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GENERALIZED n-LAPLACIAN: SEMILINEAR NEUMANN
PROBLEM WITH THE CRITICAL GROWTH
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Abstract. Let Q C R™, n > 2, be a bounded connected domain of the class ™ for
some 0 € (0,1]. Applying the generalized Moser-Trudinger inequality without boundary
condition, the Mountain Pass Theorem and the Ekeland Variational Principle, we prove the
existence and multiplicity of nontrivial weak solutions to the problem

we WL2(Q), —div (<1>’(|vu|)|§—;‘|) + V(x)~1>/(|u|)ﬁ = fla,u) + ph(z) in Q,
ou
a—n =0 on 897

where ® is a Young function such that the space W!L® () is embedded into exponential
or multiple exponential Orlicz space, the nonlinearity f(z,t) has the corresponding critical
growth, V/(z) is a continuous potential, h € (L®(Q))* is a nontrivial continuous function,
1 = 0 is a small parameter and n denotes the outward unit normal to 0f2.

Keywords: Orlicz-Sobolev space, Mountain Pass Theorem, Palais-Smale sequence, Eke-
land Variational Principle

MSC 2010: 46E35, 46E30, 26D10

1. INTRODUCTION

Throughout the paper w,_; denotes the surface of the unit sphere and the n-
dimensional Lebesgue measure is denoted by L,,.

In this paper, we show that the techniques for proving the existence and multiplic-
ity of weak solutions to the Dirichlet problem concerning the generalized n-Laplace

The author was supported by the research project MSM 0021620839 of the Czech Min-
istry MSMT.
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equation with the nonlinearity in the critical growth range (see [12] and [8]) can be
used also for the Neumann problem. In particular, we are dealing with the differential
equation

(1.1)

weWL(Q), —div (@'(|vu|)ﬂ

[Vl

U
|ul

and % =0 on JN.
on

)+ V@)@ (Jul) s = f(,u) + ph(z) in Q

Here Q C R™, n > 2, is a bounded connected domain of the class C*? for some
6 € (0,1], ® is a Young function with the growth corresponding to the Trudinger-
type embedding of the Orlicz-Sobolev space W L® () into an exponential or multiple

*

exponential Orlicz space, i > 0 is a small parameter, h € (L?(Q2))* is a nontrivial
continuous function, n is the outward unit normal vector to 92, V is a continuous
potential and f is a nonlinearity with the critical growth with respect to ®. The
precise assumptions on ®, V and f are given below.

It is an often studied problem to find solutions to the Laplace equation
(1.2) ueWy?(Q) and —Au= f(z,u) inQC R2

For n > 3 and f satisfying tgrgo(f(m,t)/tq) = 0 uniformly on Q with ¢ <
(n+2)/(n—2), there are many results using the compactness of the embedding
of the space W, ?(Q) into L"(Q) with r € [1,2n/(n—2)) (see a review article
by Lions [23] and the references given there). Problem (1.2) under condition
tlirglo(f(x,t)/t(”+2)/("’2)) = 0 becomes much more difficult thanks to the fact that

the embedding of W;*(Q) into L2/ ("~2)(Q) is no longer compact. This difficulty
has been overcome by Brézis and Nirenberg [6]. Their method uses the Mountain
Pass Theorem by Ambrosetti and Rabinowitz [4].

When n = 2, we do not only have the Sobolev embedding into L"(Q2) for any
r € [0, 00) but there is also the embedding of W, () into the Orlicz space exp L2(€).
This is a special case of the Trudinger embedding [28] of the Sobolev space of
Wol’”(Q), n > 2, into the Orlicz space exp L"/(”_l)(Q). In particular, there is so
called Moser-Trudinger inequality by Moser [24]

sup / exp(K |u[™ ™D dz < C(n, £,())
lullyy1.m (g, ST /€2
if and only if K < nw/ (00,

n—1

For n = 2, Adimurthi [2] using the Moser-Trudinger inequality modified the varia-
tional approach by Brézis and Nirenberg [6] so that he was able to prove the existence
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of a nontrivial weak solution to (1.2) also in the case of the nonlinearity with an ex-
ponential growth.
For n > 2, Adimurthi’s method works for the n-Laplace equation

(1.3) weW,™(Q) and — Aju= f(z,u) inQ,

where A,u = div(|Vu[""2Vu) and f(z,t) ~ exp(b|t|”/("~1)) for some b > 0. See
for example [1].

In the recent paper [12], the above techniques are modified for a differential equa-
tion corresponding to the embedding of the Orlicz-Sobolev space Wy L™ log™ L(Q),
n > 2, a < n— 1, into the Orlicz space exp L™/ (*~1=%)(Q) (this embedding is due
to Fusco, Lions, Sbordone [21] and Edmunds, Gurka, Opic [17]). The result is the
existence of a nontrivial weak solution to the equation

Vu

(1.4) weWoL®(Q) and — div <<I>'(|Vu|) Tl

) = f(z,u) in Q,

with ® being a Young function that behaves like t" log®(¢), @ < n — 1, for large ¢
and with the nonlinearity f having so called critical growth (corresponding to the
choice of the Young function ).

The results from the paper [12] were further generalized in the papers [11], [9]
and [8] in several ways (generalized n-Laplace equation corresponding to the embed-
ding into multiple exponential spaces, singular nonlinearity, the case of W L®(R"),
multiplicity of solutions) motivated by some recent results concerning the n-Laplace
equation, see for example [3], [15], [16], and [27].

The present article is motivated by the paper [25] which alters the methods from [1]
so that they can be applied to the Neumann problem concerning the n-Laplace
equation. In our case, we modify the methods from [12] and [8].

Assumptions on ®, V and f. Forl e N, n > 2 and o <n — 1, we set

n « n
>0, B=1- =
’ n—1 (n—1)y
{BUBW;/’; for [ =1,

Bl/sz/_Y; for [ > 2.

(1.5) v =

>0,

The following notation enables us to work with the multiple exponential spaces
comfortably. For k € N, let us write

log (t) = log(logp,_1y(t)), where logpy(t) = log(t)
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and
exp (1) = exp(expy,_q1)(t)), where expyj(t) = exp(t).
We suppose that ®: [0,00) — [0,0) is a C'-Young function satisfying
i (152 105.(—7?(15)) logf(t)
j=1""5[j] U
(for I =1 we read (1.6) as tlirgo(q)(t)/(t” logf}j(t))) = 1). Next, we suppose that there
is C' > 0 such that

=1

(1.6)

1 1
< < " il
(1.7) S SR <Ot forte [0, c)
and
(1.8) t— ®'(t)t is a Young function.

Let us also recall a condition that is often used when discussing the critical case
concerning the generalized Moser-Trudinger inequality (see for example [10, Theo-
rem 1.1(v) and Theorem 1.2(v)])

-1
(1.9) d(t) <" ( H logg]l(t)> logfyy (£)(1 — 1og[‘l]5(t)) for t € [tg,00)

for some § € (0, min{1, B}) and t > 1. Notice that the assumptions (1.6) and (1.7)
together with the fact that ® is a C''-Young function imply the existence of cg > 0
such that

(1.10) co®'(t)t < P(t), t>0.
The potential V:  — R satisfies
(1.11) V is continuous and 0< Vp < V(zx) < Vi < o0.

The function f: Q x R +— R is supposed to satisfy the following conditions. There
are M > 1,tp >0, Cp > 0 and b > 0 satisfying

(1.12) f is uniformly continuous on Q x [—tg, o] for every ¢ty > 0,
f(z,00=0 and tf(z,t) >0 forallze Qandt#0,

t
(1.13) 0< F(z,t) = / flax,s)ds < M|tV (2, 1)
0
provided [¢| > ) and z € Q,
(1.14) |f(z,t)] < Cpexpy(b]t]”) for every t € R and x € Q,
. F(z,t) )
1.15 lim su ' <1 uniformly on Q
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and

(1.16) lim inf — /(2"

————— >0 uniformly on 2.
t—oo expyy (b[t]7)

Variational formulation. We define

(1.17) Ju(u) = / (@(|Vul) + V(2)®(|u]) — F(z,u) — ph(z)u)dz, ue WL(Q),
Q

where 1 > 0 and h € (L®(£2))* is assumed to be a nontrivial function. In a standard

way (see for example [12, Section 6]; use (1.14) and Theorem 3.1(i) given below when

dealing with the part of the functional corresponding to F'(x,u)) it can be shown
that this is a C'-functional on W L?®(Q2) and its Fréchet derivative is

(1.18)
\Y%

(T (), 0) = / (¥ Vel gy Vo + V@)@ (ul) o = w)o = ph(a)v ) da,

u,v € WL*(Q),

where the symbol (J;,(u),v) denotes the value of the linear functional J;,(u) of v.
We say that u € WL®(Q) is a weak solution to the problem (1.1) if

_ ®
(1.19) (J;,(u),v) =0 for every v € WLT(Q).
Now, we can state our main result.

