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SOLVABLE EXTENSIONS OF A SPECIAL CLASS
OF NILPOTENT LIE ALGEBRAS

A. SHABANSKAYA AND G. THOMPSON

ABSTRACT. A pair of sequences of nilpotent Lie algebras denoted by Ny 11
and Ny 19 are introduced. Here n denotes the dimension of the algebras that
are defined for n > 6; the first term in the sequences are denoted by 6.11 and
6.19, respectively, in the standard list of six-dimensional Lie algebras. For
each of Ny, 11 and Ny 19 all possible solvable extensions are constructed so
that Np 11 and Ny, 19 serve as the nilradical of the corresponding solvable
algebras. The construction continues Winternitz’ and colleagues’ program of
investigating solvable Lie algebras using special properties rather than trying
to extend one dimension at a time.

1. INTRODUCTION

The problem of classifying all semisimple Lie algebras over the field of complex
numbers was solved by Cartan in 1894, [4] and over the field of real numbers by
Gantmacher (1939), [5]. For solvable indecomposable Lie algebras the problem is
much more difficult. The classification of solvable Lie algebras only exists for low
dimensions and was performed by, amongst others, Mubarakzyanov for solvable
Lie algebras of dimension n < 5 over the field of real and partially over the field of
complex numbers in [I1] and [I3]: the results are summarized in [I5]. Mubarak-
zyanov also considered dimension six and classified solvable Lie algebras with a
codimension one nilradical [12]. Then Turkowski classified six-dimensional solvable
Lie algebras with a codimension two nilradical in [27]. Also Hindeleh and Thompson,
classified seven-dimensional solvable Lie algebras with a four-dimensional nilradical
[7]. Nilpotent Lie algebras in dimension six were studied as far back as Umlauf,
[28] and later by Morozov, [10] and in dimension seven by Seeley and Gong, [6] [17].

Morozov’s results can also be found in [I5] and apparently four of them
(5,10, 14,18) contain parameters; however, it can be shown that in each case
over the field of real numbers the parameter a can be reduced to 1 and that the
case 5 for which a = 1 lead to a decomposable algebra and the case 10 for which
a = 1 is isomorphic to 6.8, so that overall there are precisely 24 non-isomorphic
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six-dimensional indecomposable nilpotent Lie algebras none of which depend on
parameters.

If we consider such nilpotent Lie algebras (5,10, 14, 18) over the field of complex
numbers, the parameter a could be reduced to 1 and the case 10 will be removed
completely because if a = 1 the algebra 6.10 is isomorphic to 6.8, and the parameter
a could be removed to —1 in the case 5 if we want to have only indecomposable
nilpotent Lie algebras. So there are exactly 21 non-isomorphic six-dimensional
indecomposable nilpotent Lie algebras over the field of complex numbers.

One of the problems in attempting to classify solvable Lie algebras is that as
the dimension of the algebra increases the number of parameters increases as
well and the calculations become impossible to perform even with the help of a
computer. In view of this fact Winternitz and colleagues Snobl, Rubin, Karasek,
Tremblay, [16] 14, 22], 23] 24, 25] (see also [26, B0]) have established a program
whereby they start with a particular nilpotent Lie algebra and try to find all
possible solvable extensions of it. In dimension five there are up to isomorphism six
nilpotent indecomposable Lie algebras that we denote by N5 1, N52, N5 3, N5 4,
N5 5, N5.6. There also three decomposable Lie algebras R®, N3 1 &@R?, Ny 1 B R. See
[12]. The following references [16 [14] 23| 24 25| [30] consider sequences of nilpotent
Lie algebras that generalize R?, Ny @R, N5, N5 4, N5 5, N5 in the sense that
the five-dimensional algebras are the first term in the sequence. Then the authors
consider all possible extensions to solvable algebras so that the original nilpotent
algebra is its nilradical. It is worth noting that in the cases of Ns; @ R and N5 ;
there are already plethoras of possible extensions to a six-dimensional solvable Lie
algebra. In the case of N5 3 there is no obvious way to extend the algebra so to
produce a nilpotent sequence.

The starting point of the present article is the six-dimensional nilpotent Lie
algebras, [I0} [15] of which, as we have said, there are 24 such algebras over the
field of real numbers. It is interesting that up to dimension six the nilpotent Lie
algebras do not contain parameters although they do enter into the classification
of the seven-dimensional nilpotent algebras, [6] [I7]. The present paper adds to the
program of Winternitz et al. by creating a pair of sequences of nilpotent Lie algebras
Np,11 and Ny, 19 for which the first terms in the sequence are the six-dimensional
algebras Ng 11 and Ng 19. For each of these pairs we obtain all possible solvable
indecomposable extensions. In the case of N, 11 extensions of only dimensions one
and two are possible: there are six classes of one-dimensional extensions where three
of them depend on parameters and one algebra of two-dimensional extension which
does not depend on parameters. In the case of NV, 19 extensions of only dimension
one are possible and there is a unique such algebra up to isomorphism. The results
are summarized in Theorems and The complicated details of the proofs
of Theorems and have been off-loaded into an Appendix.

It would be interesting to compare the results obtained in this article and
elsewhere with the idea of naturally graded algebras introduced in [I], 2, [3]. In
particular Campoamor-Stursberg and his colleagues find that in order for an algebra



SOLVABLE EXTENSIONS OF A SPECIAL CLASS OF NILPOTENT LIE ALGEBRAS 143

to be naturally graded it must be filiform although they do not use this terminology.
In fact a nilpotent algebra is filiform if its lower central series is as long as possible,
which means the dimensions drop by two at the first step and then one by at all
remaining steps. Of the two algebras that we consider N, 11 is not filiform whereas
leg is.

