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Structure equations on generalized Finsler manifolds

Johanna Pék

Abstract. In this paper we generalize the classical structure equations of
Riemannian geometry to generalized Finsler manifolds.

1 Introduction

In this paper we deduce structure equations on a manifold which is endowed with
a generalized Finsler metric and an Ehresmann connection. In Riemannian geom-
etry, the classical structure equations were adopted by Elie Cartan. However Car-
tan’s formalism was hard to understand for the next generations. In the pull-back
formalism of Finsler geometry used by us, it causes a problem that in Grassmann
algebra of forms along projection 7: TM — M we do not have the classical exterior
derivative. The vertical and horizontal derivatives, which substitute for exterior
derivative, were introduced in 1992 (, ), and these help us to generalize the
structure equations. By using the index-free calculus, it turns out that out of the
five partial torsions introduced by Makoto Matsumoto in Finsler geometry only
two ones have ’real’ torsion property ( Chapter I1.10, Lemma .

2 Preliminaries

We follow the notation and conventions of and @ as far as feasible. However,
for the readers’ convenience, in this section we fix some terminology and recall
some basic facts.

Throughout this paper, we use the Einstein summation convention. ‘Manifold’
will always mean a connected, second countable, Hausdorff, smooth manifold of
dimension n, n > 1. If M is a manifold, C°°(M) will denote the ring of smooth

functions on M. The tangent bundle of M is 7: TM — M, while 7: TM — M
denotes the slit tangent bundle, where TM stands for the set of nonzero tangent
vectors to M.

The vertical lift of a function f € C®(M) is fY := f o7, the complete lift
feeC=(TM) of fis defined by f(v) :=v(f), veTM.
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X (M) denotes the C°°(M)-module of smooth vector fields on M. Any vector
field X on M gives rise canonically two vector fields on T'M, the vertical lift XV
of X and the complete lift X of X, determined by X" f¢ = (X f)", XVf¥Y =0 and
Xefe=(Xf)e, XfY=(Xf); feC®(M).

Let A*(M) be C=-module of k-forms on M. Then A(M) := @)_,AF(M) is
a graded algebra over C*° (M), with multiplication given by the wedge product A.
If f € C°(M) then the one-form df given by df(X) = Xf (X € X(M)) is the
differential of f.

Let 7*TM = TM xp TM = {(u,v) € TM x TM | 7(u) = 7(v)}, and let
77 (u,v) := u for (u,v) € 7T M. Then 77 is a vector bundle with total space
7*T'M and base space T'M, the pull-back of 7: TM — M over 7. The C*(TM)-
module of sections of 77 will be denoted by Sec(7*7). Any vector field X on M
determines a smooth section

X:veTM— (v,Xor(v)) € TM x TM,

called the basic section associated to X. The C°(TM)-module Sec(7*7) is gen-
erated by the basic sections. Generic sections in Sec(7*7) will be denoted by
XY, ...
The dual of Sec(r*7) will be denoted by A!(7*7), and its elements is called
one-forms along 7. A(7*7) is the Grassmann algebra of differential forms along 7.
Starting from the slit tangent bundle 7: T™ — M , the pull-back bundle
ForiTM Xy TM — TM is constructed in the same way. Omitting the routine

details, we remark that Sec(7*7) may naturally be embedded into the COO(IO“M)—
module Sec(# 7).
There exists a canonical injective bundle map i: TM X TM — TTM given by

i(u,v) :=¢(0), if c(t):=u+tv (teR),
and a canonical surjective bundle map

j:TTM — TM xp TM,
w € T,TM — j(w) := (v, 7(w)) € {v} x Ty M .

Then joi= 0. However, while J := iojis a further important canonical object,
the vertical endomorphism of TT M. The bundle maps i and j induce the tensorial
maps (denoted by the same symbols)

X € Sec(t* 1) — iX :=i0 X € X(TM) and
EeX(TM)— j§:=jo& € Sec(t™T),

so J may also be interpreted as a C°°(T'M)-linear endomorphism of X(TM).
XV(TM) := iSec(r*1) is the module of vertical vector fields on TM. The ver-
tical vector fields form a subalgebra of the Lie algebra X(T'M) at the same time.
For any vector field X on M we have iX = XV and jXec= X.
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An Ehresmann connection H over a manifold M is a right splitting of the
canonical exact sequence

0 — TM xa TM = TTM 25 TM x5y TM — 0,

which is smooth only on T™ X p TM, and given on o(M) x py TM by }C(o(p), v) =
(04)p(v); p € M, v € T,M, where o € X(M) is the zero vector field. We associate
to any Ehresmann connection H the horizontal projector h := H o j, the vertical
projector v = lprar — h and the vertical map V := i~! o v. The horizontal Iift of
a vector field X € X(M) with respect to H is X" := H(X) = hX® € %(YO“M)

The map /": X € X(M) — "(X) := X" is said to be the horizontal lifting
with respect to H.

