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Abstract. The main object of this paper is to investigate several general families of hyper-
geometric polynomials and their associated multiple integral representations. By suitably
specializing our main results, the corresponding integral representations are deduced for
such familiar classes of hypergeometric polynomials as (for example) the generalized Bedi-
ent polynomials of the first and second kinds. Each of the integral representations, which
are derived in this paper, may be viewed also as a linearization relationship for the product
of two different members of the associated family of hypergeometric polynomials.
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1. INTRODUCTION AND DEFINITIONS

Let {Am.n}s n—o be a suitably bounded double sequence of essentially arbitrary
(real or complex) parameters. Almost four decades ago, Srivastava [12] introduced
and investigated the following general family of polynomials:

[n/N]
(1) SN(2) = Z %Amkzk (n €Ng; N €N),
k=0 ’

The present investigation was supported, in part, by the National Science Council of the
Republic of China under Grant NSC 100-2811-M-033-013 and, in part, by the National
Science Council of the Republic of China under Grant NSC 100-2115-M-033-004.
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where [k] denotes the greatest integer not exceeding x € R and ()), denotes the
Pochhammer symbol or the shifted factorial, in particular

() =n! (n €Np),
which is defined, in terms of the familiar Gamma function, by

o, o DO+ 1 (v=0; AeC\{0}),
YT A0+ (A +n—1) (v=neN; Ae0),

it being understood conventionally that (0)o := 1 and assumed tacitly that the I'-
quotient exists.

The Srivastava polynomials SY (z) and their variants as well as special cases have
been considered, in recent years, by numerous other workers on the subject (see, for
details, Gonzalez et al. [4, p. 145 et seq.], and Lin et al. [6], [9, p. 448 et seq.], [§]
and [7], Liu et al. [10] and Srivastava et al. [14] and [16]; see also [5]). Here, in our
present investigation, we consider the polynomial family defined by

(2) Epiin) (35 (), (80); (), (ws)

= Eg;{}iﬁi(z,al, ey Oy By B Yy ey Yy Wy e ey W)
[n/N]

_ nz: (v +win)pk - (7s +wsn) e 2°

' P (a1 + Bin)ak - - - (o + Brm) pk k!
[n/N] k

_ (=n)nk((vs + wsn)r.k) 27 : w
- kzz() ((ar + Brn) k) k! (N’ (Lo, (M) &N (Br), (ws) € 6)7

where (and throughout this paper) (Ls) abbreviates the array of s parameters
Ly,..., L
with similar interpretations for

(MT)a ((Oér + Brn)Mrk) and (('Ys + wsn)Lsk)-

Recently, Lin et al. [8] defined the following class of polynomials:

[n/N]

- A+ 1) 0 k(A2) Lok 2F
3 RNLIL (N o ) = (=n)n( : k2
(3) w00 (25 A1, A2y i, az) kZ:O (o + Darn(on + Danx 1

(Ll,LQ,Ml,Mg,n c No;N c N)
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It is easily seen from the definitions (2) and (3) that

(4) EanéiLMé (zy001 + 1,2 +1,0,0; A1, A2, 1,0) = RnNJ\]—;ﬁ]]—T/fz (23 A1, A2, 1, @2)

(n € No; L1, Ly, My, M2, N € N; oy, a2, A1, A2 € C),

5 =NiL . LOAT) = A (—n)nikA+n)w 2F SEM (L.
( ) ‘—‘n;M(zaO"’_ y Uy Ay )'* kz:;) (a+1)Mk F* n,N (Zv aa)
(neNg; L,M,N €N; a, A € C),
. [n/N] L
(6) Epb (A1) =Y (=n)nk(A+n)ekty = Pain(2:0)
k=0 ’
(neNg; L,N €N; A€ C),
N;0 A (=n)Nk 2F M
7 = (2 1,0) := ALY\ LA .
(7) moar (Zia+1,0) kzz:o (@ F Dare K O n(z )