Theorem 1.1. Let l e N, n > 2 and o« <n — 1. Let Q C R™ be a bounded con-

nected domain of the class C1 for some 6 € (0, 1]. Suppose that a C''-Young func-
tion ®: [0,00) — [0, 00) satisfies (1.6), (1.7), (1.8), and (1.9) with 5 € (0, min{1, B}).
Let V:  — R satisfy (1.11) and let f: Q x R — R be a function satisfying (1.12),
(1.13), (1.14), (1.15), and (1.16). Let h € (L®(Q))* be a nontrivial continuous func-
tion. Then there is py > 0 with the following property:
If € [0, o), then the problem (1.1) has at least two distinct weak solutions in
WL®(Q). Moreover, if i € (0,p10), then all the weak solutions are nontrivial. If
w = 0, then there is a trivial weak solution (included in the above multiplicity
result).

The paper is organized as follows. After Preliminaries we focus on the generalized
Moser-Trudinger inequality. The fourth section is devoted to the proof of the fact
that the functional J,, satisfies the assumptions of the Mountain Pass Theorem. The
properties of the Palais-Smale sequences are given in the fifth section. Finally, in
the sixth section we apply the Mountain Pass Theorem and the Ekeland Variational
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Principle to obtain two convergent Palais-Smale sequences. Then we show that the
limit functions are distinct provided p € (0, po).

For the convenience of the reader acquainted with the article [8], our paper is
organized in a similar way, we use the same strategies of the proofs when possible
and we also use the same notation.

2. PRELIMINARIES

By x4 we mean the characteristic function of A C R"™. By B(xo, R) we denote
the open Euclidean ball in R™ centered at xy with radius R > 0. If xg = 0 we simply
write B(R).

For two functions g, h: [0,00) — [0, 00) we write g < h if there is C' > 0 such that
g(t) < Ch(t) for every t € [0,00). If u is a measurable function on A, then by v =0
(or u # 0) we mean that u is equal (or not equal) to the zero function a.e. on A. If
u =0 (or u # 0), we call it trivial (or nontrivial).

By C we denote a generic positive constant which may depend on I, n, «, and .
This constant may vary from expression to expression as usual. The symbol o(1)
stands for a sequence indexed by k € N and converging to zero as k — oo.

By M(A) we denote the set of all Radon measures on a compact set A. We write
that v, — v in M(A) if [, ¥ dv, — [, ¥ dv for every 1 € C(A).

Properties of expy;. For given [ € N and p > 1, one can easily prove that there
is C' > 1 such that

(2.1) exppy(t) < Cexpy(pt) forallt > 0.

Young functions and Orlicz spaces. A function ®: [0,00) — [0, 00) is a Young
function if ® is increasing, convex, ®(0) = 0 and tliﬂ(@(t)/t) = 0.

Denote by L?(A,dv) the Orlicz space corresponding to a Young function ® on a
set A with a measure v. If v = £,, we simply write L?(A). The space L?(A,dv) is
equipped with the Luxemburg norm

(2.2) ull L A,y = inf{)\ >0: /Acp(@) dv(z) < 1}.

By ¥ we denote the associated Young function to ®. The dual space to L® (A, dv)
can be identified as the Orlicz space LY (A,dr). We further have the generalized
Holder’s inequality

(2:3) /Alu(y)v(y)l dv(y) < 2llullpea,am vl v a,a0)-
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As-condition. We say that a function & satisfies the As-condition if there is
Ca > 1 such that
O(2t) < Cao®(t) whenever t >0 .

It is not difficult to check the Ag-condition for our Young functions satisfying (1.6)
and (1.7). Therefore, one easily proves

(2.4) / QJ(L) dv =1 whenever ||ul|pe4,4,) >0
A HUHL‘I’(A,du)
and
k— k—
(2.5) lurllpoaay — 0 <= /<I>(|uk|)dz/ =30.
A

Similarly as in [8] we need the following results (see [8, Lemmas 2.2 and 2.4]).
Lemma 2.1. If a Young function ® satisfies (1.6) and (1.7), then ¥(®') < ®.

Lemma 2.2. Let ® be a Young function satisfying (1.6) and (1.7). Then for
every € > 0 there is § > 0 such that

lall73e s o) < /A O(jul) dv < [ulfats g, provided |lulzoaan <.

Further, we need the Brézis-Lieb lemma from [5, Theorem 2 and Examples (b)].

Lemma 2.3. Let {fi} be a sequence of v-measurable functions on A C R™ such
that f;, — f a.e. in A. Let ® be a Young function. Suppose that f € L®(A,dv) and
Il frll Lo (a,avy) < C. Then

/A (1 fi]) — (1 fx — ) — ®(F])] dv "= 0.

Orlicz-Sobolev spaces. Let A C R™ be a nonempty bounded connected domain
of the class C+? for some # € (0, 1] and let ® be a Young function satisfying (1.6).
In this subsection we consider Orlicz spaces only with the Lebesgue measure. We
define the Orlicz-Sobolev space W L?(A) as the set

WL®(A) = {u: u,|Vu| € L*(A)}
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equipped with the norm
lullwrecay = llullLecay + [IVullpecay,

where Vu is the gradient of v and we use its Euclidean norm in R™.
Hence, WL?®(A) is a Banach space satisfying

WL®(A) C L"(A), r € [1,00), and WL*(A) c L*(Q),

where both embeddings are compact. Moreover, bounded C*°(A)-functions are dense
in WL?(A). We write that uj, — u in WL®(A) if

/fkvdxﬁ/fvdx and /8ukvdx—>/ 8ufudx
A A A Oz 4 Ox;

for every v € LY(A) and i € {1,...,n}.

We denote by W L®(A) the closure of C§°(A) in WL®(A).

Tools from the Measure Theory. We make use of the following result from
[12, Lemma 2.5] (see also [14, Lemma 2.1]).

Lemma 2.4. Let Q C R™ be a bounded set, § € [0,1) and let {uj} be a sequence
of functions from L'(Q) converging to u € L*(Q) a.e. in Q. Let f: Q xR — R
be a continuous function bounded on 2 x [—tg, to] for every to > 0. Suppose that
f(z,u)|uk|? and f(x,u)|u|’ belong to L*(Q) and

/ |, up)ux] < C.
Q

Then f(a, ux)luxl’ — f(w,u)lul® in L1(9).

Remark 2.5. Using the same methods as in the proof of [14, Lemma 2.1] one
easily proves the following observation. Let 2 C R™ be a bounded measurable set,
p > 1 and let {v;} be a sequence of functions from LP(2) converging to v € L?()
a.e. in 2. Suppose that

/|vk|p<C’ for every k € N.
Q

Then vy, — v in LY(Q) for every ¢ € [1,p).

We use the Generalized Lebesgue Dominated Convergence Theorem (see [26, Ex-
ercise 5.4.13]).
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Proposition 2.6. Let {u}, {vi} be sequences of measurable functions on A C R
such that |u,| < vy for all k € N. Let u and v be measurable functions on A such
that uy, — u a.e. in A and vy — v a.e. in A. Then

lim vk:/v = lim uk:/u.

Tools from the Calculus of Variations. Our key instrument is the following
version of the Mountain Pass Theorem by Ambrosetti and Rabinowitz [4].

Theorem 2.7. Let X be a real Banach space and J € C*(X,R). Suppose that
there exist a neighborhood U of 0 in X and £ € R satisfying the following conditions:

(i) J(0) <§,
(ii) J(u) = & on the boundary of U,
(iii) there is w ¢ U such that J(w) < &.

Set
= inf J(u) =€,
°= jengr ) =
where I' = {g € C([0,1], X): g(0) =0,9(1) = w}. Then there is a sequence {uy} C
X such that

(2.6) J(ug) —c¢ and J'(ux) —0 in X"

By C'(X, R) we denote the class of functionals (possibly nonlinear) on X with the
continuous Fréchet derivative.

The sequence satisfying (2.6) is called the Palais-Smale sequence and the constant
c is a Palais-Smale level. Notice that this version of the Mountain Pass Theorem is
slightly different from that which is often used and which requires the Palais-Smale
condition (the Palais-Smale sequence has a subsequence convergent in the norm) and
asserts that there is a critical point x¢ € X satisfying J(x¢) = c¢. The reason is that
we need a bit less from the Palais-Smale sequence than the convergence in the norm.
Our approach is taken from [6]. See [6, page 459] for the discussion concerning the
proof of Theorem 2.7.

The second weak solution to (1.1) is obtained by the following version of the
Ekeland Variational Principle [20].
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Theorem 2.8. Let X be a complete metric space and Y be its nonempty closed
subset. Suppose that A: Y — R is lower semicontinuous and bounded from below.
Then for every 6 > 0 there is us € Y such that

(2.7) Aus) < A(u) + ddist(u, us) for every u € Y.