An Ehresmann connection H determines a covariant derivative operator V in
the pull-back bundle 77 by the rule

VeY = j[vE, HY] +V[he,iY]; €€ X(TM),Y € Sec(r*7).

V is said to be the Berwald derivative induced by H. Its v-part V¥ and h-part V"
are defined by

VLY =V gV =jliX, HY]
and
VY = V5V = V[HX,iY]
(X,Y € Sec(r*7)). If X and Y are vector fields on M, then V‘%? = 0 and
ivhy = [X" ]
The importance of the Berwald derivative lies, among others, in the fact that
the basic geometric data (torsions, curvature, etc.) of an Ehresmann connection H

may conveniently be defined in terms of the Berwald derivative induced by 3. In
this paper we need the following (X,Y € Sec(7*7)):

T(X,Y):=V%Y - VEX —j[HX,HY] — the torsion of K,
R(X,Y) = —V[HX,HY] — the curvature of .
3 Generalized Finsler manifolds and torsions of a Finsler

connection

As in general, by covariant derivative operator in the vector bundle 7*7 we mean
an R-bilinear map

D: (6, X) € X(TM) x Sec(7*7) — DeX € Sec(r*7)

which is tensorial in its first variable and derivation in its second variable.
The curvature of D is the

RD(fﬂ?)X = DEDW‘SE - DnDEjZ - D[&m]jZ
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C> (T M)-trilinear map.
A pseudo-Riemannian metric on 7*7 is a mapping g that sends a non-degenerate
symmetric bilinear form

Gu: ({U} X TT(U)M) X ({U} X TT(U)M) — R

(or simply g,: Tr(yM x TryM — R) to every vector v € TM such that the
function

g(X,Y): TM 5 R, v—s g(X,Y)(v) = g,(X(v),Y (v))

is smooth for any two sections X,Y € Sec(? 7).
The pair (M, g) is said to be a generalized Finsler manifold, if g is a pseudo-
Riemannian metric in 7*7. Then we also say that g is a generalized metric.

A covariant derivative operator D: X(TM) x Sec(7*7) — Sec(r*7) in (M, g) is
said to be metric if

Let H be an Ehresmann connection over M and let D be a covariant derivative

operator in 7*7. Then the pair (D, H) is called a Finsler connection. By the torsion
of D we mean the map

TP (&) == Dejn — Dyjé = jl&,n),  (&,n € X(TM)).
By the V-torsion of D we mean the map
T (&,m) := DV — DyVE=VE,n], (&0 € X(TM)).
It is easy to see that TP and T'Y are tensor fields.

We define the following five ‘partial torsions’ which are introduced by M. Mat-
sumoto ([7] Chapter I1.10):

T(X,Y) :=TP(HX,HY) h-horizontal torsion,

S(X,Y) := TP (HX,iY) h-mixed torsion/Finsler torsion,
RY(X,Y) := TH (HX, HY) v-horizontal torsion,
PY(X,Y) := TP (HX,iY) v-mixed torsion,
QY(X,Y) := TP (iX,iY) v-vertical torsion;

(X,Y € Sec(t*7)).
The following formulae can be obtained by a straightforward calculation.
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Lemma 1. Let (D,H) be a Finsler connection over M and let V be the Berwald
derivative induced by 3. Then for every XY € Sec(7*7)

T(X,Y) =Dy Y — Dyp X — j[HX, HY],
S(X,Y)=V3X - DX,
R'(X,Y) =R(X,Y),
PY(X,Y) =Dy Y -V, 5V,
QY(X,Y)=D,3Y — D,z X —i '[iX,iY].

We have an important remark that among the above mentioned five partial
torsions only two ones have ‘real’ torsion property: the h-horizontal torsion 7 and
the v-vertical torsion Q.

