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Control Systems on the Orthogonal Group SO(4)

Ross M. Adams, Rory Biggs, Claudiu C. Remsing

Abstract. We classify the left-invariant control affine systems evolving on
the orthogonal group SO(4). The equivalence relation under consideration
is detached feedback equivalence. Each possible number of inputs is con-
sidered; both the homogeneous and inhomogeneous systems are covered.
A complete list of class representatives is identified and controllability of
each representative system is determined.

1 Introduction

A control system is given by a dynamical polysystem together with a class of
“admissible inputs” (also called controls). More precisely, a (smooth) control sys-
tem ¥ on M consists of a family & = (Z,),;; of smooth vector fields on the state
space M and an input class Y. M is a smooth (real, finite-dimensional) manifold,
and an element of U is a U-valued map (defined on some interval of R) which is
(Lebesgue) measurable or piecewise constant, or of some regularity type between
these two possibilities. The input set U is usually equipped with a separable metric
space structure. For the purposes of this paper, we shall assume that U = R’. In
classical notation, a control system ¥ on M is written as

¥: &=E(z,u), reM, uelU.

Here 2: M x U — TM, (z,u) — E(z,u) = E,(z) € T;M is the map describing the
dynamics (i.e., the vector fields) of the system. We assume that = is a smooth map.
Standard references for nonlinear control systems are , . When the state
space is a (real, finite-dimensional) Lie group G and the dynamics =, = Z(-, u) are
left invariant, the control system is termed as left-invariant. Such control systems
have been studied by a number of authors over the past few decades (see, e.g., [3],
(1), 9. (9. [29).

A trajectory of ¥ (corresponding to an admissible input u(-) € U) is an ab-
solutely continuous curve v in M such that ¥(t) = Z,)(y(t)) for almost all ¢.
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Carathéodory’s existence and uniqueness theorem guarantees the local existence
and global uniqueness of trajectories. The initial condition (initial state) is just
a starting point for the trajectory; different admissible inputs provide, generally
speaking, different trajectories starting from a fixed state. All these trajectories
fill the set attainable from the given initial state. To characterize such sets is the
first natural problem in control theory: the controllability problem. As soon as
the possibility to attain a certain state is established, we try to do it in the best
possible way. This is the optimal control problem (see, e.g., , )

The most natural equivalence relation for control systems is equivalence up to
coordinate changes in the state space. This is called state space equivalence. We
say that two control systems ¥ and X are state space equivalent if there exists
a diffeomorphism ¢ between the state spaces which transforms the dynamics =,
to E,. State space equivalence is well understood () It establishes a one-to-one
correspondence between the trajectories of the equivalent systems (corresponding
to the same admissible inputs). This equivalence relation is very strong; any gen-
eral classification appears to be very difficult if not impossible. However, some
reasonable classification in low dimensions is possible (see , )

Another important equivalence relation for control systems is that of feedback
equivalence. Applying feedback transformations means that we also modify the
controls (which remain unchanged for state space equivalence) in a way that is
state dependent. (Feedback control may be used to achieve desired dynamical
properties of the system, like stabilizability.) We say that two control systems %
and ¥ are feedback equivalent if there exists a diffeomorphism Z = ¢(z) between
the state spaces and an invertible transformation @ = ¢(z, u) of controls such that
the diffeomorphism ®(z,u) = (¢(z), p(x,u)) brings ¥ into X. Feedback equivalent
systems have geometrically the same set of trajectories which are parametrized dif-
ferently by admissible inputs. Feedback equivalence has been extensively studied
in the last few decades (see and the references therein). Many problems con-
cerning feedback equivalence are studied and solved for control affine systems (i.e.,
control systems with dynamics affine in controls) and then extended to the general
case (for details, see [17], [25]).

In the context of left-invariant control systems, feedback equivalence is special-
ized by requiring that the feedback transformations are independent of the state
variable. Such transformations are precisely those that are compatible with the Lie
group structure. This is called detached feedback equivalence. It turns out that
two (full-rank) left-invariant control systems are detached feedback equivalent if
and only if there exists a Lie group isomorphism between the state spaces, relating
their dynamics. Several classes of left-invariant control affine systems have recently
been classified (cf. [7], [9])-

In this paper we consider left-invariant control affine systems, evolving on the
(six-dimensional) orthogonal group SO(4). These systems have the form

Y: g=g(A4+wBi+---+wBy), g€S04), ucR’

where A, By,...,B; € s0(4). (The elements By, ..., By are assumed to be linearly
independent.) The aim is to classify, under detached feedback equivalence, all such
systems; a list of class representatives will be produced. In addition, we identify
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precisely those systems which are controllable. The homogeneous systems are con-
sidered first. The single-input, two-input, and three-input systems are classified by
exploiting the singular value decomposition. The classification of the four-input
and five-input systems follow as corollaries. For the inhomogeneous systems, the
classification is based, in each case, on its homogeneous counterpart.

We conclude the paper with a few remarks. Moreover, we refer briefly to other
works on SO(4) (and its Lie algebra) dealing with some interesting variational
problems as well as integrable Hamiltonian systems (and their applications).

A tabulation of the classification in matrix form is appended.

2 Invariant control systems

An (¢-input) left-invariant control affine system ¥ on G is a control system of the
form

Y: g=9gZ1,u)=g(A+w By +---+wB;), ge€G,uecR.

