impulsive differential equations. Then system (1.1) is revised
into the following form:

S (1) — o ()(t) — Bu(OW) 1 D2yt~ (D), ¢ £ i,
(1.3) % = y()[K2(t) — aa(t)y(t) — Ba(t)x(t) — v2()2(t — 72(t)y ()], t # ti,
Ax(ty) = z(t)) — z(t;,) = owrz(te), t =1y,
Ay(tr) =yt —y(ty ) = o2wy(tr), t =i,

where Az(ty) = z(t{) — z(t;) and Ay(ty) = y(t}) — y(t;) are the impulses at

moments t; and t; < t3 < ... is a strictly increasing sequence such that klirlgo tr, =

+0o0.

The principal object of this article is by using Mawhin’s continuation theorem
of coincidence degree theory and by constructing Lyapunov functions to investigate
the stability and existence of periodic solutions of (1.3). To the best of the authors’
knowledge, it is the first time one deals with the existence and stability of periodic
solutions of (1.3).

In order to obtain our main results, throughout the paper we always assume that
the following conditions are fulfilled:

(H1) K;(t), ai(t), Bi(t), vi(t) (i = 1,2), are all continuous w periodic, i.e., K;(t+w) =
Kilt), ault+w) = aslt), Bilt+w) = Gilt) (i = 1,2), %(t +w) = %(¢) for any
teR.

(H2) K;(t), a;(t), Bi(t), ~vi(t) (i =1,2) are all positive.

(H3) gir > 0 for all £ € N and there exists a positive integer ¢ such that tx4q =
ty +w, Oiktq = Oik (Z =1,2; k= 1,2,3,...).

(H4) At least one of the following four conditions @@y # B182, @172 # Ba7¥1, a2 #
B172, 72" # 7172 holds.

The organization of the paper is as follows. In Section 2, we introduce some nota-
tion and definitions, and state some preliminary results needed in later sections. We
then establish, in Section 3, some simple criteria for the existence of positive peri-
odic solutions of system (1.3) by using the continuation theorem of the coincidence
degree theory proposed by Gains and Mawhin [6]. In Section 4, the uniqueness and
global attractivity of the positive periodic solution are presented. In Section 5, an
illustrative example is given to demonstrate the correctness of the results obtained.
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2. PRELIMINARIES

We shall introduce some notation and definitions, and state some preliminary
results. Consider the impulsive system

(2'1) {j"(t):f(tax)at#tk,k=1,2,...,

Az (t)|e=r, = In(z(t},)),

where € R”, f: RxR™ — R™ is continuous and f(t+w,x) = f(t,z); I: R" — R"”
are continuous, and there exists a positive integer ¢ such that ¢4, = tx+w, Iy1q(r) =
Ii(z) with t € R, tpi1 > th, lim = 00, Az(t)|t=t, = z(t}) — z(t;,). For tj, # 0
(k=1,2,...), [0,w]N{tx} = {t1,t2,...,ts}. As we know, {t;} are called the points
of jump.

Let us recall some definitions for the Cauchy problem

22) {j:(t) = f(t,z), te€0,w], t+#tg,

Ax()i—1, = Iu(@(ty)),2(0) = ao.

Definition 1.1. A map z: [0,w] — R” is said to be a solution of (2.2), if it
satisfies the following conditions:

i) z(t) is a piecewise continuous map wi rst-class discontinuity points at tx

i t) i i i ti ith first-cl di tinuit ints at tx N
[0,w], and at each discontinuity point it is continuous from the left;

(if) z(t) satisfies (2.2).

Definition 1.2. A map z: [0,w] — R™ is said to be an w periodic solution of
(2.1), if
(i) «(t) satisfies (i) and (ii) of Definition 1 in the interval [0, w];

(ii) =(t) satisfies z(t +w —0) = x(t — 0),t € R.

