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Abstract. In this paper, we study the pricing of credit risky securities under a three-
firms contagion model. The interacting default intensities not only depend on the defaults
of other firms in the system, but also depend on the default-free interest rate which fol-
lows jump diffusion stochastic differential equation, which extends the previous three-firms
models (see R. A. Jarrow and F. Yu (2001), S. Y. Leung and Y. K. Kwok (2005), A. Wang and
Z.Ye (2011)). By using the method of change of measure and the technology (H.S.Park
(2008), R.Hao and Z.Ye (2011)) of dealing with jump diffusion processes, we obtain the
analytic pricing formulas of defaultable zero-coupon bonds. Moreover, by the “total hazard
construction”, we give the analytic pricing formulas of credit default swap (CDS).

Keywords: credit risk; default correlation; defaultable bond; credit default swap; default
intensity

MSC 2010: 60H30, 60G51

1. INTRODUCTION

Credit risk has long been a major problem plaguing financial institutions such
as banks. Especially, after some financial crises such as the 1997 Asian financial
crisis and the 2007 US subprime mortgage crisis, the contagion effect of credit risk
has attracted huge attention of financial market regulators and institutions. Using
credit derivatives to transfer, elude and hedge credit risk has become more and more
important. To price credit derivatives fairly, the default contagion between the risky
assets must be considered sufficiently. Therefore, we study the default contagion
model based on reduced-form models in this paper.

Cordially dedicated to the National Natural Science Foundation of China (Program
No.11171215) and Shanghai 085 Project.
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Typical reduced-form models are introduced in [1], [8], [15], [22], [7]. Jarrow and
Lando [14] study the case in which the intensity for credit migration is constant.
Litterman and Iben [21] give a Markov chain model of credit migration. In [8], [9]
and [19], the default intensity is modeled as a random process. A common feature
of reduced-form models is that default cannot be predicted and can occur at any
time. Therefore, reduced-form models have been used to price a wide variety of
instruments. The parameters of these models can be estimated ([5], [6]). Jarrow
and Yu [17] set up an intensity-based model in which the parameters are estimated
according to the prices of bonds and CDS. Leung and Kwok [20] give CDS valuation
of a two-firms contagion model and three-firms contagion model by the method of
change of measure. Wang and Ye [25] consider the effect that two parties default
simultaneously on the third party. Bai, Hu and Ye [2] introduce a hyperbolic at-
tenuation contagion model and obtain the analytic formula of CDS. A three-firms
attenuation model with counterparty risk is introduced in [26], and the closed-form
pricing expressions of defaultable bonds and CDS are obtained.

We mainly study the pricing of CDS. As one of the most important credit deriva-
tives, CDS is a bilateral contract, which involves three parties: CDS protection buyer
A, CDS protection seller B and reference asset C' (see Fig. 1). Party A (CDS protec-
tion buyer) holds a corporate bond with some long maturity Ty of party C (reference
asset), and party C is subject to default. Party A faces the credit risk arising from
the default of party C. To hedge this risk (or transfer this risk), party A enters a CDS
contract with the maturity 7' (7' < T1), and makes premium payments, known as the
swap premium, to party B (CDS protection seller). In exchange, party B promises
to compensate A for its loss in the event of default or credit downgrade of the bond.
In this paper, we consider the case that all three parties may default within the
maturity 7' of CDS. Moreover, the default of three parties have the contagion effect.
Therefore, to determine a fair swap rate of a CDS in the presence of counterparty
risks, we give a three-firms default contagion model with interacting term. Also, we
assume the default of three parties is related to the default-free interest rate, which
extends the model in [25]. The structure of CDS with three-party default risk is as
follows:

In Fig. 1, firm A (a corporate bond investing firm) holds a corporate bond (ref-
erence asset) issued by firm C (a corporate bond issuer)(refer to 14), and firm C is
subject to default. At bond maturity, if firm C doesn’t default, it will pay the bond
principle and interest to firm A (see 1B). Otherwise, it has no payments (refer to
1C). On the other hand, to hedge the default risk of firm C, firm A and firm B
(a monoline insurer) enter into a CDS contract. Firms A and B are also subject to
default. If firms A and C' have no default, firm A makes fixed premium payments,
known as the swap premium to firm B (see 1D). If either firm A or firm C defaults,
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Figure 1. Structure of CDS with three-party default risk

there is no premium payments to firm B (refer to 1E). In exchange, firm B promises
to compensate A (if A doesn’t default) for its loss in the event of default of the bond
C as long as firm B doesn’t default (refer to 1F'). If the protection seller B defaults
prior to the default of either the reference asset C or the protection buyer A, the
protection seller B can simply walk away from the contract and has no obligation to
pay the compensation to the protection buyer A (see 1G).

In this paper, we study a three-firms contagion model with interacting default risk
and stochastic interest rate jump-diffusion risk. Under this model, the valuation of
the defaultable zero-coupon bonds and CDS is obtained. The structure of this paper
is as follows: in Section 2, we give the basic setup and the three-firms contagion
model with interacting risk and a jump-diffusion stochastic interest rate process. In
Section 3, we give the general bond pricing formulas, and closed-form pricing formulas
of defaultable bonds are obtained. In Section 4, we give the joint conditional density
function of default time for three firms and the analytical formula of CDS is provided.
We conclude this paper in Section 5.

2. BASIC SETUP AND THREE-FIRMS CONTAGION MODEL

2.1. Basic setup and construction of default time. We consider an uncer-
tain economy with a time horizon of T* described by a filtered probability space
(Q, F,{F,}L o, P) (in this paper we follow the symbols and notations of Jarrow and
Yu [17]) satisfying the usual conditions of right-continuity and completeness with
respect to P-null sets, where F = Fr- and P is an equivalent martingale measure,
since we are only interested in the valuation of credit derivatives. We assume the
existence and uniqueness of P, so that bond markets are complete and no arbitrage,
as shown in discrete time [11] and in continuous time [12].
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Let the R?-valued process X; represent d dimensional economy-wide state vari-
ables. Point processes N (i = 1,2, 3) initialized at 0 represent the default processes
of the firms in the economy so that the default of the ith firm occurs when N? jumps
from 0 to 1.