Here G is a (real, finite-dimensional) connected matrix Lie group with Lie algebra g.
The parametrization map =(1,-): RY — g is an injective affine map (i.e., By, ..., By
are linearly independent). Note that the dynamics Z,, = Z(-, u) are invariant under
left translations, i.e., Z(g,u) = g Z(1,u). Such a system is denoted by ¥ = (G, E)
(cf. @]) Y. is completely determined by the specification of its state space G and
its parametrization map =(1,-). Hence, for a fixed G, we shall specify ¥ by simply
writing
X: A4+wuBi+--4+wBy.

The trace I' = imZ(1,-) = A+ T = A+ (By,..., By) is an affine subspace of g.
A system ¥ is called homogeneous if A € T'Y, and inhomogeneous otherwise. ¥ has
full rank if the Lie algebra generated by its trace coincides with g.

The admissible inputs are piecewise-continuous maps u(-): [0, T] — R*. A trajec-
tory for an admissible input u(-) is an absolutely continuous curve g(-): [0,7] — G
such that ¢(t) = g(¢t) 2(1,u(t)) for almost every ¢t € [0,7]. A system X is said
to be controllable if, given any pair of points gg, g1 € G, there exists a trajectory
g(+) such that g(0) = go and g(T') = ¢1. If ¥ is controllable, then it has full rank.
Moreover, if ¥ is homogeneous or if G is compact, then the full-rank condition
implies controllability. For more details on invariant control systems see, e.g., [19],
20, 9.

Let 3 = (G,E) and ¥/ = (G, Z’) be two systems on G. We say that ¥ and ¥’ are
(locally) detached feedback equivalent if there exist open neighbourhoods N and N’
of (the unit element) 1 and a (local) diffeomorphism ® = ¢ x ¢: N x R — N’ x R*
such that ¢(1) = 1 and T,¢ - Z(g,u) = Z'(¢(g), p(u)) for g € N and u € R¥. (Here
Ty¢ denotes the tangent map of ¢ at g.)

Proposition 1 () Two full-rank systems Y and X’ are detached feedback equiv-
alent if and only if there exists a Lie algebra automorphism 1: g — g such that
- -T'=T".
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Proof. (Sketch) Suppose ¥ and ¥’ are detached feedback equivalent. Then

Ti¢-2(1,u) = Z' (1, (u))

and so T1¢-T' =T". Let u,v € RY, and let Z, = Z(-,u) and Z, = Z(-,v) denote
the corresponding vector fields. Then ¢« [=,, =] = [P«Zu, 9«E,] and so

T16 - [Eu(1),Eo(1)] = [Efw) (1), By (1] = [T1¢ - Eu(1), Tag - Eu(1)].

As the elements =, (1), u € RY, generate the Lie algebra, it follows that Ty ¢ is a Lie
algebra isomorphism. Conversely, suppose we have a Lie algebra isomorphism
such that ¢ -I' = I". Then there exist neighbourhoods N and N’ of 1 and a (local)
group isomorphism ¢: N — N’ such that Ty ¢ = ¢ (see, e.g., [21]). The equation
¥-2(1,u) = Z/(1, ¢(u)) defines an affine isomorphism ¢: R — RY. Consequently

Ty¢-E(g,u) = T1Ly(g) - ¥ - E(1,u) = Z'(8(9), ¢(u)) .
Hence X and ¥/ are detached feedback equivalent. O

In this paper, we shall find it convenient to use the above characterization as
the definition of equivalence. More precisely, we say that two (not necessarily
full-rank) systems 3 and X' are equivalent if there exists ¢ € Aut(g) such that
- T =T'. In particular, if I' = I/, then we say that ¥’ is a reparametrization
of ¥. Notice that if two systems are equivalent, then they are detached feedback
equivalent. (The converse, however, does not hold.) Any two equivalent systems are
either both controllable or neither is controllable whenever the full-rank condition
is equivalent to controllability.

3 The orthogonal group SO(4)
The orthogonal group
SO(4) = {g € GL(4,R) c9g'g=1, detg= 1}
is a six-dimensional semisimple compact connected Lie group. Its Lie algebra
so(4) = {AeR™: AT + A=0}

is isomorphic to s0(3) @ s0(3). Let

—~

0 0 O 0 01 0 -1 0
E,=(0 0 -1 E;=({0 0 0 E;=(1 0 O
01 0 -1 0 0 0 0 O

be the standard (ordered) basis for s0(3). The map ¢: s0(3) @ so(3) — s0(4), given
by

0 —XI3 i) 0 —Y3 Y2
T3 0 —z|,| ys 0 -un
T2 X1 0 Y2 % 0
0 T3 —Ys T2 — Y2 1 — Y1
1 |—z3+ys 0 Tty —T2— Y2
2 |—x2+y2 —T1— Y1 0 3+ Y3

—r1+y1 T2t+Y2 —T3—Y3 0



Control systems on the orthogonal group SO(4) 111

is a Lie algebra isomorphism. The natural basis of s0(4) is given by

E; =< (E;,0) i=1,2,3
Ej=¢-(0,E;_3) j=4,5,6.