Proposition 1. Let (M,g) be a generalized Finsler manifold endowed with an
Ehresmann connection H. Then exists a unique covariant derivative operator D
such that

(i) D is metric,
(i) T(X,Y) = T(X,Y),
(if)) Q'(X,7) =0,
for any X,Y € Sec(r*7).

For a proof we refer to @
We say that D is the canonical covariant derivative for the structure (M, g, H).

4 Structure equations
The following concepts and results can be found in Chapter 2, Section E.

Lemma and Definition 2. There is a unique graded derivation d': A(t*71) — A(7*T)
of degree 1 such that

(d*f)(X) :=df(iX),  and

k41
dva(Xla s 7Xk?+1) = Z(_l)z—‘rl(ixi)&(Xh s aXi7 s 7Xk+1)
=1

+ ) (-DTAEEXGL X)L X X Xe)
1<i<j<k+1

for all f € C(TM), X,X; € Sec(r*7) (i =1,...,k+1) and @ € A*(r). d¥ is
said to be the vertical exterior derivative on A(7*T).
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Lemma and Definition 3. Let H be an Ehresmann connection. There is a unique
graded derivation d": A(7*7) — A(7*7T) of degree 1 such that

(d"f)(X) :=df(HX),  and

k+1

d"a(X1, . X)) = ) (D) TFHHX) X, Xy Xeg)
=1
+ > (CD)TEGHX KX, X X Ke)
1<i<j<k+1

for all f € C(TM), X,X; € Sec(r*7) (i=1,...,k+1) and & € A*(r). d" is
called the horizontal exterior derivative on A(7*7) with respect to H.

In the above formulas the notation X means that the argument X is deleted.
If kK =1, we obtain

d'a(X1, Xz) = (iX1)a(X2) — (1X2)d(X1) — a(V[iXy,iXs)), (1)
d"a(Xy, Xp) = (HX)a(Xs) — (HX2)a(X1) — A([HX, HX)) . (2)

Let (M,g) be a generalized Finsler manifold. Let (E;)"; be a family of g-
orthonormal sections in Sec(7*7) on open subset & C TM:

E:velr— E’l(v) € TrwyM,
9(Ei,Ej)=6; (1<i,j<n).
Let (éi)?zl be denote the family of dual 1-forms of (Ei)le. Then
Oi(E;)) =06, 1<ij<n.
Using these local frame fields, every section X of #°7 over U can be expressed as
X = 0/(X)E;. (3)
Indeed,
&/ (X)E; = /(X F;)F, = X8'(F;) B, = X901 F: = XIF; = X
If H is an Ehresmann connection on M, then there exist 2-forms ' along 7
(on U) such that
T(X,Y) =9(X,Y)E;, (4)
for any sections )?, Y of 71 over U.

Let RP be the curvature tensor of D. Then there exist 2-forms ﬁ; along 7 such
that

RP(&,n)E; = Q5(€,)E; ()

We say that ¥ are the torsion two-forms, ﬁ; are the curvature two-forms of

the Ehresmann connection with respect to (E;)P ;.
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Theorem and Definition 1. Let (M, g) be a generalized Finsler manifold. Let 3
be an Ehresmann connection and let D be the canonical covariant derivative for
(M, g,H). Suppose that g is positive definite and let U be an open subset of TM.
Define (Ez)le and (éi)?zl as above. Then there exists a unique family (UJ;)

1<i,j<n
of 1-forms on U such that

o) =l (6)

d'0' = —(@ioi) AT  (1<i<n), (7)

d"@' = (@ o H) NG —9'  (1<i<n), (8)

QO =dit + G AGF. (9)

The 1-forms (IJ; are said to be the connection forms. Relations and are
called the first structure equations. Relations @ are mentioned as the second
structure equations.

Remark 1. Owing to Proposition [I} the structure equations of v-vertical torsion
Q! are not relevant.