(n€Ng; M,N eN; a€C)

and
[n/N] Lk

(8) EN(z) = Z (_n)NkF =R, n(z) (neNy NeN),
k=0 ’

which exhibit the fact that each of the polynomials

Rgﬁliﬁ/z (z; A1, A2, 01, 2), Sﬁfy(z, A @), PiN(z; A), Q%N(z; a) and Ry, n(2)
is a special case of the following polynomials:
) (), (Br); (), (ws)),

which, in turn, are a special case of the Srivastava polynomial system S (2) defined
by (1) when

(M 4+ win)pk .- (Vs +wsn) Lok
a1+ Bin)mk - - (o + Brn) i

9) Ank = ( ((LS)a (M) €N; n,k € NO)-

Our principal objective in this investigation is first to derive some general multiple
integral representations associated with the polynomials defined by (2). We also
consider several special cases and consequences of our main results.
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2. MULTIPLE INTEGRAL REPRESENTATIONS

For the polynomials

ENEED (22 (), (Br): (), (@5)

defined by (2), we begin by considering the following product:

(10) =) (5 (00), (Br); (), <ws>>”N(<f4 J(5(G), (60); (64), (00))

m/N] [n/N]
[m/N][n/ Nl(’yl_‘_wlm) 1k(61—|—01n) (’Ys"‘w m) Lgk

kZO Z: (o1 + Bim) k(G +&n) st - (o + 57, Yotk
(¢ +£rn)M,,.l k1!
/N1 /N )(kJrl)Nm!n!

(=
Z ZFm Nk+1I(n— NIl +1)

: I'(a; + Bim) T(G +&n)
XH{ (az+ﬂzm+Mk) (Cz'f'gzn'f'le)}

i=1
S

o {F(%’ + wjm + Ljk) F(éj—i—ajn—i—le)}x_k y_l
L(yj +w;m) I'(6; + ojn) k'l

k+I<[(m+n)/N]

(=m — n)(kH)N

~ mln! ﬁ { (i + Bim)T(¢ + &in)
= (m+n)! = F(’yj + w;m )F(5j + O’jn)
r(m+n— (k+ DN + 1)
. Ll — NE+ )T = N+ 1)
(v; +wjm + L;k)'(8; + ojn+ Ljl) ﬁ y_l
% H { oi+ﬁfm+Mk)F(gi+gm+Mil } T

k,1=0

r!

il H{ D + Bim)D(G + &n)  T(y; +6; +wym +ojn )}
*(m+n)!m (az+§z+ﬁzm+fzn—1)F('yj+w] (6 + ojn)

=1

k-+I<[(m+n)/N] F(m—i—n— (k—l—l)N—l— 1)

X g_:o (=m = M) oN T TN T = N+ 1)

% H{ (i + G+ Bim+&n+ (k+1)M; —1)
(i + Bim + M;E)D(¢ + &n + Mll)
F(’)/j + wjm + ij)l“(éj +ojn + le)
I(vj+6; +wjm+on+ (k+1)L;)
(’Yj +5j +wjm+ajn)(k+l)Lj }ﬁ y_l
(i + G+ Bim 4 &in — V) qiyn, 4 K 1
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where we have made repeated use of the following elementary identity:

n!

(11) (—=n)Nk = (—1)Nkm

(ogkg [ﬁ}; N eN; neN0>

N
and (for convenience) we write
[] {aibs} = H{az} H{b 12
ij=1 i=1

We now recall the following integral formula (cf., e.g., [19, Example 39, p. 263];
see also [11, p. 9]):

T Fa+p4+1)
2081 D+ 1)I(B + 1)

(min{R(a), R(3), R(a + B)} > —1),

n/2
(12) / cos® P g cos(ar — 5)0 O =
0

which can readily be rewritten in the following (more convenient) form:

T(a+pB+1) 2077 13 ((a—B)0 . a+B
(13) o+ )MG+1) = /_ e cos®” 6 db

(min{R(a), R(B),R(a + B)} > —1; i:=V-1).

s
2

By appealing appropriately to (13) as well as to the familiar Eulerian beta integral
in the form:

(14) /ab(t—a)al(b—t)ﬁldt— (b—a)*+5~ 1%

(min{R(e),R(B)} > 0; a #b),

we find from (10) that

(15) ZD00) (25 (00), (80)5 (1), () ENGE) (05 (6. (6): (84), (00))

gm+n— 2r+>7  (ai+Ci+Bim+Ein) min!

wrt (b — )E§=1(7.7'+5.7‘+w]'m+0jn)—8 (m+n)!

y H{ I'(a; + Bim)I(G + &in) T(%'+5j+wjm+0jn)}
041 + G+ Bim A+ &n — 1) F(’Yj + ij)r(éj + an)

/ﬁ /7_ /%/b,,./:j_li[l{(tj_a)wwjm1(b_tj)5j+gjn1}
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k+I<[(m+n)/N]
X QU IEIEN (0, (o)) ST (=m—m)gay
k,1=0

% H{ 'Y]+(S +w]m+0] )(k—i—l)L }
Oéz + G+ Bim A+ &n — 1)(k+l)M

1,7=1
A0 (0 DO gy, gy, a0
(llzlzlilr{%(az + G + Bim + &n — 1), R(a; + Bim), R(G + §n)} > 0;
1r<njl£1g{8?(’yj +w;m),R(0; +o,;n)} >0; a#b; N,(M,),(Ls) €N;

m,n,r,s € NO),
where, for convenience, we have denoted

i
— oil(m=n)0+31_ (i =CitBim—Ein) @il gamtn g ( H{Cosm+€i+6im+£m—2 %}) 7
i=1

f(x; (ts), 0, (‘PT))
= (2cosf)~ N H{(2 cos ;) M} H {(tg__s)Lj }xe*i(]\W*ELl Mii)

i=1 j=1

and
g(% (ts), 0, (SDT))
= (2cosf)~ N H{(2 cos ;) Mi} H {(bb:—t;)L }yel(Ne Eioa Migi)

i=1 j=1
it being understood (as indicated above and in what follows) that

(i=1,...,r) and a<t;<b (j=1,...,9).

<97 (,Ozg

N A
N A

Finally, since (see, for example, [15, p. 52, Equation 1.6(2)])

(1) > fmeme Loy vt 0t
m,n=0 n! N=0

provided that each of the series involved is absolutely convergent, the double sum in
(15) can be reduced to a single sum which, in turn, is capable of being interpreted by
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the definition (2). We are thus led to the following multiple integral representation
for the product of two polynomials of the class defined by (2):

(18)  Enin) (@ (), (B0 (), (@) ENGT) (05 (60): (605 (65), (@)

2m+n72r+22:1(aiJrCiJrﬁierfz n) mln!

(b — q)Xi= G oitwimtein)=s (m 4 n)!

y H{ [(a; + Bm)T (Cﬂr& ) F(7j+5j+wjm+0jn)}
D + G + Bim + &n — 1) D(v; + wym)L(6; + ojn)

b b s
/ / / / / H{(tj _a)’Yj-i-wjm—l(b_tj)éj-i-ajn—l}
—xJ-z z a i
=N;(Ls - t; —a\Li
x @) (8:).(6)E0) (9, (i,)) - :ﬁiﬁ;()m) <q>(M,,,>,N [x 11 {(3—> }

i b—a
Jj=1

:taj)%}; 0, (%«)}; (ar+ ¢ — 1), (M)
(75+55),(

m-+mn

wsm + ogn

dti... dtsdpy ... do,-do
m-+n )> ! ¥ ¥

(Ejnr{a%(al + G+ Bim + &n — 1), R(a; + Bm), R(G + &n)} > 0
min {R(y; +w;m), R(6; +o,n)} >0; a#b; N, (M), (Ls) €N;

1<j<s

m,n,T,s € NO))
where (. + ¢, — 1) abbreviates the array of r parameters

041+<1_]-a R ar+<r_1

with similar interpretations for

(ot b, (ZIEERY g (SIEOTY

m-+n m-+n
@5,(%')’(ﬁ")’(C"’)’(E"))(9, (go,«)) is given by (16) and
(19) @(MT),N[fE,y;Q, (907’)]