To be consistent with the information contained in the state variables and the
default processes, let

(2.1) F=FfVF VI VF,

where

and
(2.2) Fi=o(N,0< s <)

are the filtrations generated by X; and N}, respectively.

Let
A A X B C A —A
gt :Ft \/FT*VfT*\/FT*:ft \/go ;
B B X A C B -B
G =F  VFr VFp VFr. =F7 VG, 7,
G8 = FEV PR NV F VPR = FEV G5 €,
where

Gt =Ff vFE v FE,
Go © = Ff vV Ffh v FEL,
G ¢ =F vFAVFE.

We know that G, ‘(i = A, B,C) contains complete information on the state variables
and the default processes of all firms other than the ith, all the way up to time T*.
According to the filtration G}, it’s possible to select a nonnegative, Gi-measurable
process A, satisfying fot A ds < oo, P-a.s. for all t € [0, T*], so that we can define an
inhomogeneous Poisson process N*, using the process A; as its intensity process.
Let 7° denote the default time of firm 4, namely, let 7° be the first jump time
of N%. In a typical reduced-form model, which can be defined as

¢

(2.3) 7' = inf {t: / Aods > E’},
0

where {E}2_, is independent of X, (¢ € [0,T*]).
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According to the Doob-Meyer decomposition,
) tAT” )
(2.4) M} = N; — / AL ds
0

is a (P, Fi)-martingale.
Under the above characterization, the conditional survival probability of firm i is
given by

t
(2.5) P(r > t|Gy %) = exp<—/ M ds), t€[0,T%].
0

The unconditional survival probability of firm 4 is given by

(2.6) P(Ti>t)=E[exp<—/0tAgds)], te0,T7].

2.2. Three-firms contagion model with stochastic interest rate process.
In this subsection, we explore the three-firms contagion model with an interaction
term and a stochastic interest rate. The default intensity of one firm is affected by the
default risk of the other two firms and the jump-diffusion risk of default-free interest
rate. In the three-firms contagion model, the inter-dependent structure between
firm A, firm B and firm C is characterized by the correlated default intensities. The
default intensities of A, B and C have the following forms

(27) )\? =ap+ ary + aﬂ]{ngt’TcN} + agﬂ{.,.c<t,73>t} + agﬂ{ngt,TcQ},
(2.8) )\{3 =bo+ brs + blﬂ{f“<t,7—0>t} + b2ﬂ{7—c<t,7—/‘>t} + b3ﬂ{7—A<t,7—C<t}a

(2.9) /\tC =co+cry + Clﬂ{TA<t7TB>t} + CQH{TB<t7TA>t} + Cgﬂ{TA<t7TB<t},

where ag > 0,09 > 0,co > 0,a > 0,b > 0, ¢ > 0, and satisfying ag+a+ai+az+as >
0,bp+b+b;y +by+b3>0,c0+c+ci+cg+c3>0.

The default-free interest rate satisfies the following affine jump diffusion stochastic
differential equation

(210) th :a(K—rt)dt—i—ath—i—qtht,

where W, is a standard Brownian motion on the probability space (Q, F, {F t}tT;O, pP).
N, is a Poisson process with intensity p, which is independent of W,;. The param-
eters a and K are constant, and represent the reversion velocity and mean level,
respectively. The parameter o is the volatility, also a constant, ¢; is a deterministic
function.
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In our model, we consider an interacting term, namely, we allow the effect of two
parties’ simultaneous default on the third party. Moreover, we assume the default-
free firm follows the jump diffusion stochastic differential equation rather than a
constant, which generalize the model [25].

From equation (2.10), r; has the following explicit solution:

t ¢ ¢
(2.11) 7 = roe”* + aK/ e t=9) s + U/ e (=) qw, —l—/ gse %) AN,
0 0 0
Similar to the results in [17], we can also use time-t forward interest rate instead
of time-0 forward interest rate r;. Let f(0,u) = rge”*" and for any v > t. Then
equation (2.11) becomes

(2,12) Ty = f(t7’UJ)—|-OzK/ e~ (u=s) d5+0./ e~ (u=s) dVVS—l—/ qsefa(ufs) dn,,
t

t t

where

(213) f(tvu) = f(Ovu)
t t t
+ aK/ e~ (t=5) g —|—0/ e (t=5) qy, —|—/ qse*a(tﬂ) dNg.
0 0 0

Moreover, in accordance with the properties of Brownian motion W, and Possion
process [Ny, we can obtain that the risk-free interest rate process r; is a F/-Markov
process, where F| = o(rs,0 < s < t).

Next, we employ the three-firms model specified by equations (2.7)—(2.9) with the
stochastic interest rate process (2.10) to price defaultable bonds and CDS.

3. BOND PRICING UNDER THREE-FIRMS CONTAGION MODEL

In this section, we assume that there are three firms A, B and C, and we consider
that each firm holds defaultable bonds issued by the other two firms. Moreover,
the three firms have default contagion, which is characterized by the correlated de-
fault intensities (2.7)—(2.9). Because of the symmetry of default intensities, we only
consider one firm’s bond when pricing the three firms’ bonds.