(This choice of basis proves to be the most convenient, especially for expressing the
group of automorphisms.) The commutator table for so(4) is given below.

| | B [ B2 | Bs | Ea | Es | Eo |

1 0] E;| —E» 0 0 0
By || —Fs 0| E, 0 0 0
Bl E, | —F 0 0 0 0
E, 0 0 0 0| Es| —E;
E; 0 0 0| —Fe 0] By
Es 0 0 0| FEs| —Es 0

The group of inner automorphisms of s0(4) is given by

Int(so(4)) = { [11(1)1 52] (Y1, € 50(3)} :

Proposition 2 ([1]). The group of automorphisms Aut(so(4)) is generated by

Int(so(4)) and the swap automorphism ( = LO I.ﬂ
3

Moreover, the group of automorphisms decomposes as a semi-direct product:
Aut(so(4)) = Int(so(4)) x {1,¢}.

4 Homogeneous systems

In this section we classify the homogeneous systems on SO(4). We may assume
that Z(1,0) = 0; indeed any homogeneous system is equivalent to one for which
this is the case (by use of some reparametrization). We distinguish between the
number ¢ of controls involved; this yields six types of systems. For each of these
types we simplify an arbitrary system by successively applying automorphisms (as
well as considering reparametrizations of the system). Finally, we verify that all
the candidates for class representatives are distinct and non-equivalent. Families
of representatives are typically parametrized by some vector @ = («;) or some
scalar .

Any automorphism of s0(4) preserves the dot product Ae B = 2?21 a;b;. (Here
A= Z?:l a;E; and B = Z?:l b;E;.) Let I't denote the orthogonal complement
of a subspace I C s0(4).

Lemma 1. SupposeI',T" are subspaces of so(4) and 1) € Aut(so(4)). Then¢-T' =T
if and only if ¢ - T+ =T+,
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The classification of the (6 — ¢)-input systems therefore follows from the clas-
sification of the f-input systems. Hence, we need only classify the single-input,
two-input, and three-input systems. The results for the four-input and five-input
systems then follow as corollaries. (The classification for the six-input systems is
trivial.)

When convenient, an /-input homogeneous system

6 6

Siuy Y BB+ ue Y bE;
i=1 i=1

will be written (in matrix form) as

bl b

R iy

T

Here My, My € R3%¢,

The evaluation ¢ - (1, u) then becomes a matrix multiplication. Accordingly,
/

My . .
M, [ My are equivalent if and
only if there exist an automorphism ¢ € Aut(so(4)) and K € GL(¢,R) such that

M, M
v oa <= i)
(K corresponds to a reparametrization Z(1, Ku) of the system X.) More precisely,

Y. and Y’ are equivalent if and only if there exist Ry, Rs € SO(3) and K € GL(/,R)
such that

two f-input homogeneous systems X: {Ml] and X':

(RlMlK == M{ and RQMQK = Mé)
or (RlMQK = M{ and R2M1K = Mé) .

The singular value decomposition (SVD) turns out to be useful in classifying
systems. For any matrix M € R"™*"™ of rank r, there exist orthogonal matrices
UeR™™ V e R"™™ and a diagonal matrix D € R"™*" = diag(oy,...,0,) such
that M = U [10) 8} VT with o > -+ > a, > 0. Specialized forms of the
SVD (stated as lemmas) will be used in classifying the two-input and three-input

homogeneous systems.
Theorem 1. Any single-input homogeneous system is equivalent to
1,0
250 ¢ wi(By + BE4)

for some 0 < § < 1. Here  parametrizes a family of class representatives, each
different value corresponding to a distinct non-equivalent representative.

Remark 1. Clearly, no single-input homogeneous system is controllable.
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Proof. Let X: [%1} be a single-input system. (Here My, My € R3*1) We may
2

assume that M; # 0. (If not, consider X: ¢ - [%1} .) There exist Ry, Ry € SO(3)
2
such that
1 [[Ma]]
RM 1 0 d RoM 1 [[ M|
1My = an oMy——— =
BAREE T4
0
Thus ¥ is equivalent to X': u; (E; + H%?H E,). If H%ﬁ” > 1, then we have
[| M2 [| M|
C . <E1 + E4 = El + E4 )
([ M| ([ Mo ||

and so ¥ is equivalent to X: uy (Ey 4+ H%;” E,). Hence ¥ is equivalent to Eg’o) for

some 0 < 5 < 1.

Suppose Z(ﬁl’o) and E(ﬁl,’o) are equivalent. Then there exist Ry, R2 € SO(3) and

k # 0 such that

1 1 Jé; 8’
Ry |0l k=10 and Re [0O| k=0
0 0 0] 1 0 ]
3 1 1] (5]
or Ry |0l k=10 and Ry |0l k=10
0 0 0] | 0 ]
Therefore |8 = |8'] or |88’| = 1. Thus, as 0 < 8,5' <1, we get 8= ['. O

Corollary 1. Any five-input homogeneous system is equivalent to
2555,0) : ul(E4 — BEl) 4+ ug By +ugFE3 + usFs + us Fg

for some 0 < 8 < 1. Here B parametrizes a family of class representatives, each
different value corresponding to a distinct non-equivalent representative.

Remark 2. Every five-input homogeneous system is controllable.

Lemma 2. For any M € R3*2 there exist orthogonal matrices Ry € SO(3) and
Ry € O(2) such that RiyM Ry = [ }, where D = {al

0
0 az] and a1 > as > 0.
If

D
0 0

w0 ]

for some Ry € SO(3) and Ry € O(2), then D = D’ (provided that D and D' are
diagonal matrices such that a; > as > 0 and a) > a) > 0).
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Theorem 2. Any two-input homogeneous system is equivalent to exactly one of
the systems

25270) . U1E1 + U2E4
ESZ)?) cur (B + a1 By) 4+ ug (B + apEs)

for some a1, a9 € R, where0 = as < a1 or 1 < a% <aj or 0<as <a; <1. Here
« parametrizes a family of class representatives, each different value corresponding
to a distinct non-equivalent representative.

