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Abstract. We show that the rings of constants of generic four-variable Lotka-Volterra
derivations are finitely generated polynomial rings. We explicitly determine these rings,
and we give a description of all polynomial first integrals of their corresponding systems
of differential equations. Besides, we characterize cofactors of Darboux polynomials of
arbitrary four-variable Lotka-Volterra systems. These cofactors are linear forms with coef-
ficients in the set of nonnegative integers. Lotka-Volterra systems have various applications
in such branches of science as population biology and plasma physics, among many others.
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1. INTRODUCTION

Throughout this paper, k is a field of characteristic zero. By k[X] we denote
klz1,...,2n], the polynomial ring in n variables. For n < 3 the ring of constants
of any derivation of k[X] is finitely generated (see [7]). For n = 4 the ring of con-
stants may not be finitely generated. An example was given in [3]. There is no
general procedure for determining the ring of constants, nor even deciding whether
it is finitely generated. Even for a given specific derivation of k[X] the problem
may be difficult, see various counterexamples to Hilbert’s fourteenth problem (for
example [3]) and the three-variable Lotka-Volterra derivation (for example [5]). Such
problems are closely linked to the invariant theory, namely for every connected al-
gebraic group G C Gl,, (k) there exists a derivation d such that k[X]¥ = k[X]? (see,
for instance, [6]).

It is well known that Lotka-Volterra systems play a significant role in popula-
tion biology. They also have many applications in other branches of science, for
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instance in plasma physics (for more details we refer the reader to [1] and its exten-
sive bibliography). Moreover, they play an important part in the derivation theory
itself. A derivation d: k[X] — k[X] is said to be factorizable if d(x;) = x; f;, where
the polynomials f; are of degree 1 for i = 1,...,n. Examples of such derivations
are Lotka-Volterra derivations. How to associate a factorizable derivation with any
given derivation is shown in [10]. The construction helps to establish new facts on
constants of the initial derivation (see, for instance, [8]). We have thus a special
interest in describing constants of factorizable derivations.

Section 3 provides some facts on Darboux polynomials of Lotka-Volterra deriva-
tions in 4 variables with arbitrary coefficients. Section 4 contains several properties
of Lotka-Volterra derivations for n variables, which supply potential tools for further
studies. In Section 5, we prove Theorem 5.1, which gives a full description of the ring

of polynomial constants of the derivation d: k[x1,...,xz4] — k[z1,..., 4] defined by
: 9
d= ;xi(xi,l — Ci$i+1)axi,

for C; not belonging to the set of positive rationals. It is the main result of the paper.
As a consequence we obtain that a generic four-variable Lotka-Volterra system has
a finitely generated ring of constants.

2. NOTATION AND PRELIMINARIES

If R is a commutative k-algebra, then a k-linear map d: R — R is called a deriva-
tion of R if d(ab) = ad(b) + d(a)b for all a,b € R. We call R? = kerd the ring of
constants of the derivation d. If f1,...,f, € k[X], then there exists exactly one
derivation d: k[X] — k[X] such that d(z1) = f1,...,d(xn) = fn. The set k[X]9\ k
is equal to the set of all polynomial first integrals of the corresponding system of
ordinary differential equations (see [6] for more details).

A derivation d: k[X] — k[X] is called homogeneous of degree s if the image of
a homogeneous form of degree t under d is a homogeneous form of degree s + ¢
for all £ € N. Since k is a field of characteristic zero, we have @ C k. Let Q4
denote the set of positive rationals and N denote the set of nonnegative integers. For
a=(o,...,a,) € N”, we denote by X the monomial z{*...x5" € k[X] and by
|| the sum aq + ... + ay.

Let n > 3. Throughout the rest of this paper, R = k[z1,...,2,] and d: R — R is
a derivation of the form

d(z;) = zi(xi—1 — Cizit1),
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for i = 1,...,n, and we adhere to the convention that x,,+1 = x1 and z¢o = z,,. All
our considerations are in the cyclic sense; for example, {i,7 + 1} admits also {n,1}.
We write a minus sign before C; just to simplify further computations. Denote
by R(,) the homogeneous component of R of degree m. Let R?m) = Ry N R4

oo
Since d is homogeneous, we have R = @ R?m) and we need only to determine the
m=0

homogeneous constants.