As regards notation we use (e, €, ..., e,) to denote the r-dimensional subspace
of g generated by eq,eq,...,e., where r € N. Below we use DS for the derived
series, LS for the lower central series and US for the upper central series of a Lie
algebra and refer to then collectively as the characteristic series. Let g be any Lie
algebra.

The derived series is a sequence of ideals g = g(® D g Dg@ D... D gk D
..., where g®) = [g(F=1) g(k=D] (& > 1). We call g solvable if g(*) = {0} for some
ke N.

g? D .- D gF D ..., where
{0} for some k € N.

The lower central series is g = g° D

1
g 2
g =[g" 1, g, (k> 1). We call g nilpotent if g¥ =

The upper central series is a sequence of ideals ¢; Cco C--- C ¢, C--- Cog.
In this series ¢; = C(g) = {z € g | [x,y] = 0Vy € g} is the center of g, ¢ is the
unique ideal in g such that ¢ /ci—; is the center of g/ci_1. The upper central series
terminates i.e. there exists a number k£ € N such that ¢, = g if and only if g is
nilpotent, [9].

2. CONSTRUCTING SOLVABLE LIE ALGEBRAS WITH A GIVEN NILRADICAL

Every solvable Lie algebra g contains a unique maximal nilpotent ideal called the
nilradical and denoted nil(g) such that dimnil(g) > 1 dim g, [I3]. Let us consider
the problem of constructing solvable indecomposable Lie algebras g with a given
nilradical N = nil(g). Suppose {ej,e2,€3,...,¢e,} is a basis for the nilradical and
{€n+1,...,€p} is a basis for a subspace complementary to the nilradical.

Since the derived algebra of solvable is nilpotent, [8], 9],

(2.1) lg.0] €N
we have the following structure equations
(2.2) lei, e] = C’fjek , leareil = Afern,  [ea,es) = BFex,

where 1 <4, j, k, I,m<nandn+1<a,b, c<p.

Calculation shows that the Jacobi identity is equivalent to the following condi-
tions:
O[lijclg]ll =0, Ciijfm = kaASj - C]l’kASiv

(2.3) ;
Bstfk = AékAIaCi - AfzkAlzfi ) B[]ZbAc]k =0.

Then the entries of the matrices A, must satisfy linear relations (2.3)) which come
from the Jacobi identity between the triples {eq, €;, ;}. Also notice that the Jacobi
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identity between the triples {e,, ey, €;} gives linear relations for the structure
constants B, in terms of the commutators of the matrices A, and A,.

Since N is the nilradical of g, no nontrivial linear combination of the matrices
Aqy (n+1 < a < p) is nilpotent which means that the matrices A, must be
“nil-independent”, that is, no non-trivial combination of them is nilpotent [I3].

Let us now consider the adjoint representation of g, restrict it to N and find
ad|n(eq), (n+1 < a <p). Notice we shall get outer derivations of the nilradical
N = nil(g) [8, Q). Then finding the matrices A, is the same as finding outer
derivations D® of N. Further the commutators [D%, D*], (n +1 < a, b < p) due to
(2.1) consist of inner derivations of N. So those commutators give the structure
constants ng but only up to the elements in the center of the nilradical N, because
if e;, 1 <4 < nisin the center of N then ad|y(e;) = 0, where ad|n(e;) is an
inner derivation of the nilradical N. Notice that outer derivations can be nilpotent
whereas inner derivations (of N) must be nilpotent.

Once the outer derivations are found:

(i) We can carry out the technique of “absorption”, which means we can
simplify outer derivations by adding linear combinations of inner to outer

derivations.
(ii) We can change basis such that the brackets for the nilradical in (2.2)) are
unchanged.

3. THE NILPOTENT SEQUENCES N, 11 AND Ny, 19

3.1. Nyii-
In Ny 11 and N, 19 the positive integer n denotes the dimension of the algebras.
Each of the algebras contain a maximal abelian ideal of dimension n—2. The algebra

Ny, 11 can be described explicitly as follows: in the basis {e1, ez, €3, €4, €5,...,€n}
it has only the following non-zero Lie brackets (n > 6)
(3.1) ler,ex] =epr1, 2<k<n-—2), e, e3]=¢n.

The dimensions of the ideals in the characteristic series are
DS =[n,n—2,0], LS = [n,n—2,n—3,n—5,n—6,...,1,0], US = [2,3,...,n—2,n].

The notation for the nilradical N, 11 is based on the six-dimensional nilpotent Lie
algebra Ag 11 [15], which is exactly this algebra for n = 6 and N emphasizes the
fact that this nilpotent Lie algebra is at the same time the nilradical of the solvable
indecomposable Lie algebras that we construct in this paper. It is shown below
that solvable indecomposable Lie algebras g with the nilradical Ny, 11 only exist for
dimg=n+1and dimg=n + 2.

For the solvable indecomposable Lie algebras with a codimension one nilradical
we use the notation g,1,; where n + 1 indicates the dimension of the algebra g
and j its numbering within the list of algebras. There are six types of such algebras
up to isomorphism so 1 < j < 6. For each n where (n > 6) the last algebra g/, ¢
itself comprises ¢ algebras where 1 <i <n — 5.

There is only one solvable indecomposable Lie algebra up to isomorphism with
a codimension two nilradical denoted gpn42.1.
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3.2. Np19-
The nilradical N,, 19, (n > 6) in the basis {e1, e2, €3, €4, €5, . .., €, } has the following
non-zero Lie brackets

(32) [er,eil =eip1, (2<i<n-1), le2,€j] =€j13, (3<j<n-3).
The dimensions of the ideals in the characteristic series are
DS =[n,n—2,0], LS =[n,n—2,n—3,n—4,...,1,0], US=][1,2,3,...,n—2,n].