= (2cos6)™ N H{(2 cos ;) Mi} |z INO=Rimn Miwi) 4 4ol (NO=300ny Migi) |
i=1

Remark 1. By letting

Bi=& (G=1,...,r) and w;j=0;(j=1,...,s),
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the parameters of the polynomials

':'N§(Ls)
im0

occurring on the right-hand side of the integral representation (18) would obviously
become independent of m and n. Also, in the special case when m = n = 0, we find
from the definition (2) that

—~N;(Ls
':m-l(—n;()Mr)(' .)=0 (m=n=0)

on the right-hand side of the integral representation (18).

3. APPLICATIONS TO HYPERGEOMETRIC POLYNOMIALS

N .
Atj—1
(20) Wk = N T (%)k (N eN; keNo; AeC),

j=1
the polynomial Eiv(géfr; (25 (o), (Br); (7s), (ws)) can easily be rewritten as a general-
ized hypergeometric polynomial as follows:

(21) EnN,k(J\Z:; (Z; (ar), (Br); (7s)s (ws)) = NaLyt D Fan
A(N; —n), A(L1;y1 + win), ..., A(Lg; vs + wsn); (NNL1L1 o LSLS> ]
A(Ml;()él+61n),...,A(Mr;ar+6rn); M1M1 ...MTMT )

where A(N; \) abbreviates the array of N parameters

A A+1 A+ N -1

= NeN
N)N) ) N ( E)

and , F, denotes a generalized hypergeometric function with p numerator parameters
ai,...,op and ¢ denominator parameters 1, . .., 34, defined by [3, Chapter 4]

n

A1y, Qp; e (al)n,,,(a )nz

Fay,...,ap;B1,...,842) = F[ z]:: e AL

P q( 1 Py M1 q ) rtq 61;---7@1? Z (ﬁl)n(ﬁq)n n!
(PgeNo; p<qg+1; p<qg and [z]<oo; p=g+1 and [z <1;

p=gq+1, |z|=1, and R(A)>0),

n=0
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where
p

q
A=) 8- a
j=1 j=1
(ajEC(jzl,...,p); B, eC\Z, (j=1,...,9); Zy ::{0,—1,—2,...}).

In terms of these families of generalized hypergeometric functions and polynomials,

the integral representations (18) can be rewritten as follows:

(22)

A(N;—m), A(L1;71 +wim), ..., A(Ls;vs +wsm); ]
x

A(My;ay + Bim), ..., A(My; a + Brm);
A(Nv —TL), A(Ll; 01 + Uln)v sy A(Ls; ds + 0571); :|

A(My; G+ &n), ..o, A(M; G + &on); !

N+Lit.+L M+ 401, {

X NtLit.. AL EMy . 4 M, {

m4n—2r4+ 3 (i +Ci+Bim+Ein)
2 =1 m!n!

i (vj+0j+wjm+to;n)—s (m + n)'
(b — a)’=?

" H {Ff(ai + Bim)I(G + &n)  T'(y; + 65 +wym +o;n) }
ij=1

(i + G+ Bim +&n — 1) T'(y; +wym)L(d; + ojn)

5 3 3 b L
T T = ayren i gy
—57/-3 —5Ja a j=1

x @) (B ()& D0 () + NpLatr Lo Py 0,
[A(N; —m—n),A(L1;71 4+ 01 +wim+o1n),...,A(Lg;vs + 0s + wsm + o4n);
A(My;o+G+8m+&n—1),.. ., A(M; o + G+ Brm + &n — 1);