3. GENERALIZED TRUDINGER EMBEDDING AND GENERALIZED
MOSER-TRUDINGER INEQUALITY

On embedding into exponential and multiple exponential spaces. Let
Q C R™, n > 2, be a bounded connected domain of the class C*? for some 6 € (0, 1].
The space W L™ log® L(2), a < n— 1, of the Sobolev type, modeled on the Zygmund
space L™ log™ L(2), is continuously embedded into the Orlicz space with the Young
function that behaves like exp(¢7) for large ¢ (see [21] and [17]). Moreover it is shown
in [17] (see also [18]) that in the limiting case a = n — 1 we have the embedding into
a double exponential space, i.e. the space W L"log" ! Llog®log L(R), a < n — 1, is
continuously embedded into the Orlicz space with the Young function that behaves
like exp(exp(t?)) for large ¢t. Further in the limiting case « = n — 1 we have the
embedding into triple exponential space and so on. The borderline case is always
a=n—1and for @ > n — 1 we have embedding into L>°(Q2). It is well-known that
the Zygmund space L™ log® L(2) coincides with the Orlicz space L®(2), where the

Young function & satisfies
. D(t)
lim ————=— =1,
t—oo 1" log®(t)

the space L™ log" " L1log® log L(Q) coincides with L®(£2) where

. o(t)
E)m n n—1 (e
100 1 log™ ™ (t) log” (log(t))

:]_’

and so on. For other results concerning these spaces we refer the reader to [17], [18],
and [19].

On generalized Moser-Trudinger inequality. We need a version of the Moser-
Trudinger inequality for the space W L?®(Q) from [10, Theorem 1.2]. First, we define
the median of given measurable function u: 2 — R by

med(u) = sup {t eR: L,({z €Q: u(z) >t}) > 5
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Theorem 3.1. Let K > 0,1l € N, n > 2 and « < n — 1. Suppose that Q C R"
is a bounded connected domain from the class C1? for some 6 € (0,1]. Let ® be a

Young function satistying (1.6).
(i) Ifu € WL%?(Q), then

/Qexpm (K|u(z)[") dz < oc.

(i) If K < Kina(1/20/", M > 0, u € WL*(Q) with |[Vul/pe@q) < 1 and
|med(u)| < M, then

/Qexp[l](lﬂu(x)r’) de < C(lyn,a,®,L,(02), K, M).

(i) If K > Kjn.(1/2)/™ and M > 0, then there is a smooth domain Q C R™ such
that

- sup /Nexp[l] (Klu(z)|") dz = .
WEW L* (@), Vull o 5, <1.[med(u) <M /€

Let us note that there is also a version of the Moser-Trudinger inequality for
the space WoL®(Q2). In such a version the borderline parameter K, o(1/2)?/" is
replaced by K, o and moreover, it is not necessary to control the medians (see for
example [8, Theorem 3.1]).

In our applications of Theorem 3.1(ii), the boundedness of medians is always
ensured, since we work with sequences {u;} bounded in L®(Q) and we have an
estimate

(3.1) ‘I>(|med(v)|)£n2(9) < /Q(I>(|v|), ve LP(Q).

We make use of another version of Theorem 3.1(ii).

Proposition 3.2. Letl € N, n > 2, a <n—1, and M > 0. Suppose that Q C R™
is a bounded connected domain from the class C*? for some 6 € (0,1]. Let ® be a
Young function satisfying (1.6). Let v € WL®(Q) with |[med(v)| < M and

- 1 Klna n/y
(3.2) /Q(I>(|Vv|)\c< (Pl

Then there is ¢ > 1 independent of the choice of v such that
| expgoalel) < Ot 0,0, £0(2),6,00).
Q
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Proof. The proof is obtained modifying the proof of Theorem 3.1(ii) (i.e. [10,
Theorem 1.2(ii)]) in the same way as [12, Proposition 3.2] is obtained from the proof
of [22, Theorem 1.1]. Let us recall the main ideas.

From the proof of Theorem 3.1(ii) we see that the assumption ||[Vu| ) < 1 can

be replaced by
(3.3) [Vull o <1, where Q={zeQ: |Vul > G},

with G > 0 being a fixed arbitrarily large number (in such a case C also depends
on G). Next, using (3.2), (1.6) for t > G (with G very large) and the definition of
the Luxemburg norm one finds ¢ € (0,1) such that

NV K\ U

IVello@ < o= e5) - (F522)
(if G is very large, then the norm is very close to the n-th root of the modular,
similarly as in the proof of [8, Lemma 4.2]). Finally, if ¢ > 1 is so close to 1 that
g¢Y < 1, then we can apply the version of Theorem 3.1(ii) with the assumption (3.3),

since | Y ]
v — e (V)T Z N e (1YY
balof” = bqCy (Cl) Kina(3) 4t (cl)
(notice that ||V(U/Cl)||m(§~2) <1 and |med(v/Ch)| < M/Ch). O

We also need a version of [8, Proposition 4.1].

Proposition 3.3. Let I € N andn > 2, a < n — 1. Suppose that Q) C R" is a
bounded connected domain of the class C1Y for some 6 € (0,1]. Let ® be a Young
function satisfying (1.6). Let {u}32, C WL®(Q) satisfy

there is finite lim [ ®(|Vuyg|), wur — uwin WL*(Q) and Vuy — Vu a.e. in Q

k—oo Jo

for some v € WL®(2). Then for every

peri=(Jim [owun- [ oqvu)

(where we define P = oo if the difference in the brackets is zero) we have

expy (Kl,n7a(%>wnp|uk|7> is bounded in L*(Q).

Proof. We can use the proof of [8, Proposition 4.1] with the following changes.
Instead of the Moser-Trudinger inequality for the space Wy L®(€2), we use the version
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of the Moser-Trudinger inequality given by Theorem 3.1(i) and (ii) (with (3.3) instead
of ||Vu| e < 1). Notice that the boundedness of med(uy — u) easily follows from
the weak convergence in WL®(Q) and (3.1). The constant K ,, . is always replaced
by Kjn.a(1/2)7/m. O

4. THE GEOMETRY OF THE FUNCTIONAL J,

In this section we check that our functional J,, has the Mountain Pass Geometry
(i.e. assumptions (i), (ii), and (iii) from Theorem 2.7 are satisfied).

Lemma 4.1. Ifu € WL‘I)(Q) is such that v > 0 and u # 0, then

t—o0

Ju(tu) — —o0.
Moreover, this convergence is uniform with respect to u taken from a bounded set.
Proof. Since u # 0 and u > 0, there is 7 > 0 such that
Lo{uzT}) >

Moreover, we observe that it follows from (1.12) and (1.13) that there is C; > 0 such
that
F(z,t) > Crexp(Cy[t|"™M),  |t] > ta.

Thus, by (1.12) we have a similar inequality on [7, 00) with a constant Cy > 0
F(x,t) > Coexp(C1t/M)  for t € [r,00).

Further, for every ¢t > 1 we can find m € N such that 2™ < ¢ < 2™*!. Thus using
the Aj-condition, the above estimates, [, [hu| < C and the fact that ® and F(x,-)

are increasing on [0, 00), we obtain
Ju(tu) = /(<I>(t|Vu|) + V(z)®(tu|) — F(z,tu) — pth(z)u)
Q

< / (@2 V) + Vi @2 ul) + p2 | h(w)ul) — / F(z,2™u)
Q {u>7}
<optt / (®(|Vu|) + Vi®(|u]) + Cu2™ ! — 7Cy exp(CL 2™/ M7 1/M)
Q

m— oo
— —0OQ.

O
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Lemma 4.2. There is po > 0 such that for every p € [0, o) there is o, > 0
satisfying
inf Ju(u) >0
lully L@ ) =ex
(i.e. there is &, > 0 such that ifu € WL®(Q) with |lully ) = 0u, then J,(u) > &)
and
co = co(p) := inf Ju(u)

[ ]| wWL®(Q) gg;b
has the following properties:

If p = 0, then we have ¢y = 0.
If i € (0, pto), then the constant g, > 0 is chosen so that g, — 04 as p — 04 and

co = C(p, 04), where C(p, 0,) "o

Proof. Fix ¢ > n. By the assumptions (1.13), (1.14), and (1.15) we can find
7 > 0 so that

Fa,t) < (1= 2n)Vo®([t]) + Cexpyy(b[¢[M)[E|* = F1(t) + Fa ().

By (1.11) we obtain

@ [ R =a-2mv [

Q

B(jul) < (1 - 2n) / (@(IVul) + V(@) (Jul)).

