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Abstract. The reflexivity and transitivity of subspaces of Toeplitz operators on the Hardy
space on the upper half-plane are investigated. The dichotomic behavior (transitive or
reflexive) of these subspaces is shown. It refers to the similar dichotomic behavior for
subspaces of Toeplitz operators on the Hardy space on the unit disc. The isomorphism
between the Hardy spaces on the unit disc and the upper half-plane is used. To keep weak*
homeomorphism between L°° spaces on the unit circle and the real line we redefine the
classical isomorphism between L spaces.
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1. INTRODUCTION

If 57 is a Hilbert space, then B(5#) stands for the Banach algebra of all bounded
linear operators on J#. The reflexive closure of a subspace . C B(H) is given by

ref.7 = {B € B(H): Bhc Sh forall hec#}.

The subspace . is said to be reflexive, if ref. = . and transitive, if ref ¥ =
HB(H#). The theory of Toeplitz operators on the Hardy space on the unit disc
gave exact examples of natural spaces having reflexivity or transitivity property. In
[11] the reflexivity of the algebra of all analytic Toeplitz operators on this space was
proved. Transitivity of the whole space of Toeplitz operators was shown in [1]. In fact,
in [1] there was proved the dichotomic behavior (transitive or reflexive) of subspaces
of Toeplitz operators on the Hardy space on the unit disc. The precise condition
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verifying dichotomy between transitivity and reflexivity was given. It completely
characterized subspaces of Toeplitz operators from the reflexive-transitive point of
view. It is also natural to consider Toeplitz operators on the Hardy space on the
upper half-plane.

The aim of the paper is to investigate reflexivity and transitivity of subspaces of
Toeplitz operators on the upper half-plane. There is an isomorphism between LP
spaces and the Hardy spaces on the unit disc and L? spaces and the Hardy spaces
on the upper half-plane (see (3.2), [10, p. 143]). Investigating reflexivity-transitivity
it is convenient to assume weak® closedness of subspaces. Thus it is necessary to
redefine (see (3.4)) the classical isomorphism between L! spaces to obtain a weak*
homeomorphism between L°° spaces. Theorem 3.4 shows weak™ properties of this
isomorphism. Section 4 gives a relation between Toeplitz operators on the Hardy
spaces on the unit disc and the upper half-plane.

Theorem 5.4, which can be regarded as the main result of the paper, shows the
dichotomic behavior (transitive or reflexive) of subspaces of Toeplitz operators on
the Hardy space on the upper half-plane. In Section 6 several examples are given.

2. PRELIMINARIES

2.1. Duality. If X, is a Banach space, by X we denote the dual of X, and the
dual action is given by (-,-). Similarly we have a Banach space Y, and its dual Y.
Recall the relation between an operator on spaces X and Y and on the preduals Y
and X,. If T: X — Y is a weak™® continuous, bounded linear transformation, then
there exists a bounded linear transformation T : Y, — X, satisfying the following

formula
(2.1) (¢, Tyys) = (Tx,ys), forallze X, y. €Y.
If & C X then by .| we denote the preannihilator of .#.

The dual pair considered in the paper will be the algebra %(.°) and the space of
trace class operators %1 (). Recall also that the bilinear functional given by

(A ty :=1tr(At), Ae B(H), t € P (),
allows us to identify %, ()* with B(H) i.e. B(H ). = B ().

2.2. Reflexivity. For the sake of completeness we establish the following technical
lemma. It will be useful in Section 5.
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Lemma 2.1. Let 57, ¢ Hilbert spaces, U:  — J be a unitary operator. If
the operator U: %B(#) — B(K) is given by U(A) = UAU ™', then
(a) U is an isometric isomorphism,
(b) ref (U(S)) = Ulref .7) for .7 C B(H),
(c) .7 C B(A) is reflexive (respectively transitive) if and only if U(.7) is reflexive
(respectively transitive).

For the proof of (a) see [4, Exercise 2, p. 61], and (c) is a consequence of (b), which
can be proved similarly to [1, Lemma 4.5].