Note that IV, 19 is a filiform Lie algebra [29] which means that it is nilpotent and
the LS is as long as possible.

The notation for the nilradical IV, 19 is also based on the six-dimensional nilpotent
Lie algebra denoted Ag 19 [I5], which is exactly this algebra for n = 6. It is shown
below that solvable indecomposable extensions g with the nilradical NV, 19 only
exist for dimg =n + 1.

It turns out that there is only one solvable indecomposable Lie algebra with a
codimension one nilradical N, 19 up to isomorphism. It is denoted g, 1,1

4. CLASSIFICATION OF SOLVABLE INDECOMPOSABLE LIE ALGEBRAS
WITH A GIVEN NILRADICAL

Our goal in this section is to find all possible solvable indecomposable extensions
of the nilpotent Lie algebras IV,, 11 and Ny, 19 which serve as the nilradical of the
extended algebra. We begin by finding all possible derivations of these two algebras
before classifying the extensions proper.

4.1. Derivations of N, 1;.

The nilpotent Lie algebra N,, 11 is defined in , where n > 6. In order to find
all derivations of IV, 11 let us consider the structure of automorphisms of Ny, ;.
Looking at the LS we see that there are no terms in the sequence of dimension
n — 1 and n — 4; however, we can obtain a complete flag of ideals, (where each
term in the flag has codimension one in the previous one), which is invariant under
any automorphism

nom Y, onton*oe, 5on*onto o073 5 {0}.

Here n = n° = N,, 11; 0¥ = [nF=1 0], (k > 1); (n"~*), denotes the centralizer of
n"~%in n and ¢, _5 is the (n — 5)-th term of the upper central series.

In any basis consistent with the flag (structure introduced above) any auto-
morphism will be represented by a lower triangular matrix and so too will any
derivation. If D is any such derivation it is apparent from the Lie bracket structure
that D is completely determined once its effect on e; and e; are known. In particular
D depends on at most 2n — 1 parameters.

Let us write D(e1) = > p_; Diier and D(e2) = Y p_, Dy oeg. Since D is
a derivation we find that D(es) = (D11 + D22)es + Zz;g Dy sexy1 — Ds1ep,
D(es) = (2D1,1 + Dag)es + Z?;f Di_12¢ei11 + Da1en; D(ej) = [(j —2)D1y +
D272]6j + Zznz_jl_,'_l Di_j+27261', (5 S] S n — 1) and D(@n) = (2D272 + Dl,l)en.
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Therefore the vector space of derivations is represented by the n x n matrix
depending on 2n — 1 parameters (n > 6) given below in which all the parameters
D; ;’s that appear are independent of each other:

[ D11 0 0 0 0 0 0 ]
Do 1 D2 2 0 0 0 0 0
D3 1 D32 Di,1+ D22 0 0 0 0
Dy 1 Dy, 2 D3 2 2D1,1 + D22 0 0 0
D = D5 1 D5 2 Dy 2 D3 2 3D1,1 + D22
Dg 1 Dg,2 Ds 2 Dy,2 D3 2
Dp—1,1 Dpn—12 Dn_232 Dp_3,2 Dp_42 -+ D32 (n—=3)Di1+D22 O
L Dn,1 Dy, 2 —D31 D21 0 0 2D2 2+ D11 |

On the other hand the non-zero inner derivations of IV, 11 are given by

0 0 O 0 0 O - -
0 0 0 O 0
0 0 O 0 0 O
0 0 0 O 0
0 1 0 0 0 O
-1 0 0 O 0
ad(el) = o o0 1 .- 0 0 O R ad(62) = 0 0 0 0 0 s
0 0 1
L 0o o0 1 0 0
0 0 O 0 0 O
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 O 0 0 0 0
ad(ez) = -1 0 O 0 , ad(e;) = —Eijx1,1 = 0 0 0
0 0 0 0 -1 0 0
o -1 0 0 0 0 0

for 4 <4 < n—2, where F; 1 ; is the matrix which has 1 in the (¢+1, 1)-th entry and
all other entries zero. Then considering D — D3 sad(e1) + D3 1ad(e2) + D4 1ad(e3) +

Z?:_f D;111ad(e;) and setting D11 = a” and Dao =b", (1 <r <p—mn,n > 6)
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gives an equivalent but simpler space of outer derivations:

[ ar 0 0 0 0 0 0
Dy, v 0 0 0 0 0
0 0 a” +b" 0 0 0 0
o Dj, 0 245 0 0 0
pr=| o Dr, Dj, 0 3a"+b" ’
0 D§ o Dg 5 Di o 0
0 Dl 12 Dhao Dpgo Dpyo - 0 (n—3)a"+b" 0
| D, Dp, 0 Dy, 0 0 2" +a ]
where p — n is the number of outer derivations, such as D! = —ad|n(ens1),
D2 = _ad‘N(enJrQ)v RS Dr=n = _ad|N(6p) and €n+1;€n4+2,-.-,€p " are

non-nilpotent basis elements of g.

Remark 4.1. If we have three or more derivations they are nil-dependent. The-
refore the solvable algebra that we are constructing is of codimension at most
two.

Remark 4.2. It is assumed throughout the next subsection that the solvable Lie
algebras have the nilradical N,, 11 and in the subsection after that IV,, 19; however,
for the sake of simplicity the Lie brackets of the nilradical will be omitted.