Remark 3. 29,0) is not controllable. Zgﬁ ) is not controllable exactly when ap = 0
or ap = ag = 1.

M,
ther rank(M;) = rank(M3) = 1 or max{rank(M;),rank(Ms)} = 2. Suppose
rank(M;) = rank(Ms) = 1. Then there exists K € GL(2,R) such that

Proof. Let %: [Ml be a two-input system. (Here M;, My € R3*2) Now ei-

by 0] 0 by
MlK = b2 0 and MQK =10 b5
bs 0 0 bs

Hence there exists Ry, Ry € SO(3) such that

(b1 0] [ 2= 0 10

Ri by O bl—BbQ—'—b?’ 1 =10 O

bz 0] | V0302402 | 10 0]

0 b4 [—L 0 i [0 1]

and Ry |0 bs \/b%+0b§+b§ L =10 0
10 06| | V0302402 | 10 0]

Therefore . is equivalent to Egz’o).

On the other hand, suppose rank(M7) = 2 or rank(Ms3) = 2. We may assume

rank(Mp) = 2. (If not, consider X: ¢ - [%1} .) There exists R; € SO(3) such that
2

!
R{M, = [ 0M10 } Hence, there exists K € GL(2,R) such that RiM1 K = Iy,
- [2 . . /. 1270
where I o = 00l Thus X is equivalent to X': IR By lemma [2| there
2
exist Ry € SO(3) and K € O(2) such that
K1 0 10 10 a; 0
0 0 1|K=1|0 1 and RoMJK = |0 an
0 0 detK| |0 O 0 0 0 0
(2,0)

for some a1 > g > 0. If apo =0 0r 0 < as < 1 < 1, then ¥ is equivalent to Yy o
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Suppose 1 < as < a3. Then

01 0] 0]r, 1 10
10 0|0 a [1 a1}=01
0 0 —1] [0 0] te 00
[0 1 0] [ 0]y - 0

and 10 0 01[1 %1]: 0o +
0 0 —1] [0 0] Les 0 0

with 0 < ai < L < 1. Thus ¥ is equivalent to E;Q’O,) for some 0 < oy < of < 1.
1 (e ;o
Suppose ag < 1 < ay. If % < ay, then we are done. If 0%2 > a7, then ¥ is likewise

equivalent to Ego?,) for some 1 < -+ < aj.

We now verify that none of the class representatives are equivalent. As the

traces of EgQ 9 and Zga), respectively, do not generate the same subalgebra (for

any aj,as € R), they cannot be equivalent. We claim that Eg and Z

are equivalent only if & = a’. Indeed, assume there exist Ry, Ry € SO(3) and
K € GL(2,R) such that

10 10 a; 0 oy 0
R0 1|K=1]0 1 and R |0 ag| K=1|0 o
0 0 0 0 0 0 0 0

Then K € O(2) and so, by lemma [2] it follows that a; = o} and ap = o. On the
other hand, assume there exist Ry, Ry € SO(3) and K € GL(2,R) such that

a0 10 10 o 0
R0 as| K=|0 1 and Ry |0 1| K=|0 o
0 O 0 0 0 0 0 O

Then ay # 0 and o), # 0. Hence, we need only consider the cases:
(i) 1< L - <ajand 0<ay <af <1,

(ii) 0<0z2§a1<1a1r1d0<0z2§0z1<17

(i) 1< - <apand 1 < &7 r < af.

Assume (i) holds. It follows that Ry = {5(;1 de‘? g } and Ry = {5(;2 de‘? g }
1 2

1

- 0
for some Sq, 52 € O(2). Thus K = [061 1} Sfl and so

a2

1 0 B O[/ 0
52{08 ;jsllz[ol a,J

By applying the mapping A — AAT, we get
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As % > all >0 and of > ob >0, it follows that a1a2 =1and al 2 = 1. Hence

oy > 1, a contradiction.
Slmllarly, if (ii) or (iii) hold, then we arrive at a contradiction. O

Corollary 2. Any four-input homogeneous system is equivalent to exactly one of
the systems

2(4 0wy By + ug Es + uz Bs + ug Ee

2(4 0)., ul(E4 — OélEl) + UQ(E5 — OéQEQ) + usFE3 + us Fg
for some a1, s € R, where0 = as < aq or 1 < a% <aj or 0<as <a; <1. Here

« parametrizes a family of class representatives, each different value corresponding
to a distinct non-equivalent representative.

Remark 4. 254’0) is controllable. Zg}f ) is not controllable exactly when o =
Qg = 0.

Lemma 3. For any M € R3*3 there exist Ry, Ry € SO(3) such that
RlMR2 = diag(al, Qag, 013) y

where ay > ag > |as| > 0. Moreover, if diag(a, as, ag) and diag(a), ab, of) are
two such matrices and

Rydiag(ay, g, a3) Ry = diag(a), ab, o)
for some Ry, Ry € SO(3), then oy = o, s = oy, and a3 = af.