Obviously, if z(t) is a solution of (2.2) defined on [0,w] such that z(0) = z(w),
then by the periodicity of (2.2) in ¢, the function x*(¢) defined by

x*(t) is left continuous at t = t;

w (1) = {”C“ ) te fjw,(+ Dl {t),

is an w periodic solution of (2.1).
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For system (1.3), finding the periodic solutions is equivalent to finding solutions
of the following boundary value problem:

% = 2(t)[K1(t) — ar () (t) — B (t)y(t) — y(B)a(t)y(t — 71(1))],
t#t,te0w], k=1,2,...,q,

23) 1 = yOF) — as(Bylt) — Balt)ar(t) — eyt — 7o)y (0),

t#tute 0w, k=1,2,...,q,
Ax(tk):x(t;:)_x(tlz):Qlkx(tk)v t:tk,x(O):x(w), k:1ﬂ27"'7%

3. EXISTENCE OF POSITIVE PERIODIC SOLUTIONS

In this section, based on Mawhin’s continuation theorem, we shall study the ex-
istence of at least one periodic solution of (1.3). To do so, we shall make some
preparations.

Let X,Y be normed vector spaces, L: DomL C X — Y a linear mapping, N :
X — Y a continuous mapping. The mapping L will be called a Fredholm mapping
of index zero if dimKer L = codimIm L < +o0o and Im L is closed in Y. If L is a
Fredholm mapping of index zero and there exist continuous projections P: X — X
and Q: Y — Y such that In P = Ker L, Im L = Ker @ = Im(J — Q), it follows that
LiDom LNKerP: (I — P)X — ImL is invertible. We denote the inverse of that
map by Kp. If Q is an open bounded subset of X, the mapping N will be called
L-compact on Q if QN (1) is bounded and Kp(I — Q)N: Q — X is compact. Since
Im @ is isomorphic to Ker L, there exist isomorphisms J: Im @ — Ker L.

Now we introduce Mawhin’s continuation theorem [6] as follows.

Lemma 3.1 ([6] Continuation Theorem). Let L be a Fredholm mapping of index
zero and let N be L-compact on €. Suppose

(a) for each A € (0,1), every solution x of Lx = ANx is such that x ¢ 0€);
(b) QNz # 0 for each x € Ker LN 99, and deg{JQN,QNKerL,0} # 0.

Then the equation Lz = Nx has at least one solution lying in Dom L N €.

For convenience and simplicity of the following discussion, we use the notation
below throughout the paper:

7= %/0 f@ydt, f£ = min f(t), fM = max f(t), [f] = %/O ()] dt,

te[0,w) te[0,w]
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where f(t) is a w continuous periodic function. For any non-negative integer p, let
CP0,w;ty, ta, ... t] = {x: [0,w] — R™|z®)(t) exist for t # ty,...,t,; @ (tT) and
o) (t7) exist at t1,to, ..., tg; and 2 (ty) = 2V (¢ ), k=1,...,m,7=0,1,2,...,p}

with the norm [|z||, = max{ sup Hx(j)(t)H}?il, where |.|| is any norm in R™. It is
te[0,w] -
easy to see that C(P)[0,w;ty,ta,...,t,] is a Banach space.

Now we are in a position to state and prove the existence of periodic solutions of
(2.3).

Theorem 3.1. Let Bs and By be defined by (3.12) and (3.20), respectively. In
addition to (H1)—(H4), assume further that

q
(H5) Kow + Z In(1 + p21) > max{¥sw exp(B3), Jow exp(By)},
k=1

then the system (1.2) has at least one w periodic solution.

Proof. According to the discussion above in Section 2, we only need to prove
that the boundary value problem (2.3) has a solution. Since the solutions of (2.3)
remain positive for all ¢ > 0, we let u1(t) = In[z(t)], u2(t) = Infy(¢)]. Then system
(2.3) can be transformed to

a1 (t) = K1 (t) — a1(t) exp(ui(t)) — B1(t) exp(uz(t))
—71(t) exp(ui(t)) exp(uz(t — 71(t))),
t# b, te0,w], k=1,2,...,q,

2 (t) = Ka(t) — az(t) exp(uz(t)) — B2(t) exp(ui(t))
— Y2(t) exp(us (t — 72(t))) exp(ua(t)),
t#tg, te0,w], k=1,2,...,¢,

Aui(ty) =In(1 + o), t =t k=1,2,...,q;
u1(0) = ug(w), uz(0) = ug(w).

