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Abstract. The main object of this paper is to investigate several general families of hyper-
geometric polynomials and their associated multiple integral representations. By suitably
specializing our main results, the corresponding integral representations are deduced for
such familiar classes of hypergeometric polynomials as (for example) the generalized Bedi-
ent polynomials of the first and second kinds. Each of the integral representations, which
are derived in this paper, may be viewed also as a linearization relationship for the product
of two different members of the associated family of hypergeometric polynomials.
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1. Introduction and definitions

Let {Am,n}∞m,n=0 be a suitably bounded double sequence of essentially arbitrary

(real or complex) parameters. Almost four decades ago, Srivastava [12] introduced

and investigated the following general family of polynomials:

(1) SN
n (z) :=

[n/N ]
∑

k=0

(−n)Nk

k!
An,kzk (n ∈ N0; N ∈ N),

The present investigation was supported, in part, by the National Science Council of the
Republic of China under Grant NSC 100-2811-M-033-013 and, in part, by the National
Science Council of the Republic of China under Grant NSC 100-2115-M-033-004.
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where [κ] denotes the greatest integer not exceeding κ ∈ R and (λ)ν denotes the

Pochhammer symbol or the shifted factorial, in particular

(1)n = n! (n ∈ N0),

which is defined, in terms of the familiar Gamma function, by

(λ)ν :=
Γ(λ + ν)

Γ(λ)
=

{

1 (ν = 0; λ ∈ C \ {0}),
λ(λ + 1) . . . (λ + n − 1) (ν = n ∈ N; λ ∈ C),

it being understood conventionally that (0)0 := 1 and assumed tacitly that the Γ-

quotient exists.

The Srivastava polynomials SN
n (z) and their variants as well as special cases have

been considered, in recent years, by numerous other workers on the subject (see, for

details, González et al. [4, p. 145 et seq.], and Lin et al. [6], [9, p. 448 et seq.], [8]

and [7], Liu et al. [10] and Srivastava et al. [14] and [16]; see also [5]). Here, in our

present investigation, we consider the polynomial family defined by

Ξ
N ;(Ls)
n;(Mr)(z; (αr), (βr); (γs), (ωs))(2)

= ΞN ;L1,...,Ls

n;M1,...,Mr
(z; α1, . . . , αr, β1, . . . , βr; γ1, . . . , γs, ω1, . . . , ωs)

:=

[n/N ]
∑

k=0

(−n)Nk(γ1 + ω1n)L1k . . . (γs + ωsn)Lsk

(α1 + β1n)M1k . . . (αr + βrn)Mrk

zk

k!

=

[n/N ]
∑

k=0

(−n)Nk((γs + ωsn)Lsk)

((αr + βrn)Mrk)

zk

k!

(

N, (Ls), (Mr) ∈ N; (βr), (ωs) ∈ C
)

,

where (and throughout this paper) (Ls) abbreviates the array of s parameters

L1, . . . , Ls

with similar interpretations for

(Mr), ((αr + βrn)Mrk) and ((γs + ωsn)Lsk).

Recently, Lin et al. [8] defined the following class of polynomials:

RN,L1,L2

n,M1,M2
(z; λ1, λ2, α1, α2) :=

[n/N ]
∑

k=0

(−n)Nk(λ1 + n)L1k(λ2)L2k

(α1 + 1)M1k(α2 + 1)M2k

zk

k!
,(3)

(L1, L2, M1, M2, n ∈ N0; N ∈ N).
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It is easily seen from the definitions (2) and (3) that

ΞN ;L1,L2

n;M1,M2
(z; α1 + 1, α2 + 1, 0, 0; λ1, λ2, 1, 0) = RN,L1,L2

n,M1,M2
(z; λ1, λ2, α1, α2)(4)

(n ∈ N0; L1, L2, M1, M2, N ∈ N; α1, α2, λ1, λ2 ∈ C),

ΞN ;L
n;M (z; α + 1, 0; λ, 1) :=

[n/N ]
∑

k=0

(−n)Nk(λ + n)Lk

(α + 1)Mk

zk

k!
=: SL,M

n,N (z; λ, α)(5)

(n ∈ N0; L, M, N ∈ N; α, λ ∈ C),

ΞN ;L
n;0 (z; λ, 1) :=

[n/N ]
∑

k=0

(−n)Nk(λ + n)Lk
zk

k!
=: PL

n,N(z; λ)(6)

(n ∈ N0; L, N ∈ N; λ ∈ C),

ΞN ;0
n;M (z; α + 1, 0) :=

[n/N ]
∑

k=0

(−n)Nk

(α + 1)Mk

zk

k!
=: QM

n,N (z; α)(7)

(n ∈ N0; M, N ∈ N; α ∈ C)

and

(8) ΞN
n (z) :=

[n/N ]
∑

k=0

(−n)Nk
zk

k!
=: Rn,N (z) (n ∈ N0; N ∈ N),

which exhibit the fact that each of the polynomials

RN,L1,L2

n,M1,M2
(z; λ1, λ2, α1, α2), SL,M

n,N (z; λ, α), PL
n,N(z; λ), QM

n,N(z; α) and Rn,N (z)

is a special case of the following polynomials:

Ξ
N ;(Ls)
n;(Mr)

(

z; (αr), (βr); (γs), (ωs)
)

,

which, in turn, are a special case of the Srivastava polynomial system SN
n (z) defined

by (1) when

(9) An,k =
(γ1 + ω1n)L1k . . . (γs + ωsn)Lsk

(α1 + β1n)M1k . . . (αr + βrn)Mrk

(

(Ls), (Mr) ∈ N; n, k ∈ N0

)

.

