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DYNAMIC ANALYSIS OF AN IMPULSIVE DIFFERENTIAL
EQUATION WITH TIME-VARYING DELAYS
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Abstract. An impulsive differential equation with time varying delay is proposed in this
paper. By using some analysis techniques with combination of coincidence degree theory,
sufficient conditions for the permanence, the existence and global attractivity of positive
periodic solution are established. The results of this paper improve and generalize some
previously known results.
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1. INTRODUCTION

In natural world, for studying the control of a single population of cells, Nazarenko

[9] proposed the following model:

/ gz (t)
(1) x'(t) + px(t) — m =0
The author established conditions for oscillation of all positive solutions about the
unique positive fixed point and proved that every nonoscillatory solution tend to the
fixed point.
Considering the effects of the periodically varying environment [11], [5], and the
abrupt change of state (i.e., the effects of impulse, see [7], [1]), Saker and Alzabut
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[10] proposed the following impulsive delay population model:

(t)z(t)
2/ (1) + p(t)a(t) — —L —A(t), t# b,
@) 1 r 42" (t — mw)
z(th) = T bkx(tk).

By using Brouwer’s fixed point theorem and the comparison method, they studied
the qualitative behavior of the model including the existence of periodic solutions,
global attractivity and oscillation.

Delays often affect the dynamics of ecological systems, see [6]. The authors of
[9], [10] investigated the effect of time delay on the dynamical behavior, but they
all assumed that the delay is constant. However, in real world, delay is not always
constant. It is often time-varying [2], [12]. Then how a time-varying delay affects
the dynamical behavior of the system?

Motivated by the above discussion, in this paper we study the impulsive differential
equation with periodic parameters and time-varying delay

q(t)z(t)

mzoa t# i,

a'(t) + p(t)=(t) —
1

z(th) = T bkx(tk).

3)

Eq. (3) is accompanied with the initial condition
y(t) = (), —r<t<0, p € L([-r,0],[0,00)), ¥(0) >0,

where z(t]) = linzr x(t), L([—r,0],[0,00)) denotes the set of Lebesgue measurable
t—t,

functions on [—r,0] and —r = igg{t —o(t)}.

By employing Mawhin’s continuation theorem and a comparison theorem, we aim
at studying the permanence, existence and global attractivity of positive periodic
solutions of system (3). It is of biological significance.

Obviously, by the transformation z(t) = 1/(y(¢)), model (3) leads to the impulsive
delay differential equation

o _Q)y"(t—a(t)
" y'(t) = y(t) (p(t) Rt ol o)

y(ty) = (1+ by (t),

where Q(t) = q(t)/r, R=1/r.
Hence, in order to study the dynamics of (3), it suffices to study the qualitative

), t# bk,

behavior of system (4).
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For system (4), we assume that:
(H1) 0<t; <tg <...are fixed impulsive points such that klim tr = oo;
(H2) p(t),Q(¢) € ([0,00), (0,00)) are locally summable functions, o € ([0, 00), (0, 00))
is a Lebesgue measurable function;
(H3) R > 0 is a constant, {b;} is a real sequence such that b, > -1, k=1,2,..

(Hy) p(t), Q(t), o(t), TI (14 bg) are positive periodic functions with period w,
0<ty <t
and if the number of factors is zero, then the product is equal to unit.

In this paper, for convenience, we use the following notation:

L : M - 1 [”
£r= gin 1O, = e o), F= [ s
where f is a positive w-periodic function.

This paper is organized as follows. In Section 2, preliminaries are introduced. In
Section 3, the permanence and existence of a periodic solution of system (4) are
studied. In Section 4, the uniqueness and global attractivity of a positive periodic
solution of (4) are investigated. Finally, in Section 5, a brief discussion and an
example are given to conclude this paper.

2. PRELIMINARIES

In this section, we introduce some definitions and lemmas.