(3.1)

It is easy to see that if system (3.1) has an w periodic solution (uj(t),u%(t))", then
(z*(t), y* ()T = (e eu2(M)T is a positive solution of system (1.3). Therefore, to
complete the proof, it suffices to show that system (3.1) has at least one w periodic
solution.

In order to use the continuation theorem of coincidence degree theory to establish
the existence of a solution of (3.1), we take

X ={u e C0,w;ty,ta,..., 14}, Y =X x R2x(q+1)
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Then X is a Banach space with the norm ||.||o, and Y is also a Banach space with
the norm 2] = lallo + [lyll, @ € X, y € R+,
Let

Dom L = {u = (u1,u2)’ € C[0,w]; t1,t2, ..., tq}s
L: DomL C X =Y,z — (2/, Au(ty), Au(ts), ..., Au(t,),0),

N: X -,
Nu = ((Kl (t) — a(t) exp(ui(t)) — Bi(t) exp(ua(t)) — 1 (t) exp(ui(t)) exp(uz(t — rl(t)))>
K (t) — aa(t) exp(ua(t)) — B2(t) exp(ua(t)) — v2(t) exp(ur (t — 72(t))) exp(uz(t))

<ln(1 + gu)> <1n(1 + 921)> <1n(1 + 931)> O>
In(1+4021)/)" \In(1+0922))" "7 \Un(1+ 032)/)° '
Obviously,

Ker L = {u: u(t) = h € R*,t € [0,w]},
w q
ImL:{z:(f,al,ag,...,aq,d)EY:/ f(s)ds+2ak+d:0}
0

k=1

=X x R?*7 x {0},
dimKer L =2 = codimIm L.

So, Im L is closed in Y, L is a Fredholm mapping of index zero. Define two projections

w q
QZ:Q(f7a/l7a/27-"7a/qad): (%|:/0 f(S)dS“‘Zak+d,:|,0,0,...,0).
k=1

It is easy to show that P and @ are continuous and satisfy Im P = Ker L,Im L =
Ker@ =Im(I — Q).

Further, through an easy computation, we can find that the inverse Kp of L,
Kp: Im L — Ker PN Dom L has the following form:

Kp) = [ 16)as+ 3w g/ow/otﬂs)dsdt—;ak.

tp<t
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Moreover, it is easy to check that

1 /t 1 <&
— | Fi(s)ds+—) In(1+ o)
w 0 ) w;

QNu = N ,0,0,...,0 |,

1/t 1 <&
— FQ(S ds + — ln(l + ng)
w Jo ) wkzzl

/0 Fl(S) ds + Z ln(l =+ Qlk)

t>ty

/0 FQ(S) ds + Z ln(l =+ ng)

t>ty

1 w pt q
- / / Fi(s)dsdt + Z In(1+ o1x)
00 et

Kp(I — Q)Nu=

1 w pt q
- // Fy(s)dsdt + > In(1 + oa1)
wJoJo k=1
1y [ I
(; - 5) /0 Fi(s)ds + kZ:lln(l + o1)

(% _ %) /Ow Fy(s)ds + killn(l + 02k)

where
Fi(s) = Ki(s
-MN
Fs(s) = Ks(s
-2

— ai(s) exp(ua(s)) — Bu(s) exp(ua(s))
s) exp(ua(s)) exp(uz(s — 71(s))),
— az(s) exp(ua(s)) — Ba(s) exp(ua(s))
s) exp(ui(s — 72(s))) exp(uz(s))-

Obviously, QN and Kp(I — Q)N are continuous. Since X is a finite-dimensional
Banach space, using the Ascoli-Arzela theorem, it is not difficult to show that
Kp(I —Q)N(Q) is compact for any open bounded set Q2 C X. Moreover, QN () is
bounded. Thus, N is L-compact on { with any open bounded set Q C X.