Our principal objective in this investigation is first to derive some general multiple

integral representations associated with the polynomials defined by (2). We also

consider several special cases and consequences of our main results.
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2. Multiple integral representations

For the polynomials

Ξ
N ;(Ls)
n;(Mr)

(

z; (αr), (βr); (γs), (ωs)
)

defined by (2), we begin by considering the following product:

(10) Ξ
N ;(Ls)
m;(Mr)

(

x; (αr), (βr); (γs), (ωs)
)

Ξ
N ;(Ls)
n;(Mr)

(

y; (ζr), (ξr); (δs), (σs)
)

=

[m/N ]
∑

k=0

[n/N ]
∑

l=0

(−m)Nk(−n)Nl(γ1 + ω1m)L1k(δ1 + σ1n)L1l . . . (γs + ωsm)Lsk

(α1 + β1m)M1k(ζ1 + ξ1n)M1l . . . (αr + βrm)Mrk

× (δs + σsn)Lsl

(ζr + ξrn)Mrl

xk

k!

yl

l!

=

[m/N ]
∑

k=0

[n/N ]
∑

l=0

(−1)(k+l)Nm!n!

Γ(m − Nk + 1)Γ(n − Nl + 1)

×
r
∏

i=1

{ Γ(αi + βim)

Γ(αi + βim + Mik)

Γ(ζi + ξin)

Γ(ζi + ξin + Mil)

}

×
s
∏

j=1

{Γ(γj + ωjm + Ljk)

Γ(γj + ωjm)

Γ(δj + σjn + Lj l)

Γ(δj + σjn)

}xk

k!

yl

l!

=
m!n!

(m + n)!

r,s
∏

i,j=1

{ Γ(αi + βim)Γ(ζi + ξin)

Γ(γj + ωjm)Γ(δj + σjn)

}

k+l6[(m+n)/N ]
∑

k,l=0

(−m − n)(k+l)N

× Γ(m + n − (k + l)N + 1)

Γ(m − Nk + 1)Γ(n − Nl + 1)

×
r,s
∏

i,j=1

{Γ(γj + ωjm + Ljk)Γ(δj + σjn + Ljl)

Γ(αi + βim + Mik)Γ(ζi + ξin + Mil)

}xk

k!

yl

l!

=
m!n!

(m + n)!

r,s
∏

i,j=1

{ Γ(αi + βim)Γ(ζi + ξin)

Γ(αi + ζi + βim + ξin − 1)

Γ(γj + δj + ωjm + σjn)

Γ(γj + ωjm)Γ(δj + σjn)

}

×
k+l6[(m+n)/N ]

∑

k,l=0

(−m − n)(k+l)N
Γ(m + n − (k + l)N + 1)

Γ(m − Nk + 1)Γ(n − Nl + 1)

×
r,s
∏

i,j=1

{Γ(αi + ζi + βim + ξin + (k + l)Mi − 1)

Γ(αi + βim + Mik)Γ(ζi + ξin + Mil)

× Γ(γj + ωjm + Ljk)Γ(δj + σjn + Lj l)

Γ(γj + δj + ωjm + σjn + (k + l)Lj)

×
(γj + δj + ωjm + σjn)(k+l)Lj

(αi + ζi + βim + ξin − 1)(k+l)Mi

}xk

k!

yl

l!
,
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where we have made repeated use of the following elementary identity:

(11) (−n)Nk = (−1)Nk n!

(n − Nk)!

(

0 6 k 6

[ n

N

]

; N ∈ N; n ∈ N0

)

and (for convenience) we write

r,s
∏

i,j=1

{aibj} :=

r
∏

i=1

{ai}
s
∏

j=1

{bj}.

We now recall the following integral formula (cf., e.g., [19, Example 39, p. 263];

see also [11, p. 9]):

∫

π/2

0

cosα+β θ cos(α − β)θ dθ =
π

2α+β+1

Γ(α + β + 1)

Γ(α + 1)Γ(β + 1)
(12)

(

min{ℜ(α),ℜ(β),ℜ(α + β)} > −1
)

,

which can readily be rewritten in the following (more convenient) form:

Γ(α + β + 1)

Γ(α + 1)Γ(β + 1)
=

2α+β

π

∫ π

2

−
π

2

ei(α−β)θ cosα+β θ dθ(13)

(

min{ℜ(α),ℜ(β),ℜ(α + β)} > −1; i :=
√
−1
)

.

By appealing appropriately to (13) as well as to the familiar Eulerian beta integral

in the form:

∫ b

a

(t − a)α−1(b − t)β−1 dt = (b − a)α+β−1 Γ(α)Γ(β)

Γ(α + β)
(14)

(

min{ℜ(α),ℜ(β)} > 0; a 6= b
)

,

we find from (10) that

Ξ
N ;(Ls)
m;(Mr)

(

x; (αr), (βr); (γs), (ωs)
)

Ξ
N ;(Ls)
n;(Mr)

(

y; (ζr), (ξr); (δs), (σs)
)

(15)

=
2m+n−2r+

∑
r
i=1

(αi+ζi+βim+ξin)

π
r+1(b − a)

∑
s
j=1

(γj+δj+ωjm+σjn)−s

m!n!

(m + n)!

×
r,s
∏

i,j=1

{ Γ(αi + βim)Γ(ζi + ξin)

Γ(αi + ζi + βim + ξin − 1)

Γ(γj + δj + ωjm + σjn)

Γ(γj + ωjm)Γ(δj + σjn)

}

×
∫ π

2

−
π

2

∫ π

2

−
π

2

. . .

∫ π

2

−
π

2

∫ b

a

. . .