Definition 1. A function y(t) € ([—r, 0), (0,00)) is said to be a solution of (4)
on [—r,00), if
(i) y(t) is absolutely continuous on each interval [0,¢1] and (tg,tx+1], k= 1,2,...,
(ii) for any ty, y(¢) and y(t;,) exist and y(t;) = y(tx), k =1,2,...,
(iii) y(t) satisfies (4).

Definition 2. Suppose that y;(¢) and y2(¢) are two positive solutions of (4) on
[—7,00). The solution y»(t) is said to be asymptotically attractive to y; (t) provided
that

Jin (y1(2) = y2(t)) = 0.

Further, y2(t) is called globally attractive if y2(t) is asymptotically attractive to all
positive solutions of (4).

Definition 3. A solution y; (t) of (4) is said to oscillate about y2(t) if y1(t) —y=2(t)
has arbitrarily large zeros. Otherwise, y1(t) is called nonoscillatory.
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Consider the nonimpulsive delay differential equation

Q(t)z"(t — a(t))
R(t) 4+ z"(t — o(t))

(5) (1) = (p(t) - )=(1)

with the initial condition
(6) 2(t) =p(t), —-r<t<0, € L([-r0),(0,00)), ¢(0) >0,

where R(t) = R/ I1 (14 bg)™. By a solution of (5) and (6), we mean an ab-
0<ty<t—o(t)
solutely continuous function z(t) defined on [—r, co) satisfying (5) almost everywhere

for t > 0 and z(t) = ¢(t) on [—r,0].
The following lemma will be used in the proof of our results; its proof is similar
to that of Theorem 1 in [13] and hence is omitted.

Lemma 1. Assume that (Hy)—(Hy4) hold. Then

(1) ify(t) is a solution of (4) on [—r,00), then z(t) = [] (1+bk)y(t) is a solution
0<trp<t

of (5) on [—r,00);

(2) if z(t) is a solution of (5) on [—r,o0), then y(t) = T[] (14 bx)~t2(t) is a
O<tp<t
solution of (4) on [—r, 00).

It is clear that the transformation z(¢) = [[ (1 + bg)y(t) preserves the asymp-
0<tp<t
totic properties of Eq. (4). Thus, in the proof of the asymptotic properties of (4), it

suffices to consider the asymptotic properties of (5).

Lemma 2. Assume that (Hq)-(H4) hold. Then the solutions of (4) are defined
on [—r,00) and are positive on [0, c0).

Proof. Clearly, by Lemma 1, we only need to prove that the solutions of (5)
and (6) are defined on [—r,00) and are positive on [0,00). From (5) and (6), it is
easy to obtain

2(t) = p(0) exp (/o (o) - R?s(;):zf(; - ‘(’S()S)))) ds)'

The assertion of the lemma follows immediately for all ¢ € [0,00). The proof is
complete. O

The following lemma will be used repeatedly in the proof of our results. Its proof
is straightforward and is omitted.
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Lemma 3. Assume that p, q, v are positive constants and let

n
flx)=p— = x> 0.

r+xn’

Then

(i) there exists a unique positive constant xq such that f(xg) =0 and
f(z) >0 for0 <z < xo; flz) <0 forzy <z < 0.

(if) f(x) attains its maximum at x = 0. Further, f(z) is decreasing for z > 0.

Lemma 4 ([3]). Let X and Z be two Banach spaces, L: DomL C X — Z a
Fredholm operator with index zero. Let 2 C X be an open bounded set, and let
N: Q — Z be L-compact on . Assume that:

(a) for each A € (0,1), x € 92N Dom L, Lz # ANx;
(b) for each x € 902 NKer L, QNx # 0;
(c) deg{JQN,Q2NKerL,0} #0.

Then the equation Lz = Nz has at least one solution in @ N Dom L.