3.1. The general pricing formulas.

Definition 3.1. A defaultable claim maturing at T is the quadruple (Y, A, W, 1),
where Y is an Fr-measurable random variable, A = (A¢)¢cjo,7] is an F-adapted, con-
tinuous process of finite variation with Ag = 0, W = (W});¢[o,7] is an F-predictable
process, and 7 is a random time.
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Definition 3.2. The dividend process D = (D;);cgr+ of the above defaultable
claim maturing at T equals, for every t € RT,

(3.1) Dy = YT r<ry 7,00 (1) +/

(1—Nu)dAu+/ W, dN,,
(0,tAT]

(0,tAT]

where Y is the promised payoff, A represents the process of promised dividends and
W is the recovery process.

Definition 3.3. The ex-dividend price process S of a defaultable claim (Y, A,
W, 7) equals, for every ¢ € [0,T],

B
(3.2) St = Ey [ = dDu:| ;
(t.7) Bu
where B; := B(t) = exp ( fot rs ds) is the money market account, r; is a constant

default-free spot rate, and E; represents the conditional expectation on F; under the
equivalent martingale measure P.

For the defaultable zero-coupon bond which pays one dollar if not default, and
pays ¢ times the price of a default-free bond at maturity, where ¢ is introduced
by Jarrow and Turnbull [15] and Jarrow, Lando and Turnbull [14] as ‘recovery of
Treasury’.

Let v’(t,T) denote the time-¢ defaultable zero-coupon bond price, issued by firm
i (i = A,B,C), §" € [0,1] is the recovery rate of the firm i. By Definition 3.2 and
Definition 3.3, vi(¢,T) is given by

(3.3) v'(t,T) = E B_;((Szﬂ{‘r"ST} + ﬂ{‘r"'>T}) :

In this paper, we consider the valuation of defaultable zere-coupon bonds as ex-
pressed in (3.3). To obtain the analytic expression of (3.3), we mainly compute the
conditional expectation in (3.3). To do this, deducing the joint conditional distribu-

tion is necessary.

3.2. The joint conditional distribution under two-firms model. To price
bond valuations of three firms, we study a two-firms contagion model first and give
its joint conditional distribution function.

We assume there are two firms A and B, and their default intensities \{! and A\
have the following forms

(3.4) A =ao+ar +arlegy,
AP =bo + bre + bilragy,
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where ag > 0, by > 0, a > 0, b > 0, and satisfying agp +a+ a3 + a2 > 0, bg+ b+ by +
b > 0. The risk-free interest rate satisfies the jump diffusion stochastic differential
equation (2.10).

We adopt the change of measure introduced by Collins-Dufresne et al. [4] to define
a firm-specific probability measure P’ (i = A, B) which puts zero probability on the
paths where default occurs prior to maturity 7. Specifically, the change of measure
is defined by

dp: T
3.6 Zp = —— =1 Ti Al d 5
(36) T =P |y, — TP </0 ’ S)

where P? is a firm-specific (firm i (i = A, B)) probability measure which is absolutely
continuous with respect to P on the stochastic interval [0,7%). To perform the
calculations under the measure P?, we enlarge the filtration to Fi = (.7?})@0 as the
completion of F = (F;);>0 by the null sets of the probability measure P*.

Under the probability measures P(i = A, B), the characteristics of the Brownian
motion W; and the Possion process Y; have not changed and they are still indepen-
dent. The macrovariable r; is not influenced by the defaults of firms A, B.

Using the change of measure and Shreve [24], we can state the following lemma:

Lemma 3.1. Let H be F;-measurable, s and t be real numbers, satisfying 0 <
s <t <T. Then,

i ~. 1 )
(3.7) EF [H|£§v¢**]=EEP[H-Z;|fstu],

S

where Fi = F, v FL.

With this lemma and the method in [10], we can obtain the joint conditional
distribution function of two firms. The theorem is as follows:

Theorem 3.1. Let intensity processes A (i = A, B) be given by (3.4)—(3.5).
Then the conditional probability distribution of 74 and 7% is given by

(3.8) Pt >t1,78 >ty | Fr vV Fr)
=exp(—bo(ta — 1) — bRy +,) | exp(—bi(ta —t1))
—exp(—(ao(te —t1) —aRy 1)) +exp(—ao(ta —t) — aRiy,)
b /t2 (exp(—ap(u — t1) — b (ts — w)) — aRe, o) dul

t1
fort <t <ty <T,
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(3.9) P >t1,78 >ty | Fi V Fr.) = exp(—ao(ty —t) — aRy )
X |:eXp(—a1(t1 —t9)) — exp(—(bo(t1 — t2) — bRy, 1,))

+exp(—bo(t1 —t) — bRy 4,)

ty
+ aq / (exp(—bo(u —t2) —a1(t1 —u)) — bRy, ) du|,

to
fort <to <t; <T.

Proof. Under default intensities (3.4)—(3.5), for t < t; < ta < T,

(3.10) Pt > t1,78 >ty | Fy v Fr.)
= E[ﬂ{TA>t1,TB>t2} | Fi \/-7'?*]
= EB[ﬂ{TA>t1} exp(—bo(ta —t) — bRy 4,
—Tgragimybi(ts — ) | FAV Ff]
= EP[[l, <raceyy - exp(=bo(ta — t) — bRyg, — bi(ta — 7))
+ Urasiy) - exp(—bo(ta —t) — bRy, )] | FAV Fhu]
£ K + Ko,

where EP denotes the expectation under probability measure P? and FZ(. | .7?{‘ \Y
F7..) the conditional probability distribution of 74.
Conditional on 74 > t, 74 has the following distribution