∫ b

a

s
∏

j=1

{(tj − a)γj+ωjm−1(b − tj)
δj+σjn−1}
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× Θ((αr),(βr),(ζr),(ξr))
m,n

(

θ, (ϕr)
)

k+l6[(m+n)/N ]
∑

k,l=0

(−m − n)(k+l)N

×
r,s
∏

i,j=1

{ Γ(γj + δj + ωjm + σjn)(k+l)Lj

Γ(αi + ζi + βim + ξin − 1)(k+l)Mi

}

× {f(x; (ts), θ, (ϕr))}k

k!

{g(y; (ts), θ, (ϕr))}l

l!
dt1 . . . dts dϕ1 . . . dϕr dθ

(

min
16i6r

{ℜ(αi + ζi + βim + ξin − 1),ℜ(αi + βim),ℜ(ζi + ξin)} > 0;

min
16j6s

{ℜ(γj + ωjm),ℜ(δj + σjn)} > 0; a 6= b; N, (Mr), (Ls) ∈ N;

m, n, r, s ∈ N0

)

,

where, for convenience, we have denoted

Θ((αr),(βr),(ζr),(ξr))
m,n

(

θ, (ϕr)
)

(16)

:= ei[(m−n)θ+
∑

r
i=1

(αi−ζi+βim−ξin)ϕi] cosm+n θ

( r
∏

i=1

{cosαi+ζi+βim+ξin−2 ϕi}
)

,

f
(

x; (ts), θ, (ϕr)
)

:= (2 cos θ)−N
r
∏

i=1

{(2 cosϕi)
Mi}

s
∏

j=1

{( tj − a

b − a

)Lj
}

xe−i(Nθ−
∑

r
i=1

Miϕi)

and

g
(

y; (ts), θ, (ϕr)
)

:= (2 cos θ)−N
r
∏

i=1

{(2 cosϕi)
Mi}

s
∏

j=1

{(b − tj

b − a

)Lj
}

yei(Nθ−
∑

r
i=1

Miϕi),

it being understood (as indicated above and in what follows) that

−π

2
6 θ, ϕi 6

π

2
(i = 1, . . . , r) and a 6 tj 6 b (j = 1, . . . , s).

Finally, since (see, for example, [15, p. 52, Equation 1.6(2)])

(17)

∞
∑

m,n=0

f(m + n)
xm

m!

yn

n!
=

∞
∑

N=0

f(N)
(x + y)N

N !
,

provided that each of the series involved is absolutely convergent, the double sum in

(15) can be reduced to a single sum which, in turn, is capable of being interpreted by
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the definition (2). We are thus led to the following multiple integral representation

for the product of two polynomials of the class defined by (2):

(18) Ξ
N ;(Ls)
m;(Mr)

(

x; (αr), (βr); (γs), (ωs)
)

Ξ
N ;(Ls)
n;(Mr)

(

y; (ζr), (ξr); (δs), (σs)
)

=
2m+n−2r+

∑
r
i=1

(αi+ζi+βim+ξin)

π
r+1(b − a)

∑
s
j=1

(γj+δj+ωjm+σjn)−s

m! n!

(m + n)!

×
r,s
∏

i,j=1

{ Γ(αi + βim)Γ(ζi + ξin)

Γ(αi + ζi + βim + ξin − 1)

Γ(γj + δj + ωjm + σjn)

Γ(γj + ωjm)Γ(δj + σjn)

}

×
∫ π

2

−
π

2

∫ π

2

−
π

2

. . .

∫ π

2

−
π

2

∫ b

a

. . .

∫ b

a

s
∏

j=1

{(tj − a)γj+ωjm−1(b − tj)
δj+σjn−1}

× Θ((αr),(βr),(ζr),(ξr))
m,n

(

θ, (ϕr)
)

· ΞN ;(Ls)
m+n;(Mr)

(

Φ(Mr),N

[

x

s
∏

j=1

{( tj − a

b − a

)Lj
}

,

y

s
∏

j=1

{(b − tj

b − a

)Lj
}

; θ, (ϕr)

]

; (αr + ζr − 1),
(βrm + ξrn

m + n

)

;

(γs + δs),
(ωsm + σsn

m + n

)

)

dt1 . . . dts dϕ1 . . . dϕr dθ

(

min
16i6r

{ℜ(αi + ζi + βim + ξin − 1),ℜ(αi + βim),ℜ(ζi + ξin)} > 0;

min
16j6s

{ℜ(γj + ωjm),ℜ(δj + σjn)} > 0; a 6= b; N, (Mr), (Ls) ∈ N;

m, n, r, s ∈ N0

)

,

where (αr + ζr − 1) abbreviates the array of r parameters

α1 + ζ1 − 1, . . . , αr + ζr − 1

with similar interpretations for

(γs + δs),
(βrm + ξrn

m + n

)

and
(ωsm + σsn

m + n

)

,

Θ
((αr),(βr),(ζr),(ξr))
m,n

(

θ, (ϕr)
)

is given by (16) and

(19) Φ(Mr),N [x, y; θ, (ϕr)]

:= (2 cos θ)−N
r
∏

i=1

{(2 cosϕi)
Mi}

[

xe−i(Nθ−
∑r

i=1
Miϕi) + yei(Nθ−

∑r
i=1

Miϕi)
]

.

Remark 1. By letting

βj = ξj (j = 1, . . . , r) and ωj = σj (j = 1, . . . , s),
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the parameters of the polynomials

Ξ
N ;(Ls)
m+n;(Mr)(. . .)

occurring on the right-hand side of the integral representation (18) would obviously

become independent of m and n. Also, in the special case when m = n = 0, we find

from the definition (2) that

Ξ
N ;(Ls)
m+n;(Mr)(. . .) := 0 (m = n = 0)

on the right-hand side of the integral representation (18).