Next, fix p > 1. If g is so small that bpo” < Kjn«(1/2)?/", then from Holder’s
inequality, Theorem 3.1(ii) (the medians of (1/¢)u are bounded, see (3.1)), (2.1), the
fact that WL®(Q) is continuously embedded into L"(Q2), for every r € [1,00), and
from the equivalence of the norms || - ||L#(0,v(2)dz) and || - [|ze(q) (see (1.11)), for
every u € WL®(Q) such that |lully s = 0 we obtain

[ Patw) = [ expyyblup)pur

C(/Qexpm (bpgw(%)vnl/p(/ﬂ |u|q,,/>1/”'

< CHquLqp/ () < C”u”?/[/yb(g) < CHVUH%@(Q) + C”“”%@(Q,v(x)dzy

N

Hence, for ¢ > 0 small enough Lemma 2.2 with € € (0,q — n) gives
42 [ Rl < CIVUG IVl + Clul i an ol v
<o [ (@(Vul) + Vi@)o(lul)
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Thus, we obtain from (4.1) and (4.2) and the generalized Holder’s inequality

Ju(u) = /Q(@(IVUI) + V(@)®(Jul) — F(z,u) — ph(z)u)
> n/{z(@(IVUI) + V(@)®(Jul)) — 2ullbll v @) llull L2 @)-

Next [|ullwre) = o implies that [|[Vulpe) > 0/2 or [[ul|peq) = o/2 (thus,
IVull Lo @,v(z)dey = ©/C1). Hence, Lemma 2.2 with ¢ = 1 and [jul|ze@q) <
lullw e o) imply for all ¢ > 0 small enough that

0 n+1
T Zn(g) " 2wl @e.

Now, if = 0, then we conclude easily. Otherwise we set
AC1 ||| e oy 1/n
o = (AL

We plainly have g, — 04 as u — 0. Furthermore, if ||ul|y 12 o) = 0y, then

(401HhHL‘I’(Q)M)&

Ju(u) = n " c 2pllh| L@y on = 2pllh| Ly @) on =: & > 0,

while for every u € WL® () satisfying llullwre ) < 0u we have

-0
Ju(u) = =2ul|hl pwyop and  — 2ul|h| Le )0, — 0_.
O

Lemma 4.3. There is v € WoL®(Q) with |[v| =+ = 1 such that for every
w > 0 there is t, > 0 with the following property: For every t € (0,t,) we have
Ju(tv) < 0.

In particular, for every u € (0, o) (where pg comes from Lemma 4.2) we have
co < 0.

Proof. Since h is continuous and nontrivial, we obtain an open set G C 2
such that h is bounded away from zero on G. We can easily construct a nontrivial
WoL®(Q)-function © supported on G with the same sign as h has on G. Further we
can assume that © and V© are bounded. Normalizing suitably, we get v € Wy L®(Q)
such that ||v|w e ) =1 and

/hv:/hv:C1>O.
Q G
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Finally, as F' is nonnegative, using the above construction, (1.7) and (1.11), we obtain
for t > 0 small enough

Ju(tv) = /Q(<1>(t|Vv|) + V(z)®(t|v]) — F(z, tv) — pth(z)v)
<o / (IVol" + ViJol™) — uCit = CE™ — Cypt
Q

and we conclude the proof easily. O

Upper estimate of the Palais-Smale level. In the rest of this section we show
that the Palais-Smale level is not too high. Fix zp € R™ and R > 0. We make use
of the concentrating sequences of Wy L®(B(z¢, R))-functions from [7] and [13] (these
sequences are also used in [10] when showing that we cannot have K = Kj,, (1/2)7/™
in Theorem 3.1(ii)). For [ = 1 we set

(4.3) wi(x) = gr(lz — zol),
where
0 for y € [R, o0),
2 1 1/
(__y+ 2)K1 :L/(;/ Blog ( )kl/“/*B (1 + Og(k)> v
R k R
W) forye[E,R],
9k\Y) =
l/A/ B E 1/y—B 1Og(k) Al —k/n E
Ky, an 1og (y)k (1—|— 2 ) foryE[Re ,2},
_ 1 1/
Klﬁlh/(;’kl/”(l + %W) k for y € [0, Re™*/™].
In the case [ > 2 we fix T > expy;(1) and we define
(4.4) wi(x) = gr(lz — z0l),
where
0 for y € [R, ),
2 log(k)\ 1/
(= 2y 2) K hogfy (T + 2177 (14 gk( ))
R
for y € [5, R},
gk(y) = -1/ 10 T—|— R kl/’y—B 14+ 1Og(k) 1/
ln « g[l] k —1/n R
for y € [R expy; (k), 5},
_ log(k)\1/7
K, nl{)j log{y (T + exp[l] " (k)kV/ B (1 + %)

for y € [0, ReXpﬁ]l/n(kj)].
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We need the following estimate.

Lemma 4.4. Let zy € 09, R > 0 and wy be defined by (4.3) and (4.4), re-
spectively. Then for every 9¢ > 0 there is kg € N such that for every k > ko and
¥ € [0, 9] we have

(4.5) /Q<1>(19|Vwk|) + V(@) D(0]we]) < %19".

Proof. The proof is obtained modifying the proofs of [7, Example 5.1] (the
case of [ = 1) and [13, Theorem 4.1] (the case of [ > 2), respectively, and adding
some rough estimates.

Without loss of generality, we can suppose that g = 0. As 99 is of class C19,
6 € (0,1], we can also suppose that there exists Ry € (0, R) and a C"?-function
n: Bry(0) N {x, =0} — R such that

n(0) =0, Vn(0) =0,
QN Bg,(0) = {(2',2,) € Br,(0): n(z') <z},
and
QN Bpy(0) = {(z',2,) € Br,(0): n(z') =z},

where (z1,22,...,2,) = (¢/,z,). Further, for each r > 0 we denote B4 (r) = B(r) N
{x, >0}, B_(r) = B(r)N{x, < 0}. For every k € N we set M = M(k) = R/k"F),
We have

/ O (V| Vwg|) + V()@ (I|wi]) = / O (Y| Vwg]) +/ V(z)®(@wi|) = J1 + Jo.
Q Q Q

Next, if k is large enough, we can write

Jlé/ +/ +/ +/ coo=Ilg+ L+ +1s.
QNB_ (M) B(M) B($)\B(M) B(R)\B(%)

Fix e € (0, B — 3) (recall that § € (0, min{1, B}) comes from (1.9)).

Now, we distinguish two cases. First, let [ = 1. By an easy modification of the
corresponding estimates in the proof of [7, Example 5.1] (it is essential that ¥ is
bounded from above) we have that

(4.6) L <Ok B, I, <C9k~Blog?P " (k)
1

1 1
L=- o <01 —).
and [y 2/B(M) (V) < 57 ( kﬁ+6)
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Next, as ¥ is bounded, (1/y — B)n = —B (see (1.5)) and we have

4.7) gk(y)| < ClogB~? <§) ékl/V*B on (Re "™ M) for k sufficiently large,

M =¥,
n(z') < Cla’[*T for |2/| sufficiently small
and
O(t) <t"(1+1og"(t)) for every t >0,

we obtain for k > ki, where k; is large enough
48) I = / B (0| Vg |) dee
QnB_ (M )
n / n—1+6
<0 [ g1+ tog gk dy
M (k) R 1
< n1.(1/y—B)n (B-1)n (1% n O 0—1
< CI9"k /Re_k/n log (y)(l—l—log (k) + log (y))y dy

< CY" K/ T=BIn 100 (k) /OM(kl) log(B-n (?) (1 + log™ G))yefl dy

= CY9"k B log" (k).

Hence, since 4+ ¢ < B, (4.6) and (4.8) yield for k large enough

(4.9) Iy %ﬁ”( ﬁ)

For [ > 2, (4.9) is obtained in a similar way. Indeed, by a minor modification of the
proof of [13, Theorem 4.1] we obtain a version of (4.6) (with a bit different power
of log(k) in the estimate concerning Iz). When estimating Iy, the formula (4.7)
becomes a bit more complicated, however thanks to § > 0 the last integral in (4.8)
is still finite. Moreover, the power of k is —B again.