S

@ [z ] (tg__a)LJ,yH (l’bitj)Lj; 0, (%)ﬂ dty ... dt,dg ... dp, do
j=1

a a

(jmin R0 + G+ Bim + &n — 1), Rlai + Bm), R(G + &)} > 0;

min {R(y; +w;m), R(6; +o;n)} > 0; a#b; N, (M,),(Ls) €N; m,n,r,s € N()),

1<<s

where
Ol &) (6, (p,))  and  D(ar, ) ]z, y3 0, (@r)]

are given by (16) and (19), respectively.
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4. INTEGRAL REPRESENTATIONS FOR THE GENERALIZED BEDIENT POLYNOMIALS
OF THE FIRST AND SECOND KINDS

In his study of some polynomials associated with Appell’s double hypergeometric
functions F» and F3 (see, for details, [1] and [3, p. 224 et seq.]), Bedient ([2, p. 15,
Equation (2.5); p. 44, Equation (3.4)]; see also [15, p. 186, Problem 48| and [7,
p. 1336]) introduced the special hypergeometric polynomials

Rn(B,v;2) and Gp(o, f3;2)

defined by
Bhn gpyn [ A7 =5 1
(23) Ru(B, 73 2) = = (22) 3F2[ =B —m F}
and
o) = (D0 g 0 p [AG—R) 1= = L]
(24) Gn(a, B;7) = '(a+6)n(2x) 3F2[ | —a—nl-f—n )

respectively. Here, in this section, we introduce and investigate the generalized
Bedient polynomlals R (6,7,5 x) of the first kind and the generalized Bedient
polynomials g ( , B, ¢; x) of the second kind, which are defined as follows:

B nron A(N;=n),y =B 1
I I ) A )
and
20 GRG0 =T, R V)
respectively. Then, clearly, we have
(27) G (o, B, 0+ Bx) = Gula, B )
and
(28) GV (o B, Gy ) = ——a k) {—ma,fz B xQ].

The special case of the polynomials R (6, v, 0; ) in (25) when N = 2 was consid-
ered earlier by Lin et al. [7, p. 1336, Equation (33)].
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By letting
r=2, Li=M=My=5=1, n—v—q, 61— (—F, a1 =0, (1§

and
052’_>1_Oé7 CQH1_67 Blzflzwlzalzoa
1

1
B2 =& = —1, Ty and y’—’y—N

n (22), we get
A(Nv —m),’)/ -

1
(29) N+1Fo _N] N+1F2
S1—a—m; *

N
571_6_71; y

20+E—a—f=2 m!n! r@oreE r1—a—-m)yIr(l—p—n)
(b —a)yte—a=B-1 (m4+n)! T(6+€£—-1) T'l—a—F—m—n)

e //// (t— ay o=} - )P

A(N;—m —n),y+(—a— [

[A(N;_n)a<_5§ 1

x O 080, 1, 0) - N+1F2[
b+é—-1L,1—a—0F—m—mn;

(min{R(8), R(E), R(G + € — 1), R(1 — a — m), R(1 - § ),
R1I—a—-F—m—n),R(y—a),R(C—-0)} >0; a#b; m,nENO),

Q11,8 [%N (Z_—a) yiN (;j_;t) 10,01, wzﬂ dtdf dey dp2

where

(30) @%,5,5,5)(97 01, p2) i= im0+ —Opr1—(a—ftm-—n)es]
x cos™ ™ 0 cos? T2 ) sec AT )

and

(31) Q11 n8[2, Y30, 01, 2]

_ @ CO? ;01)@9)0138 £2) (o iNO—p1-92) |y i(NO—g1 )]
COS
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Thus, by applying (25) and (29), we obtain the following integral representation:
(32)
RO (.7, 6:2)RV (8.¢,6:9)
(@u(B)n_amy"2HE B2 TN T —a-m)l(1-4-n)
N (a + B)mtn ©3(b— a)‘“‘c—“—ﬁ—l ro+é-1 I'(l—a—-pB—m-—n)

SRR L, [

st D S

b—a b
xRiivﬁn(a+ﬁ,v+<,6+e—1;

_ — —1/N
(%,LN[%(Z_—Z),yiN(:_—Z);H,sohsoQD ! )dtd0d801d§02
(@)m(B)n 1 1 20 HEa-p=2 L(6)T(E)
(a+ B)man y™ am w(b—a)VtS—a=B-1T(F+ £ 1)
F(l—a— m)I'(1 - —n) T'(y+{—a—p)
'l-a-pB-m-n) T(y—a)l'((-0)