Now we are at the point to search for an appropriate open, bounded subset €2 for
the application of the continuation theorem. Corresponding to the operator equation
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Lu= ANu, X € (0,1), we have

i (t) = A[K1(t) — e (t) exp(ua (t)) — Ba(t) exp(uz(t))
= 71(t) exp(ua (1)) exp(ua(t — 71 (t)))],
t#tg, te0,w], k=1,2,...,q,
U (t) = A[K3(t) — aa(t) exp(ua(t)) — Ba(t) exp(ui(t))
— 72(t) exp(ur (t — 12(t))) exp(uz(t))],
t#tg, te0,w], k=1,2,...,q,
Aui(ty) = AIn(1 + i), i = 1,2;
E=1,2,...,q u1(0) = u1(w), u2(0) = uz(w).

Suppose that u(t) = (u1(t),u2(t))T € X is an arbitrary solution of system (3.2) for a
certain A € (0,1). Integrating both sides of (3.2) over the interval [0, w] with respect
to t, we obtain

Jo A dt = qu In(1+ ow) + J5 Ki(t)dt,
(3.3) j

fow fQ(t) dt = kzl 111(1 + sz) + fo‘ﬂ Kz(t) dt,
where

Si(t) = ar(t) exp(ui () + B (2) exp(ua(t)) + 7 (t) exp(ur(t)) exp(uz(t — 1 (1)),
fa(t) = aa(t) exp(uz(t)) + B2(t) exp(ur(t)) + 72(t) exp(ur(t — 72(t))) exp(ua(1))-

From (3.2) and (3.3), we can obtain

w q
(3.4) / iy (1) dt < 2K w + Zln(l + 01k);
0 k=1
w . q
(3.5) / i (£)| dt < 2Kow + Y In(1 + oo5).
0 k=1
Let
(3.6) ui (&) = tg[lgﬁ] wi(t), ui(n;) = trer%a)é] ui(t), i =1,2.

Then, by (3.3), we get

w q
/ At)dt < 2K w0+ Y In(1+ o1x),
0 k=1
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which leads to

/Ow ar (t) exp(ur (§1)) dt < 2K 1w+ Y In(1+ o1x),

k=1
/w B (t) eXP(U2(§2)) dt < 2F1w + Z 1n(1 + Qlk)-
0 k=1
Thus
(37) ul(gl) <In |:2F1w + ZZ_:I hl(l + Qlk’):| ,
1w
o9 ) <[22 Tl L )]
Brw

In the sequel, we consider two cases.
(a) If uy(n1) = ua(n2), then it follows from (3.3) that

q

(a1 + Br)wexp(ur () + Trwexp(2ur (m)) = Kiw + > In(1 + o1),
k=1

which leads to
(3.9)

o+ Bw + y/[lon T B0 + mw(Frw + T, (1 + o))
27w .

ui(n1) > In [

It follows from (3.7) and (3.9) that

(3.10)
wi(t) <€) + /0 i ()]t

2K w + EZ:1 In(1 + o1%)

< In [
1w

q
:| + 2?1&) + Zln(l + Qlk) = By,
k=1

(3.11)
wr(t) > us () — / iy (1)t

> In

[—ml 80w+ /[l + Bwl? + 471w(Erw + Y, In(1 + o)
27w

q
— 2K w— Zln(l + 01k) := Bo.
k=1
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From (3.10) and (3.11) we have

(3.12) sup |uy(t)| < max{|Bi|,|Bz|} :== Bs.
te[0,w]

From (3.3) we obtain

q

Taw exp(uz(n2)) + Baw exp(Bs) + Faw exp(Bs) exp(ua(n2)) = Kow + Z In(1 + o2k).