Lemma 5 ([4]). Let a, o satisfy
(i) a,0 € ([0,00),[0,00)), a is a locally summable function, ¢ is a bounded Lebesgue
measurable function, * = sup o(t);
>0
(ii)

t+o 3 t+o
lim sup / a(s)ds < 3 and lim inf / a(s)ds > 0.
¢ ¢

t—o0 t—oo

Then all nontrivial solutions of y'(t) + a(t)y(t — o(t)) = 0 satisfy tlim y(t) = 0.
—00

3. PERMANENCE AND EXISTENCE OF PERIODIC SOLUTION

In this section, the permanence and existence of periodic solution of (4) are inves-
tigated.

First, we study the permanence of model (4). By Lemma 1, we only need to
establish the permanence of (5). For p(t) and Q(¢), we define two functions as
follows:

QMZn
© REL 4z

QLG

M
f2(2) =p™ — RM 1 o0

(7) filz) =p"

89



Due to Lemma 3, there exist z; and z5 such that
fl(zl) =0, fQ(ZQ) =0 with 0 < z; < 29,

where z1, 25 are the unique zero points respectively for fi(z) and f2(z). In the rest
of this paper, we always assume that the roots of f1(z) = 0 and f2(z) = 0 are z; and
Zo, respectively.

Theorem 1. Assume that (Hy1)—(H4) hold. Then system (4) is permanent, that
is, if y(t) is a solution of (4), then there exists T > r > 0 such that

(8) H (1+bg)zre ™™ <yt) < H (14 b)zet?, t =T,
0<ty<t 0<ty<t
where
t t
Q(s)zgems
= su s)ds, = su (—— s)ds.
= e /t—a(t)p( ) e /t—a(t) R(s) + zfem+2 ple)

Proof. First, we study the permanence of (5). Then by using Lemma 1 we
prove that (8) holds for ¢ > T, which leads to the permanence of system (4). By
Lemma 2, the solutions of (5) are positive on [0, c0). There are four cases.

Case 1: the solution z(t) of (5) oscillates about zo and satisfies sup z(t) > za.
>0
Then there exist two sequences of {t,,} and {&,} such that

r<ti<to<...<tp<tpt1<..., lm t, =00 and z(t,)= 2o,

n—oo

z(&,) is the maximum of z(t) on (ty,tn41) with 2(&,) > 22, n = 1,2,... Thus, for
any € > 0 small enough, there exist 6 > 0 and & such that & € (&, — 9,§,] with
2'(&8) 20, z(£8) > 22 and

9) 2(&) —2(&) <e, n=1,2,...

From (5) we have

Quen(E —ol)

(% * M
0< (&) < Z(§n>(p T RM q (g —o(g)))

Hence,
v Q& —a(&)

TR G —0(&))
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By Lemma 3 we get z(£ —o(£)) < 22. Let €2 be a zero of 2(t) — 22 in (& — o (£2))N

[tnag';)? i'e'7 2(52) = 22'
According to Lemma 3 and (5), for any ¢ > r we have

Q(t)z"(t —o(t))
R(t) + 2"(t — o(t))

(10) 2() = () (p(t) - ) <=,

Integrating (10) from &0 to & leads to

(&)
z(€9)

It follows from (9) and (11) that z(&,) < 2(€2)e#2, that is

&, &
(11) 0<In g/ p(s)dsg/ p(s)ds < pa, n=1,2,...
1

n &—o(&)

(12) 2(t) < z0eM2.

Case 2: the solution z(t) of (5) is nonoscillatory about zs.
Then we claim that for any € > 0 there exists 77 > r such that

(13) z2(t) < zg+¢e forallt>T.

Otherwise, since z(t) > 22, by (6) and Lemma 3 we have

' Q=" (t—a(t)) Q" (22 +2)"
2 (t) < 2(1) (pM ~ RM 4 n(t — U(t))> <) (pM a m>

?

which contradicts z(t) > 0 for all ¢ > 0. This implies that (13) holds. Then there
exists To > T4 such that for all t > Ts, 2(t) < zoeM2.
Case 3: the solution z(t) of (5) oscillates about z; and inf z(¢) < z3.