Theorem 3. Any three-input homogeneous system is equivalent to exactly one of
the systems

Efbo) tui(Ey + BEs) + u2Ea + uzFeg
2(370) : ul(El + ()[1E4) =+ UQ(EQ + O[QE5) =+ U3(E3 + 0(3E6)

2,
for some aq,as,a3,6 € R, where 0 < 8 < 1land 0 = a3 < ay < a; or 0 <
las] < ag < 1Aar <y or ag =1 < % < «1. Here a0 and (8 parametrize
families of class representatives, each different value corresponding to a distinct
non-equivalent representative.

Remark 5. E( 0) is controllable exactly when 8 > 0. 2(3 9 is not controllable
exactly when ozl =ay=a3=1o0r ay =0.

Proof. Let ¥: {%1] be a three-input system. (Here M;, My € R3*3.) Clearly
2

either max{rank(M;), rank(Mz)} = 3 or max{rank(M; ), rank(Ms)} = 2. Suppose,
rank(M;) = 3 or rank(Ms) = 3. We may assume rank(M;) = 3. (If not, consider
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X: ¢ {%ﬂ .) Then there exists K € GL(3,R) such that MK = I3. Thus ¥ is

I3

equivalent to X' : [ M}

} . By lemma there exist Ro, K € SO(3) such that

RQMéK = diag(al, a9, 043)

for some a3 > ay > |ag| > 0.
Ifag=0or|az] <as<lorl=ay< @ < ag, then we are done. Suppose

I<|ag| <azs<ajor0<|ag]<1<as<aj. If ag >0, then

0 0 11w 0 0770 0 -2
0 1 0/|0 a O 0 4 0 |=1I
-1 0 0f [0 0 ag] | O 0
r 1T 17 1
0 0o 11[0 0 -4+ = 0 0
and 0 1 0 &= 0 |=]0 L 0
1 1
-1 0 0] [£ 0 0 0 0
If a3 < 0, then
(0 0 =17 [a; 0 0] O 0 a%
01 0[]0 a O[O0 X 0|=5
10 0] [0 0 agf [-X2 0 0
[0 0 11[0 0 &1 [-a 0 O
and 0 1 o0/|0 &£ 0|=|0 L 0
-1 0 0] [-& 0 0] 0 0 -+

(3,0)
2,a’

with 0 < |of| < af < 1 and of < o). Likewise, if @ > oy > ag =1, then ¥ is

In both cases 0 < a% < 0%2 < |a—13‘ Thus ¥ is equivalent to some system 3

equivalent to some system 2(23"3,) with 1 = o < ﬁ <af.
) 3
On the other hand, suppose rank(M;) = 2 and rank(M>) € {1,2}. Again,

a simple argument shows that ¥ is equivalent to some system X': where

2,0
M|’
Io = 1;)2 8] If rank (M) = 1, it is easy to show that ¥ is equivalent to Ef’(’)o).

Assume that rank(M7) = 2. Then there exist Ry, R2 € SO(3) and K € GL(3,R)
such that

a; a2 0
Rl.[g’QK = .[270 and RQM{K = (a3 Qa4 0
0 0 1
By the SVD there exist S, S> € O(2) such that S [Zl Zz} S, = diag(3,0) for
3 4

some 3 > 0. Let

! Sl 0 !/ SQ O
K' = [ ] € S0(3) and R; = [0 det Sy

o detS, ] €50(3).
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Now
ap az 0 B 0 0
(K') ' oK' = I and Ry las ay O K'=10 0 0
0 0 1 0 0 1

If B < 1, then we are done (i.e., X is equivalent to Zféo)). Suppose that g > 1.
Then
C-(Ey+ BEx, By, Bg) = (S Eu + By, s By )

It is a simple matter to show that there exists an automorphism ) such that
¥ <%E4 + E17E5,E3> = <E1 + %E4,E27E6> :

Thus ¥ is equivalent to E( [’3) for some 0 < 3’ < 1.

We now Verlfy that none of these class representatives are equivalent. As the
(3,0

5o s respectlvely, do not generate the same subalgebra (for

traces of El /3 and ¥

any 3,a1,as € R), they cannot be equivalent. Suppose two systems 2(3’0) nd
Eé?’ 0 with aq > ap > las| > 0 and of > af > |a4] > 0, are equivalent. We claim
that & = a'. Indeed, assume there exist Ry, R2 € SO(3) and K € GL(3,R) such
that Ry1IsK = I3 and Rodiag(aq, ag, az)K = diag(a), ab, of). Then, by 1emma
it follows that a = @’. On the other hand, assume there exist Ry, Ry € SO(3) and
K € GL(3,R) such that R;diag(ai,as,a3)K = I3 and RoI3K = diag(of, ab, af).
Then a2a}” = 1, a3ab” = 1 and a2a/,® = 1. Clearly, as, a4 # 0. Three possibilities
remain, either

() 0<]ag|<ap<land 0< |af] <afh <1, or

({)0<]ag] <as<land 0< |of| <ah <1 A o <af,or

(i) 0< |ag| <az <1 A az<a;and 0 < |af] <ah <1 A af <af.

Again (as in theorem [2)), each case leads to a contradiction. O

Remark 6. There is only one six-dimensional affine subspace of s0(4), namely so0(4).
Therefore any six-input system is equivalent to the system

2(6’0) ur B+ uo By + usEs3 +uglEy + us Es 4+ ugEsg .
Clearly, this system is controllable.