2.3. Hardy spaces. Let D = {w € C: |w| < 1} denote the open unit disc,
T ={weC: |w| =1} the unit circle and C; = {z € C: Imz > 0} the upper half-
plane. The Hardy space HP(D) (1 < p < o0) is the space of all analytic functions

2n i
f+ D — C such that || f[|7, ) = 0erer = [T 1f(re'?)|Pdf < oo for 1 < p < oo and

| £l roe (my := sup | f(2)] < oo for p = co. By [10, Theorem 3.4.1], each function from
zeD

H?(D) has radial and also non-tangential limits on the unit circle T and moreover
the space HP(D) can be identified with a corresponding subspace of LP(T).

Definition 2.2. The Hardy space HP(C4) (1 < p < o0) on C. is the space of
all analytic functions F': C; — C such that

1/p
| Fl| e ey := sup (/ |F(x + iy)|? dx) < 00.
y>0 R

For p = oo, by H*(C,) we denote the space of all bounded analytic functions on
C, with || F||gee(c,) == sup |F(z +1iy)].
y>

The spaces H?(C,) (1 < p < oo) are Banach spaces and H?(C,) is a Hilbert
space. By [9, Theorem p. 153], each function from H?(C_. ) has non-tangential limits
on the real line {z € C: z = 0} and moreover the space H?(C4) can be identified
with a corresponding subspace of LP(R). For more information about the Hardy
spaces HP(C,) see [7], [8], [9], [10].

Letv: Cy — D, v(2) = (2—1)/(z+1), be the usual conformal mapping of the upper
half-plane onto the unit disc. The function «(t) = (¢t —i)/(¢t + i), then considered as
v: R — T, gives a one-to-one correspondence between R and T \ {1}. The function
~ will be often used in the whole paper in both contexts.
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3. ISOMORPHISMS BETWEEN SPACES ON THE UNIT DISC AND
THE UPPER HALF-PLANE

For 1 < p < oo, let LP(T) and LP(R) denote LP spaces of complex functions with
the normalized Lebesgue measure m on T and the usual Lebesgue measure on R,

respectively. Firstly let us recall the well-known isomorphism between the spaces
L2(T) and L3(R).

Lemma 3.1. The operator Uy: L*(T) — L%*(R) defined by

(3.1) (U2f)(t) = —=

is unitary.

Remark. Note that the result above can be extended to LP spaces. The mapping

(32) UoH0) = () fOW0). teR

t+1

is an isometric isomorphism of the space L?(T) onto LP(R), for 1 < p < oo (see [10,
p. 143)).

The following is well known and easy to prove.

Lemma 3.2. The operator Us,: L (T) — L*>(R) defined by

is an isometric isomorphism.

Let (X, %4, 1) be a (positive) measure space. Recall that L (X, 11) is the dual space
to L'(X, 1) and this duality is given by (¢, f) = Jx of du, where o € L®(X, ), f €
LY (X, ). We will especially use the duality between L!(T) and L>(T) and also
between L!(R) and L>(R). Hence we have to define an isomorphism between L!(T)
and L'(R) differently than (3.2).
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141¢2

(3.4) (UL)(t) =

Lemma 3.3. The operator Uy: L'(T) — L'(R) defined by
S )
= Y

is an isometric isomorphism.

Proof. Let f € LY(T). To see that U is well defined and that it is, in fact an
isometry, note that

[LCENAIPRYES

/ (@Ol =< [ el

| (e dr = [Ifllzcr,

27[0

where (t —i)/(t + i) = e!7. For the surjectivity of U; let us take F' € L'(R). Now
put f(el™) := n(1 +2)F(t), where t = y~1(el™). Then (U f)(t) = F(t) and

1 2n .
L7 peny ar = / |F(8)] dt < oo,
2 0 R
Thus f € LY(T). Therefore U; is surjective and isometric. O

The definition (3.4) of U; enables to see U, given by (3.3) as a dual action to
(U)~': LY(R) — LY(T). Namely

Theorem 3.4. Let Us,: L®(T) — L*>®(R) be given by Usp = ¢ o vy, where

v: Cy — D with v(2) = (2 —i)/(z +1), and let Uy: LY(T) — L'(R) be given by
(L)) = (=71/ (1 + %)) f(7(t)), then
(a) (¢, f) = oo%Ul ), for all o € L=(T), f € LY(T),
(b) Uso(H>(D)) = H>(Cy),
() i(H*(D)L) = H>(Cy)L,
(d) Us = (U7,

) U

(e) Uy is a weak™ homeomorphism.
Proof. To see (a) we make the direct computation

(U ULf) = / (Une)(OTLF) (1) dt = 1 / o1 () (4(1))

T

dt
1412

1 2n

=5 | eenrenyar = [ ofdm= (o).