>

Then there exist two sequences {s,} and {7,} such that

0<s1<82<...<8, <Spy1<..., lims,=o00, 2(s,) ==z,
n—oo
and z(ny,) is the minimum of z(¢) on (8, Sp+1) With z(n,) < z1,n = 1,2,... Similarly,

for any € > 0 small enough, there exist § > 0 and 7} € (n, — d,n,] with 2'(n}) < 0,
z(nk) < z and

(14) z(ny) —2(mm) <e, n=1,2,...

From (5) we have

Q"o — )

* * L
0> 2/(n) > =(n;) (p" - RE+ 27 (n;, — o ()
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In view of Lemma 3, then z(n% — o(n})) > 21 and there exists 70 € (9} — o (), n})
such that z(nY) = z1, n = 1,2, ... Integrating (5) from 7 to n;, for any 78 > Ty, we
can derive that

> /?7 " (p(s) - %) ds

Therefore,
Q(s)zge™”
R(s) + zZenu2 ) ds

(p(s) Qe y

*—o(nr) R(S) + 29 Nentz

Thus for any ¢t > Ts, z(t) = z(n,) = z(n)) — € holds, that is
(15) z2(t) = ze 1.

Case 4: the solution z(t) of (5) is nonoscillatory about z; and z(t) < z;.

We prove that for any € > 0 there exists T3 > T5 such that z(t) > z; —e.

If not, since z(t) < z1, in view of Lemma 3, for any ¢t > T there exists T > T3 such
that

, QMz"(t —a(t)) QM(z1 — )"
#() > 20) (0" ~ (= U(t))) > () (" - m) >0

which leads to contradiction with z(¢) < z9¢#2. By using Lemma 3 again, we have

Q)

PO~ Rty + zgomm

Hence,
t
Q(s)zge™?
= —_— = — ds > 0.
) tsllfo/t[,(t) (R(SH%LQW p(s)) s

This implies that there exists T3 > T5 such that z(t) > z;e7#* holds for all T' >
According to (12) and (15), we conclude that

(16) z1e”* < 2(t) < z9et?  for all sufficiently large t.

By Lemma 1, then (8) holds. The proof of Theorem 1 is complete. O

92



Theorem 2. Suppose that (Hy)—(H4) hold. Then system (4) has at least one

w-periodic solution g(t).

Proof. By Lemma 1, we only need to prove that (5) has at least one w-periodic
solution Z(¢). Using the transformation z(t) = e*®), (5) leads to

Q(t)emc(t—a(t))

(17) ¢ 0 =20) ~ ji ey 20

Take X = Z = {x € C(]0,00), R): z(t+w) = z(t)} with the norm ||z| = n%gx] |2 (¢)].
te|0,w
Then both X and Z are Banach spaces. Define

Q(t)emc(t—a(t))
R(t) + enx(tfa(t)) )

L:DomLNX —Z Lr=2a', N: X —Z, No=p(t)—

where Dom L = {z € C'[0,w]: z(t + w) = z(t)}. Define operators P, @ as follows:

Then KerL = {z € X: x = h € R}, ImL = {z € Z: [ 2(t)dt = 0}, and
dimKerL = codimImL = 1. It is easy to obtain that the operators P,(Q are
continuous and satisfy Imn P = Ker L, Im L = Ker @ = Im(/ — Q). Hence, Im L is
closed in Z and L is a Fredholm mapping of index zero.

Denote L, = L|pom LnKer p- Then the generalized inverse K, = L;l is given by

Kp<z>:/ s__// 5)ds dt.