4.2. Finding solvable indecomposable Lie algebras with a codimension
one nilradical N, 1;.

Recall that {e1,e2,€e3,€4,...,€,} is a basis for N, 11 defined by (3.1]), and e,,41 is
not in Ny 11. We have D' = —ad|n,, ,, (€n+1). Therefore to find solvable algebras
we need to simplify D! as much as possible by changing basis such that the brackets
of Np 11 are unchanged. There are a number of cases depending on the possible
values of a' and b'. Although we state a number of conditions at the beginning
of each case they only become apparent after the fact as we work through the
calculation and simplify the form of the algebra. The simplifications involved are
elementary and do offer much insight to the results obtained; therefore we relegate
the details to the Appendix and simply summarize the results in the following
theorem.

Theorem 4.1. There are six types of solvable indecomposable Lie algebras with
a codimension one nilradical Ny, 11, unique up to isomorphism, which are given
below:

(i)

Gnt1,1 €1, enp1] = €1, [ex,ent1] = (0+k —2)er, (2<k<n—1),
[ena €n+1] = (2b + 1)671; (Tl > 6);

DS=[n+1,nn—-20], LS=[n+1nmn,...], US=]0.
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(i
Gni12:[e1,ent1] =e1 +ea, [ensent1] = (k—Der, (k#4,2<k<n-1),
[e4, €nt1] = 3eq + €n, [€n,nt1] = 3en, (n>6),

DS=[n+1,nn—20], LS=[n+1nmn,...], US=][0.

(iif)

Gnt1,3: [e1,enp1] = —e1 +eeq, [e2,enp1] = €2 + deg,

ek, ent1] = (B —k)ex, (4<k<n-1),

[en,ent1] =en, (€=0,1,e+d>#0,d€R, n>6),

DS=n+1nn-20, LS=n+Lnmn,...], US=]0.

(iv) -

gnt1,4 ¢ [er, en1] = ek + €eryn + Z di—g—2ei, (2<k<n-3,dir2€R),
i=k+3

[ej’en+1]:€j7 (n_QSJSn_1)7 [en7€n+1}:2€n, (€:O7i1,n26>7

DS:[H+1”H,—171’0]7 LS:[n“i’l,n*l,n*l,], US:[O]

v)

Gn+1,5: (€1, €nt1] = €1 + €€y, [en,ent1] = (K —2)ex, B3 <k<n-1),
[en,ent1] =en, (e==x1,n>06),

DS=n+1,n—-1,n-4,0], LS=nh+1,n—-1n-1,...], US=]0].

(vi)

Ghi16: €1 enp1] = €1+ en_i, [erens1] = (1 +i+k—n)er, (2<k<n-—1),
[ensent1] = (7T—2(n—14))e,, (1<i<n-—5n2>6),
DS=[n+1,nmn-20, LS=[n+1nn,...], US=]I0.

4.3. Finding solvable indecomposable Lie algebras with a codimension
two nilradical N, ;.

The nilradical N,, 11 in the basis {e1,e2,€e3,...,€,} is defined in . The vectors
complementary to the nilradical are e, 41 and e,12. Hence D' = —ad|y,, ,, (€+1)
and D? = —ad N1 (€ng2) are given by the matrices before Remark By taking
linear combinations of D' and D? and keeping in mind that no nontrivial linear
combination of the matrices D! and D? can be a nilpotent matrix, we could set
a' =1,b' =0and a® =0, b = 1.

Applying the transformations found in Appendix in part (v) of the proof of Theo-
rem with a = 1 and b = 0, except the part of scaling D}l,l to £1 if different
from zero, we obtain
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1 000 0 0 0
0 000 0 0 0
0 010 0 0 0
0 00 20 0 o0

D=1 0 00 0 3

0 0
0 0000 -+ 0 n=30
Dy, 0 0 0 0 0 0o 1

These transformations affect D? as well introducing the entries in (4,1), (5,1), ..., (n—
1,1) positions, which we denote by Dil, Dg,l, ce Difl,l' Besides the entries in
(2,1) and (n,4) positions need to be renamed back by D3, the entries in (n,1)
and (n, 2) positions by D2 | and D}, ,, respectively. But applying D?+ D7 ;ad(e3) +
Z?;f D?, jad(e;), Di 1, D3 ,,...,D%_ could be removed. Consider

[D15D2} = [ad‘Nn,u(enJrl)vad|Nn,11(e’ﬂ+2)] =

[0 0 0 0 0 0 0]
-D3, 0 0 0 0 00
0 0 0 0 0 0 0
0 2D3 , 0 0 0 00

0 3D3, 2D3 5 0 0

0 4D¢ 5 3D%, 2D3 5 0
0 (n— 3)D727471,2 (n — 4)Dﬁ,2’2 (n— 5)D721—3,2 Tt 2Di2 0 0 0
| —2Dj, D?, 0 -D3, 0o - 0 0 0]

keeping in mind that D3, = 0 and n > 6.

Since the center of Ny, 11 is (en—1,€n), therefore [D!, D?] C (ad(e1), ad(e2), ad(e3),
...,ad(en_9)), ie. [DY, D?] = Z?;f zad(e;). Therefore we obtain D3 | = D3, =
Di,=---=D2, =D, =0.It implies [ad|n, ., (én+1),ad|n, ,, (ent2)] = 0 but

n
D? | could be nonzero and remains in D?.
2

D; 4
2 fn

The transformation which fixes everything except e; such that e} = e; —
removes D7 ;.
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We have [ej41, €nt2] = zen—1 +ye, because e,_1 and e, are in the center of N, 11,
(n > 06).

Applying the transformation which fixes everything but e,y; and e,;2 such
that €], | = enp1 — Ten_1, €, 15 = eny2 + yen, we remove z and y and obtain
[en+17 €7L+2] =0.