/ /77 /77/ a)y"o~ 1 b t><7571@5§7’5’5’5)(6,4p1,@2)
X (CI)LLN {yN(Z:Z)va(%);97¢17¢2})(M+n)/N

R (w v ia(n [Y(E),

X

X xNG))_;Z) i 0, p01, gagD_l/N) dt df dey dps

(min{?}?(é), RE),RO+E-1),R(1L—a—m),R(1 -0 —n),
RA—a—F—m—n),R(y—a),RC—HF)}>0; ab mneNy),
where
090, 01, 02) and D11 N[z, 50,01, 02

are given by (30) and (31), respectively.
Next, by setting

7“:2, LIZMIZMQZS:L 71’_>1_Ca 51'_)1_57 a1|—>1—a, (1’_>]-_Py

and
ar—=1—=06, G—1-90, fi=Fh=0=C=w =0 =-1,
1 1
x»—>x—N and y»—>y—N
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n (22), we obtain
A(N;=m),1=¢—m; 4 A(N;—n),1 =& —mn; 1
]N+1F2[ -

l—a-m,1—-06—m; l—~vy—n,1-6-m;¥

_(b—a)tetmtl gl T(1—a—m)I'(1—v—n)

o om3getftytitmin (m4p)l T(l—a—v—m—n)
r2-¢-¢-m—-n) TA-F-mIl1-56-n)
T C-mI(-€-m TA-B-3-mn

/ / / / t — Cl ¢ 'm t)ffin@gﬁ,‘jg’%&) (95 ©1, @2)

A(N;—m—n),2—-=(—&—m —n;

(33) N+1F2{

><N+1F2[
l-a—y—-m-n,1-3—-90—m—n;

<I>1,1,N[%N(Z:—Z), yiN(z_;i);@, ©1, wzﬂ dt df depy e
(min{R(1 — a),R(1 - ), R(1 — )} > m; min{R(1 —~),R(1 - 4),
RA1-9}>n min{RA-F-0),RA—a—7)} >m+n; a#;
m,n € No),

where

(34) @5;:’757%5)(9’ ©1,p2) 1= ell(m=—n)0—(a—y+m—n)p1—(B—5+m—n)p;]

a+y+m+n B+o+m+n

x cos™ ™ @ sec 1 sec

P2

and (bl,l,N[m) Y; 97 P1, 302] is given by (31)
By means of (26) and (33), we obtain the following integral representation:

(35) gr(n]/\l)(av B,¢; x)gy(LN) (7,9,&y)

(O‘)m(ﬁ)m (’Y)n(é)n (Nx)m(Ny)” (b_a)CJrierJrnfl
(m ()n (m+n)! m39a+B+y+i+mtn
rll—a-m)I'(l—y—-n) T'2-¢(—&—m—n)

NM-a—y—m-n) TI'l-=¢-m)I(1-¢—n)
'(1-B-mI'(1-0-n)
rri-g—-—6—-—m-—n)

505 s
[ [ e me - e 0.0

A(N;—m—n),2—C—&—m —mn;

><N+1F2[
l—-a—y—m-n,1-0—-0—m—mn;

PN [xiN (2:—3) yiN (Z_;i) 10,01, SOQH dtdf de; dp2
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wBm Da@)n  C+E=Dmgn 1 1 (b—a)SHermin-t
Om ©n  (@+V)men(B+ O)man y™ axn n320tAty+otmtn
P(l—a-mP(1—-y-n) F1-8-mI(l-3-n)
I(l-a—y-m-n) T(1-B-6-m-n)
r2-¢-§—-m-n)

1_C m)F(l—g—n)

I(
X/n/i/i bt—a Cm(b—t)ﬁng(aﬁég(ewhs@)
X (‘1)1717]\[ {yN(Z:Z)7xN(£_;a);e,¢17¢2})(m/+n)/N

x G0, (at 646 e 1 ay(@nn[y¥ (2.