3. Applications to hypergeometric polynomials

Since

(20) (λ)Nk = NNk
N
∏

j=1

(λ + j − 1

N

)

k
(N ∈ N; k ∈ N0; λ ∈ C),

the polynomial Ξ
N ;(Ls)
n;(Mr)

(

z; (αr), (βr); (γs), (ωs)
)

can easily be rewritten as a general-

ized hypergeometric polynomial as follows:

(21) Ξ
N ;(Ls)
n;(Mr)

(

z; (αr), (βr); (γs), (ωs)
)

= N+L1+...+Ls
FM1+...+Mr

[∆(N ;−n), ∆(L1; γ1 + ω1n), . . . , ∆(Ls; γs + ωsn);

∆(M1; α1 + β1n), . . . , ∆(Mr; αr + βrn);

(NNL1
L1 . . . Ls

Ls

M1
M1 . . . Mr

Mr

)

z

]

,

where ∆(N ; λ) abbreviates the array of N parameters

λ

N
,
λ + 1

N
, . . . ,

λ + N − 1

N
(N ∈ N)

and pFq denotes a generalized hypergeometric function with p numerator parameters

α1, . . . , αp and q denominator parameters β1, . . . , βq, defined by [3, Chapter 4]

pFq(α1, . . . , αp; β1, . . . , βq; z) = pFq

[α1, . . . , αp;

β1, . . . , βq;
z

]

:=

∞
∑

n=0

(α1)n . . . (αp)n

(β1)n . . . (βq)n

zn

n!
(

p, q ∈ N0; p 6 q + 1; p 6 q and |z| < ∞; p = q + 1 and |z| < 1;

p = q + 1, |z| = 1, and ℜ(Λ) > 0
)

,
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where

Λ :=

q
∑

j=1

βj −
p
∑

j=1

αj

(

αj ∈ C (j = 1, . . . , p); βj ∈ C \ Z−

0 (j = 1, . . . , q); Z
−

0 := {0,−1,−2, . . .}
)

.

In terms of these families of generalized hypergeometric functions and polynomials,

the integral representations (18) can be rewritten as follows:

(22)

N+L1+...+Ls
FM1+...+Mr

[∆(N ;−m), ∆(L1; γ1 + ω1m), . . . , ∆(Ls; γs + ωsm);

∆(M1; α1 + β1m), . . . , ∆(Mr; αr + βrm);
x

]

× N+L1+...+Ls
FM1+...+Mr

[∆(N ;−n), ∆(L1; δ1 + σ1n), . . . , ∆(Ls; δs + σsn);

∆(M1; ζ1 + ξ1n), . . . , ∆(Mr; ζr + ξrn);
y

]

=
2

m+n−2r+
r∑

i=1

(αi+ζi+βim+ξin)

π
r+1(b − a)

s∑

j=1

(γj+δj+ωjm+σjn)−s

m! n!

(m + n)!

×
r,s
∏

i,j=1

{ Γ(αi + βim)Γ(ζi + ξin)

Γ(αi + ζi + βim + ξin − 1)

Γ(γj + δj + ωjm + σjn)

Γ(γj + ωjm)Γ(δj + σjn)

}

×
∫ π

2

−
π

2

∫ π

2

−
π

2

. . .

∫ π

2

−
π

2

∫ b

a

. . .

∫ b

a

s
∏

j=1

{(tj − a)γj+ωjm−1(b − tj)
δj+σjn−1}

× Θ((αr),(βr),(ζr),(ξr))
m,n

(

θ, (ϕr)
)

· N+L1+...+Ls
FM1+...+Mr

[∆(N ;−m − n), ∆(L1; γ1 + δ1 + ω1m + σ1n), . . . , ∆(Ls; γs + δs + ωsm + σsn);

∆(M1; α1 + ζ1 + β1m + ξ1n − 1), . . . , ∆(Mr; αr + ζr + βrm + ξrn − 1);

Φ(Mr),N

[

x

s
∏

j=1

( tj − a

b − a

)Lj

, y

s
∏

j=1

(b − tj

b − a

)Lj

; θ, (ϕr)
]

]

dt1 . . . dts dϕ1 . . . dϕr dθ

(

min
16i6r

{ℜ(αi + ζi + βim + ξin − 1),ℜ(αi + βim),ℜ(ζi + ξin)} > 0;

min
16j6s

{ℜ(γj + ωjm),ℜ(δj + σjn)} > 0; a 6= b; N, (Mr), (Ls) ∈ N; m, n, r, s ∈ N0

)

,

where

Θ((αr),(βr),(ζr),(ξr))
m,n

(

θ, (ϕr)
)

and Φ(Mr),N [x, y; θ, (ϕr)]

are given by (16) and (19), respectively.
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4. Integral representations for the generalized Bedient polynomials

of the first and second kinds

In his study of some polynomials associated with Appell’s double hypergeometric

functions F2 and F3 (see, for details, [1] and [3, p. 224 et seq.]), Bedient ([2, p. 15,

Equation (2.5); p. 44, Equation (3.4)]; see also [15, p. 186, Problem 48] and [7,

p. 1336]) introduced the special hypergeometric polynomials

Rn(β, γ; x) and Gn(α, β; x)

defined by

(23) Rn(β, γ; x) =
(β)n

n!
(2x)n

3F2

[

∆(2;−n), γ − β;

γ, 1 − β − n;