Theorem 4.2. There is the only solvable indecomposable Lie algebra up to iso-
morphism with a codimension two nilradical Ny, 11, which is given below:

Gn+2,1: (€1, eny1] = €1, [€ient1] = (1 —2)e;, B3<i<n—1), [en,ent1] =én,
lexsensal =€k, 2<k<n—1), [en,eny2] =26,, (n>6),
DS=[n+2nn-20, LS=[n+2n,n,...], US=][0].

4.4. Derivations of the nilradical N, 9.

The nilpotent Lie algebra N, 19, (n > 6) is defined in (3:2). In order to find
all non-nilpotent (outer) derivations of N, 19 let us consider the structure of
automorphisms of N, 19. There exists a flag of ideals (where each ideal in the
flag has codimension one in the previous one), which is invariant under any
automorphism

nom ), onton?ondonts. o2 5 {0}
where n = n% = N,, 19, n* = n*~1 n], (k > 1) and (n"~3), denotes the centralizer
of n"=3 in n, [8, [].
In any basis respecting the flag such as used in , any automorphism will be
represented by a lower triangular matrix. Let us denote this automorphism by ¢ and
define ¢(e1) = Y 1_; arer, and ¢(ez) = Y., be;. Because of the structure of the

nilradical N,, 19, knowledge of ¢(e1) and ¢(ez) enables to determine ¢ completely.
We have [¢(e2), ¢(e;)] = d(ejt3), B<j<n—3)lie

ad(¢(e2)) (d(e;)) = [d(e1), dlejr2)] = [dler), [pler), ¢(ejs1)]]
= [p(er), [B(er), [$ler), 8(e;)]] = [ad(b(e1))]* (d(e;))
(3<j<n-—3).

Hence ad, , (p(e2)) = [ad|n1 (¢(e1))]?, where n! = (e3, eq,e5,€6,-..,en)-

We have [¢(e1),e;] = arej41 + azejys, (3 < j < n—23), [¢(e1),ex] = ar€p+1,
(n—2<k<n-1)and [¢(e1),e,] = 0. Therefore

0O 0 0 0 0O 0 0 0
ai 0 0 0 0O 0 0 0
0 ai 0 O 0O 0 0 0
as 0 ai 0 0O 0 0 0
ady (@(e)) =1 o 4 0 a 0O 0 0 0
0 a1 0
L a2 0 al ]
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Then [¢p(e2),e;] = [baes,e;] = baejys, (3 < j < n—3) and [¢(e2),ex] = 0,
(n—2<k<n)give

[ 0 0 0 0 0 0 0]
0 0 0 0 0 0 O
0 0 0 0 0 0 O
b» 0 0 O 0 0 0 0
ad|nl (¢(62)) _ 0O b 0 O 0O 0 0 O
0 0 by 0 0 0 0 0
0
L [ ]

Thus we have by = a3,(n > 6) and az = 0, (n > 8). Hence ¢(e1) = aje; + azes +
s aker and @(e2) = ates + > i, bie;, which give that the automorphism ¢ and
hence all outer derivations by considering automorphism infinitesimally close to
the identity depend on 2n — 2 for n = 6,7 or 2n — 3 for n > 8 parameters.

Let D be an outer derivation of N, 19. We find D(e1) = > ,_; Di1€ and
D(e2) = 3D;e2 + ZZL::; D, se;. Since D is a derivation, we have Dle;, e;] =
[Dei,ej] + [ei,Dej], (1 S Z,] S TL) and D(@g) = 4D1,163 + D37264 + D472€5 +
>or_¢(Di—12 — Dj_31)e,. Renaming Dkflygl— Dy_31 by Dy 3,(k > 6) we have
D(es) = 3Die2 + D3ses + Dyses + > i o (Div1,3 + Di—a1)e; + Dy 0, and
D(eg) = 4D 1e3 + D3 2e4 .+ Dyses + Y p_g Dk736kn.‘ Similarly we find D('ej) =
(j+1)D11ej+Dsoejr1+[(j—3)D2i+Daplejro+d i3 Dijizsei, (4 <7 <n),
where ep41 = ept2 = 0 by (2.1)).

Therefore all outer derivations are represented by the n x n matrix given below
depending on 2n — 2 for n = 6,7 or 2n — 3 for n > 8 parameters D ;:

D =

D11 0 0 0 0 0 0
D21 3D11 0 0 0 0 0
D3 1 D3 2 4Dq 1 0 0 0 0
Dy Dy 2 D3 2 5Dq 1 0 0 0
Ds 1 Dg,3 + D31 Dy 2 D3 2 6D1,1

Dg,1 D73+ D41 Dg,3 D21+ D42 D32 : : >

D71 Dg 3+ D51 D7 3 Dg,3 2D21+Dg2
Dyp—1,1 Dn3+Dp—31Dpn-13 Dp_23 Dp_33 -~ - D3 2 nD11 0
Ll Dn,1 Dy 2 Dp,3 Dp-1,3 Dp_23 ---De3 (n=5)D21+Ds2 D32 (n+1)D1,1]

such that D1 =0 for n > 8.
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The non-zero inner derivations of the N, 19 are

ro o 0 -« 0 0 0 07
0 0 o 0o 0 o
0 0 o0 0 0 0 0
0 0 o 0o 0 o
-1 0 o0 0 0 0 0
01 0 0 0 o0
o o 1 0 o o 0 0 o0 0 0 0 0
ad(er) = , ad(es) =1 o o o o0 0 o |,
: 0o 0 1 0 0 0 0
0 0 0 ;
0 0 o0 0 1 0 )
L o o 0o - 1 0 0 o]
ro o 07
o 0 0
0 0 0
o 0 0
0 0 0
0o 0 0
o o 0 0 0
ad(e;) = —Eit11—Eiyz2 = +| o o o |, (3<i<n=3),
: 0o -1 0
o o ;
0 0 0 )
L O 0
0 0 0
o 0 0
o 0 0
o o0 0 )
ad(ej) = —Ej111 = , (m—2<j<n-1),
-1 0 --- 0
0O --- 0

where E; ; denote the matrices that have 1 in (4, j)th entry and zeros everywhere
else.