(b) is an easy consequence of Lemma 3.2 and the definition of y. Combining (a) with
(b) we get (c). Condition (d) follows from (a) by [3, Proposition 2.5]. It also gives
weak* continuity of Us. Finally, by [3, Theorem 2.7] we get that U, is a weak*
homeomorphism. (Il
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By [10, Theorem 6.3.4] we have Us(H?(D)) = H?(C,) and

1l 2y = If 2y = U2f I L2®) = [[U2f1l m2(cy)-

Thus by Lemma 3.1 we have the following.

Lemma 3.5. If f € H*(D), z € C; and

11
(3.5) (U2f)z) = 2=

then Uy: H?(D) — H?*(C,) is a unitary operator.

f(v(2),

It is known (see [10, Theorem 3.4.1]) that the spaces H°°(D) and L>°(T) N H?(D)
are isomorphic. By Theorem 3.4 and Lemma 3.5 we obtain the isomorphism between
H®>°(C4) and L*°(R) N H?(Cy).

4. TOEPLITZ OPERATORS

The following lemma gives relation between multiplication operators on L?(T) and
on L?(R).

Lemma 4.1. If ¢ € L>°(T) and M,, is the multiplication operator by ¢ on the
space L*(T) then UQM@U2_1 = Mo is the multiplication operator by ¢ o~ on the
space L*(R).

Proof. Let f € L?(T). Then for ¢t € R we have

(Mo U2)(f))(t) = (Myor U2 f)(t) = (¢ 0 7)) (U2 1) (2)

1
——=(eH®)

= 200) = 00 = =2
= (Uapl)l0) = (UM (D)(0).

Recall that the operator T, with symbol ¢ € L>°(T) given by

T.f = P2y (of), [ € H*(D),

where Pp2(p) is the orthogonal projection of L?(T) onto H%(D), is called the Toeplitz
operator on H*(D). If p € H**(D) then T, is called an analytic Toeplitz operator.
By .7 (D) we denote the space of all Toeplitz operators and by 27 (D) the algebra of all
analytic Toeplitz operators on H?(D). Let us now introduce the Toeplitz operators
on the Hardy space on the upper half-plane.
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Definition 4.2. For each ® € L°°(R), the Toeplitz operator on H*(C,) with
symbol ® is the operator Ty defined by

ToF = P2 (®F), F € H*(Cy),

where Pp2(c, ) is the orthogonal projection of L*(R) onto H*(C,.). If ® € H*(C,.),
then Ty is called an analytic Toeplitz operator.

Similarly as above .7 (C.) denotes the space of all Toeplitz operators and </ (Cy.)
the algebra of all analytic Toeplitz operators on H?(C).

Definition 4.3. Symbol maps of Toeplitz operators are the functions £: L (T) —
7 (D) ¢ B(H?*(D)) defined by &(p) = Ty, and n: L>®(R) — F(Cy) C B(H?*(C4))
defined by n(®) = To.

Considering the relation between Toeplitz operators on H?(D) and Toeplitz oper-
ators on H?(Cy) let us first observe that the equality Pz, \Uz = Uz Py2(p) and
Lemma 4.1 give us the following relation for all ¢ € L>=(T):

(41)  TpoyUs = Pyz(c,yMpoyUz = Pz (e, \Us My = Uz Pyz(nyM,, = Us T,

By the observation above the relationship between Toeplitz operators on the Hardy
space on the unit disc and Toeplitz operators on the Hardy space on the upper half-
plane can be characterized as follows.