X a:N(;))_;i);G,gol, @2})71/1\,) dtdf dp;y dps

(min{%(l —a),R(1-75),R1 -} >m; min{R(1 —~),R(1 —9),
RA1-9}t>n min{RA-8-0),RA—a—7)} >m+n;
a#b; myn € No),

where
02998, o1, p2)

and
Q11.n[T, Y50, 01, @2

are given by (34) and (31), respectively.

The integral representation for the Bedient polynomials R, (3, y; x) of the first kind
defined by (23) was given earlier by Lin et al. [7, p. 1338, Equation (42)]. Here we
deduce the corresponding (presumably new) integral representation for the Bedient
polynomials G, («, §; x) of the second kind defined by (24). Indeed, by setting

N=r=2, (—a+f and £—~vy+4
in the first and second members of (35), we obtain

(36) Gm(a,B;2)Gn(v,6;y)
_ (@m(B)m (VDn()n _a™y™ (b —a)*TFHrHotmin-t
(a4 B)m (v +06)n (m+n)! md20+tBA+y+9
><I‘(l—oz—m)I‘(l—'y—n) rc—a-pg—-~y—-96—m-n)
rfi—-a—-y—-m-n) T'l—a-8-mT{1—-~v—§—n)
r1—pg-—mI'(l—06—n)
rfi—-g—-6—-m-n)
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505 3 ob
x/"‘/ u/ (t— )7 (b — £) OB, o1 )

5/-3/-3Ja
(e () G e])

xgﬁfin(aﬂ, B+, a+B+y+d—1;

J?y(q’l,m {92(2 : 3)7332 (H);& 1, 802})_1/2) dt df depq dep2

(min{R(1 — a),R(1 - B),R(1 — ()} > m; min{R(1 —~),R(1 - 9),
RL-=&}>n; min{R(1—-F—-90),R(L—a—7)}>m+mn; a#b
m,n € No),

where O ”B v 6)(9, ©1,p2) is given by (34) and

COS (1 COS (20— — (20— 01—
D11 2[x, Y50, 01, p2] := 7::00229 L [z~ 1(20—w1=%2) | 4el(20—w1—p2)]

Remark 2. The expression gm+n( ..) on the right-hand side of (36) is not the
original Bedient polynomial of the second kind with free parameters. We would,
therefore, like to transform this expression gm +n( ..) into the corresponding original

Bedient polynomial of the second kind as follows:

(37)

Gm(a, B;2)Gn(7,6:y)
_ (@m(B)m (Vn(0)n _a™y™ (b —a)>HFtrtotmin=l
@+ B (1 +0)n (mtn)  mazessoss
" rit—a-mIrl—v—-n) '1—8—m)I'(l—0 —n)
'Nl—a—vy—m-—n) ri—-pg—-6—m-—n)
NM-a—-pB—v—0—m-—n)
rll—a-8-mI'l—~v-4§—n)

/2 / / / afﬁfm(b _ t)*vféfne)gs?,g,'y,é)(e, o1, @2)

(m+n)/2]( 1(m+n))( %(m—l—n)—l—%)k(l—a—ﬁ_'}/—é_m_n)k

- kZ:() (1_a_7—m—n)k(1—ﬁ—5—m—n)k

(O e e = R W

rec—a-pg—-~y—-0d—-m-n+k)
'll-—a—-pB—-—y—-0—-—m—n+k)I'(2)

dt df dpy dps



_ (@mB)m (Vn(d)n

_ (@) (B)m (

Vn(0)n ™y (b

(a4 B)m (v+08)n (m+n)! 204ty +o
MNMl—a-mI1l-y—-n)TA-8-m)I'(1—-06-n)

% 'Nl—a—vy—m-—n) ri—-pg—-6—m-—n)
Nt—a—-pB—-~y—-90—m-—n)
MNMl—a—-8-m)I'(1—~v—40—n)