3. DARBOUX POLYNOMIALS

A nonzero polynomial f is said to be a Darboux polynomial of a derivation d: R —
Rif§(f) = Af for some A € R. We will call A a cofactor of f. Since R is a domain,
A is unique. The product f; fo of Darboux polynomials is a Darboux polynomial and
its cofactor equals the sum of the cofactors of f1 and f.

Proposition 3.1 is well known (see [6], Proposition 2.2.1). It is true for k being
any unique factorization domain and any derivation § of k[z1,...,zy].

Proposition 3.1. If f € R is a Darboux polynomial of §, then all factors of f
are also Darboux polynomials of §.

We call a polynomial g € R strict if it is nonzero, homogeneous and not divisible
by the variables x1,...,2,. Every nonzero homogeneous polynomial f € R has
a unique presentation f = X®g, where X is a monomial and g is strict.

If f is a Darboux polynomial of a homogeneous derivation § with a cofactor A, then
every homogeneous part of f is a Darboux polynomial of § with the same cofactor
A (see [6], Proposition 2.2.3).

If f = X%g is a Darboux polynomial of the derivation d, then it is easy to compute
the cofactor of the monomial X (see the proof of Lemma 3.4). Thus we are going to
characterize cofactors of strict Darboux polynomials (Lemma 3.2 and Corollary 3.3).
Such a characterization for 3 variables was done in [4]. Since d is a homogeneous
derivation of degree 1, the cofactor of any homogeneous Darboux polynomial is
a homogeneous form of degree 1.

Lemma 3.2. Let n = 4. Let g € R,,) be a Darboux polynomial of d with the
cofactor \ixy + ...+ M\wyq. Let i € {1,2,3,4}. If g is not divisible by x;, then
Xi+1 € N. More precisely, if g(x1,...,%i—1,0,Tit1,...,T4) = a:?JrEQ@ and T;49 1 G,
then A\jt1 = Bit2 and Aig3 = —Cipadliy1.
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Proof. Without loss of generality we can assume that ¢ = 4. Since g is a Darboux
polynomial, we have

4

0
Zﬂ?i(a?i—l - Cixi-i-l)a_j = (Az1 + ...+ Axg)g.
i=1 v

We put z4 = 0 in the equation above and obtain

—wlclﬂ?zg—g + zo(z1 — 02333)2—52 + 3733?23—2 = (Mz1 + dox2 + A323)G,
where G = g(x1, 22, 23,0) # 0, since x4 1 g.
Let G = x§2@, where 22 { G and (5 € N. Then

e e LT e
(3.1) —013?11)21)[23 a—xl + 332(.1?1 — CQl‘g)(ﬁng 1G + xg a—xz) + 3333321‘[23 8—1'3

= ()\1.131 + Aoy + )\31‘3).1352@

(if B2 = 0, then we assume that expression ﬁgmgrl is equal to 0). We divide both
sides of (3.1) by x’gz, then we add (Caxs — 1)32G to both sides of (3.1) and we
obtain

oG oG oG
(3.2) _Clxlea—{El + 1‘2(1)1 — 02333)8—1_2 + 3331,‘28—%

= (M1 = B2)x1 + Aawa + (A3 + Ca32)73)G.

The left-hand side of (3.2) is the divisible by z2, so also is the right-hand side of
(3.2). Since x2 { G, we get

z2 | (M — B2)z1 + Aoz + (A3 + CaB2)xs.

Hence \; — ﬂg =0and A3 + O3, = 0. Finally, \; = B2 and A3 = —Cos = —Co\;.
Il

Corollary 3.3. Let n = 4. If g € R(,,) is a strict Darboux polynomial, then its
cofactor is a linear form with coeflicients in N.