5 Inhomogeneous systems

We now proceed to the classification of the inhomogeneous systems on SO(4). This
classification is, in part, based on our classification of homogeneous systems. As
before, we distinguish between the number ¢ of controls involved; this yields five
types of systems. (Clearly there are no six-input inhomogeneous systems.) Suppose

YS:A+wu B+ +wbBy
is an inhomogeneous system. Then the corresponding homogeneous system

S:uy By + -+ ugBy
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is equivalent to exactly one homogeneous class representative X°. Consequently,
¥ is equivalent to a system ¥’ with parametrization map Z'(1,u) = A’ + Z°(1,u).
Such an (arbitrary) system is then further simplified by applying automorphisms
preserving the trace I'° of 9. Accordingly, for each homogeneous class represen-
tative X9, representatives for the associated class of inhomogeneous systems are
identified. We will, in addition, use vectors € = (&;) to parametrize class represen-
tatives.

Again, it is convenient to write the condition of equivalence in matrix form. An
{-input inhomogeneous system specified by

6 6 6
S0 a'Bitur y BB+ +u Yy UE;
i=1 i=1 i=1

will be written (in matrix form) as

a' bl ... b}
, [Ml} - .1 4
Ml e b
T by
3x(6+1) - ~ M,
Here M;,M; € R . Two f-input inhomogeneous systems X: M and
2

!

. 1
Y
and K € Aff(¢,R) such that

are equivalent if and only if there exist an automorphism ¢ € Aut(so(4))

M- M!
o Lo = 3]

AFF(£,R) = { [11] g] weR™! Ne GL(E,R)} .

Here

For an inhomogeneous system
> A+’LL1B1+"'+U£B[,

with A = Z?:1 g;E;, it follows that Z?:1 €2 # 0. We omit this condition in the
statements of the theorems throughout this section. A proof sketch is provided for
theorem [ to elucidate the approach used in the classification of inhomogeneous
systems. More details are provided in the proof of theorem The proofs of

theorems [0} [7} and [§ are similar and shall therefore be omitted.

Theorem 4. Every single-input inhomogeneous system is equivalent to exactly one
of the systems

2(515’1) A+ uy(By + BEy)

for some 0 < 8 < 1, where
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(i) if =0 then
A=¢e9Fy+e4Ey
with €9,e4 > 0, and
(ii)) if 0 < B <1 then
A= EQEQ + E4E4 + E5E5
with e2,e4,65 > 0 and (8 =1Aes =0) = 2 > £5).

Here B and e parametrize a family of class representatives, each different value
corresponding to a distinct non-equivalent representative.

Remark 7. If g = 0, then Egs’l) is not controllable. If g > 0, then Ege’l) is not
controllable exactly when eo =0 ores =0or (ea =e5Aes =0A[F=1).

Proof. Let ¥: A+ uy By be a single-input system. Then, by theorem [T} ¥ is equiv-

alent to a system
6

oF Z5iEi +ui(Ey + BEy)

i=2
for some 0 < 8 < 1. Suppose 5 > 0. Now
1 1 B B
Ry 10| k=10 , Ry |0l k=10 s and Rl,RQGSO(?))
0 0 0 0
_det Sl 0

exactly when k = det S) = det Sy, Ry = det S 0 } nd

0 Sl’RQZ{ 0 S
51,55 € O(2). Accordingly, there exist Sy, Sy € O(2) such that

{detSl 0} v [1 0 }: 0
0 St cs 0 0 detS; 02 0
I ER [ AR

2l s 0 sl o o

for some €}, &), ef > 0. Therefore ¥ is equivalent to the system
E/Z €/2E2 + 5£1E4 + 8:5E5 + uy (E1 + BE4) .

Moreover, if § = 1 and &) = 0, then ¥ can be shown to be equivalent to a
system
¥ ) Fy + et Es + uy(Ey + Ey)
for some e > et > 0.
Likewise, if 5 = 0, it follows that X is equivalent to a system

E/I 5’2E2 + 521E4 + U1E1

for some £},¢) > 0. (Again, as in the homogeneous case, one verifies that all the
systems obtained are distinct and non-equivalent.) O
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Theorem 5. Every two-input inhomogeneous system is equivalent to exactly one
of the systems

(1) SV e9By +e5Bs + w By +upBEy with e3> 5> 0
(2) Eg;z A+U1<E1 +041E4) —|—U,2(E2 +042E5)

with ac; > g =0 or 1§a%§a1 or 0 < ay <o <1, where
(i) if a1 = ag = 0 then
A=c¢e3F3+¢e4Fy
with €3,e4 > 0, and
(ii) if &1 = a2 > 0 then

A=¢e3F3+¢e4Fy +egFEg

withes =0=¢6 >0, g € R, €3,64 > 0, and
(ﬁj) if o > ag =0 then

A= €3E3 + €4E4 + €5E5 + EGEG

with (54 =0Ves = 0) =¢e6>0,e6 €R, £3,64,65 >0, and
(iv) if a; > e > 0 then

A=e3E3+e4Ey + e5E5 + e Eg

with (83,64 > O)\/(83 > 0Aes > O)\/(E4,85 > O)\/(€5,86 > 0), €5,66 € R,
£€3,€4 > 0.

Here o and e parametrize families of class representatives, each different value
corresponding to a distinct non-equivalent representative.

Remark 8. Ef;l) is controllable exactly when e5 # 0. 25202 is not controllable

exactly when ap = 0A (a1 =0Ves=eg=0)ora; =as=1Aegg =0Ae3 = ¢g.