~ t2
P(rA >ty | FAV Fr.) = exp<—/ Afds).
t
Moreover, under probability measure PZ,
PB4 >ty | FAV Fiu) = exp(—ao(ta — t) — aRy ).
Thus

to
K, = / exp(—bo(ta —t) — bRy 4, — bi(ta —u)) dF5, (u)

ty

= exp(—bo(ta —t) — bRy 1,) | exp(—bi(ta —t1)) — exp(—(ao(ta — t1) — aRe, +,))
to
+ by / exp(—aop(u —t1) — b1(te — u) — aRy, ) dul|,
ty
Ky = exp(—bo(ta —t) —bRyy,) - PE(r4 >t | FA V Fi)
= exp(—(ag + bo)(ta —t) — (@ +b)Ret,)-
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Substituting K7 and K5 in (3.10), we have
P > 11,78 >ty | Fy V Fr.) = exp(—bo(ta — t) — bRy.t,)
[ expl=atta = ) - expl—(aalt2 — ) = aft )
+ exp(—ag(te —t) — aRyy,)
to
+ by / (exp(—ao(u —t1) — bi(ta —u)) — aRy, o) dul|,
ty
fort <t <ta <T.
Analogously, we can obtain formula (3.9). This completes the proof. O
3.3. Bond pricing under three-firms model. We assume there are three firms

A, B and C, and consider the case that each firm holds the other two firms’ default-
able bonds with the same maturity date T' (< T™*) and face value one dollar, so that
when one party defaults, the other two parties’ default probability will jump. The
default intensities are described in (2.7)—(2.9).

Applying equation (3.3), we know that the defaultable bond price of firm ¢ with
the recovery rate &% is given by

, By [ .. , T
(3.11) (¢, T)=Ey [B—; (5’ + Tgrisgy (1 —0") exp(—/ AL ds))} , t<T.
t

For simplification, we assume the recovery rate ¢ of firm i(i = A, B, C) is 0, then
equation (3.11) becomes

T
(3.12) vi(t,T) = ﬂ{7¢>t}Et[exp(—/ (rs +A§)ds)], t<T.
t
Because of the symmetry of default intensities, we need only compute the value
of one of the three firms. In the remainder of this subsection, we will derive the

closed-form pricing formula of firm C. From equations (3.12) and (2.9), the time-¢
value v“(t, T) of the defaultable bond C' maturity at T satisfies

T
(3.13) v9(t,T) = Trosiy By [exp(—/ (rs +29) ds)]
t
= exp(-o(T = 1) exp(~(1 + O )
T
X exp (—/ (Clﬂ{TA<5’73>S} +elirpgsrase + C3/[]{TA<5’TB<5}) d8>:| ,
¢

T
where Ry := [ rsds.
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By Theorem 3.1, we have obtained the joint conditional distribution P(74 >
t, T8 >ty | ]f—tc V Fr.) under different circumstances. To obtain the analytic
form of the price of bond C' v®(t,T), computing the conditional expectation in
(3.13) is necessary. It’s critical to compute the conditional expectation E;[e~™%7].
According to the result of Hao and Ye [10], we give the following lemma:

Lemma 3.2. Assume that r; satisfies equation (2.10) or (2.12) and E;[e~™f7]

for allm € R is the conditional expectation with respect to F;. Denote L1(m;t,T) :=
Ei[e~™E.7]. Then

(3.14) Li(m;t,T)
T
= exp [/ (—mf(t,u) + %m%?c%(u) + pu(emmaner (W) _ 1)) du
t

—mK(T —t)+ aKcT(t)},

where
1— e—oz(T—u)
3.15 - -
(3.15) er(u) =+
Proof. See [10] and [23]. O

Furthermore, we can obtain the conditional expectations Ey,[e~™1Ft0.t1 =m2ft1 5]
and Eto [e_mlRto,tl —ma Ry 1y _mSRtQ,tS].

Lemma 3.3. For any 0 < tg < t; < t2 <tz < T, denote
L2 (m17 ma; t07 t17 t2) = Eto [e_mlRtO’tl —mafiy ’t2]

and
. N —m1R —maoR —msR
L3(m1,m2,m3,t0,t1,t2,t3) = Eto [e M1fteg by —MM2 8ty 00 =3 t2’t3],

where m1, ms, mg € R. Then, we have

ty
(3.16) La(my,ma;to,t1,t2) = exp [_ml/ f(to,u)du — F(m27t07t17t2)}
to

_ 2
X exp|— Z miK(fﬂL‘ — ti—l) + leCt1 (f,o) + mg(K — To)d(tl, to, 0):|
- =1

-9 £
X exp MZ/ (exp(—gqu(mict,(u)) + mip1d(ti tivr, u)lip1<oy) — 1) du]
Loi=1 "t

2 t:
1 7
X exp 502 E / (mgcr, (w) + myp1d(ts, tiv, u)ﬂ{ngg})Q du] ,
i=1"7ti

ti—1
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and

(3.17)
t1 3
Lz(mi,ma2, m3;to, t1,t2,t3) = exp {—WM / f(to, u)du — ZF(mi,tiz,tihti)]
to i=2
- 3 3
X exp|— Z miK(ti — ti—l) + leCt1 (to) + Z mz(K — To)d(ti_l, ti, 0):|
i=1 i=2
_ 3 ”
X exp MZ/ (efqu(mic,s,;(u)+mi+1d(ti,ti+1,U)u+1<3}) —1) du}
Log=1 i1
_1 3 t;
X exp 502 Z/ (mice, () + migrd(ti, tigr, ) lir1<3y)’ du} )
- i=1"ti—1
where

1
d(ti, ti+1, u) = a (e—oz(t,:—u) — e—oz(t13+1—u))7

ti—o ti_2
F(mi,ti—o, ti—1,t;) = mz(/ od(ti—1,t;,u) dW; +/ qud(ti—1,ti, u) dNt)~
0 0

Proof. See [10]. O

Based on intensity processes \i (i = A, B, C) given by (2.7)—(2.9) and the results
given by Theorem 3.1, Lemma 3.2 and Lemma 3.3, we will give the calculation of
the price of bond C v (t,T) on different regions according to the other two bonds’
defaults.