Lemma 3.4. Let n = 4. If d(f) = 0 and f = X“g, where g is strict, then
d(X*) =0 and d(g) = 0.
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Proof. If d(f) =0, then f is a Darboux polynomial. In view of Proposition 3.1,
also X“ and ¢ are Darboux polynomials. If « = (aq,...,a4), then a short com-
putation shows that the cofactor of X* equals (ag — ayCq)z1 + (a3 — a1C1)xe +
(g — @2C9)x3 + (1 — @3C3)x4. The polynomial g is strict, therefore by Lemma 3.2,
if Ayx1 4+ ...+ M4 is the cofactor of g, then A1, Ao, A3, Ay € N and A\; = —Cy)s,
Ao = —Ch1 Mg, A3 = —Co)1, Ay = —C3)e. The cofactor of the product X®g is the
sum of the cofactors of X® and g, that is, equals

(ag —auCa+ )\1)%1 + (043 — o101+ )\2)%2 + (a4 —aCo + )\3)1‘3 + (a1 —a3Cs+ )\4)1[,‘4.
On the other hand, by assumption, this cofactor is equal to 0. Thus

ag —agCy+ A =0,
az —a1C1 4+ Ay =0,
oy —aCy + A3 =0,
a1 —azCs + Mg = 0.

Suppose g is not a constant of d. Then A; # 0 for some i € {1,...,4}. There is
no loss of generality in assuming that ¢ = 1. Then A\; = —C4A3 implies that also
Az # 0. Hence Cy = —A1/A3 < 0. Then ay > 0, —a4Cy > 0 and A\; > 0. Therefore
ag — agCy + A1 > 0, which is a contradiction. This proves that d(g) = 0.

If d(X*g) = 0 and d(g) = 0, then obviously d(X®) = 0. O

4. RESTRICTIONS OF POLYNOMIALS

Let ¢ € R and 1 < ¢ < n. Then for every subset {i1,...,i,} C {1,...,n} we
denote by {1} the sum of terms of ¢ that depend on variables Tipseons Tig,s

that is, i = Q. . We noticed that for inductive purposes it
J

=0 for j@{i1,...iq}
is more convenient to deal with polyilomials ¢ such that d(p4)? = 0 for a given
A C{l,...,n}, than with the constants themselves.

The first three results, that is 4.1, 4.2 and 4.3, are similar to those for C; = ... =
C,, = 1 of our paper [9]. As an obvious consequence of the fact that z; | d(x;), for

i=1,...,n, we obtain the following proposition.

Proposition 4.1. If A C {1,...,n}, then for every homogeneous polynomial
© € Ry, we have d(¢®)?* = d(p)*.

Corollary 4.2. If AC {1,...,n}, then for every ¢ € R?m) we have d(¢?)4 = 0.
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Lemma 4.3. If BC A C {1,...,n} and d(¢*)? =0, then also d(p?)? = 0.

Proof. Let o = ©P 41, where each monomial in 1/ has z; in a positive power
for some j € A\ B. Then d(¢?) = d(p?) + d(¥). If d(p*)?* = 0, then clearly
d(e™M)B = 0. Therefore 0 = d(e*)? = d(p?)? + d(v))B. Moreover d(y)? = 0,
because every monomial in d(v) has z; in positive a power for some j € A\ B, by
the definition of d. Finally, d(¢?)? = 0. O

We formulated Lemma 4.4 in [9] without a proof. Note that there is no assumption
on the coefficients C; in this lemma.

Lemma 4.4. Let ¢ € R,y and A = {i,i+1} C {1,...,n}. If d(¢*)* =0, then
o = a(z; + Ciwiyq)™, for a € k.
Proof. Let p* = 3 by "z}, ;. Then
r=0

dp™) =D be(d(a " )aty + ] d(aly))

=Y b Tag ((m =) (w1 — Ciwigr) + (@ — Ciairs)),

d(eM? = Zbr(rx:n Tyl — Cilm — )2 rxfill)

r=0
m
= rbeal " al, — G Z ]
r=1 r=0
m m
= Zrb,«x:” Tl - Z —r+ )bz ”13::“
r=1 r=1
m
= (rby — Ci(m —r + )b, 1)z "l =0.
r=1
Hence for r = 1,...,m we have rb, = C;(m —r +1)b,_1, that is, b, = m_T”'lCibr,l.
Thus an easy induction on r shows that b, = (T) Cibyg for r = 0,...,m. Conse-
quently, p = bo(z; + Cizip1)™. U

Note that the above a = by may be equal to 0. Here and throughout, by the
support of @ = (a1, ...,a,) € N® we mean the set supp(o) = {i: «a; # 0}. Observe
that there is an assumption on only one coefficient C; in Lemma 4.5.