Proof. Let ¥: A+ uy By + usBs be a two-input system. Then, by theorem [2] ¥ is
equivalent either to

6
Y Z eE; + u1 By + us By
=1

or
6

EQ: Z EiEi + ul(El + 041E4) + u2(E2 + Oé2E5) .
=3

It is easy to show that il is equivalent to ¥;7. 7. Suppose X is equivalent to EAIQ

and a; > as > 0. Now

(2,1)
€

1 0 1 0 a1 0 (65} 0
R |0 1| N=|[0 1 Ry |0 a| N=1|0 as
0 0 0 0 0 0 0 0
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Ry, Ry € SO(3), and N € GL(2,R) exactly when N =S, Ry = Ry = {g de(‘z S]’
and S = [cg UO}, 01,09 € {—1,1}. Accordingly, (a tedious but straightforward
2
computation shows that) there exists 01,09 € {—1,1} such that
o 0 0 0 1 0]t 0 0] [0 1 0
0 o9 0 0O 0 1110 o0 Of=10 0 1
0 0 01029 €3 0 0_ _0 0 0'2_ _Eé 0 0
01 0 0 g4 Q1 0 i _1 0 0 i _621 (6751 0
and 0 g2 0 €5 0 (65 0 01 0 = 5/5 0 (%)
0 0 0102 €6 0 0 ] _0 0 0'2_ _Eg 0 0

where 5,4 > 0 and (5 =0Ve), =0) = cf >0and e =¢) =0 = (ef,e5 > 0)
and ¢4 = e = 0 = ¢ > 0. These conditions are equivalent to those given in the
theorem. R

On the other hand, suppose ¥ is equivalent to 39 and a1 = as > 0. Then

1 0 1 0 (651 0 (6751 0
Rl 0 1|N=(0 1 R2 0 (&3] N = 0 a1
0 0 0 0 0 O 0 0
T S 0
Ry, Ry € SO(3), and N € GL(2,R) exactly when N =S"', Ry = Ry = 0 detsl

and S € O(2). Therefore there exists S € O(2) such that

b 5]

b 5]
o ST
where €5,¢), > 0 and e =0 = ¢ > 0.

The (families of) equivalence representatives 2(i) and 2(iii) are obtained simi-
larly. (Again, as in the homogeneous case, one verifies that all the systems obtained
are distinct and non-equivalent.) O

o o

DN oo

] L

1T
oo
P LE
o) OO =
=

o~ o
o

o

and [

2

m
o~
o o
o

Theorem 6. Every three-input inhomogeneous system is equivalent to exactly one
of the systems
(1) Efﬁlé_) A + ul(El + 6E4) + UQEQ + U3E6

(i) if $ =0 then

with 0 < 8 <1, where

A=¢e3F3+¢e4FE, with e3,64 > 0,

(ii) if 0 < <1 then
A=¢e3FE3+e4Ey+e5F5
with ((84 =0ApB= 1) = €3 > 85), €3,€4,€5 > 0.
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(2) S0 At ui (B + ayBy) + ug(Bs + asEs) + uz (B3 + azEg)
WithO—a3<a2§a1 or 0<|ag| <as<lAay<a; or ag=1<
Ia | < a1, where

(i) if a1 = ag = || then

A=¢e4FEy with €4>0,

(ii) if a1 > ag = |as| then
A=¢e4Es+e5E5 with e4,e5 >0,

(iii) if oy = ag > |ag| then
A=¢e4Es+esEg with e4,66 >0,

(iv) if a1 > g > || then

A=¢e4Es+e5E5+egEg with e € R, e4,65 > 0.

Here o, B and e parametrize families of class representatives, each different value
corresponding to a distinct non-equivalent representative.

(3,1)

Remark 9. Egsﬁle) is controllable exactly when 8 # 0 or g4 # 0. X57,; is not

controllable exactly when oy = 0 and (a7 =0V e5 = 0).

Theorem 7. Every four-input inhomogeneous system is equivalent to exactly one
of the systems

(l) 2(4 v, 1B 4 ey By +ur By +usEs +usEs +usEg with 1 >4 >0

(2) Eé“;,; A+ u(Ey — a1 Er) + ua(Es — aaFEs) + uzEs + usEs

with a; > as =0 or 1§ai2§a1 or 0 < ay <a; <1, where

(i) if ; = ag then
A:€1E1 with €1 ZO,

(11) if iy > ao then
A=¢F; +e9Fy with €1,62 > 0.

Here o and € parametrize families of class representatives, each different value
corresponding to a distinct non-equivalent representative.

Remark 10. Every four-input inhomogeneous system is controllable.

Theorem 8. Every five-input inhomogeneous system is equivalent to exactly one
of the systems

Eﬁil) e1E1 +uy (By — BEL) +up By + usE3 4 ug Es + us Eg

with 0 < 8 <1, e; > 0. Here 8 and € parametrize families of class representatives,
each different value corresponding to a distinct non-equivalent representative.

Remark 11. Every five-input inhomogeneous system is controllable.
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6 Conclusion

We have classified all left-invariant control affine systems on the orthogonal group
SO(4) (cf. ) Specifically, we have shown that any system is equivalent to exactly
one of a list of equivalence representatives. In addition, we have identified exactly
which of the representative systems are controllable.