Proof. Define the 1-forms 53; by
G;(6) = O'(Dek;) (€€ X(TM)).
(1) Since D is metric, we have
0 = (Deg)(E;, Ey)
(8] = S = ~E
©¢s; — 404 (DeE) B, Ey) — 9(6F(D¢E;) B, Er)
= —g(@} Ex, E;) — g(@} Ex, E;)
=& - &,
whence @
(2) Equations . The left-hand side of @ can be manipulated as follows:
'8 (By, B) © (iE,)6'E, - (iE)6' Ex — 6/ (V[iEy, iE)
— (iB)5; — ()3}, — O/ (V]iEy,iE))
= —O'(V[iE},iE)]) .
Evaluating the right-hand side at (Ey, E;) we find
(((:}; o i) A\ éj)(Ek, El) = &; (lEk)é]El — @; (iEl)é]Ek = @;(IE}C)G;C(IEZ)
= 0'(D;, Er) — ©'(D;5 Ex)

©'(D;5, Bt — Dy, Ex) = ©'(VEy,iE)) ,
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taking into account in the last step that Ql = 0 by Proposition ‘ 1l and hence
0= Q (Ek,El) D kEl D Ek - V[lEk,lEl] .

(3) Equations ().
& (B, B) B (1B O, — (HE)S By — &' G[HEy, HEY)
= (HEW)S] — (KEY)S}, — ©° (§[HEy, HE))
= —O'(j[HEy, HEy))

Since T(X,Y) Pror.[Il i)

Dy Y — Dyg X — j[HX, HY], we get

(@) 0 H) A&7 — ") (B, By) = T(HER)OE, — &H(HE)S By, — 0 (Ey, )
=W (%Ek) — wk(ﬂ-CEl) _ i (Ek,El)
= 0'(Dy5, El) ©'(Dye 5, Ex) — V' (Ey, F1)
= 0'(Dyj, i — Dy, Bx) — V' (Ey, E)

= f(T(Ek,El)ﬂ[ﬂ{Ek,:HEl]) U (Ey, Ey)

@

O'(0°(Ey, E1)Es) + O (i[H By, KEY]) — 9" (Ey, Ey)
O (I[HE, HE))) .

(4) Equations @ By using the definition of D and RP, relation 7 we find

Ql(g, nE .RD(g, nE; = DeDyE; — D, D¢ E; DME
= D¢(6"(D,E;)Ey,) — Dy(0"(DeEj)Ey) — ©'(Dye yy ) E:
= £(6%(Dy B;))Ex + 6" (D, E;) D¢ Ey
= 1(6" (D)) B — 6% (Dek) Dy Ey — ' (Die i ) Ei

:g(éi(D E))E; — 1(©'(D¢E;j)E; — ©'(Die.y ;) E;
&k (n >D5Ek ~ Gk (E)D, By
< {(Dy ) Ei = n(O' (Deky) B: — O (Dieyn F)
+ @ (7)O' (D By) E; — & (€)0" (D, By E;

(
(W§ ) E; — (@ () E: — @ ([¢,m) E;
oF (@6 E )~ S ()L (n)E;
= (f( 5(m) = n(@5(6) — D5 ([€ ) + B (€)@ (n) — T (@] (€)) Bi -
On the other hand,
(A&} + @ A @S )(E,m) = di(€,m) + D (E)DF (n) — T (M@} (€)
= &(@;(n)) — n(@;(8)) — w; (& n))
+ B3O} (n) — B (@ (€)
which concludes the proof of @
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(5) Uniqueness of the family (&0}). We use the fact that any 1-form of an open
subset of T'M is completely determined by its action over vertical and hori-
zontal vector fields.

First we prove that the effect of the connection forms on vertical vector fields
is well-defined. We start on and paragraph 2 of this proof.

A0 (B}, Ey) = &5(iEy) — 3}, (E;)
dvéj(Ek, E) i(lE ) — ](lEk) ,
d"©*(Ei, Ej) = BF(iE;) — @} (iE,)

Now we add the first two equalities, and subtract the third. Taking into
account @, we obtain

Gi(iEy) = (d“@%E], Ey) + d'®7(Ey, E;) — 0O (E;, E; >)
and this relation proves the statement.
Similarly, we have
d"O(E;, Ey) = GH(HEy) — GL(HE;) +9'(E;, Ex),
"0 (Ex, B;) = GL(HE:) — &} (HEy) + 07 (B, Ey),
6" (E;, By) = B (HE)) - B (E:) + 0" (E:, B).

Adding the first two equalities, and subtracting the third, by using @ we
find

G (HEy) =5 (G (B, By) + '@ By, By) - A (B, EBy) )

N | =

_%({97@ Ey) + 97 (Ex, Ei) — ﬁk(Esz)) =
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