1

x2

]

and

(24) Gn(α, β; x) =
(α)n(β)n

n!(α + β)n
(2x)n

3F2

[

∆(2;−n), 1 − α − β − n;

1 − α − n, 1 − β − n;

1

x2

]

,

respectively. Here, in this section, we introduce and investigate the generalized

Bedient polynomials R(N)
n (β, γ, δ; x) of the first kind and the generalized Bedient

polynomials G(N)
n (α, β, ζ; x) of the second kind, which are defined as follows:

(25) R(N)
n (β, γ, δ; x) =

(β)n

n!
(Nx)n

N+1F2

[

∆(N ;−n), γ − β;

δ, 1 − β − n;

1

xN

]

and

(26) G(N)
n (α, β, ζ; x) =

(α)n(β)n

n!(ζ)n
(Nx)n

N+1F2

[

∆(N ;−n), 1 − ζ − n;

1 − α − n, 1 − β − n;

1

xN

]

,

respectively. Then, clearly, we have

(27) G(2)
n (α, β, α + β; x) = Gn(α, β; x)

and

(28) G(1)
n (α, β, ζ; x) =

1

n!xn 3F1

[−n, α, β;

ζ;
− x2

]

.

The special case of the polynomials R(N)
n (β, γ, δ; x) in (25) when N = 2 was consid-

ered earlier by Lin et al. [7, p. 1336, Equation (33)].
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By letting

r = 2, L1 = M1 = M2 = s = 1, γ1 7→ γ − α, δ1 7→ ζ − β, α1 7→ δ, ζ1 7→ ξ

and

α2 7→ 1 − α, ζ2 7→ 1 − β, β1 = ξ1 = ω1 = σ1 = 0,

β2 = ξ2 = −1, x 7→ 1

xN
and y 7→ 1

yN

in (22), we get

(29) N+1F2

[∆(N ;−m), γ − α;

δ, 1 − α − m;

1

xN

]

N+1F2

[∆(N ;−n), ζ − β;

ξ, 1 − β − n;

1

yN

]

=
2δ+ξ−α−β−2

π
3(b − a)γ+ζ−α−β−1

m!n!

(m + n)!

Γ(δ)Γ(ξ)

Γ(δ + ξ − 1)

Γ(1 − α − m)Γ(1 − β − n)

Γ(1 − α − β − m − n)

× Γ(γ + ζ − α − β)

Γ(γ − α)Γ(ζ − β)

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ b

a

(t − a)γ−α−1(b − t)ζ−β−1

× Θ(α,β,δ,ξ)
m,n (θ, ϕ1, ϕ2) · N+1F2

[∆(N ;−m − n), γ + ζ − α − β;

δ + ξ − 1, 1 − α − β − m − n;

Φ1,1,N

[ 1

xN

( t − a

b − a

)

,
1

yN

( b − t

b − a

)

; θ, ϕ1, ϕ2

]

]

dt dθ dϕ1 dϕ2

(

min{ℜ(δ),ℜ(ξ),ℜ(δ + ξ − 1),ℜ(1 − α − m),ℜ(1 − β − n),

ℜ(1 − α − β − m − n),ℜ(γ − α),ℜ(ζ − β)} > 0; a 6= b; m, n ∈ N0

)

,

where

(30) Θ(α,β,δ,ξ)
m,n (θ, ϕ1, ϕ2) := ei[(m−n)θ+(δ−ξ)ϕ1−(α−β+m−n)ϕ2]

× cosm+n θ cosδ+ξ−2 ϕ1 secα+β+m+n ϕ2

and

(31) Φ1,1,N [x, y; θ, ϕ1, ϕ2]

:=
(2 cosϕ1)(2 cosϕ2)

(2 cos θ)N
[xe−i(Nθ−ϕ1−ϕ2) + yei(Nθ−ϕ1−ϕ2)].
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Thus, by applying (25) and (29), we obtain the following integral representation:

(32)

R(N)
m (α, γ, δ; x)R(N)

n (β, ζ, ξ; y)

=
(α)m(β)n

(α + β)m+n

xmyn2δ+ξ−α−β−2

π
3(b − a)γ+ζ−α−β−1

Γ(δ)Γ(ξ)

Γ(δ + ξ − 1)

Γ(1 − α − m)Γ(1 − β − n)

Γ(1 − α − β − m − n)

× Γ(γ + ζ − α − β)

Γ(γ − α)Γ(ζ − β)

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ b

a

(t − a)γ−α−1(b − t)ζ−β−1

× Θ(α,β,δ,ξ)
m,n (θ, ϕ1, ϕ2) ·

(

Φ1,1,N

[ 1

xN

( t − a

b − a

)

,
1

yN

( b − t

b − a

)

; θ, ϕ1, ϕ2

])(m+n)/N

×R(N)
m+n

(

α + β, γ + ζ, δ + ξ − 1;

(

Φ1,1,N

[ 1

xN

( t − a

b − a

)

,
1

yN

( b − t

b − a

)

; θ, ϕ1, ϕ2

])

−1/N)

dt dθ dϕ1 dϕ2

=
(α)m(β)n

(α + β)m+n

1

ym

1

xn

2δ+ξ−α−β−2

π
3(b − a)γ+ζ−α−β−1

Γ(δ)Γ(ξ)

Γ(δ + ξ − 1)

× Γ(1 − α − m)Γ(1 − β − n)

Γ(1 − α − β − m − n)

Γ(γ + ζ − α − β)

Γ(γ − α)Γ(ζ − β)

×
∫ π

2

−
π

2

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ b

a

(t − a)γ−α−1(b − t)ζ−β−1Θ(α,β,δ,ξ)
m,n (θ, ϕ1, ϕ2)