As a simple by-product of the classification of homogeneous systems, we re-
cover a classification of subalgebras of so(4). (Two subalgebras a;,as C so(4) are
equivalent if there exists ¢ € Aut(so(4)) such that ¢ - a; = a2). Any (non-trivial)
subalgebra of s0(4) is equivalent to exactly one of the following subalgebras

all) = (E1 + aEy) =< ((E1,aEy))

a®) = (Ey, Ey) =< (E1) @ (En)

o) = (B, B, E3) =¢-s50(3) & {0}

0l = (EBy + Ey4, By + Es, By + Eg) =< - {(A,A) : A € 50(3)}
o) = (E1, By, B3, Ey) = -50(3) ® (E1).

Here 0 < v < 1 parametrizes a family of nonequivalent class representatives. (Only
agg) is an ideal.)

The classification of (controllable) systems should prove useful in the study of
certain classes of invariant optimal control problems on SO(4). Generally, an (affine

quadratic) invariant optimal control problem is given by the specification of

(1) a left-invariant control system 3 = (G, E)

(2) an affine quadratic cost function y : R® — R, u + Q(u — )
here Q is assumed positive definite and p € RY
I

(3) boundary data (go,g1,7T), consisting of an initial state gg € G, a target state
g1 € G, and a (usually fixed) terminal time 7" > 0.

Explicitly, we want to minimize the functional

T
7= / x(u(t)) dt

over the trajectories of ¥ subject to the boundary conditions. The equivalence of
such problems has been considered in , ; this is called cost equivalence. It
establishes a one-to-one correspondence between the associated optimal trajectories
(resp. associated extremal curves) of equivalent problems. For two cost equivalent
problems, the underlying left-invariant control systems must be equivalent. Hence
(once a classification of systems has been found), only the transformations leaving
each system invariant need be considered when investigating cost equivalence.
Some specific (invariant) optimal control problems on SO(4) have been stud-
ied by diverse authors in several contexts. For instance, D’Alessandro studied a
particular (time) optimal control problem associated with a homogeneous three-
-input control affine system in the context of quantum control ([15]), whereas Puta
et al. considered a particular optimal control problem for a homogeneous four-
-input control affine system in the broad context of motion control ([4]). Recently,
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Holderbaum et al. made attempts to compare different trajectories of some par-
ticular control systems on SE(3),SO(1,3) and SO(4), in the context of rigid body
dynamics ([f], [23]). Various variational problems associated with SO(4) (and its
Lie algebra), like the Kowalewki’s top or the integrable Suslin problem, have also
been treated (see, e.g., [L§], [22]). With a classification of controllable systems at
hand a more unified approach to control problems on SO(4) may be feasible. This
is a topic for future research.

Invariant optimal control problems naturally give rise to Hamilton-Poisson sys-
tems, via the Pontryagin Maximum Principle. Moreover, if two invariant optimal
control problems are cost equivalent, then the associated Hamilton-Poisson sys-
tems are linearly equivalent ([8], [L0]). In the context of Hamiltonian systems,
Ratiu et al. studied the stability of equilibria for the so(4) free rigid body ()
Furthermore, integrability (and explicit integration) of certain Euler equations on
s0(4) and their physical applications were considered in [14], whereas (general)
integrable quadratic Hamiltonians on so(4) were also studied in [27].

Appendix: Classification of systems on SO(4) in matrix form

In the following tables, the homogeneous systems correspond to A = 0.

Single-input
=0(1,u) A
1 0 0
0 €3 €2
n(L1) 0 0 0
Be I5] €4 £4
0 0 €5
0 0 0
=0 0<B<1
Two-input
=0(1,u) A
1 0 0
0 0 €2
2,1 0 0 0
Dl 0 1 0
0 0 €5
0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
E(2,1) 0 0 €3 €3 €3 €3
2,ae a1 0 g4 4 4 €4
0 o« 0 0 €5 €5
0 0 0 €6 €6 €6
a1=as=0 a1=ag>0 a1 >as=0 a1 >as>0
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Three-input
=0(1,u) A
1 0 0 0 0
0 1 0 0 0
$(3.1) 0 0 0 €3 €3
1,ce ﬁ 0 0 E4 &4
0 0 0 0 €5
0 0 1 0 0
=0 0<B<1
1 0 0 0 0 0 0
0O 1 O 0 0 0 0
(3.1 0o 0 1 0 0 0 0
2,ae a; 0 0 €4 €4 €4 €4
0 (65) 0 0 €5 0 1553
0 0 as 0 0 €6 €6
ar=as=|az| a1>as=|az| ar=az>|az| ai1>az>|as|
Four-input
=Z0(1,u) A
0 0 0 O €1
1 0 0 O 0
5 (41) 01 00 0
Le 0 0 0 0 €4
0 010 0
0 0 0 1 0
—aq 0 0 O €1 €1
0 —az 0 0 0 €2
(1) 0 0 1 0 0 0
2,ae 1 0 0 0 0 0
0 1 0 0 0 0
0 0 01 0 0
ap=a2 a1 >a
Five-input
=0(1,u) A
-8 0 0 0 O €1
0O 1 0 0 O 0
5 (5:1) 0 01 0 O 0
Be 1 0 0 0 0 0
0O 0 0 1 0 0
0 0 0 0 1 0
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Six-input
Z0(1,u)
1 0 0 0 0 O
01 00 0O
7(6,0) 0 01 00O
Be 000 1 00
0 000 T1UO0
0 00 001
A+ ZE(1,u) E0(1,u) =u By 4o +ugBy +— [Bl Bg}
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