Theorem 4.4. Let &: L2(T) — 7(D) ¢ B(H*(D)), &) = T, and n:
L*(R) — Z(Cy) C B(H?*(C4)), n(®) = Ty be the symbol maps of the Toeplitz
operators on H2(D) and on H2(C,). If Uy: B(H*(D)) — B(H2(C,)) is given by

(4.2) Uy(A) = U, AU, A e B(H*(D)),

where U, is defined by (3.5), then

(a) U2T,Uy " ¢07, for all ¢ € L>=(T),

(b) Uz(7(D ))Uz = 7(Cy) and Uy(/(D)U; ' = o/ (C4),

(¢) Us is a weak®™ homeomorphism,
)

(d) the following diagram commutes

L®(T) —> 7(D)

A

L%(R) —> T(Cy),
(e) n is a weak® homeomorphism.
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Proof. Condition (a) is just the equality (4.1) and (b) follows directly from
this equality and Theorem 3.4. To see (c) note that by Lemma 2.1 we have that Us
is an isomorphism. First observe that Us(% (H?(D)) = %1 (H?(C)) and this yields

(4.3) (A,t) = (Us(A),Us(t)), forall Ae B(H?(D)), te % (H*D)).
Note that U; '(B) = U, ' BU, for B € H2(C.), thus by (4.3) we have
(4.4) (B,T) = (U;"(B),U; {(T)), BeBHCy)), T € B(H(Cy))

From the equalities (4.3) and (4.4) it follows that Uy and U, ' are weak* continuous,
so the proof of the condition (c) is complete.
Let ¢ € L*°(T). Then (d) follows from the equality

(U2 08)(¢) = Ua(T,) = Typory = n(007) = (0 Usc) ().

Since £: L>®(T) — 7(D) is a weak* homeomorphism, see [1, Corollary 2.3 (2)], the
condition (e) follows from the conditions (c), (d) and Theorem 3.4. O

The next lemma follows immediately from the similar facts concerning Toeplitz
operators on H?(D) (see [6, Proposition 7.5]) and the condition (a) of Theorem 4.4.

Corollary 4.5. If ® € L>°(R) and G € H>(C,.), then
(a) Ty =T§,
(b) Tq;.TG = T<I>G and TéTq;. = Ta(b.

Since %, (H?(D)) = #(H?(D))., 7 (D) is a weak* closed subspace of Z(H?(D)).
Similarly % (H?(C4)) = #B(H?(C4))., so 7 (C,) is also a weak* closed subspace
of #(H?(C,)). Hence Corollary 2.2 of [3] implies that

7(D), = B(H(D)/7(D). and  F(Cy). = By (HA(C4))/ T (Cy)..

Moreover, since £: L>(T) — 7(D) and n: L>*°(R) — 7 (C.) are weak* homeomor-
phisms, by [3, Proposition 2.5], there are weak homeomorphisms &, : .7 (D), — L'(T)
and 7.: 7 (Cy). — LY(R) such that (T}, &1 (f)) = (g, f) for o € L=(T), f € L*(T)
and (Te,n, 1 (F)) = (®, F) for ® € L>(R), F € L'(R).

The relationship between these spaces is given by the following.
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Theorem 4.6. Let &: L>®(T) — Z(D) c B(H*(D)), &(p) = T, and n:
L>(R) — Z(Cy) € B(H*(C4)), n(®) = T be the symbol maps of the Toeplitz
operators on H2(D) and on H2(C,). If the operator Us is given by (4.2) and the
operator Uy is given by (3.4) then

(@) (T, &1 (f)) = (Tuwg,ni H(UL))) for all o € L=(T), f € LY(T),
(b) the following diagram commutes

T(Cy). -2 LY(R)

ﬁ2*l lUll

T (D). —— L}(T).

Proof. By Theorem 3.4 we have

(To, &) = (o, ) = Usop, Ur ) = (T i (ULS)),

which proves (a). To see (b) by Theorem 4.4(d) we only need to show that Us. =
Ut Let ¢ € L°(T) and F € L'(R). Using Theorem 3.4 we get

<307 Uoo*F> = <UO<>§05F> = <U<>0507 U1U1_1F> = <507 U1_1F>'

O

Remark. The theorem above holds since we have defined the operator U; by the
formula (3.4) instead of (3.2).

It is known (see [6, Exercise 7.3, p. 203] and [10, Theorem 4.1.4]) that A €
#(H?*(D)) is a Toeplitz operator if and only if A = T} AT,. Considering Toeplitz
operators on the Hardy space on H?(C.) it was pointed in [10, p. 273] that

Theorem 4.7. Let B € #(H?(C.)). The operator B is a Toeplitz operator on
H?(C,) if and only if B = T7ne BTgine for all A > 0.