k=1
Then
Kow+ > 1_ In(1+4 o21) — Fow eXP(B3)]
3.13 >1 — .
( ) uz(n2) = In [ Qaw + Yow exp(Bs)
Thus
(3.14) ug(t) < ua(&e) + / [uz(t)] dt
0
2K 7 In(1 —
<In { MH_ZE:l n(l+ Qlk)] o
Biw
q
+ Zln(l + 01) = Bu,
k=1
w
(3.15) ua(t) > ual) — [ fia(t)
0
> In {Fgw + >t In(1 + 02k) — Faw eXP(BB)}
= Qow + Yow exp(Bs)

q
— QFQW — Zln(l + ng) := Bs.

k=1
It follows from (3.14) and (3.15) that

(3.16) sup |us(t)] < max{|Byl,|Bs|} := Be.
te0,w]

(b) If ui(m) < uz(n2), then it follows from (3.3) that

q
(a1 + Br)w exp(uz(n2)) + F1w exp(2uz(n2)) = Kiw + Z In(1 + o1x),
k=1
which leads to
(3.17)

~ar + Bw + /[l + Bl +4710(Krw + i, In(1 + o11))
27w .

uz(n2) > In l
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It follows from (3.7) and (3.9) that
(3.18)
wa(t) <us(€) + [ lia(®)]de
0

q
+2Kow + Y In(1 + pox) := Br,

< In [
k=1

2Kow + > 0 In(1+ o21)
QoW

(3.19)
us(t) > us(2) — / INGIEL

_, l—(al FB0w + /[l + Al + 4m10(Biw + Sy In(1 + o)
Z 27w

q
— 2Kow — Zln(l + 02r) := Bs.
k=1

From (3.10) and (3.11) we derive

(3.20) S[up] lua(t)] < max{|Bs|,|Bs|} := Bo.
te[0,w

From (3.3) we have

a
qow exp(Bg) + Paw exp(u1(n1)) + F2w exp(Bg) exp(u1(m)) = Kow + Z In(1 + gor).

k=1
Then
Kow+ 37 In(1 + 0ox) — 7ow eXp(B9)]
3.21 U > In — :
(3.21) 1(m1) [ Qaw + Fow exp(By)
Thus

322w <uE)+ [ ()] at

2K w + ZZ=1 In(1 + o1x)
ajw

q
<In [ :| +2F1w+21n(1+91k) := B,

k=1
323 w0 > ulm) - | ()]

Kow + EZZI In(1 + p21) — Faw exp(Bg)]
Gaw + Jaw exp(By)

2111[

q
- 2?1(,«} - Zln(l + Qlk) = Bll-
k=1
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It follows from (3.22) and (3.23) that

(324) sup |U1(t>| < max{|BlO|, |B11|} = Bio.
tel0,w]

Obviously, B; (i = 3,6,9,12) are independent of A € (0, 1). Similarly to the proof of
Theorem 2.1 of [16], we can easily find a sufficiently large M > 0 so that if we denote

Q= {u(t) = (ur(t),uz(t))" € 22 [lul <M, u(tf) €Q, k=1,2,...,q},

it is clear that  satisfies the requirement (a) in Lemma 3.1.
When (uq(t),uz(t))T € 02N Ker L = 00NR2, u = {(u1,u2)T} is a constant vector
in R? with [Ju|| = ||(u1(t),u2(t))T|| = M, then we have

Ki—o exp(uy) — B1 exp(uz) — 71 exp(u1) exp(usg)

1 q
— In(1
+w; n(l+ o1x)

Ko — @iz exp(uz) — B exp(u1) — o exp(u) exp(us)

1 q
— In(1
+w; n(1+ o2r)

QNu =

Letting J: Im @ — Ker L, (r,0,...,0,0) — r, by direct calculation we get

deg{JQN (u1,us)"; QNker L;0}
: — (@1 + 726" )e" —(B1 + F1e" e
= signdet = _ .
—(B2 + Fae"2)e"t  — (@2 + Foe" )et?
= sign{(@m a2 — B162) + (@172 — B271)e™* + (@2F2 — B172)e"™
+ (32> — J1y2)e T2} £ 0.