(1) Conditional on 74 > ¢, 78 > t, the default intensities A2 and A\Z (s > t) are
given by

)\;4 =ap t+ars +a1l;e¢yy,

/\SB =bo + brg + blﬂ{‘r“‘gs}-

T
(3.18) v (t,T) = E; |:ﬂ{7.c>t} exp (— / (rs + X9) ds)]
t
T
e (T-Op, [eXp (—/ ((e+ D +earlpags 856
t

—+ CQﬂ{TB<S7.,.A>S} —+ C3’U{TA<S’TB<S}) d8>:|

_ e—co(T—t)E'lt [e_(l"l‘C)Rt,T B, [eXP(_(Clﬂ{-rAgs,-rB>s}

+ CQH{TB<5’7A>S} + C3’U{TA<S’TB<S})) | ]N:tC V Frl]
é eico(T?t)Et[ei(lﬁkc)Rt’T . V1]~
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Conditional on 74 > ¢, 78 > t, the region of integration is then appropriately divided
into five pieces: D1: t < 7 KT, 74 <78 < T; Dy: t < B KT, 78 < 74 < T
Ds: thAgT,TB>T; Dy: tgngT,rA>T; Ds: TAET,TBET.
By the above division of the integration region, equation (3.18) becomes
(3.19) vC(t,T) 2 e 0T D g [e"UTIRT (] 4 Jy + T3+ Js + J5)),
where
Jl = // exp(—cl(tg - tl) - Cg(T - tg)) d(]. - P(TA > tl,’TB > t2 | .;Etc vV fr*)),
D,
JQ = // exp(—CQ(tl - tg) - Cg(T - tl)) d(]. - P(TA > tl,’TB > t2 | .;Etc \Y fr*)),
Do
J3 = // exp(—q (tg — tl))ft(tl,tg | .;EtC vV f;*)dtl dto,
D3

Jy = // exp(—02 (tl — tg))ft(tl,tg | .;EtC V f;*)dtl dto,
Dy

JSZ/ ft(t1,t2|.7?tc V Firw ) dty dta,
Ds

and
(3.20)

Ji = //D exp(—ci(ta — t1) — c3(T — 1)) d(1 = P(t4 > t1,78 >ty | FEV F))
= ¢y exp(—bo(T —t) — bR;.1) /tT exp(—(c1 +ao)(T —t1) — aRy, r) dty
— exp(=bo(T — t) — bRe.)(1 — exp(—(c1 + a0) (T — £) — e o)
+ (a0 — Lo — cs) /tT exp(—es(T — 1) — bo(ts — £) — bRy, ) dty
+(es— 1) /t " exp(—(ao + bo)(t2 — 1) — (0 + B)Res,) dta
- %(exp(bo(T — ) — bRy1) — exp(—c3(T — 1))
~ei(es — 1) /tT/f exp(—ei(ts — t1) — es(T — 1))

X exp(—bo(t2 — t) — bRt,tz) . |:eXp(—b1(t2 — tl))
—exp(—ap(ta —t1) — aRy, 1,) - exp(—ao(ta —t) — aRyy,)

t
n b1/ 2 e—ao(u—t1)=bi(ta—u)—alRy u du:| dty dtz.
t1
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Similarly, we can obtain

(3.21) J2 = // eXp(—CQ(f,l — tg)
Do
—e3(T —t1))d(1 — P(r4 > t1,78 > to | FC Vv Fp.))

= cpexp(—aog(T —t) — aRy 1)
T
X / exp(—(02 + bo)(T — tg) — bth’T) dtq
—exp(—ao(T —t) — aRy7)(1 — exp(—(cg + bo)(T — 1)
—csRe7)) + (bo — g(ao — 03))

T
X / exp(—c3(T' —t2) — ao(t2 — t) — allyy,) dts
t

4 (s — c2) /t " exp(— (a0 + Bo) (b1 — 1) — (0 + b) Ru,) by
— S (exp(bol(T — #) = bRr) — exp(—ca(T ~ 1))

~ cales — ea) /tT/ttl exp(—ealts — ta) — es(T — 11))

x exp(—ag(ty —t) — aRyy, ) - {GXP(_al(tl —t2))

—exp(—bo(t1 —t2) — bRy, 1, ) - exp(—bo(t1 —t) — bRy y,)

t1
+ a; / e bo(u—ta)—ar(ti—u)—bRiy,u du} dtg dtq.

to
(322) J3 = // exp(—cl(tg — tl))ft(tl,tg | ﬁtC \Y ./'77"*) dtq dig
D3
= eXp(—bQ(T — t) — bRt7T)

T
X [01 / exp(—(ag + c1)(T —t1) — aRy, 1) dty
t

— (1 — eXp(—(ao + Cl)(T — t) — aRmT))

—cl// exp(—ci(ts — 11))

><exp bo Q—t)—bRttz)

X [GXP(—b1(t2 —t1)) —exp(—ao(ta — t1) — aRy, 1)
ta
+ b / exp(—ao(u —t1) — b1 (t2 — u)) - exp(—aRy, u) du
ty
+exp(—ao(ta —t) — aRyt,)| dty dts.
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Similarly,
(3.23)

Jy = // exp(—CQ(tl - tg))ft(tl,tg | ﬁtc Vfr*)dtl dis
Dy

T
= exp(—ao(T —t) —aRy 1) [CQ /t exp(—(bo + c2)(T — t2) — bRy, ) dt2
(1= exp(—(bo + e2)(T — 1) — bRt7T))] o /Too/t exp(—ca(ts — 1))
x exp(—ao(t;1 —t) —aRey,) [exp(—al(tl —t2)) — exp(—bo(t1 —t2) — bRty 1,)

t1
+aq / exp(—bo(u — t2) — a1 (t1 — u)) - exp(—bRy, ) du

ta

+ exp(_bO(tl - t) - bRt7t1):| dto dty.
Finally,

(3.24) Js = / filta, bty | FEV Fr)dty dty = P(r4 > t,78 >t | FE v Fi.)
Ds
= exp(—(ag + bo)(T —t) — (a+b)Ry,1).