Finally, we estimate J. Given p > 0 we fix ¢ € (0,1). Now, we define a sequence
of auxiliary radii by Ry = Rexp[_l]1 (k?), k € N. Notice that for k large enough Ry
satisfies

Rexpy /" (k) < R < &

Thus, we observe from (4.3) and (4.4), respectively, that for &k large enough we have
(4.10) [ ol < £a(BUROD)SEO) = Coxpy (k)"
B(Rk)
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and

(4.11) lwi [P < Ly, (B<xo, 5))9Z(Rk)

2
< Clogp (expyy (k) k7= PP = CProt(/y=Br,

/B(R/Q)\B(Rk)

Since on B(R) \ B(R/2) we trivially have |wy,| < Ck'/7~5, (4.10) and (4.11) yield

(4.12) / lwi|? < CkBrat(1/v=B)p
B(R)

Now, as ®(t) < Ct" + Ct"! (by (1.6) and (1.7)), V(z) is bounded (by (1.11)), ¥
is bounded, Bg > 0, 1/y — B < 0 and (B — 1/y)n = B (by (1.5)), from (4.12) we
obtain

(4.13) / V(z)®(|dwy|) < ConkBrHDatA/y=Bm — cynpBnta=5
B(R)

Finally, we see that if ¢ and ¢ are small enough, then (4.9), (4.13) and 5 < B
imply (4.5). O

Lemma 4.5. If yip > 0 is small enough, then there is w € WL®(Q) such that

1 /Ky,
Ju(tw) <co+ 5(%

n/y
) for every t € [0,00) and p € [0, uo).
Proof. First, we prove the assertion for gy = 0. Since, by Lemma 4.2, in this
case co = 0, our aim is to prove that there are £ > 0 and a function w € WL%(Q)
such that for every ¢ € [0, 00) we have

(4.14) Jo(tw) < 1(

I(lna)n/7
5 €

b

To do this, fix g € 9 and R > 0. Suppose that xg = 0 to simplify our notation.
By (1.16) we can find C > 0 satisfying

)
4.15 liminf —————~—
1 Ol

> C uniformly with respect to = € Q.
Our aim is to show that there is £ € N such that the assertion of the lemma holds
for wy, given by (4.3) and (4.4), respectively. Aiming at contradiction suppose that

for all £ € N we have
Kl,n,a )n/’y

1
sup Jo(Vwy) > 5( b

930
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In view of Lemma 4.1 there are ¥y > 0, k € N, such that

Since F' is nonnegative (see (1.12)), we arrive at

Kl,n,a )n/’y

Now, we claim that ), are bounded away from zero. Indeed, for k£ € N such that
Y% < 1 and large enough so that (4.5) holds with ¢ = 1, we have by (4.16), (4.5) and
by the fact that ® is a Young function (hence ®(ts) < t®(s) for every ¢ € [0, 1] and
s20)

%ﬁk S ﬁk/ﬂq>(|wk|)+v<x)<1>(lwkl)

Kl,n,a)n/v

> [ 20 Tun) + V@i > 5 (4

Further, as C%Jo(ﬁwk)w:gk =0, it follows that

/‘I’/(ﬁk|vwk|)|vwk|+V($)‘I’/(19k|wk|)|wk| :/wkf(xvﬁkwk)'
Q Q

Multiplying both sides by ¥y, using (1.10), (4.15) (recall that ¥) are bounded away
from zero), the fact that

Lo (20 B(Rexpy" (k) > CLn(B(Rexpy " (k))) = C expy! (k)

for k large enough
and the definition of wj; we obtain k1 > k¢ such that for & > ki1 we have
(4.17) /@(ﬁkwwkb V(@) (0w )
Q
> Cq;./ @'(ﬁk|Vwk|)z9k|Vwk| + V(x)@’(§k|wk|)19k|wk|
Q
= Cq>/ Vrwy f (2, Ixwy,)
Q
> ch/ Ypwy f(x, Vpwy)
QnB(Rexp[j]l/"(k))
>C ) expyy (b[drwe|”)
QNB(Rexpy,”" (k)
= Cexpfl]l(k) expyy (b|9,wk (0)[7).
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Next, if { = 1, then (4.3) gives

b9]
expy (b]9kwi (0)]7) = exp (K k

1,n,a

(k + og(k)) ).
and if [ > 2, then we have by [13, Proof of Theorem 4.1] for k large enough

log (exp!™ (k ¥
(M)B (k +1log(k)) > k + %log(k)

which together with (4.4) implies

by}
expy (0 (0)") > expy (72 (k+ 3 log(h)) ).

Therefore, there exists ko > k1 so that for k > ks we infer from (4.17)

(4.18) /Q<1>(19k|wk|) + V(@) DIk we])

> C’expﬁf (k) expy, (;i . (k; + = log(k:))).

Now, for each k € N satisfying 9J), > 2 let us find ay € N such that 9, € [29%, 20+ +1),
Therefore, the As-condition, (4.5) (for ¥ = 1) and (4.18) give us k3 > ko such that
for every k > k3 satisfying ¥ > 2 we have

cCY = §cgk+1

>CZ’““/Q‘P(IVWI)+V(a¢)‘1’(|wk|)2/Q@(ﬁkIVwkl)+V(a?)<1’(19k|w|)

=>C expml(k) expy] ( 2087 (k‘ + % log(k)) )

ln,a
Therefore, the aj are bounded and thus there is 1y > 1 such that ¥ < ¢ for every
keN.

Hence, there is k4 > k3 so that for every k > k4 we have a version of the estimate
(4.5) with ¥ = 9. This has the following consequences. First, (4.16) and (4.5) give

1/
(4.19) 9 > (%) " for k> k.
Second, (4.5), (4.18) and (4.19) imply

1 1
C=10> o> / B4 |Var]) + V() D (D[
Q

[\

1 k—o0
> Cexp[l] (k) expy, (k: + 3 1og(k;)) — 00.
Thus, we have a contradiction and we have proved (4.14).
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Finally, since [, [hw| < C, using Lemma 4.1, (1.17) and (4.14) we obtain for every
1 > 0 small enough

1/ Kip,a\Y"
< o =l —c.
Iglg((]u(tw) < 2( b ) €

Moreover, by Lemma 4.2 we can guarantee that ¢y > —e provided u > 0 is small
enough, and the result follows. (I

5. PROPERTIES OF THE PALAIS-SMALE SEQUENCE
In this section we study the properties of the Palais-Smale sequence corresponding
to the functional J,. Our main aim is to show that it contains a subsequence with
the gradients converging a.e. in Q (see Lemma 5.2) and that the limit (in the sense

of (5.10)) is a weak solution to the problem (1.1) (see Lemma 5.3).
Let {u;} be a Palais-Smale sequence from W L®(Q), that is by (2.6),

(5.1)  Ju(ug) = /Q (<I>(|Vuk|)+V(x)<I>(|uk|) — F(z,ug) —luh(x)uk) hooo

and by (1.18) there are ¢, — 0 such that for every v € WL®(2) we have

|
— flx,up)v — uh(x)v)

(52) (T (un). |_‘/ Vuk| Yo+ V(2)D '(|uk|)|Z—:|v

<erlvllwre )

Lemma 5.1. There is a constant C' > 0 independent of k € N such that

(5.3) IVuslzray < €. [ @(Vash < C
(5.4) sl < €. [ Blus) <€
and

(5.5) 0< /Qf(x,uk)uk <

Proof. Using (1.6) and (1.7), it can be easily shown that there is Ay > 0 large
enough so that

(5.6) D) = A\"V2D(t)  for every t = 0,A > Ao.
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From (1.13) we see that for every € > 0 there is £ > 0 such that
(5.7) F(z,t) <ef(z,t)t, |t > t..

We obtain from (5.1), (5.7), (5.2) with v = uy and (1.10)
65 [ @(Tu + V()
< C—f—/QF(x,uk) —l—/ﬂuh(m)uk <C. +€/Qf(x,uk)uk —|—/Quh(x)uk
<C:+ 6(/9(‘1>'(|VW|)|VW| + V()@ (Jug]) lug| — ph(z)ur)
+eludwirm ) + [ i
<Cov = [ @V + V@ @(u))
Co» Jo
+ eekllurllwre @) + (1 - 6)/ ph(z)ug.
Q

Next, as h € LY (Q) and [Jug||1* ) < [Jukllw e (q), the generalized Holder’s inequal-
ity gives
[ haus < 20z sl < Cllurlwso)
Q

Thus, if ¢ is sufficiently small, then (5.8) implies

/Q(@(IVukl) + V(©)@(lur])) < O+ Cllug|lwre@)-
Hence, the definition of the norm on WL®() and (1.11) yield
(5.9) /Q(@(IVukl) + O(|ukl)) < C+ Cl|Vuk| 2 (@) + CllullLeo)-

Finally, from (2.4) together with (5.6) we can easily see that all terms in (5.9) have
to be bounded. This is (5.3) and (5.4).

The upper estimate in (5.5) now follows from (5.2) (with v = uyg, see also (1.10)).
The integral in (5.5) is nonnegative by (1.12). O

By (5.3), (5.4) and the reflexivity of WL®(f2), there is a function u € WL®(Q)
(passing to a suitable subsequence of {uy} if necessary) such that
(5.10) up —u in WL(Q),
up — u in L*(Q),
up —uw in L7(Q) for every r € [1, 00),

up — u  a.e. in Q.
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Next, by (1.14) and Theorem 3.1(i) we have f(x,u), f(x,ux) € L'(Q). Since we
also have (5.5), Lemma 2.4 with § = 0 implies

(5.11) Jim /Qf(a:,uk):/ﬂf(x,u).

k—o00

Moreover, from (5.5) and Lemma 2.4 with § =1 — 1/M we also obtain
Fla,we)lu] M 2 f ) u VM in LY(Q)

and thus by (1.13) and Proposition 2.6 we see that

k—o0

(5.12) lim QF(x,uk):/QF(x,u).