Lemma 4.5. Let n > 4, ¢ € R,y and A = {i,i + 1,4+ 2} C {1,...,n}. If
d(¢*)* =0 and C; ¢ Q, then ¢* € k[z; + Ciziy1 + CiCiy12iy2).
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Proof. Let m = 1. By assumption and Lemma 4.3, d(pi®it1h){sit1h — ¢
In view of Lemma 4.4, we have go{i’“‘l} = a1(x; + Ciziy1). Similarly, we obtain
QU LiH2t — o (2501 + Ciy1wiy2). Thus az = a1C; and 2 = ay(x; + Cizip +
CiCis1i42). Now let m = 2. Since d(pl»# {01} — 0 it follows that p{#i+1} =
a1 (z; + Ciwiy1)?. Analogously pl 142} = gy (201 + Ciy1mi42)%. Hence ag = a;C?
and U142t — o) (Ciziy + CiCiy1wi42)%. Therefore, p* = ay(z; + Cizigq +
CiCiy12i12)% + br;xi o for some b € k. Applying first d(-) and then (-)# to both
sides of the last equation we get 0 = b(1 — C;)x;x;41xiy2. Since C; # 1, we have
b=0.

Assume m > 3. Then ¢* is a linear combination of monomials X such that
la| = m and supp(a) C {i,i + 1,i + 2}. We have p{» 1} = ) (2; + Ciziy1)™ and
QU LH2} — g9 (201+Cip12i2)™, for a1, az € k. Thus az = a; O™ and plit1hi+2} =

a1(Ciwiy1 + CiCiy12i12)™. The terms of the form {27\ |" and 7, 27}," for r =

0,...,m have the same coefficients in ¢* and in a;(z; + Ciwiy1 + CiCiy17i42)™.

Therefore

¢ = a1 (2i+Cizip1+CiCis1mipe) "+ > ba X+ > ba X,
supp(a)={i,i+2} supp(a)={i,i+1,i+2}

that is, o = a1(z; + Cizir1 + CiCip1Ti12)™ + xiTi1 2%, where ) € R(;n—2) and ¢
depends on the variables z;, z;11, z;12 only. We show that ¢ = 0. First,

d(¢?) = ard((x; + Ciwit1 + CiCigrwit2)™) + d(@iwi2)¥ + 2% 42d(Y)
= arm(z; + Ciwip1 + CiCip12i10)™ Hwiwi—1 — CiCip1CipaTiyoTivs)

+ (xic1 + (1 = Ci)zig1 — CigpoTiys)xiTip2®) + Tixip2d(V).
Obviously, ¥4 = 1. Therefore,
0= d(<PA)A =(1-Ci)rizip 17029 + $i$i+2d(1/))A~

Hence d(¢)* = (C; — 1)z 419.
Suppose ¢ # 0. Let s = deg,, , ¢. Let bx]af, x},, be a term of ¢ with b € £\ {0}
(we fix one of the terms of v that are divisible by zf,,). Then the coefficient of the

monomial 27z /2!, , in the expansion of (C; — 1)z;41% equals (C; — 1)b. The

coefficient of 27z a!,, in the expansion of d(¥)* is equal to b(t — rC;) (because
in all terms of the d-image of any term the exponent of only one variable may be
increased). Therefore C; = (t 4+ 1)/(r + 1) € Q. The contradiction obtained proves
that ¢ = 0.

Thus QOA = a1 (l‘i + Cixi-i-l + Cici+1$i+2)m S k[l‘z + Cixi—i-l + CiCiJ,_lxiJ,_Q]. O
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5. RINGS OF CONSTANTS

Theorem 5.1. Let R = k[z1,...,24] and Cq,...,Cy ¢ Q4. Let d: R — R be
a derivation of the form
d(z;) = zi(xi—1 — CiTiy1),

for i = 1, N ,4. If01020304 = 1, then
Rd = k[.l?l + Cizo + C1Cox3 + 010203334].