×
(

Φ1,1,N

[

yN
( t − a

b − a

)

, xN
( b − t

b − a

)

; θ, ϕ1, ϕ2

])(m+n)/N

×R(N)
m+n

(

α + β, γ + ζ, δ + ξ − 1; xy
(

Φ1,1,N

[

yN
( t − a

b − a

)

,

× xN
( b − t

b − a

)

; θ, ϕ1, ϕ2

])

−1/N)

dt dθ dϕ1 dϕ2

(

min{ℜ(δ),ℜ(ξ),ℜ(δ + ξ − 1),ℜ(1 − α − m),ℜ(1 − β − n),

ℜ(1 − α − β − m − n),ℜ(γ − α),ℜ(ζ − β)} > 0; a 6= b; m, n ∈ N0

)

,

where

Θ(α,β,δ,ξ)
m,n (θ, ϕ1, ϕ2) and Φ1,1,N [x, y; θ, ϕ1, ϕ2]

are given by (30) and (31), respectively.

Next, by setting

r = 2, L1 = M1 = M2 = s = 1, γ1 7→ 1 − ζ, δ1 7→ 1 − ξ, α1 7→ 1 − α, ζ1 7→ 1 − γ

and
α2 7→ 1 − β, ζ2 7→ 1 − δ, β1 = β2 = ξ1 = ξ2 = ω1 = σ1 = −1,

x 7→ 1

xN
and y 7→ 1

yN
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in (22), we obtain

(33) N+1F2

[∆(N ;−m), 1 − ζ − m;

1 − α − m, 1 − β − m;

1

xN

]

N+1F2

[∆(N ;−n), 1 − ξ − n;

1 − γ − n, 1 − δ − n;

1

yN

]

=
(b − a)ζ+ξ+m+n−1

π
32α+β+γ+δ+m+n

m!n!

(m + n)!

Γ(1 − α − m)Γ(1 − γ − n)

Γ(1 − α − γ − m − n)

× Γ(2 − ζ − ξ − m − n)

Γ(1 − ζ − m)Γ(1 − ξ − n)

Γ(1 − β − m)Γ(1 − δ − n)

Γ(1 − β − δ − m − n)

×
∫ π

2

−
π

2

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ b

a

(t − a)−ζ−m(b − t)−ξ−nΘ(α,β,γ,δ)
m,n (θ, ϕ1, ϕ2)

× N+1F2

[ ∆(N ;−m − n), 2 − ζ − ξ − m − n;

1 − α − γ − m − n, 1 − β − δ − m − n;

Φ1,1,N

[ 1

xN

( t − a

b − a

)

,
1

yN

( b − t

b − a

)

; θ, ϕ1, ϕ2

]

]

dt dθ dϕ1 dϕ2

(

min{ℜ(1 − α),ℜ(1 − β),ℜ(1 − ζ)} > m; min{ℜ(1 − γ),ℜ(1 − δ),

ℜ(1 − ξ)} > n; min{ℜ(1 − β − δ),ℜ(1 − α − γ)} > m + n; a 6= b;

m, n ∈ N0

)

,

where

(34) Θ(α,β,γ,δ)
m,n (θ, ϕ1, ϕ2) := ei[(m−n)θ−(α−γ+m−n)ϕ1−(β−δ+m−n)ϕ2]

× cosm+n θ secα+γ+m+n ϕ1 secβ+δ+m+n ϕ2

and Φ1,1,N [x, y; θ, ϕ1, ϕ2] is given by (31).

By means of (26) and (33), we obtain the following integral representation:

G(N)
m (α, β, ζ; x)G(N)

n (γ, δ, ξ; y)(35)

=
(α)m(β)m

(ζ)m

(γ)n(δ)n

(ξ)n

(Nx)m(Ny)n

(m + n)!

(b − a)ζ+ξ+m+n−1

π
32α+β+γ+δ+m+n

× Γ(1 − α − m)Γ(1 − γ − n)

Γ(1 − α − γ − m − n)

Γ(2 − ζ − ξ − m − n)

Γ(1 − ζ − m)Γ(1 − ξ − n)

× Γ(1 − β − m)Γ(1 − δ − n)

Γ(1 − β − δ − m − n)

×
∫ π

2

−
π

2

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ b

a

(t − a)−ζ−m(b − t)−ξ−nΘ(α,β,γ,δ)
m,n (θ, ϕ1, ϕ2)

× N+1F2

[ ∆(N ;−m − n), 2 − ζ − ξ − m − n;

1 − α − γ − m − n, 1 − β − δ − m − n;

Φ1,1,N

[ 1

xN

( t − a

b − a

)

,
1

yN

( b − t

b − a

)

; θ, ϕ1, ϕ2

]

]

dt dθ dϕ1 dϕ2
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=
(α)m(β)m

(ζ)m

(γ)n(δ)n

(ξ)n

(ζ + ξ − 1)m+n

(α + γ)m+n(β + δ)m+n

1

ym

1

xn

(b − a)ζ+ξ+m+n−1

π
32α+β+γ+δ+m+n

× Γ(1 − α − m)Γ(1 − γ − n)

Γ(1 − α − γ − m − n)

Γ(1 − β − m)Γ(1 − δ − n)

Γ(1 − β − δ − m − n)

× Γ(2 − ζ − ξ − m − n)

Γ(1 − ζ − m)Γ(1 − ξ − n)

×
∫ π

2

−
π

2

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ b

a

(t − a)−ζ−m(b − t)−ξ−nΘ(α,β,δ,ξ)
m,n (θ, ϕ1, ϕ2)

×
(

Φ1,1,N

[

yN
( t − a

b − a

)