Lemma 5.2. Passing to a subsequence, we have

Vur — Vu a.e. on ).

Proof. Our aim is to show that for every ¢ > 0 we can find Q. C Q such that
L,(2\ Q) < ¢ and a subsequence of {uy} (still denoted {uy}) such that Vu, — Vu
a.e. in €)..

Step 1. (Choice of a subsequence)

By (5.3) the sequence {®(|Vug|)} is bounded in L!(2) and thus passing to a
subsequence, we can suppose that

(5.13) O(|Vug|) = in M(Q).

Step 2. (Choice of Q)

Fix ¢ > 0. By Theorem 3.1(ii) and the fact that uj are bounded in WL®(Q)
(hence their medians are bounded on any subset of Q by a constant depending on its
measure, see (3.1)), we can find 7 > 0 so small that for every B(z, R) C Q2 we have

(5.14) IVurlle(Ba.ry <7 = - expy (2blug|”) < C = C(R).
Z,

Next, using the As-condition one can show that there is ¢ > 0 so that for each
Q C Q, we have

(5.15) /ﬁ@(|v|) <o = |Ple@ <™
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We define the set

Ay, ={2€Q: u(z) > o}
Since |u|(Q) < oo (by (5.3) and (5.13)), we obtain that A, is a finite set, i.e. 4, =
{#;}7L,. Choose ¢ > 0 so small that B(z;, 0) N B(zj,0) = ) for i # j and

m

Z‘Cn(B(Zja 9)) <

j=1

| ™

Next, as £,, is a Radon measure, we can find compact sets K., L. C Q such that
K. CInt L. and £,(Q\ K.) < /2. Let us define

m

Q.= K.\ U B(zj,0) and B, = G B(zj,§> N Q.

j=1 j=1

Clearly,
(5.16) L,(2\ Q) <e.

Fix 9. € C}(Q) such that 0 < 9. < 1,9, =1 on Q. and ). =0 on (2 \ L.) U B..
Step 3. (Proof of (5.17): decomposition of the integral)
We want to prove

V’U,k

Vu k—o0
Y —
]~ & VD )

(5.17) og/Q (#(Vue) Tor) - (Ve = Vi) "= o,

=

From (5.2) with v = ¢).uj, and v = ¥.u we obtain

(5.18)

/ / Vuk / Uk
[ (TuDVantve < [ (= nd (Vo ks 9 = Vi) () v

v f (e unu + pbeh(@)un ) + 2k V(e w ooy

and
(5.19)

, Vuyg , Vuy ’ Uk
|0V TV < [ (0 (V) - T+ V0 (]

— Ye [, up)u — l“l)eh(x)u) + el V(Yeu) lwre -

Next, we observe that if g: R — R is a differentiable convex function, then we
trivially have
(g'(s2) — g'(51))(s2 — s1) = 0 for all 51,52 € R.
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In particular, for
g(s) = ®(|sVur + (1 —s)Vu|), s1=0, s2 =1,

we obtain the inequality

V’U,k

/ / Vu
0< (q» (V) s = ® (|Vu|)m> - (Vuy, — V).
This, after integration, gives
0< [ (#0vul) gt - @V |>IV =) (= V)
< [ (¥ 0T - (v g |)-<Vuk—w)w€
= [ (Tl Tl — @ (Turl i TV
Q IV |
+ (| Vu |>Iv - (V= Vo).
Therefore, we obtain from (5.18) and (5.19)
(5.20)
0< [ (@ 0Vml) gty ~ (VU ) - (Vi — )

N

/Q (—uk@'uwkn'v k= V) () e + e o

+bch(a)n) + [ (0 (Ve e+ V@ () e
— Ye [, up)u — ml)eh(x)U) + el V(Yeur)llwre ) + erllV(@eu)|lwre o)
—|—/ 1/)6@’(|Vu|)|§—u| - (Vu — Vuy)

— /<I>'<|v DL Gy (- u >+/w<1>'<|w|>ﬂ'<w—vw

— (753 | | € k 5 |v | k
+/V( & (fu |>| o /ws k) (g — )
o / eh(a)(ux — u) + x|V (Yewn)lw oy + eV (Get)llw Loy

=L +L+I3+14+I5s+ 1+ Ir.

Step 4. (Proof of (5.17): estimate concerning I7)
From ¥(®') < & (see Lemma 2.1) and (5.3) we know that ®'(|Vuy|) are bounded
in L¥(Q2) and by (5.10) we see that uy — u in L®(Q). Hence, we can use the
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generalized Holder’s inequality to obtain

v
(5.21) 1< [ |0V ok - Vo= w)
Q [V

k—oo
< mef%|V¢e(f€)|2||‘1>'(|VUk|)|ILw<Q>Hu—Uk||m<m — 0.
x

Step 5. (Proof of (5.17): estimate concerning I3)
As U(®') < @ by Lemma 2.1, we observe that

b0 (|Vul) o € LY(Q,R").
|V |
Next, we use the fact that uy — w in WL®(Q2) (cf. (5.10)) and the duality between
L?(Q,R™) and LY(Q,R™) to obtain

=0,

, \V4
(5.22) | = \ [ e vy (Fu = T

Step 6. (Proof of (5.17): estimate concerning I3)
The boundedness of V(z)y. (see (1.11)), ¥(P') < @ (see Lemma 2.1), the gener-
alized Holder’s inequality, (5.4) and (5.10) yield

(5.23) ] < /‘V (lux]) |w5(u—uk)
k—
< C|\‘I)/(|Uk|)||LW(Q)||U — uk||pe@) — 0.

Step 7. (Proof of (5.17): estimate concerning I4)
First let us show that there is C' > 0 such that for & € N large enough we have

(5.24) / A (x,ug) < C.
L\B.
Fix « € L. \ A,. Then there is 7, > 0 such that B(z,r,) C Q and u(B(x,r;)) < o.
Consider the test-function ¢ € C(Q) such that 0 < ¢ < 1, ¢ =1 on B(z,r,/2) N Q
and ¢ = 0 on Q\ B(z,7;). Thus by (5.13)
/ (| Vu)p = pdu < p(B(x,r5)) <o

B(z,ry) B(z,ry)

Therefore, we have for all k£ € N large enough

/ B(|Vug) < o
B(z,r:/2)
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and hence (5.15) gives
VukllLe (Bar,/2)) < T-

Next, we apply (1.14), (2.1) and (5.14) to obtain
(5.25) / Pz, u) < C expy (2blux]") < C.
B(z,r./2) B(z,r./2)

Since L. \ B: is a compact set, we obtain x1,%2,...,Zm € L \ Be such that

B 3)

and thus (5.25) applied to each B(x;,7,/2), j = 1,...,m, implies (5.24).
Finally, Holder’s inequality, (5.10) and (5.24) imply

L.\ B: C

Tt

1

J

1/2

620 10l [ el < ([ . Plavw)) u-ulio =¥ .

L. \B:

Step 8. (Proof of (5.17): estimate concerning I5)
Since h € LY(Q) and ux — wu in L?(Q) (by (5.10)), the generalized Holder’s
inequality gives

k—o0
(521 || <u / (), — )| < 2001l el — wll ) =5 0.
Q

Step 9. (Proof of (5.17): estimates concerning Is and I7)
By (5.3) and (5.4) we have

IV (uktpe)ll Lo ) = l[urVbe + e Vug| Lo (q)
< m§g|v¢s($)|||uk||w(m + mg%Ws(ﬂC)HWuka(Q) <C

and by (5.4) we also see that

luktellLe @) < llukllLe@) < C.
Hence,
lurellwre ) = IV(ure) o) + lurellLe @) < C.

In the same way we obtain
lutellwre @) < C.
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Hence, from e, — 0 we infer
(5.28) I+ I; "= 0.

Step 10. (Convergence a.e.)

From (5.20), (5.21), (5.22), (5.23), (5.26), (5.27) and (5.28) we obtain (5.17). Using
(5.17) and the fact that the function ® is strictly convex, we see that passing to a
subsequence we have

Vur — Vu a.e. in Q..

This can be done for every ¢ = 1/m, m € N. Thus, the diagonal subsequence has
the desired property. O

Lemma 5.3. The function u € W L®(Q) given by (5.10) is a weak solution to the
problem (1.1), i.e. we have (1.19).

Proof. The proof consists of two steps. First, we show (1.19) for test-functions
from WL®(Q) N C>(Q) N L>®(Q) only. In the second step, we use the density of
these functions in WL®(Q).

Step 1. We want to prove that for every function 1 € WL®(Q)NC>(Q) N L>®(Q)
we have

6:29) [ #(v |>|v Vit [ Vi (o= | rwwv = [ nay=o.