Hence, conditional on 74 > t, 7% > t, we can obtain the time-t bond price of

firm C

(3.25) v (t,T) = e TR [em IR (] 4 Ty + T3+ Jy + J5)]
A
- ‘/1)

where Jy, Jo, J3, Js, Js5 are given by equations (3.20)—(3.24), and Lq(:;-,-),
Lo(+y+5++), Lg(y+, -, ) are defined as in Lemma 3.2 and 3.3.

(2) Conditional on 74 < ¢, 78 > ¢, the default intensities A\?* and \? (s > t) are
given by

)\‘;4 =ap +ars+ aﬂ]{ngs},

AB = by +br, + by,

The conditional survival function of 72 is given by

P(8 >ty | FEV Fi.) = exp(—(bo + by)(ta — t) — bRy y,).
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Then,

T
(326) Et |:ﬂ{Tc>t} exp (— / (Ts + Ag) d8>:| — e_CO(T_t)Et
t

T
% {e(lJrc)Rt,T exp ( — / (Cl’ﬂ{TA<S7TB>S} + Cgﬂ{TAgs,TBgs}) d8>:|
t
— e—CO(T—t)Et[e—(l"rC)Rt,T 'Et[eXp(—(Clﬂ{q—Ags,TB>s}
+ C3ﬂ{TA<s,TB§s})) | ftc \ ‘FZT"*]]
2 0TI lexp(—(1 4 ¢)Re.r) - Jo),

where
(3.27)  Js = Er[exp(—(c1lracs 555y + c3lracs ro<s))) | FEV Fi

= Et [ﬂ{t<TB<T} exp(—01 (tg — t) — C3 (T — tg))
+ Uposry exp(—cr (T — 1)) | FEV Fp.]

= / exp(—cl(tg —t) — Cg(T—tg)) d(]. — P(TB > tg | ﬁtC \/]:r*))

+/ e TD 41— P(rP > 1y | FE v Fp)
T

T
= (03 — Cl) / exp(—(bo + b1 + 01)(t2 - t) - Cg(T — tg) - bRt,tz) dts
¢
—exp(—(bo+ b1 +c1)(T —1t) — bRy 7).
Substituting (3.27) to (3.26), we can obtain
(3.28)  vY(t,T) = e (T=D
T
« E, [(CB - cl)/ exp(—(bo + b1 + 1) (t2 — t) — e(T — t2))
¢

X exp(—(l +b+ C)Rt7t2 — (1 + C)RtQ,T) dito

—exp(—(bp+ b1+ c1)(T—t) — (1 +b+c)Ryr)| = Va.
(3) Conditional on 74 > ¢, 78 < t, the default intensities of A2 and A2 (s > ¢)

become
A
Ay =ag+ars +aq,

)\f =bg + brg + blﬂ{TAgs}-
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Hence, as in the case of (2), we can derive the time-¢ bond price of firm C' conditional
onTA>t,TB<t,
(3.29) 0O, T) =e Tt
T
x B, [(CB - 02)/ exp(—(ao + a1 + ca)(t1 — £) — es(T — 1))
t
xexp(—(1+a+ )Ry, — (14 ¢)Rer ) dta

— exp(—(ap + a1+ 2)(T —1) — (14 a+ C)Rt,T)} sy,

(4) Conditional on 74 < t, 78 < t, the time-t bond price of firm C' is given by

(3.30) v (t,T) = B, [H{T%t} exp (— /t T(rs +29) ds)]

= e_(CO"rCS)(T—t)Et [e_(1+C)Rt,T] A V.

By now, we can give the complete expression of the price of bond C' by the following

theorem:

Theorem 3.2. Let default intensity processes \: (i = A, B, C) be given by (2.7)-
(2.9). Then conditional on 7€ > t, the price v®(t,T) of the defaultable bond C' is
given by

(3.31) Uc(th) =lgasiresnyVi+ lpag re50V2

+ ﬂ{TA>t,TB<t}V}) + ﬂ{rAgt,TBgt}V%
where Vi, Vo, V3 and Vi are given by equations (3.25), (3.28), (3.29) and (3.30),
respectively.

Remark 3.1. In the pricing of defaultable bonds, the three firms contagion
model can be extended to the case of n firms. For the case that the n firms are
homogenous, the derivation of joint density function can be found in [28].

4. CDS VALUATION UNDER THREE-FIRMS MODEL WITH JUMP-DIFFUSION
STOCHASTIC INTEREST RATE

Based on the reduced form approach with correlated market and credit risks, the
closed form valuation formula for the swap rate of a CDS is obtained in [16]. Jarrow
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and Yu [17] consider the impact of counterparty risk on the pricing of a CDS, and
they assume an inter-dependent default structure that avoids “looping default” by
involving Primary-Secondary framework and simplifies the payoff structure. Hull
and White [13] apply the credit index model for valuing CDS with counterparty risk.
Kim and Kim [18] conclude that if the default correlation between the counterparty
and reference bond is ignored, the pricing error in a CDS can be quite substantial.
A generalized affine model to price CDS under default correlations and counterparty
risk is developed in [3]. Yu [27] uses the “total hazard” approach to construct the
default process and obtains an analytic expression of the joint distribution of default
times in his two-firms and three-firms contagion models. Leung and Kwok [20] use
the “change of measure” approach introduced by Collins-Dufresne et al. [4] to price
the CDS in two-firms model and three-firms contagion model and obtain the closed
form formulas. Bai, Hu and Ye [2] put forward a hyperbolic attenuation default
contagion model, and obtain the analytic expression of CDS. An interacting term is
considered in [25].

Based on the above results and methods, we give the pricing of CDS on the model
(2.7)—(2.9) with the jump diffusion interest rate risk (2.10).