A proof of the above is an imitation of the proof of the characterization of the
Toeplitz operators on H?(D) (see [10, Theorem 4.1.4]), changing the relation between
the groups T and 7 to the relation between R and R.

The following is a useful characterization of the Toeplitz operators on H?(D).
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Theorem 4.8. Let A € #(H?(D)) and ¢y (w) := exp(AMw + 1)/(w — 1)) where
w € T\ {1}, A >0. Then the following conditions are equivalent.
(a) A is a Toeplitz operator on H*(D).
(b) A=TrAT,.
(c) A=Ty AT,, for all A > 0.

Proof. Note that ¢y is an inner function for all A > 0. Hence for any ¢ € L*°(T)
by [6, Proposition 7.5] we get

T;/\TWTWA =T5,Topr = Toyoor = Ty,

which proves (a) = (c).

For the proof of (c) = (a) put ®y := oy oy and B := U, AU, ', where U, is
given by (3.5). Then ®,(t) = ™ and T, = UsT,, U, ' by Theorem 4.4. An easy
computation shows that

B =UAU, ' = UyT; AT, Uy ' = UpT) Uy ' BURT,, Uy ' = Ty BT, .

Therefore, B € (C4) by Theorem 4.7 and finally, A € 7 (D) by Theorem 4.4. So
the proof is complete. O

5. REFLEXIVITY AND TRANSITIVITY RESULTS

In [11] Sarason proved that </ (D) is reflexive and in [1] it was pointed out that
7 (D) is transitive. By Theorem 4.4 we have o7 (C,) = Uy (D)U; ! and 7(C,) =
U7 (D)U5 ', thus by Lemma 2.1 we obtain the following.

Theorem 5.1. The algebra o/ (C) is reflexive and the subspace 7 (C,.) is tran-
sitive.

If # C (C4) is a weak® closed subspace and «/(Cy) C %, then /(D) C
Uy ' ZU, € 7(D). Thus, by [1, Theorem 1.2] we get

Theorem 5.2. If &/(C;) C % C J(C4) and .F is a weak® closed subspace,

then % is reflexive.

A dichotomy between reflexivity and transitivity of subspaces of Toeplitz operators
on the Hardy space on the unit disc was given in [1, Theorem 1.1’]. Namely:
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Theorem 5.3. Suppose that  C 7 (D) is a weak® closed subspace. Then the
following statements are equivalent.
(1) A is not transitive.
(2) There is a function f: T — C such that f € LY(T), log|f] € LY(T) and
Jyefdm =0 for all T, € A.
(3) & is reflexive.

The condition (2) of the above clearly characterizes the dichotomy. Now we will
prove a corresponding dichotomy for subspaces of Toeplitz operators on the Hardy
space on the upper half-plane and we will also give an appropriate condition, which
verifies this dichotomy.

Theorem 5.4. Suppose that F C 7 (C.) is a weak™ closed subspace. Then the
following statements are equivalent.
(1) .Z is not transitive.
(2) There is a function F: R — C such that F € L'(R), log |F| € L'(R, %) and
Jo®Fdt =0 for all Ty € F
(3) .7 is reflexive.

Proof. At the beginning let us note that there is a positive constant C' such
that

log(1 + 2)
1 —————=dt < .
(5.1) A - C <o

Put & := Uy }(F) (Us is given by (4.2)). Then & C 7 (D) and % is weak* closed
by Theorem 4.4. To see that (1) = (2) observe that if .% is not transitive we have
that £ is not transitive by Lemma 2.1. Therefore there is a function f such that
the condition (2) of Theorem 5.3 holds. Let us denote F' := Uy f. Then F € L*(R).
Since log |f| € L*(T) and the inequality (5.1) holds, it follows that

g ¢ e e
/|Og| / n1+t2f 1+ 2

1 1 —
<n%n+c+4wguwwml+ﬁ

=nlogn+ C + nflog |f||[z1 (1) < oo.