In view of (5.2) with v = 1) it is enough to prove that

/ Vuy, k— o0 / Vu
(5.30) PRGN R R S
’ Uk k—oo ’ u
(5.31) / V(@) (e ks =3 / V@) (u) 7
and
k—oo
(5.32) /Q Fla ) 2% /Q £, w)

Let us prove (5.30). By the reflexivity of LY (2, R"), Lemma 2.1 and (5.3) we can
pass to a subsequence to obtain

& (|Vur )~ o in LY (0, R™).

[Vl
583



However, we know that Vu, — Vu a.e. in Q2 by Lemma 5.2, and thus the continuity
of ® and the fact that the weak limit has to be the same as the a.e. pointwise limit
imply

(|Vuk|) in LY(Q,R"™).

— ®'(|Vu

As Vi can be used as a test—function, we obtain (5.30).

The proof of (5.31) follows easily from the Generalized Lebesgue Dominated Con-
vergence Theorem (Proposition 2.6). Indeed, v is bounded, V(x) is bounded by
(1.11), ®'(t) < Ct"~1 + Ct™ (by (1.6), (1.7) and (1.10)), and we have (5.10).

Finally, (5.32) follows from (5.11) and ¢ € L*°(2). Thus, we have proved (5.29).

Step 2. Fix v € WL®(Q). Then there are {1} C WL®(Q) N C>®(Q) N L>(Q)
such that ¢ — v in WL?(Q).

By Lemma 2.1 we observe that

(|vu|) e LY(Q,R™).

IVI

Thus, as Vi, — Vv in L?(Q, R™), we obtain from the generalized Holder’s inequality
(2.3)

(5.33) | () (Vo= Vi) =

Next, since 1, — v in LT(Q), ®'(|u|) € LY(Q) (by Lemma 2.1 and u € WL®(Q))
and V(x) is bounded (by (1.11)), the generalized Holder’s inequality (2.3) gives

k—o0

(5.34) ‘/V "(Jul) " |( v — )| < 2Villv — il Lo (o) 197 (Jul)l v (@) — 0.

By Holder’s inequality, (1.14), (2.1) and Theorem 3.1(i) we easily obtain

k—oo
< f(@,u)llLz@llv = YellL2@ — 0.

(5.35) Léﬂaww—m>

Finally, as h € LY(Q) and 5, — v in L?(Q2) we have by the generalized Holder’s
inequality (2.3)

(5.36) “/Q h(z)(v — i) =20,
Now, (1.19) follows from (5.29), (5.33), (5.34), (5.35), and (5.36). O
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Lemma 5.4. If the Palais-Smale sequence {ux} C W L® () satisfies

I(lnoz>1/’Y

1/n
(5.37) lim inf || Varg | s () < (2) ( ;

then (passing to a subsequence if necessary) uy — u in W L® () (the strong conver-
gence).

Proof. We can write up = u + wy. Further, by (5.37), we see that passing to
a subsequence we can suppose that there is p > 1 such that for every k € N we have

(5.38) PP/ Vugl| gy < Cr = (%)””(%)W

Our aim is to show that wy — 0 in WL%(Q).
First, (1.14), (2.1), (3.1), (5.4), (5.38), and Theorem 3.1(ii) give

(5.39) /If (2, up)| C/ expy (pbluk|”)

—c [y (5(3) K () ) <

Further, f(x,u) € L?(Q2) by (1.14), (2.1) and Theorem 3.1(i). By (1.12) and (5.10)
we also see that f(x,ur) — f(z,u) a.e. in . Therefore, for fixed ¢ € (1,p) we can
use Remark 2.5 with the functions vy = f(z,ur) and v = f(z,u), and we obtain

flz,ug) — f(z,u) in LI(Q).

Thus, as u € L"(Q) for every r € [1, 00), Holder’s inequality yields

(5.40) /Q Pl un)u = /Q Fa, u)u

Since, wy — 0 in L"(Q) for every r € [1, 00), Hélder’s inequality together with (5.39)
also give that

(5.41) /faTUk wy, = 0.

Now, fix € > 0. By the Brézis-Lieb lemma (Lemma 2.3) for the function ¢t — ®'(t)t
(see also (1.8)), (5.2) (with v = u and v = uy, respectively), (5.3), (5.4), (5.10), (5.40)
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and (5.41) we have for k € N large enough

/Q(‘I"(kal)wwkl + V()@ (Jwk])|wk|)
<e +/Q(‘I”(|Vuk|)|Vuk| — ' (|Vu))[Vu| + V(2)(®' (Jur|)[ur]| — @' (Ju])|u]))
<e€ +/Q(f($auk)uk — f(z,w)u + ph(z)(ug —u)) + exllukllwre ) + erllullwre @)

<e +/Q f (@, ug)wy, + /Q(f(% ug)u — f(x,u)u) + 2u|| bl v lluk — ull o) + 2¢

< Ce.

That is,
/(‘1>’(|Vwk|)|Vwk| + V(@) (Jwg|)Jwe|) "= 0.
Q

Therefore, from the inequality ®(t) < ®'(¢)t, t > 0 (which easily follows from the
convexity of ® and ®(0) = 0), and (2.5) we see that ||Vui — Vu| e ) — 0 and since
we also have |lux — ul[ 2oy — 0 (see (5.10)), we are done. O

6. EXISTENCE RESULTS

In this section we show that the Ekeland Variational Principle (Theorem 2.8) and
the Mountain Pass Theorem (Theorem 2.7) give us two different nontrivial weak
solutions to (1.1).

Proposition 6.1. There is o > 0 such that if p € (0,up), then (1.1) has
a nontrivial minimum-type solution ug € WL®(Q) with J,(up) = c¢o < 0, where
co is given in Lemma 4.2. Moreover, there is a corresponding Palais-Smale sequence
{ur} € WL®(Q) converging to ug in the sense of (5.10) and strongly in WL®(Q).

Proof. Let g, > 0 be the same as in Lemma 4.2. We can suppose that pyg is
so small that

1\1/n Kl,n,a

o< () (55

Set Y = {v e WL*(Q): |vllwre) < 0u}. Since WL*(Q) is a complete metric

space, Y is its closed subset, the functional J, is a C'-functional and bounded

1/
) for all v € (0, po).

from below on Y (see Lemma 4.2), we can use the Ekeland Variational Principle
(Theorem 2.8) to obtain a sequence {u;} C Y such that

k— k—s
(6.1) Ju(ur) == co and ||J(w)|cowre@),r) — 0.
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Indeed, the boundedness of Y ensures that (2.7) can be used to obtain a minimizing
sequence. Moreover, if § > 0 is small enough, then us is an interior point of Y (see
Lemma 4.2 and Lemma 4.3) and we obtain the convergence of the Fréchet derivatives
in (6.1) in the standard way dealing with (2.7) and with the definition of the Fréchet
derivative.

Notice that (6.1) gives us the conditions (5.1) and (5.2). Therefore we can use all
our results from Section 5 for the sequence {uy}. By Lemma 5.3, Lemma 5.4 and the
continuity of J,, we obtain that ug is a weak solution to (1.1) satisfying J,,(uo) = co.
We have ¢y < 0 by Lemma 4.3. Since p and h are nontrivial, ug has to be nontrivial
(see (1.12), (1.18) and (1.19)). O

Proposition 6.2. There is g > 0 such that if u € [0, y10), then (1.1) has a nontriv-
ial Mountain Pass-type solution uy; € W L® (). Moreover, there is a corresponding
Palais-Smale sequence {v} C WL®(Q) converging to uys in the sense of (5.10) and
Ju(vg) — enr, where cpr € (0, co 4 1/2(Kj.0/b)™7).

Proof. Since we have J,(0) = 0, Lemmas 4.1, 4.2 and the fact that J,, is a C'-
functional, we can apply the Mountain Pass Theorem (Theorem 2.7) which gives us
a Palais-Smale sequence {vy} C WL*(Q) such that J,(vy) — car = €, > 0. Passing
to a subsequence, we can further suppose that {vj} possesses all the properties from
Section 5, except for Lemma 5.4 (since we do not have (5.37) in general). Finally, if
we set ups = u, where u € WL®(Q) is given by (5.10), then uy, is a weak solution

o (1.1) by Lemma 5.3. Further, Lemma 4.5 gives us the upper estimate of the
Palais-Smale level ¢j,.

It remains to show that wu,; is nontrivial. This is plainly satisfied if > 0, since h
is nontrivial (see (1.12), (1.18) and (1.19)). In the rest of the proof let = 0 and for
the sake of contradiction suppose that ups = 0. From (5.1) (with g = 0), upr = 0,
F(z,0) =0, (5.12) and from the upper estimate concerning the level c;s (recall that
¢o = 0 for 4 = 0 by Lemma 4.2) we obtain ¢ > c¢p; such that for k sufficiently large
we have

~ 1 Kl,n,oz n/’y
/Q(b('v“kD +V(@)®(lve]) <€ < §(T) .