IfC10203C4 # ]., then Rd =k.

Proof. First we show that R?m) C k[x1+Crao+C1 Cozs+C1C2C324), for allm >
0. Let Ay = {2,3,4}, Ay = {1,3,4}, A3 = {1,2,4}, Ay = {1,2,3} and let p € Rgm).
By Corollary 4.2 and Lemma 4.5, 0 = a;11(zi41 + Ciz1%ire + Ciy1Ciyazivz)™,
for i = 1,...,4. Comparison of the coefficients of 2" in ¢4t and p?4 gives ay =
a1CT". Analogously, a3 = a2C3" = a;CT"C3" and a4 = a3Cy* = a;CT*C3'CY*. Let
Y = ay (1 + Cr1oa + C1Coxz + C1CoCsx4)™. Then p?i =4 fori=1,... 4. This
means that the polynomials ¢ and i have the same terms that depend on at most
three variables. Therefore

p=a (£C1 + Crzo + C1C23 + C10203$4)m +n,

where each term of the polynomial i has all four variables in positive powers, that
is, ) is divisible by xjxox324.

We show that 7 is a constant of the derivation d. If m < 4, then n = 0, since
T1Tox3xy | 1. Assume, then, that m > 4. If C1C3C3Cy = 1, then ¢ and x1 + Crza +
C1Csx3 + C1CyC5x4 are constants of d, so also is 1. If C1C>C3Cy # 1, then

0= d(g&) = alm(ml + Ciog + C1Coz3 + 010203$4)m71$1$4(1 — 01020304) + d(??)

The derivation d is factorizable, hence x1zox324 |  implies z1x2x324 | d(n). There-
fore, the coefficient of z7*z4 in d(y¢) equals 0, on the one hand, and is equal to
aim(1l — C1C2C5CY), on the other hand. Thus a; = 0 and ¢ = 7. In particular, 7 is
a constant of d.

We show that n = 0. Suppose that 7 is a monomial. Let n = czfzizlay, where
r,8,t,u > 1. Then

0 =d(n) = extziziay((s — uCy)zy + (t — rC1)xe + (u — 5C2)w3 + (1 — tC3)T4).
If ¢ # 0, then C4 = s/u € Q4, which is a contradiction. Then ¢ =0 and n = 0.
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Suppose that 7 is not a term. Then n = X“g, where X¢ is a monomial and g is
strict. Since 7 is divisible by xjzox324, the monomial X has positive exponents.
Since 7 is a constant, by Lemma 3.4 also X“ and g are. However, the considerations
above prove that no monomial of positive exponents is a constant of d.

Thus n = 0 and ¢ = a1(£L'1 + Cixo + C1Cox3 + C10203$4)m € k[(El + Cizg +
C1Cax3 + C1C2C374]. Consequently, R? C k[x + Ciza + C1Coxz + C1C2C314).

Case C1C2C3C, = 1. Since d(z; + Ciza + C1Cox3 + C1C2C514) = x124 —
C1C3C3C x4 = 0, we have k[zq + Cras + C1Caxs + C1CoCsx4] C R,

Case C1C2C3Cy # 1. Let a € k\ {0} and m € {1,2,...}. Then

d(a(zq + Cizg + C1Coxs + C1C2C514)™)
= am(xl + Cizo + C1Cox3 + 010203$4)m_1($1$4 — 01020304.1311‘4) 7é 0.

Thus a = 0 or m = 0. Hence, R? = k. (]

Corollary 5.2. If Kk = R or k = C, then in the generic case a four-variable
Lotka-Volterra derivation has a finitely generated (even trivial) ring of constants.

Lotka-Volterra derivations with positive rational coefficients are investigated for
instance in [4], [5], [9], [11].

Note that if we consider a field k£ of a positive characteristic p, then all elements
P

of the form z; are constants of any polynomial derivation. For more information on

this case we refer the reader to [2] and its bibliography.
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