R Q(t)er+ =)
QNz= ;/0 (ptt) - R(#) + eneli- ) o

t nx(s—o(s))
KP(I — Q)N:L’ = / (p(s) R?s()sfe”x(s a(s))) ds

S) nx(s—o(s))
- / / + enx(s a(s))) dsdt
Q(S)enz(sfo'(s))
(w 2) A (p(s) R(S) 4 enx(s—a(s))) ds.
Clearly both QN and Kp(I — Q)N are continuous. By employing the Arzela-Ascoli

theorem, it is easy to show that for any open set Q C X, Kp(I — Q)N () is compact
and QN (Q) is bounded. Thus N is L-compact on 2 for any open set Q C X.

Therefore,
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Now we are in the position to seek a domain 2 satisfying the requirements given
by Lemma 4. Corresponding to the operator equation Lx = ANz, A € (0,1), we
have

nz(t—o(t))
Q(t)e )

(18) 2 (t) = A(p(t) - R(t) + ena(t—o(t))

Suppose that z(t) € X is a solution of system (18) for a certain A € (0,1). Integrat-
ing (18) over the interval [0, w], we have

w Q(t)en;c(t—a(t)) -
/0 (p(t) TR0+ enz(tfcr(t))) dt = 0.

That is,

nz (t—o(t))
(19) / dt R + enz(t—o(t)) dt.

From (18) and (19) we have

) nx(t—o(t))
(20) / |2'(t)| dt = /\/ +e(nz(t oy | 4
mc(t o(t)) ~
< / t)dt + R +em(t o) dt = 2wp := M;.

Since x € X, there exist ¢y € [0,w] and a constant M> such that z(tg) < M. Then
(21) 2(t) < 2(to) +/ 1o/ (1)) dt < M, + M.
0

By a similar argument, there exist t; € [0,w] and M3 > 0 such that z(t;) > —M3
and

(22) () > 2(th) - /Ow &/ (1)) dt > —(M; + Ms).

4
It is clear that M; is independent of the choice of A for i = 1,2,3. Take H = > M,
i=1
where M, is chosen sufficiently large so that the solution u of

Qt)e™
p(t) — R + o 0

satisfies |Inu| < My; then ||z| < H.
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Let @ = {z € X: ||z|| < H}. Obviously condition (a) of Lemma 4 is satisfied. If
x € 00 NKerL,|z|| = H, where H is a constant, then

) L e Q(t)enx(tfa(t))
Qe = [ (PO~ g7t s 2 #0

Therefore, (b) of Lemma 4 holds. Further, by easy calculation,
deg{JQNz,QNKerL,0} #0,

where the isomorphism .J is the identity mapping due to Im P = Ker L. Hence (c)
of Lemma 4 is also satisfied. By Lemma 4, we conclude that Lz = Nz has at least
one solution in X, i.e., system (17) has at least one w-periodic solution. That means
(5) has at least one w-periodic solution. By Lemma 1, therefore, system (4) has at
least one w-periodic solution. The proof is complete. O

Remark 1. From the proof of Theorem 1, one can see that the deviating argu-
ment o(t) has no effect on the existence of a positive periodic solution of (4). Further,
for the case o(t) = mw, the restricted condition Qns > pm, Q@m > Py (Theorem 6 of
[10]) ensuring the existence of a positive periodic solution is not needed here. Hence,
we have improved and generalized Theorem 6 of [10].

4. UNIQUENESS AND GLOBAL ATTRACTIVITY

In this section, we obtain an explicit sufficient condition for the uniqueness and
global attractivity of a periodic solution with respect to all other positive solutions

of (4).

Theorem 3. Suppose that (H;)—(H4) hold. Further, let

t+o* AN
. nQ(s)z5em? 3
2 1 — = ds< =
(23) mfi‘fo/t R(s) <

where o is defined in (8), 0* = supo(t). Then there exists a unique w-periodic
20

positive solution F(t) of (4) such that

(24) lim y(t) - 7(t) = 0

t—o0
for all other positive solutions y(t) of (4).
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Proof. Obviously, it is immediate that if y(t) satisfies (24), then the positive
periodic solution g(¢) will be unique. Therefore, to complete the proof of Theorem 3,
it suffices to prove that tli>Holo y(t) — y(t) = 0. By Lemma 1, we only need to prove
that tlirgo(z(t) —2Z(t)) = 0, where Z(¢) is the periodic positive solution and z(t) is an
arbitrary positive solution of (5).