, xN
( b − t

b − a

)

; θ, ϕ1, ϕ2

])(m+n)/N

× G(N)
m+n

(

α + γ, β + δ, ζ + ξ − 1; xy
(

Φ1,1,N

[

yN
( t − a

b − a

)

,

× xN
( b − t

b − a

)

; θ, ϕ1, ϕ2

])

−1/N)

dt dθ dϕ1 dϕ2

(

min{ℜ(1 − α),ℜ(1 − β),ℜ(1 − ζ)} > m; min{ℜ(1 − γ),ℜ(1 − δ),

ℜ(1 − ξ)} > n; min{ℜ(1 − β − δ),ℜ(1 − α − γ)} > m + n;

a 6= b; m, n ∈ N0

)

,

where

Θ(α,β,δ,ξ)
m,n (θ, ϕ1, ϕ2)

and

Φ1,1,N [x, y; θ, ϕ1, ϕ2]

are given by (34) and (31), respectively.

The integral representation for the Bedient polynomialsRn(β, γ; x) of the first kind

defined by (23) was given earlier by Lin et al. [7, p. 1338, Equation (42)]. Here we

deduce the corresponding (presumably new) integral representation for the Bedient

polynomials Gn(α, β; x) of the second kind defined by (24). Indeed, by setting

N = r = 2, ζ 7→ α + β and ξ 7→ γ + δ

in the first and second members of (35), we obtain

Gm(α, β; x)Gn(γ, δ; y)(36)

=
(α)m(β)m

(α + β)m

(γ)n(δ)n

(γ + δ)n

xmyn

(m + n)!

(b − a)α+β+γ+δ+m+n−1

π
32α+β+γ+δ

× Γ(1 − α − m)Γ(1 − γ − n)

Γ(1 − α − γ − m − n)

Γ(2 − α − β − γ − δ − m − n)

Γ(1 − α − β − m)Γ(1 − γ − δ − n)

× Γ(1 − β − m)Γ(1 − δ − n)

Γ(1 − β − δ − m − n)
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×
∫ π

2

−
π

2

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ b

a

(t − a)−α−β−m(b − t)−γ−δ−nΘ(α,β,γ,δ)
m,n (θ, ϕ1, ϕ2)

×
(

Φ1,1,2

[

y2
( t − a

b − a

)

, x2
( b − t

b − a

)

; θ, ϕ1, ϕ2

])(m+n)/2

× G(2)
m+n

(

α + γ, β + δ, α + β + γ + δ − 1;

xy
(

Φ1,1,2

[

y2
( t − a

b − a

)

, x2
( b − t

b − a

)

; θ, ϕ1, ϕ2

])

−1/2)

dt dθ dϕ1 dϕ2

(

min{ℜ(1 − α),ℜ(1 − β),ℜ(1 − ζ)} > m; min{ℜ(1 − γ),ℜ(1 − δ),

ℜ(1 − ξ)} > n; min{ℜ(1 − β − δ),ℜ(1 − α − γ)} > m + n; a 6= b;

m, n ∈ N0

)

,

where Θ
(α,β,γ,δ)
m,n (θ, ϕ1, ϕ2) is given by (34) and

Φ1,1,2[x, y; θ, ϕ1, ϕ2] :=
cosϕ1 cosϕ2

cos2 θ
[xe−i(2θ−ϕ1−ϕ2) + yei(2θ−ϕ1−ϕ2)].

Remark 2. The expression G(2)
m+n(. . .) on the right-hand side of (36) is not the

original Bedient polynomial of the second kind with free parameters. We would,

therefore, like to transform this expression G(2)
m+n(. . .) into the corresponding original

Bedient polynomial of the second kind as follows:

(37)

Gm(α, β; x)Gn(γ, δ; y)

=
(α)m(β)m

(α + β)m

(γ)n(δ)n

(γ + δ)n

xmyn

(m + n)!

(b − a)α+β+γ+δ+m+n−1

π
32α+β+γ+δ

× Γ(1 − α − m)Γ(1 − γ − n)

Γ(1 − α − γ − m − n)

Γ(1 − β − m)Γ(1 − δ − n)

Γ(1 − β − δ − m − n)

× Γ(1 − α − β − γ − δ − m − n)

Γ(1 − α − β − m)Γ(1 − γ − δ − n)

×
∫ π

2

−
π

2

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ b

a

(t − a)−α−β−m(b − t)−γ−δ−nΘ(α,β,γ,δ)
m,n (θ, ϕ1, ϕ2)

×
[(m+n)/2]
∑

k=0

(− 1
2 (m + n))k(− 1

2 (m + n) + 1
2 )k(1 − α − β − γ − δ − m − n)k

(1 − α − γ − m − n)k(1 − β − δ − m − n)k

×
[(

Φ1,1,2

[ 1

x2

( t − a

b − a

)

,
1

y2

( b − t

b − a

)

; θ, ϕ1, ϕ2

])k/

k!
]

× Γ(2 − α − β − γ − δ − m − n + k)

Γ(1 − α − β − γ − δ − m − n + k)Γ(2)
dt dθ dϕ1 dϕ2
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=
(α)m(β)m

(α + β)m

(γ)n(δ)n

(γ + δ)n

xmyn

(m + n)!