This proves that condition (b) in Lemma 3.1 is satisfied. By now, we have proved
that Q verifies all requirements of Lemma 3.1, hence it follows that Lu = Nu has at
least one solution (u(t),us(t))T in Dom L N Q, that is to say, (3.1) has at least one
w periodic solution in Dom L NQ. Then we know that (z(t),y(t))" = (em1®), eu2()T
is an w periodic solution of system (2.3) with strictly positive components. This
completes the proof. O
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4. UNIQUENESS AND GLOBAL STABILITY OF PERIODIC SOLUTIONS

Under the hypotheses (H1), (H2), (H3), we consider the following ordinary differ-
ential equation without impulses:

z1(t) = 21(¢) [K1(t) —ai(t) H (1+ 01k)z1(t) — Ba(t) H (14 o02r)22(t)

O<tp<t O<tp<t

) I ewa T <1+92k>z2<t—n<t>>]

O<trp<t O<tp<t

Zo(t) = 22(t) [K2(t) — as(t) H (1 + 021)22(t) — Ba(t) H (14 o1x)21(t)

O<tp<t O<tp<t

o) [ (1 ewant—nm) ] <1+sz>zQ<t>}

0<trp<t 0<tp<t

with the initial conditions z;(0) > 0, i = 1, 2.

Let 7 = max { max 7;(t)}. The following lemmas will be helpful in the proofs of
1<i<2 telo,w]

our results. The proof of Lemma 4.1 is similar to that of Theorem 1 in [17], and will
be omitted.

Lemma 4.1. Assume that (H1), (H2), (H3) hold. Then

(i) if z(t) = (21(t), 22(t))T is a solution of (4.1) on [0, +o0),

then z;(t) = [ (1 + 0ir)z(t) (i =1,2) is a solution of (2.3) on [—7, +00);
0<tr<t

(i) if 2(t) = (z1(t),22(t))" is a solution of (2.3) on [0, +00),

then z;(t) = T[] (1+ oix) tas(t) (i = 1,2) is a solution of (4.1) on [—T, +0o0).
O<tr<t

Lemma 4.2. Let z(t) = (21(t), 22(t))T denote any positive solution of system
(4.1) with initial conditions z;(0) > 0 (¢ = 1,2). Then there exists a T35 > 0 such
that

0<z(t)< M; (i=1,2) fort > Ts,

where
KM
M, > M; = L ,
P T ol T (o)
O<trp<t
KM
My > M} = 2 ,
>k I (14 o)
O<tp<t
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Proof. From the first equation of (4.1), we can obtain

(4.2) Z1(t) < z1(t) [Kl ) —aa(t) T 1+ Qlk)zl(t)],

O<tp<t

<z (t) [KlM —aof ] 0+ Qlk)zl(t)]'

O<tp<t

By (4.2), we can derive

(A1) If 21(0) < My, then 21(t) < My, t > 0.
(A2) If z1(0) > My, let =0y = My [KM —af [] (14 01x)Mi] (61 > 0). Then there

O<tp<t
exists €1 > 0 such that t € [0,e1), then z;(¢) > M, and also we have

Zl(t) < -0 <0.

From what has been discussed above, we can easily conclude that if z1(0) > M;,
then z1(t) is strictly monotone decreasing with speed at least 6;. Therefore there
exists a Ty > 0 such that if ¢ > T4, then z;(t) < M.

From the second equation of (4.1), we can obtain

(4.3) Zo(t) < 22(t) [Kg(t) —as(t) ] 1+ glk)ZQ(t)]

O<trp<t

< 2(t) [Ké” —of ] a+ sz)z2(t)]~

O<trp<t

By (4.3), we can derive

(B1) If 25(0) < My, then z5(t) < M, t > 0.