n—3
Then considering D — D3 sad (e1) + Dz ad (e2) + > Dit11ad (e;)+
i=3

n—1
+ Z Dj+171ad(ej), setting D171 =a and renaming D673 + D371 by D673 give the
Jj=n—2
equivalent outer derivation

D' =
[ a 0 0 0 0 0 o
Ds 1 3a 0 0 0 0 0
0 0 4a 0 0 0 0
0 Da 0 5a 0 0 0
0 Deg 3 Dy 2 0 6a
0 D73 Dg,3 D21+ Dy 0 . X s
0 Dg,3 D73 Dg,3 2D21 + D42
0 Dy.3 Dp—1,3 Dn_23 Dp_3z3 =+ - 0 na 0
l O Dpn2—Dyp-21Dn3 Dp_13 D,_23 ©+» Dg3  (n—25)D21+ Da2 0 (n+1)a |

such that Dy 1 = 0 for n > 8 and a # 0 otherwise D’ is nilpotent.
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Remark 4.3. If we have two or more outer derivations they are nil-dependent.
Therefore the solvable algebra that we are constructing is of codimension at most
one.

4.5. Finding a solvable indecomposable Lie algebra with a codimension
one nilradical N, 9.

Theorem 4.3. There is the only solvable indecomposable Lie algebra up to iso-
morphism with a codimension one nilradical Ny 19 denoted g,, 4 1, which is given
below:

le1, ent1] = e1, [ei, enq1] = (1 + 1)e;, (2<i<n,n=>6),
DS=n+1mnn-20, LS=[n+1nn,...], US=]0].
Proof. Proof is given in Appendix. O

5. APPENDIX

5.1. Finding solvable indecomposable Lie algebras with a codimension
one nilradical N,, ;1. The following paragraph constitutes the details of the proof
of Theorem .11

Remark 5.1. Even though it is understood that all the entries have superscript
one, however, for the sake of simplicity it will be omitted.

(i) Let a 2 0,b # (i —n)a, (4 <i <n+1). Then applying the transformation

el = el ey = ey — (iD_ﬁei, (4 < i < n—2) such that i is fixed and

e%:ek_%ei, (3<k<n-3,k+2<i<n—1) where i is fixed,
e = ej, (n —2 < j <n+1) and renaming the entries in (i + 1,2) and

(1 —k+3,2) positions by D;11,2 and D;_j 3.2, respectively, if necessary we

remove Dy, ..., Dy_2 2, but this transformation introduces the entries in
(4,1),(5,1),...,(n —1,1) positions, which we denote by D4 1,...,Dp_11,
respectively.

Remark 5.2. If n = 6 then only the entry in (4,1) position is introduced, which
we set to be Dy ;.

Also we rename the entries in (n — 1,2) and (n,2)-positions by D,,_12 and

Dy, 2, respectively, if necessary. The transformation which fixes all but e; and

D. D
eq such that e} = ey + Zpe2,€) = ey + “2pe, removes Dy 1. Then we rename

the entries in (n — 1,1) and (n,1) positions by D,,—11 and D, 1, respectively.

Finally applying the transformation which fixes all but e;, e2 and e, +1 such that
Dy_1.2 Dy 2 __ ent1

-1 D, D,. - , ,
eh=e—> 1, mei — Spten, ey = ey — AR en—1 — i n ey =
we obtain
(5.1) le1,ent1] = €1, [ex,ent1] = b+ k—2)er, (2<k<n-1),

[en,ent1] = 20+ 1)e,,n>6,b# (i—n), 4<i<n+1,n>6).
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(ii) Let a = b,b # 0. Then applying the transformation €} = e, e) = eg —
(ZDL;; ei, (4 < i < n—2) such that i is fixed and e}, = e, — %e“
B<k<n-3k+2<i<n-— 1)Where21sﬁxed,ej =e;,(n—2<j<n+l)
and renaming the entries in (¢ +1,2) and (i — k + 3,2) positions by D;11 2
and D;_j43.2, respectively, if necessary we remove Dy, ..., Dy_2 2, but
the entries in (4, 1), (5,1),...,(n —1,1) positions are introduced, which we
set to be Dy 1,...,Dp11, respectively.

Remark 5.3. If n = 6 then only then entry in (4, 1) position is introduced.

Also we rename the entries in (n —1,2) and (n, 2) positions by D,,_1 2 and D, o,
respectively, if necessary. Applying the transformation which fixes all but e; such

2 Dis

that ¢} =e; — Y 1, = 2)b61 we remove Dy 1,...,D,_21 and rename the entry
. . D,

in (n,1) position by D,, 1. The transformation €} = ey, €5 = ex — =T 3)b en—1 —

D, .
Spten,e; = e, (3 <1 <n+1) removes D, and D, 3. Then we rename the

entries in (n — 1,1) and (n,1) positions by Dn 1,1 and D,, 1, respectively. The
transformation which fixes all but e; such that e} = e; — 611731)2671,1 D’;len
removes Dy, 11 and D, ;. If Dy 1 = 0 then we have the limiting case of with
b =1 after scaling b to unity applying the transformation which fixes everything

but e,41 such that e;H = e”+ . If Dy 1 # 0 then applying the transformation
el =ey, e, = Di'lei, 2<i<n-—1),e = (D§1)2en, el = "T“ we obtain

le1, enq1] = €1 + e, [ex,eny1] = (K —1)ep, (E#4,2<k<n—1),
(5.2) [e4, €nt1] = 3eq + en, [en, eny1] = 3en, (n >6)

which is denoted gn11,2.