Therefore log |F| € L'(R, %) To see (2) let us take ® € n~*(F) and put ¢ :=

U '®. From the condition (d) of Theorem 4.4 we have that

Ty =&(p) = (€0 UL)(®) = (Eo U on )(To) = Uy ' (Ta) € .
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Now by Theorem 3.4

/@th:<<I>,F>:<<p,f>=/gafdm:0.
R T

Hence (2) is shown.
Assume (2) and put f := Uy 'F. Since log |F| € L*(R
LY(R ) by (5.1). The equality

at
/\1og|n1+t 1+t2 /\1 6Ol

shows that log|f| € L'(T) and the condition (2) from Theorem 5.3 holds for the
function f. Thus & is reflexive, hence .7 is reflexive by Lemma 2.1. Finally the
implication (3) = (1) follows from Lemma 2.1 and Theorem 5.3. O

,1+t2) thus log |n(1+t2)F| €

) 1+t2

6. EXAMPLES

By Theorem 5.4 we have the following examples of reflexive and transitive sub-
spaces consisting of Toeplitz operators on the Hardy space on the upper half-plane.

Example 6.1. If G € L*(R) and [,|log|G(t ||1th2 = 00, then T/ (Cy) is
transitive. Indeed, assuming that T/ (C.) is reflexive, then by Theorem 5.4,
there is a function F' € L'(R) such that log|F| € LY(R, 4 1+t2 ) and [, ®GF dt = 0
for all ® € H*(C4). Hence GF € H*(C4 ), and by Theorem 3.4 we have that
GF = U, f, where f € H(D) and f(0) = 0, see [2]. Thus

dt dt dt
/[R|10g|G(lf)|‘1_’_—152 :/R“OglUlf(t)Hm_/R|10g|F(t)”1+t2'

But this leads to the contradiction, since [,|log|Uyf(t) H < oo by (5.1) and
log |f| € LY(T), see [10, Corollary 3.6.1].

Taking an appropriate function G we get in particular;
(a) if G(t) = exp(—|t]) or G(t) = exp(—t?/2), then T.e/(C, ) is transitive,

(b) if G is the characteristic function of E C R with F having finite non-zero

1+t2

Lebesgue measure, then Tg.o7(Cy) is transitive.

Example 6.2. If G € L®(R) and [, |log|G(t ||1th2 < oo then Tao/(CL) is
reflexive. Note first that T« (C4) € 7 (C4). Suppose now that F' € L!(R) is such
that [, §GF dt = 0 for all ® € H*(C ). Then GF € H®(C,),, thus GF = U,
by Theorem 3.4. As above f € HY(D), f(0) = 0 and log|f| € LY(T), therefore
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log|U1f| € L'(R

, 1+t2) Since log |G| € LY(R, 1+t2) then log |F| € LY(R, %) So,

Teo/ (C,) is reflexive by Theorem 5.4.

(a

Taking an appropriate function G we get in particular;
) the subspace T,ineo/ (Cy ) is reflexive for any A < 0,

(b) if G is an inner function on C, (i.e. G € H*®(Cy) and |G(t)| = 1 a.e.), then

(

F

Teo/ (CL) is reflexive,

c) if G(t) = (1 + %), then T/ (Cy) is reflexive.

Example 6.3. Let G € L'(R) and B¢ = {Ts € T(C4): [, GPdt = 0}. Let
€ LY(R) then [, F®dt = 0 for all ® such that Ty € A iff F € span{G}. Hence

the following holds:

(a
(b

(

) if G is the characteristic function of F C R with F having finite non-zero
Lebesgue measure, then % is transitive,

) if G(t) = exp(—|t|*) and 0 < a < 1 (o > 1, respectively), then the subspace
A is reflexive (transitive, respectively),

c) if G(t) = (1 +t?)~" (or more generally G(t) = (14 t?)* o < —1), then % is

reflexive.

Example 6.4. If . is a weak™® closed subspace (subalgebra) of &/ (C,), then .#

is reflexive. Indeed, recall that <7 (D) has the property A;(1), see [5, Definition 59.1,
Proposition 60.5]. Thus 7 (C) = U,(«7 (D)) has this property, since Us is a weak*
homeomorphism. Since o/ (C) is reflexive, it is hereditarily reflexive by [1, Propo-
sition 1.7].

1]
2]
3]
[4]
[5]
[6]
[7]
8]
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