(BQ) If 22(0) > MQ, let —05 = My [Kéw —045‘ H (1+Q2k)M2] (92 > 0) Then there
O<tr<t
exists g5 > 0 such that t € [0,e3), then z2(¢) > Ma, and also we have

Zg(t) < —05 < 0.

From what has been discussed above, we can easily conclude that if z5(0) > Mo,
then z5(t) is strictly monotone decreasing with speed at least 62. Therefore there
exists a T» > 0 such that if ¢ > Tb, then 2o(¢) < Ms. The proof is complete. O
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Lemma 4.3. Let (H1), (H2), (H3) hold. Assume that the following condition
holds.

(H6) K{ > I U+ oeam)Ma, Ky =33 [ (1+ o) M.

0<ty <t 0<trp<t

Then there exist positive constants T > 0 and m; (i = 1,2) such that for allt > T,

m; < Zz(lf) (Z = 1,2) for t > T,

where
K{ =6 T1 (14 oar) M
my < m,{ _ O<tp<t
o TT A +ow) +91" TT (A+ow) TT (1 + o) My’
O<trp<t O<tp<t O<tp<t
Ky — 63" T1 (1+ oar)M
mo < m; _ 0<tp<t .
oy TT (+owm)+9" TT (U4eow) [1 (1+02)M
O<tp<t O<tp<t O<tp<t

Proof. By the first equation of (4.1), It is easy to obtain that for ¢ > T,

21(t) = z1(2) [Kf —aot" I G +em)z®) =8 [ 1+ o)M2

0<ty<t 0<ty <t

S T Grewa TT G+ ggwMQ],
0<tr<t 0<ty<t
where T3 is defined in Lemma 4.2.

(C1) If 21 (T5) = ma, then z1(t) = mq, t > T3.
(C2) If 2 (T5) < my, let us denote

M1=2?1(T3)[K1L—Oziw II a+owmi—8Y" T 1+ om)M,

0<trp<t 0<tr<t

-t I a+ewm ] (1+sz)M2}

o<ty <t 0<ty <t

Then there exists 5 > 0 such that if ¢t € [T3,T5 + £3), then z;(t) > my, and
also we have
2‘:2(t) > u1 > 0.

Then we know that if z,(T3) < mq, z1(¢) will strictly monotonically increase with
speed p1. Thus there exists Ty > T3 such that if ¢ > Ty, then z1(t) = m;.
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By the second equation of (4.1), It is easy to obtain that for ¢ > T,

4(0) > 220) [ KF — o' T] (4 gmaa(0) - 5 [T (14 et

0<trp<t 0<trp<t

ot I @+ ownn TT 1+ ewaato)|

0<tp<t 0<tr <t

where T3 is defined in Lemma 4.2.

(Dl) If ZQ(T?,) 2 ma, then Zg(t) 2 ma, t 2 T3.
(D2) If 25(T3) < mg, let us denote

,LLQ_ZQ(T3)|:K2L_05§4 I 0+e)ma—8" [ 1+ o2)My

O<tr<t O<trp<t

—w" I G+ewd ] (1+Q2k)m2}

O<tr<t O<tr<t

Then there exists €4 > 0 such that if ¢ € [T3,T3 + €4), then 2z2(t) > mq, and
also we have

Zo(t) > p2 > 0.

Then we know that if z5(7T5) < mg, z2(t) will strictly monotonically increase with
speed po. Thus there exists T5 > T3 such that if ¢ > Ty, then z3(t) > ma.
Set T = max{Ty, T5}, then we have

zi(t)>mi (i=1,2) fort>T.

O

In the sequel, we formulate the uniqueness and global stability of the w periodic
solution *(¢) in Theorem 4.1. It is immediate that if *(¢) is globally asymptotically
stable, then z*(t) is in fact unique.