S LT Lo

= =T eI D (0, 01,00, 09)
z/—57a

— a)a+[3+'y+6+m+n—1

l-a—y—m—-n,1-8—-6—m—mn;

P12 [%(2:3) % (5:2);9#1, P2, wzﬂ dt df depy depo dgs

(+B+7+0)min 2(b—a)>TPtyrormin=i

(@+B)m (v +0)n (@+7)mtn(B+ 0)min arymatdotitytotmin
rit—a-mIrl—v—-n) '1—8-—m)I'(1 -0 —n)

X 'Nl—a—vy—m-—n) ri—-pg—-6—m-—n)

NM—-a—-pB—~v—0—-m-—n)

% l—-a—-B-mIT(1l-v—06—-n)

r
5 05 5 o3 oqb S S

o B A R R R R AR Ny
/-5 - a

r -
2 2

x <<I>1,1,2 {y2(2:2)7x2<§:2);9, o1 n. %D(mm)/z

X G (@t 648 ay(®102 (7).
X x? (5_;2);9, ©»1, P2, @3})_1/2) dt df depy dps dips

(min{R(1 - a),R(1L = 4),R(1 ~ )} > m; min{R(L —7),R(1 - 8), R - &)} >mn

where

(38)

and

(39)
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min{R(1 —F—-96),R(L—a—v)} >m+n; a#d; m,néNo),

953,’5’7’5)(& ©1, %2, P3)

— ei[(m*”)ef(a*’wrm*n)wl*(ﬁ*iprm*n)@2*(a+5+7+5+m+n+1)9@3]
x cos™t™ § gec YT

o1 secPlTotmtn 02 gec ATy Ho+mtn—1

¥3

®1.12[%,y3 0,01, 2, 03] 1= 2sec? 0 cos p1 cos 3 cos 3

% [xe*i(%ﬂmﬂpz*%) 4 yei(%*s@l*tpzﬂ%)].



Remark 3. The methodology and techniques employed in this paper (as well as
in some of the aforecited closely-related earlier works) can be applied mutatis mu-
tandis with a view to obtaining the corresponding multiple integral representations
of many other general families of polynomials which are special cases the Srivastava
polynomials S (2) and their known variants.

5. CONCLUDING REMARKS AND OBSERVATIONS

First of all, in view of the generality of the definition (2), our main linearization
formula (18) as well as its such special cases as the integral representations (22), (29),
(32), (33), (35), (36) and (37) are new for all N € N. Moreover, in their special case
when N = 1, if we further choose the involved parameters appropriately, some of
these integral representations can be seen to correspond to earlier results investigated
by (for example) Srivastava and Joshi (cf. [13]; see also the references cited therein).

Next, for the classical Jacobi polynomials pLP) (z), it is known that (see, for
details, [18, Chapter 4])

w = () ()
n+a -n,nta+f+l
=("2")m| |

a—+1; 2

Thus, upon comparing the second member of (40) with the hypergeometric poly-
nomials occurring on the left-hand side of the linearization formula (22), it is not
difficult to observe that, by first setting

(41) N=1, r=s=1 (IL1=M1=1), wi=p5=1 and o= =1
and then choosing

(42) m=a, m=a+f+1, =7, h=7+5+1,

1—x 1—y
r— —— and y+— —=,

2 2

our result (22) reduces easily to an integral representation for the following product
of two Jacobi polynomials (of different arguments and different indices):

PP ) PO y).
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This will lead us eventually to one of the results which were investigated extensively
by Srivastava and Panda (cf. [17]; see also the references to closely-related earlier
works cited therein).

Finally, we conclude this paper by observing that, if we appropriately further spe-
cialize some of the integral representations presented in this paper, we can derive
the corresponding (known or new) integral representations (or linearization rela-
tionships) for the products of two different members of such families of classical
orthogonal polynomials as the Laguerre polynomials, the Hermite polynomials, the
Bessel polynomials and so on (see, for details, [15, Chapter 1, Sections 1.8 and 1.9]
and [18, Chapter 5]; see also [13] and [17]; see also the recent work [5]).
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