(b − a)α+β+γ+δ+m+n−1

π
42α+β+γ+δ

× Γ(1 − α − m)Γ(1 − γ − n)

Γ(1 − α − γ − m − n)

Γ(1 − β − m)Γ(1 − δ − n)

Γ(1 − β − δ − m − n)

× Γ(1 − α − β − γ − δ − m − n)

Γ(1 − α − β − m)Γ(1 − γ − δ − n)

×
∫ π

2

−
π

2

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ b

a

(t − a)−α−β−m(b − t)−γ−δ−nΘ(α,β,γ,δ)
m,n (θ, ϕ1, ϕ2, ϕ3)

× 3F2

[∆(2;−m − n), 1 − α − β − γ − δ − m − n;

1 − α − γ − m − n, 1 − β − δ − m − n;

Φ1,1,2

[ 1

x2

( t − a

b − a

)

,
1

y2

( b − t

b − a

)

; θ, ϕ1, ϕ2, ϕ3

]

]

dt dθ dϕ1 dϕ2 dϕ3

=
(α)m(β)m

(α + β)m

(γ)n(δ)n

(γ + δ)n

(α + β + γ + δ)m+n

(α + γ)m+n(β + δ)m+n

2(b − a)α+β+γ+δ+m+n−1

xnym
π
44α+β+γ+δ+m+n

× Γ(1 − α − m)Γ(1 − γ − n)

Γ(1 − α − γ − m − n)

Γ(1 − β − m)Γ(1 − δ − n)

Γ(1 − β − δ − m − n)

× Γ(1 − α − β − γ − δ − m − n)

Γ(1 − α − β − m)Γ(1 − γ − δ − n)

×
∫ π

2

−
π

2

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ π

2

−
π

2

∫ b

a

(t − a)−α−β−m(b − t)−γ−δ−nΘ(α,β,γ,δ)
m,n (θ, ϕ1, ϕ2, ϕ3)

×
(

Φ1,1,2

[

y2
( t − a

b − a

)

, x2
( b − t

b − a

)

; θ, ϕ1, ϕ2, ϕ3

])(m+n)/2

× Gm+n

(

α + γ, β + δ; xy
(

Φ1,1,2

[

y2
( t − a

b − a

)

,

× x2
( b − t

b − a

)

; θ, ϕ1, ϕ2, ϕ3

])

−1/2)

dt dθ dϕ1 dϕ2 dϕ3

(

min{ℜ(1 − α),ℜ(1 − β),ℜ(1 − ζ)} > m; min{ℜ(1 − γ),ℜ(1 − δ),ℜ(1 − ξ)} > n;

min{ℜ(1 − β − δ),ℜ(1 − α − γ)} > m + n; a 6= b; m, n ∈ N0

)

,

where

(38) Θ(α,β,γ,δ)
m,n (θ, ϕ1, ϕ2, ϕ3)

:= ei[(m−n)θ−(α−γ+m−n)ϕ1−(β−δ+m−n)ϕ2−(α+β+γ+δ+m+n+1)ϕ3]

× cosm+n θ secα+γ+m+n ϕ1 secβ+δ+m+n ϕ2 secα+β+γ+δ+m+n−1 ϕ3

and

(39) Φ1,1,2[x, y; θ, ϕ1, ϕ2, ϕ3] := 2 sec2 θ cosϕ1 cosϕ2 cosϕ3

× [xe−i(2θ−ϕ1−ϕ2−ϕ3) + yei(2θ−ϕ1−ϕ2+ϕ3)].
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Remark 3. The methodology and techniques employed in this paper (as well as

in some of the aforecited closely-related earlier works) can be applied mutatis mu-

tandis with a view to obtaining the corresponding multiple integral representations

of many other general families of polynomials which are special cases the Srivastava

polynomials SN
n (z) and their known variants.

5. Concluding remarks and observations

First of all, in view of the generality of the definition (2), our main linearization

formula (18) as well as its such special cases as the integral representations (22), (29),

(32), (33), (35), (36) and (37) are new for all N ∈ N. Moreover, in their special case

when N = 1, if we further choose the involved parameters appropriately, some of

these integral representations can be seen to correspond to earlier results investigated

by (for example) Srivastava and Joshi (cf. [13]; see also the references cited therein).

Next, for the classical Jacobi polynomials P
(α,β)
n (z), it is known that (see, for

details, [18, Chapter 4])

(40) P (α,β)
n (z) :=

n
∑

k=0

(

n + α

n − k

)(

n + β

k

)

(z − 1

2

)k(z + 1

2

)n−k

=

(

n + α

n

)

2F1

[−n, n + α + β + 1;

α + 1;

1 − z

2

]

.

Thus, upon comparing the second member of (40) with the hypergeometric poly-

nomials occurring on the left-hand side of the linearization formula (22), it is not

difficult to observe that, by first setting

(41) N = 1, r = s = 1 (L1 = M1 = 1), ω1 = β1 = 1 and σ1 = ξ1 = 1

and then choosing

α1 = α, γ1 = α + β + 1, ζ1 = γ, δ1 = γ + δ + 1,(42)

x 7→ 1 − x

2
and y 7→ 1 − y

2
,

our result (22) reduces easily to an integral representation for the following product

of two Jacobi polynomials (of different arguments and different indices):

P (α,β)
m (x)P (γ,δ)

n (y).
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This will lead us eventually to one of the results which were investigated extensively

by Srivastava and Panda (cf. [17]; see also the references to closely-related earlier

works cited therein).

Finally, we conclude this paper by observing that, if we appropriately further spe-

cialize some of the integral representations presented in this paper, we can derive

the corresponding (known or new) integral representations (or linearization rela-

tionships) for the products of two different members of such families of classical

orthogonal polynomials as the Laguerre polynomials, the Hermite polynomials, the

Bessel polynomials and so on (see, for details, [15, Chapter 1, Sections 1.8 and 1.9]

and [18, Chapter 5]; see also [13] and [17]; see also the recent work [5]).
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