From Theorem 2, under the conditions of Theorem 3, (5) has a positive periodic
solution Z(t). Set z(t) = z(t)e*). Then (5) reduces to

x’(t) _ Q(t)z"(t — o(t)) Qt)z™(t — J(t))em” (t—a(t))
R(t) +z"(t — o(t)) R(t) +z(t — O'(t))e"f(t =)

(25)

for almost all ¢ > 0. Let

Q)z"(t — o(t))e™
R(t) +zn(t — o(t))emu’

G(t,u) = —

Then (25) can be rewritten as
7' (t) = G(t,z(t — a(t)) — G(t,0)).

By the mean-value theorem, we have

(26) 2'(t) — F(t)z(t — o(t)) =0,
where
_ —0G(t,u) ~ nRQ)Z"(t — o(t))em®
W = 5 =) = TR () 4 7 — o (D) o)
_ nROQMON" () _ nQM)n"(?)
(R(t) +n™(1))? R(t) 7

n(t) lies between Z(¢t — o(t)) and z(t — o(t)). By (23), using Theorem 1 we have

to* t+o* nan
. . nQ(s)z5em? 3
1 —F(s)ds <1 ——=  ds< -.
1mtsilg)o/t (s)ds 1mtsllgo/t R(s) s<3

By Lemma 5 then tlim x(t) =0, i.e., tlim z(t) — z(t) = 0. In view of Lemma 1, then
—00 — 00

tlim y(t) —7(t) = 0. The proof is complete. O

—00
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5. DISCUSSION

In this paper, by using the comparison theorem, Mawhin’s continuation theorem
and some analysis techniques, we study the permanence, existence and global at-
tractivity of a positive periodic solution for an impulsive model with periodicity of
environment and time-varying delays. Theorem 1 and Theorem 2 show that the de-
lay and impulse have no effect on the permanence and existence of positive periodic
solutions, but Theorem 3 implies that they affect the attractivity of the periodic
solution. On the other hand, for the special case of o(t) = mw, the restricted con-
dition Qs > Pm, Qm > par (Theorem 6 of [10]) ensuring the existence of a positive
periodic solution is unnecessary. For example, consider the system

. (3 + sint)y(t — 27)

y'(t :yt(2—|—smt— ), t # th,
(27) ®) =00 24+ y3(t - 2n)

y(t) = (1+be)y(tr),
where tj, represents fixed impulsive points with 0 < t; < t3 < ... and klim tr = oo.

— 00
Suppose [] (1+bg) is 2n-periodic, then by Theorem 2.1 of [8] there exists a ¢ € N
0<tp<t
such that tpyq = tp + 27, bpqg = bk, [[ (1 +4+0bx) = 1. Let ¢ = 2, by = —0.5,
0<tr<2rn

by = 1. It is easy to verify that (H;)—(H4) hold. Hence, by Theorem 2, system (27)
has at least one positive periodic solution. For p(t) = 2 + sint, Q(t) = 3 + sint,
R=2,0(t) =2n, q=2,b =—0.5, by =1, by Matlab we can give the simulation
of (27), see Fig.1. However, by computation, (27) does not satisfy the conditions
of Theorem 6 of [10]. It shows that the main results improve and generalize some
previously known results [10].

3

| | | | | | | | |
L 0 10 20 30 40 50 60 70 80 90 100

t-axis

Fig. 1. Dynamics of (27) with tj1o =t + 2n, p(t) = 2 +sint, Q(t) = 3 +sint, o(t) = 2n,
R=2,b1 =-0.5, by =1.
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