(iii) Let a = —b, b # 0. Then applying the transformation e} = 61, ey =
e+ - 2)b€“ (4 <@ <n—2) such that ¢ is fixed and €}, = e;, + ﬁe“
(3<k<n-3,k+2 <i<n—1)whereiis fixed, eJ =e;, (n—2<j < n+l)

and renaming the entries in (i 4 1,2) and (i — k + 3, 2) positions by D;11 2

and D;_j43.2, respectively, if necessary we remove Dy, ..., Dy_22, but
the entries in (4,1), (5,1),...,(n — 1,1) positions are introduced, which
we set to be Dy 1,...,Dp_1,1, respectively.

Remark 5.4. If n = 6 then only the entry in (4, 1) position is introduced.

Also we rename the entries in (n — 1,2) and (n, 2) positions by D,,_1 2 and D,, 2,
respectively, if necessary. The transformation which fixes all but e; and e4 such that
el =e — D%b’leg, ey =e4 — D%b’len removes Dj 1. Then we rename the entries in
(n—1,1) and (n 1) positions by D,,_1 1 and D, 1, respectively. The transformation
61:€1+Z 141)b17Db16n762 e2+(€:_;31),(2;6n7176;c:€ka (3§k§n+1)
removes D571, . Dn,l and Dn_LQ.

Applying the transformation which fixes everything but e, 1 such that e, ; =
£t we scale b to unity but need to rename the entries in (4,1) and (n, 2) positions
by D41 and D, 2, respectively. If Dy ; = 0, D, 2 = 0 then we have the limiting
case of with b = —1.
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If Dy # 0 then applying the transformation €] = e1, €] = Dye;, (2 <1 <
n—1), e, = (Da1)%en, €)1 = ent1 we have

le1, ent1] = —e1+eq, [e2,enq1] = e2+dep, [ex, eny1] = B—Fk)ex, (4 <k <n—1),
(5.3) [en,ent1] =€n, (dER, n>6).

If Dy; = 0, D2 # 0 then applying the transformation e} = e1, ¢} = D, 2e;,
(2<i<n-1), ¢, =(Dn2)%€n, €, 1 = enq1 we obtain

le1, eny1] = —e1, [ea; ent1] = €2+ en, [er, enp1] = B —Kk)er, (4 <k <n—1),
(5.4) [en,ent1] =€n, (n>6).

Altogether (5.3) and (5.4) give

[e1, ent1]=—e1+€ea, [e2,ent1]=e€2 +den, [eg, eni1]=(3—k)er, (4<k<n-—1),
(5.5) [en,eni1] =e€n, (€=0,1, € +d*#0, d€R, n>6)

which is denoted g,,41 3.

(iv) Let @ =0, b # 0. The transformation which fixes all but e; and e4 such that
el =e— %627 ey =eq4— %en eliminates Dy 1 but introduces the entries
n (4,1), (5,1),...,(n—1,1) positions, which we set to be Dy 1,...,Dp_11.
Then we rename the entries in (n, 2) and (n, 1) positions by D,, 2 and D,, 1,

respectively. Then applying the transformation e = e; — Dg’l e; — %en,
(4 <i < n—1)such that i is fixed, e = egf%en, el =eg, (3 <k <n+l)
we remove Dy q,...,D, 1 and Dy, 2.
The transformation which fixes everything but e,41 such that e, = <%=
scales b to unity.
If Dy o =0 we have
n—1
[eks ent1] = ex+ Z di—g—2¢;, (2 <k <n-—23),
i=k+3
(5.6) lej,ent1] =€j, (Nn—2<j<n-—-1), [en,ent1] =2e,, (d; €R, n>6).

If D42 # 0, precisely, greater than zero or less than zero, respectively, then applying
the transformation e} = \/£Djse1,€5 = eq, €] = (:N:D4,2)%ei, 3<i<n-1),
ep, = /EDszen, €, = ent1 we have

n—1

(5.7) [ersent1] = ex+eepiat Z di—p—26i, (2<k<n-3,di_p—2 €R),
i=k+3
lejsent1] =€, (n—2<j<n—1), [en, ent1]=2e,, (e==x1,n2>6).
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Altogether (5.6) and ( . give
n—1
(5.8) [en,ent1] = exteeriat Z di—k—2e;i, (2<k<n-3,di_p2€R),
i=k+3
[ejaen+1] =€, (n*Q S] < nfl) ) [enaen—i-l] = Zena (6 = 0,:|:1, n = 6) )

which is denoted gn11,4.

(v) Let b =0, a # 0. Apply the transformation €] = ey, €}, = e — (Z.D_%r;aei,

(4 < i < n—2) such that ¢ is fixed, e}, = ek—%ez, B<k<
n—3,k+2 <i <n—1) where i is fixed, e;- =ej, (n—2 < j < n+1). Rename
the entries in (i 4+ 1,2) and (i — k + 3, 2) positions if necessary by D;;12
and D;_j3 2, respectively. This transformation removes Dyo,...,Dyp_22
but introduces the entries in (4, 1), (5,1),...,(n —1,1) positions, which we
set to be Dy 1,...,Dy_1,1, respectively.

Remark 5.5. If n = 6 then only the entry in (4, 1) position is introduced.