As discussed in Section 1, we need to consider the credit risk from all three parties
and the jump diffusion risk when pricing the swap rate of CDS during this period
(from 0 to T, where T is the maturity of CDS). In the contract, we assume that each
party is obligated to pay until its own default regardless of whether the other party
has defaulted or not. Let the swap rate needed to fully insure one dollar of reference
asset from time 0 to T" be denoted by s. For simplification, we assume the relevant
recovery rates are zero.

To price CDS, it’s necessary to compute the joint density function f(¢1,t2,ts | Fi.)
of 7 = (4,78,7Y). By the method of “total hazard construction” [25], f(t1,ta,t3 |
Fi.) is given by the following lemma:

Lemma 4.1. Assume that ! (i = A, B, C) are given by the model (2.7)—(2.9) and
r¢ is given by (2.10). Then the joint conditional density function of 7 = (14,78, 7%)

is given by
filtr,ta,ts | Fro), t1 <ta<t3<T,
fa(ti,ta,t3 | Fr.), t1<t3<ty<T,
fa(ti,to,ts | Fpe), ta<t1 <t3<T

(4.1) [t ta,ts | Fpe) = U . 7 7
f4(t1;t27t3|-/TT*)7 t2<t3<t1<T7
f5(t1;t27t3|fjr"*)7 t3<t1<t2<T7
Je(ti,ta,t3 | Fr.), ts<ta<t1 <T
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where

1t ta,ts | Fpw) = (ao + ary, )(bo + b1 + bre, ) (co + c3 + crey)

x exp(—(aRo,, +bRot, + cRoyz,))

x exp(—(ag — b1 — c1)t1 — (bo + b1 + c1 — c3)ta — (co + ¢3)t3),
fa(ti,ta,ts | Fre) = (ap + are, )(co + c1 + eriy ) (bg + b3 + bry,)

x exp(—(aRo,, + bRy, + cRoyy))

x exp(—(ag — b1 — ¢1)t1 — (bo + bs)ta — (co + c1 + b1 — b3)t3),
fa(ti,ta,ts | Frse) = (bo + bre,)(ap + a1 + are, )(co + ¢3 + crey)

x exp(—(aRot, +bRot, + cRots))

x exp(—(ag + a1 — c1)t1 — (bo — a1 + 1 — ¢3)ta — (co + ¢3)t3),
fa(ty,ta,ts | Fre) = (bo + bre, ) (co + ca + criy)(ap + asz + ary,)

x exp(—(aRo,, + bRy, + cRoyy))

x exp(—(ao + as)t1 — (bo — c2 — a1)ta — (co + c2 + a1 — as)ts),
f5(tr,ta,ts | Fpw) = (co + creg)(ao + a2 + ar, ) (bo + bs + bry,)

x exp(—(aRo,, +bRot, + cRoyz,))

x exp(—(ag + a2z + b2 — b3)t1 — (bg + b3)ta — (co — a2 — b2)ts)),
fo(ti,ta,ts | Frs) = (co + creg)(ap + ag + ary, ) (bg + by + bry,)

x exp(—(aRo,, + bRy, + cRoy,))

—(
x exp(—(ag + az)t1 — (bo + b2 + az — as)ta — (co — az — ba)ts).

Proof. The proof is similar to the construction in [25], we omit it here. g

To price the valuation of CDS, we need only discuss the cash flows of the payment
leg and the contingent leg.

For the payment leg, party A pays the swap premium to party B until one of the
three parties defaults. Thus, the market value of the payment leg at time 0 is

T s
(4.2) E[S/ eXp(—/ Tu dU)ﬂ{TAATBAT%s} ds|.
0 0

For the contingent leg, if party C' defaults before or at time 7" and parties A and
B haven’t defaulted before C’s default, then B will pay for the loss of A at time 7€
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immediately. Thus, the market value of the contingent leg at time 0 is

TC
(4.3) E{eXp(—/ Ty du)’n{TA>TC7TB>TC7TC<T} .
0

Theorem 4.1. Let default intensities X\ (i = A, B,C) and the risk-free interest
rate ry be given by (2.7)—(2.9) and (2.10). Then the CDS swap rate s under the
contagion model is given by the ratio of expressions (4.2) and (4.3).

Proof. According to the arbitrage-free pricing principle, using (4.2) and (4.3),
we have the expression of the swap rate s

+C
_ E[exp(— fO Tu du)ﬂ{TA>Tc7TB>Tc7Tc<Tﬂ

(4.4) A .
Bl [y exp(= [y rudu)lranrsarosqy ds]

First, we calculate the denominator in expression (4.4): by Fubini’s theorem,

T ¢
(45) FE [/ exp (— / Tu du> TranrBArCss) dt}
0 0
- T ¢
=F / E{exp (—/ Ty du> TranrBarosey | F;} dt}
LJo 0
roT t
=F / exp(—Ro 1) E° [exp(—/ 2 du) Tranresey | f{ﬂ*} ds}
LJo 0
roT t
=F / exp(—Ro 1) E° [exp (—/ (co+ cry) du> TransB>e) | FQ’Q} dt]
LJo 0

ropT
=F / exp(—cot — (14 ¢)Ro 1) E° (MranrBsey | Fro dt]
LJo

- T
=F / exp(—(ag +bo +co)t — (1 +a+b+c)Ro) dt]
L Jo

T
= / exp(—(ag +bo+co)t) - Li(1+a+b+¢;0,t)dt,
0

where Li(+;-, ) is given by (3.14).
Next, we compute the numerator in expression (4.4),

e}

(4.6) E {exp (— / Ty du) /[]{TA>TC7TB>TC7TC<T}:|
0

TC
=F [E [exp (— / Tu du) Trasro 8570 rocry | .7-“%*”
0
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T poo poo ts
E|:/ / / exp(—/ Tu du)f(tl,tg,f,g | fr*)df,l dtQ dt3:|
0 Jtsz Jits 0
T poo pto t3
E |:/ / / exXp (— / Tu du) f5 (tl, tQ, f,g | .7:17:* ) dtl df,g dt3:|
0 Jtsz Jitg 0
T poo poo ts
+E|:/ / / exp(—/ Tudu)fﬁ(tl,tg,tg | fr*)dtl dtgdt3:|
0 Jtz Jito 0