Hence, as the second term in the above integral is nonnegative (by (1.11)), the
estimates (2.1), (5.4), (3.1) and Proposition 3.2 give us ¢ > 1 such that

[ (eglumy <c.
Now, from the above estimate, (1.14), (5.10), ups = 0 and Hélder’s inequality we
infer that

k—o0

< Ol expyy (bloe ") e llvell Lo () — 0.

‘/Qf(x,vk)vk
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Therefore, (5.2) with v = v, and p =0, (5.3) and (5.4) imply
/ &' (|Vv]) [ Vo] + V(@)@ (fog ) o] = 0.
Q

Next, as ® is a Young function, we have ®(¢) < t®'(t) for every t > 0 and thus we
obtain from the above

/Q<1>(|wk|) V(@)D (o)) = 0.

However, in view of (5.1) and (5.12) this contradicts c¢pr > 0. Hence, ups is nontrivial
and we are done. g

Proposition 6.3. If ug > 0 is small enough and u € (0, 110), then the functions
ug and ups given by Proposition 6.1 and Proposition 6.2, respectively, are distinct.

Proof. By Proposition 6.1, Proposition 6.2 and by the properties of the Palais-
Smale sequences obtained in the previous section we have {uy}, {vi} C WL®(Q)
such that
(6.2) up —ug in WLP(Q) and v, —up  in WL*(Q), vp — ups in LT(Q),

up — ug a.e.in Q and wvr — upy a.e. in §,
Vur — Vug a.e.in Q and Vv — Vuy a.e. in Q,
Ju(ug) = co = J,(up) and  J,(vg) — e,
(J(ug),up) — 0 and  (J), (vg),vx) — 0.

Moreover, by Propositions 6.1 and 6.2 we have

1 /K, n/y
(6.3) co<0<ecy and cpy—cp < 5(%) .

Suppose that on the contrary, ug = ups. As both Palais-Smale sequences converge
to ug = uyps in L*(Q), h € LY(Q) and we have (5.12), we see that

T k) = /Q(‘I’(W“kl) + V(@) ®(|Jurl) — Fx, u0) — ph(z)ug) +o(1) == ¢,
D) = [ @Vl + V@(arl) ~ Frs0) — o) + 0(1) = e
and subtracting one from another, we obtain
(6.4) /Q(@(|Vuk|) +V(@)®(|uk])) — /Q(@(IVvkl) V@B(r]) = o — ear.
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Next, (J),(u), ux) — 0 and (J},(vx), vx) — O read by (1.18)

/Q(@I(|v“k|)|vuk| + V(@) (fug ) |ur| — f (@, u)ug — phe)uy) == 0,
/Q(‘I”(val)lvwcl + V(@) (|or)vr] — £, on)or, — ph(z)or) "= 0,
and thus
(6.5) /(¢’(|Vuk|)|wk| + V(@) (Jur|) | ux)
Q
- /Q((I)/(W%I)IVWI + V()@ (|vk])vr])
— [ e wyun = fawo) — [ b - u) = o
Q Q

As both sequences converge to ug in L*(Q) and h € LY (), for the last integral we
have

(6.6) /h (ug — vg) "= 0.

Further, since uy — ug in WL®(Q) by (6.2), passing to a subsequence we can
construct a common majorant g € WL®(Q). Hence, from (1.14) we infer that

[ (@, ur)ur| < Cp expyyy (blur|7)ur| < Cp expyy (blg|7)]gl-

Since the right hand side is an L' (Q2)-function (we can use Holder’s inequality with
the powers equal to 2 together with Theorem 3.1(i) and (2.1)), we can use the
Lebesgue Dominated Convergence Theorem to obtain

(6.7) /Qf(%uk)uk klo?/ﬂf(ﬂ%uo)uo

Further, let us also prove that
(68) [ (v~ £ o) = o
Q

Since [, ®(|Vuvx|) are bounded by (5.3), passing to a subsequence we can suppose
that these modulars converge. Notice that by Fatou’s lemma the limit is larger than
or equal to [, (|Vug|). Next, we distinguish two cases.

Case 1: [, ®(|Vur]) — [o ®(|Vuol).

In this case we have

Vo, — Vug  in L®(Q)
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(indeed, we can use the Brézis-Lieb lemma to show that the modular of V(v; — up)
tends to zero and so does the norm of the gradient by (2.5)). Since we also have
v, — ug in L®(£), we obtain vy — ug in WL®(2). Hence, we can prove (6.8) in the
same way as we proved (6.7).

Case 2: hm fQ (|[Vor]) = Jo @(|Vug|) > 0.

In this case our first step is to prove that there is ¢ > 1 such that

(6.9) [ (egiumy <c.

By the Brézis-Lieb lemma, uj, — up in WL®(2) and (6.4) we see that

k—oo

tim [ B(Vue]) + Jim /v B(Jvg) — /Qfl)(|Vu0|)—/QV(x)<I>(|uo|):cM—co.

Further, from Fatou’s lemma and vy — ug a.e. on €2 we obtain

Jm [ V@) /V ®(Juo)).
Thus, (6.3) yields
. Klnoz n/y
dm [ @Vl = [ @90 < en —eo < 3(=22)"

Therefore, there exists ¢ > 1 such that

: Klnoz n/y

dm [ a(val) = [ o(9u) < 5(552) "
That is,

(3)"Kin,a 1 v/m
6.10 bg < — .
(6.10) e q (hm 0 [, @(Voul) = J; ([ Vuo|) )

Next, (2.1) gives
/ (expy (Blex[)? < © / expy (baluw ).
Q

Now, the integral on the right hand side is uniformly bounded by Proposition 3.3
and (6.10). Thus, we have proved (6.9).
Next, we are going to estimate

/Q|f($avk)vk — f(z, uo)uo
< / (£, 00) — £z, u0) ol + / @) ok — )| = I + L.
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First, let us deal with I,. Estimates (1.14), (6.9), vx — ug in L7 () (by (5.10)) and
Holder’s inequality yield

I = / (@ 00) (v — )| < C / expy (bl "ok — ol
Q Q
k—oo

< Cllexpyy (blvk|") | La)llve — woll o (o) — 0.

It remains to deal with I;. By (1.14), (2.1), (6.9) and Theorem 3.1(i) we know that
f(zyvi) — f(x,up) is bounded in L(2). Further, by (6.2) and (1.12) these functions
converge to zero a.e. in ). Hence, choosing r € (1, ¢) we obtain that they converge
to zero in L"(2) by Remark 2.5. Since ug € L (Q) by (5.10), Holder’s inequality
implies

= 1) = 7)ol < 15, 00) = Fe )0y ol gy " 0.

This concludes the proof of (6.8) also in the second case.
Now, by (6.6), (6.7) and (6.8) we obtain from (6.5)

[ @ 070D P+ V @ )
- [ @TuDITe V@ (bl = o

Next, since up — ug in WL®(2) (see (6.2)), by (1.10) we easily obtain the conver-
gence of the corresponding modulars with respect to the function ¢ — ®'(¢)¢t and
thus

[ @ (9ua Vo] + V2 )
- /Q(@’(val)wwl + V(2)® (Jvk|)|vk|) k=20 .
Now, applying the Brézis-Lieb lemma for the function ¢t — ®’(t)t we see that
/Q@'(lv(vk —u))|V (v — uo)| + V(@)@ (v — uol)|vok — uo]) =37 0.

Hence, the inequality ®(¢) < ®'(¢)t, t € [0,00), and (2.5) give us vy — ug in WL®(Q).
This strong convergence together with J, € CY(WL?®(Q), R) implies

k—oo

Ju(vk) - N(U’O)
and we have a contradiction to (6.2) and (6.3). O

591



Proof of Theorem 1.1. If yp > 0 is sufficiently small and p € (0, o), then
Propositions 6.1, 6.2, and 6.3 give us two nontrivial distinct weak solutions to (1.1).
Moreover, since p and h are nontrivial, there is no trivial weak solution to (1.1) in
this case (see (1.12), (1.18), and (1.19)).

Finally, if 4 = 0, then we easily see that (1.1) admits a trivial weak solution (see
(1.12), (1.18), and (1.19)) and the Mountain Pass-type solution given by Proposi-
tion 6.2 is nontrivial (hence it is distinct). O

Remark 6.4. Similarly as in the papers [12], [9], [11], and [8], we can use our
methods to obtain the same existence results as (1.1) also in the sub-critical case.
That is, we have a version of Theorem 1.1 where instead of (1.14) we have

for every b > 0 there is C} > 0 such that
|f(z,t)] < Cpexpy(b]t]”) whenever ¢ € R and z € Q.

In this case we do not need to assume (1.9) and (1.16) (cf. [12, Section 7]).

Acknowledgement. The author would like to thank the referee for careful
reading.
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