Then we rename the (n—1,2) and (n, 2) entries by D,,_1,2 and D, o, respectively,
if necessary.
Applying the transformation which fixes all but e; and e4 such that €] =

el €y = we remove Dy 1 and rename the entries in (n — 1, 1)
and (n 1) positions by D,,—1,1 and D,, 1, respectively.
. !/ n—1 D _ D —1,2 Dn’g
The transformation e} = e; — ZZ -4 (im 3)a62’ 62 = €2~ o3)eCn—1 — 4" En;
e, =¢€k, B<k<n) e, = e’?% removes Dy 1,...,Dp_11,Dp—12 and D,, 5 and

scales a to unity. We also replace the (n, 1) entry by D, 1.
If D, 1 =0 we have the limiting case of (5.1)) with b =0
If Dy, 1 # 0, precisely, greater than zero or less than zero, respectively, then
applying the transformation e} = ey, ¢} = \/£Dp1e;, (2 <i < n-—1), ¢, =
+D,, 160, €,,1 = €nq1 We obtain
(59) [615 en-i—l] = €1 + €€n , [eka en-i—l] = (k - 2)€k ) (3 S k S n— 1) )
[enaen—i-l] =€n, (6 ==x1,n> 6)
which is denoted gn11,5.
(vi) Let b= (j —n)a, a #0, (4 < j <n—2) such that j is fixed.
Apply the transformation €] = eq, e = ey — (2 550 € (4<i<n-2)
such that i is fixed, e, :ek—M B<k<n-3k+2<i<n-1)

(z k)a €is

where i is fixed, €} = e;, (n—2 < j < n+1). Rename the entries in (i+1,2)

and (i —k+3,2) positions if necessary by D;y1 2 and D;_g43 2, respectively.

This transformation removes Dy o, ..., Dy_2 2 but introduces the entries in
(4,1), (5,1),...,(n—1,1) positions, which we set to be D4 1,...,Dp_11,
respectively.

Remark 5.6. If n = 6 then only the entry in (4, 1) position is introduced.
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Then we rename the (n—1,2) and (n, 2) entries by D,,_1,2 and D, o, respectively,
if necessary.
The transformation which fixes all but e; and e4 such that ¢f = e; + %627

ey =es+ men removes Dy 1. We then rename the (n—1,1) and (n, 1) entries
by Dy—1,1 and D, 1, respectively.

Further we apply the transformation which fixes everything but e; such that
eh=e1+> 1, (3»4-5%1)(16“ (i # 3+mn—j) and rename the (n, 1) entry by D,, ; if
necessary. This transformation removes all the entries from Dy to D;,,_1,1 except
D3+n 7,1

Then the transformation €] = e; + Do

Dyp_1,2
o fiaen: ¢ = €2 G en 1+ Gt n,
e;=¢e;, (3<i<n)ande), | = M removes Dy, 1, Dy_1 2, Dy 2 and scales a to
umty If D3ype j 1 = 0 then we have the limiting case of | . ) with b =j —n.
Altogether (5.1)) and all its limiting cases give

Gnt11 [61,6n,+1] =eq, e, ent1] =00+k—2)er, 2<k<n-1),
(5.10) [ensent1] = (2b+1)e,, (n >6)

in full generality.
If D3yn—j1 # O then applying the transformation e = e1, €, = Dsyn_j16;,
(2<i<n-—1), ¢, = (Dsyn_ji)’en, €hi1 = €nt1 We obtain

(511) 9;4_1,6 : [6176n+1] = 61+6n—i7 [6kaen+1] = (1+Z+kin)eka (2 S k S TL*I),
[en,ent1] = (T—2(n—19))e,, (1<i<n—5n>6).
These six cases are summarized in Theorem [4.11

5.2. Finding a solvable indecomposable Lie algebra with a codimension
one nilradical N,, 19. The following paragraph constitutes the details of the proof
of Theorem

1) If n = 6 then apply the transformation which fixes everything but e; and

p Dy Dy
eq such that e} =e; — == Leg, el = eq — 5 €6-
_ / D3,1Dy,2 o
If n = 7 then apply the transformation e} = —eartey, ep =
Ds.1Das Dy D _
€ +7€6,63 = €3, 64 =e4— 5 66, 65 =e5— 67, 66 = €4, 67 = e7.

These transformations remove Dy 1 but introduce the entries in (n —
2,1),...,(n,1) positions, which we set to be D,,_21,..., Dy 1, respectively.
For n = 7 rename the entries in (6,2), (7,2) and (7, 3) positions by D7 3,
D7 5 and Dy 3, respectively, and for n = 6 rename the entry in (6, 2) position
by D6,2-

D;.

2) The transformation which fixes everything but e; such that €] = e; — e,
(n—2<i<n,6<n<7) removes D,_s1,...,D, 1. Also we rename the
(t+1,1) entry by D;y11 if needed.

3) Apply the transforrnatlon e, = ep— D Stepg2, 2<k<n—-2),e, | =e,1,
e, =ep, e n+1 = ep+1, which removes Dy 2. Also we rename any entries

back to what they were originally if necessary.
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4) Then apply the transformation €] = ey, e}, = eg — 815721)’361‘, b<i<n-1),

such that i is fixed, e}, :ek—%ei, B<k<n—-3k+3<i<n),
where ¢ is fixed, e;» =¢e;, (n —2 < j < n+1). Rename the entries in
(i+2,3) and (i — k + 4, 3) positions by D;yo 3 and D;_jy4 3, respectively,
if necessary. This transformation removes Dg 3,..., Dy 3 after which we
rename the (n,2) entry as D,, o if necessary.

5) The transformation which fixes everything but e; such that e}, = ey —

Dy 2
(n—2)a

e, removes Dy, o.

6) To scale a to unity, we apply the transformation which fixes everything
except €41 such that e/, | = <. Hence we have the algebra with the

nilradical defined in ([3.2))

(5.12) ler,ent1] =e1, leient1] =G+ 1De;, (2<i<n,n>6),

which is denoted g;, ;1 ;-

This case is summarized in Theorem .3
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