2 Jr+ Js,

where

T poo pto
(47) J7—E[ / / / exp(—Ro,t3>f5(t1,t2,t3|f;*>dt1dt2dt3]
0 Jtg Jitg

T poo pto
—E[// / (co + creg)(bo + bs + bry,)
0 Jtg Jitg

X exp(—(bo —+ bg)tg — (Co —ags — bg)tg)
X [(ao +as + by — b3 + artl) — (bg — b3)]L1(1 + ¢ O,tg)

x exp(—(ag + az + by — b3)t1 — aRog 4, ) dt1 dto dtg]

a—+2b c(ag + b + co)
= CO -_—
a+b l+a+b+c

T
X / exp(—(ao +bo + co)ts)L1(1 +a+ b+ ¢;0,t3)dts
0

a(bo + bg) — b(ao + ag) /T c
— — bo + b2t
P T exp(—(ag + az + b + b2)t2)

x Li(a+b;0,t2) —exp(—(ao + bo + co)t2) - L1(1 +a+ b+ ¢;0,t2)

ta
—(co —ag — bz)/ exp(—(ag + az + b + b2)ta — (co — az — ba)t3)
0

X L2(1 +a+b+c,a+b;0,t3,t2)dt3} dts

00

+/ ¢ |:eXp(—(a0+a2+b0+b2)t2) -Ll(a+b;0,tg)
r l4+c

—exp(—(ag + as + by + b2)ta — (co — az — ba)T)

X Lo(l+a+b+c,a+b;0,T,ts)

T
—(co —ag — bz)/ exp(—(ag + a2 + b + b2)ta — (co — ag — ba)ts3)
0

X Lg(l +a+b+c,a+b;0,t3,t2)dt3} dt2:|,
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and

T poo poo ts
= E|:/ / / exp (— / Tw du) fﬁ(tl,tg,tg | .F;*)dtl dtg dtg
0 Jtg Jto 0

T oo poo
= E{/ / / (co + criy)(ag + as + are, )(bo + by + bry,)
0 Jtg Jito
x exp(—(ag + a3)t1 — (bo + b2 + a2 — az)ta — (co — ag — ba)t3)
X exp(—(aRQtl + bR07t2 + (1 + C)R07t3)) dtq dto dtg
T roo
= E{— / / (co + creg)(bo + by + br,)
0 Jtg
X exp(—(ao + as + by + bg)tg — (a + b)R07t2)
X exp(—(co —as — bg)tg — (1 + C)R07t3) dto dts|.
Further, we can obtain that
(4.8)
T roo
Js = —co(bo + bz)/ / exp(—(ao + az + bo + ba)ta — (co — az — b2)t3)
X L2(1+a+b—|—c a+0b;0, t3,t2 dtgdt3
c(bo + b
2 e [ ottt
- (Cl() + a2 +b0+b2)ﬁ2) . Lg(l +Cl+b+C,a+b,0,t3,t2)dt2dt3

T
+ / exp(—(ag +bo+co)tz) - L1(1 +a+ b+ ¢;0,t) dio
0
T
— / exp(—(ao + as + by + bz)tg) . Ll(a + b;0, tg) dio
0

+ / exp(—(co — az — bs)T — (ap + az + bo + ba)ts)
T

X Lo(l1+a+b+c,a+b;0,T,ts)dto

— / exp(—(ao + as + by + bz)tg) . Ll(a + b; 0, tg) dis
T

b(ao + bo)
a+b

b T
— / exp(—(ao + ag + by +b2)t3) -Ll(a+b;0,t3) dts,
a+ b 0

T roo
/ / exp(—(ao + aso +b0+b2)ﬁ2) . Ll(a+b;0,t2) dto dts
0 Jt

where Lq(+;-,-) and Lo(:,;-,-,-) are given by (3.14) and (3.16), respectively.
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Combining equations (4.4)—(4.8), we see that s has the following expression

J7 4+ Jg
[ exp(—(ao +bo + co)t) - Li(1 + a + b+ ¢ 0,¢) dt’

(4.9) 5=

where J7 and Jg are given by (4.7) and (4.8), respectively. The proof is complete. [

Remark 4.1. From equation (4.9), we can see that the default of the three
parties and the interest risk all have impact on the swap rate s. The contagion effect
of the reference asset and the protection buyer (or seller) on the protection seller (or
buyer) has effect on the swap rate s. The contagion effect of the protection buyer
and seller on the reference asset has effect on the swap rate s. This shows that when
pricing CDS in “loop-default” models, without loss of generality, we can assume that
the reference asset is the primary firm and the protection buyer and the seller are
secondary firms.

5. CONCLUSION

In this paper, we mainly study a three-firms contagion model with an interaction
term and the stochastic interest rate jump diffusion risk, and obtain the analytical
expressions of defaultable bonds and CDS. From these expressions, we claim that the
default risk of three parties and the default-free interest rate risk have effect on the
valuation of defaultable bonds and CDS. Also, the contagion effect of the two parties’
simultaneous default on the third party is not ignorable. Therefore, the contagion
model in our paper is more realistic. Since there are only three parties involved in
CDS, studying n-firms (n > 3) contagion models is meaningless for CDS valuation.
However, some other credit derivatives such as basket swaps and CDO contain more
parties. Then the default correlation for n-firms (n > 3) should be considered. But
this is a difficult problem. Some special case has been discussed in [28].
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