Theorem 4.1. In addition to (H1)—(H6), assume further that
(H7) tlim inf A;(t) > 0,
where

Ay = —ar(t) [T 1+ o1x) = 2mama (8) T ] (14 01x) T (14 026) +B2(8) [ ] (1+ 01),

0<ty<t 0<ty<t 0<typ<t 0<tp<t
Ag = —as(t) [T 1+ 02k) —2maya(t) [T 1+ 01e) [T (1 + 026) +B1(8) T ] (1+ 02).
0<tp<t O<tp <t 0<tp<t 0<ty <t

325



Il
—
8
— %
—~
~
~
8
DN %
—~
~
~—
~—
)

Then system (2.3) has a unique positive w periodic solution x*(t)
which is globally asymptotically stable.

Proof. According to the conclusion of Theorem 3.1, we only need to show
the global asymptotic stability of the positive periodic solution of (2.3). Let
x*(t) = (23(t),23(t))T be a positive w periodic solution of system (2.3), let z(t) =
(x1(t), 22(t))T be any positive solution of system (2.3). Then 2*(t) = (2} (t), 25 (t))T,

where (z5(t) = ] (14 owp)zi(t),25() = I (1 + o2k)x5(t), is the positive w
O<tp<t O<tr<t
periodic solution of (4.1), and z(t) is the positive solution of (4.1). It follows from

Lemma 4.2 and Lemma 4.3 that there exist positive constants T > 0, M; and m;
(defined by Lemma 4.2 and Lemma 4.2, respectively) such that for all ¢ > T,

m; < Zz*(t) < M; m; < Zl(t) < M; i =1,2.
Define

(4.4) V(t) =|lnz7(t) —Inzi(t)] + [In25(t) — In za(¢)].

Calculating the upper-right derivative of V'(¢) along the solution of (4.1), it follows
for t > T that

D=3 (A0 - ZOY ey -

2 \ZH T )

_ sgn(zf(t)—zmt))[—al(t) TT (1 + o) (=) — 2(0)

=00 TT 0+ ea)(e50) =200 =) TT 0+ w0~ 1)
x qu(l% 020 (5t — (1) — 22t — 7 <t>>>}

S50 — 2(0) - T 0+ et - =00)

-0 T 1+ a0 a0 -0 TT o
=) - 1= rl0) T 0 et - 2(0)]

N

ZAilzi*(t) —z(t)] (i=1,2),
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where

Ay = —ar(t) [ A+ o) = 2mam (8) [ ] L+ 0ux) T (14 026) +82(8) T ] (1 + 01),

0<tp<t O<tp<t 0<tp<t 0<tp<t
Ay = —aa(t) [T 1+ 02r) —2maya(t) [T (1 o1e) [T (1 + 026) +B1(8) ] (1+ 02).
O<tp<t O<tp<t 0<tp<t 0<ty <t

By hypothesis (H7) there exist constants «; (¢ = 1,2) and T* > T such that
(4.5) Ai(t) Za; >0 (i:1,2) for t > T".

Integrating both sides of (4.11) over the interval [T™*,¢] yields

(45) v+ [ A0 - a0l < V)
i=1

It follows from (4.12) and (4.13) that
2 t
(4.7) Z/ Ai(®)|z () — z:(t)|ds < V(T*) < o0 fort > T".
i=1 7T

Since 2z} (t) and z(t) (i = 1,2) are bounded for ¢ > T*, so |z} (t) — z(t)| (i = 1,2)

3

are uniformly continuous on [T, c0). By Barbalat’s Lemma [1] we have

Jin |27(t) = 2zi(t)] = lim [ II G+ow) ;) =) =0 (i=1,2).

t—oo
0<trp<t

Thus

(4.8) tlim |z (t) —x; ()| =0 (i=1,2).

By Theorems 7.4 and 8.2 in [18] we know that the positive periodic solution z*(t) =
(23 (t), 25(t))T of equation (2.3) is uniformly asymptotically stable. The proof of
Theorem 4.1 is complete. |
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