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Abstract. We consider the existence of positive solutions of the singular nonlinear semi-
positone problem of the form

—div(|z|~P|Vu[P~2Vu) = ||~ (@FDPHB (auH — fu) — —), z€Q,

u=0, z€af,

where  is a bounded smooth domain of RY with 0 € Q, 1 <p < N, 0< a < (N —p)/p,
~v € (0,1), and a, B, c and X are positive parameters. Here f: [0,00) — R is a continuous
function. This model arises in the studies of population biology of one species with u
representing the concentration of the species. We discuss the existence of a positive solution
when f satisfies certain additional conditions. We use the method of sub-supersolutions to
establish our results.
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1. INTRODUCTION

We study the existence of positive solutions to the singular infinite semipositone
problem

" —div(|z| | Vu[P-2Vu) = |g| - (e+Dp+5 (aup—l — f(u) - —), zeqQ,
u=0, z€dif,

where Q is a bounded smooth domain of RY with 0 € Q, 1 < p < N, 0 < o <
(N =p)/p, v € (0,1), a, B, c and A are positive constants and f: [0,00) — R is a
continuous function.
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We make the following assumptions:

(A1) There exist L >0 and b > 0 such that f(u) < Lu® for all u > 0.
(A2) There exists a constant S > 0 such that au?~! < f(u) + S for all u > 0.

Elliptic problems involving a more general operator, such as the degenerate quasi-
linear elliptic operator given by —div(|z|~%|Vu[P~2Vu), were motivated by the Caf-
farelli, Kohn and Nirenberg’s inequality (see [3], [17]). The study of this type of
problem is motivated by its various applications, for example, in fluid mechanics, in
Newtonian fluids, in flow through porous media and in glaciology (see [1], [6]).

More recently, reaction-diffusion models have been used to describe spatiotemporal
phenomena in disciplines other than ecology, such as physics, chemistry, and biology
(see [5], [13], [15]). In addition, most ecological systems have some form of predation
or harvesting of the population, for example, hunting or fishing is often used as an
effective means of wildlife management. This model describes the dynamics of the
fish population with predation. In such cases, u denotes the population density and
the term ¢/u” corresponds to predation. So, the study of positive solutions of (1)
has more practical meanings. We refer to [14], [9], [2], [10] for additional results on
elliptic problems.

Let f(u) = au?™' — f(u) — ¢/u”. Then hL% f(u) = —o0, and hence we refer to
(1) as an infinite semipositone problem. Sge [11] where the authors discussed the
problem (1) when o = 0, 8 = p = 2. Here we focus on extending the study in [11].
In fact this paper is motivated, in part, by the mathematical difficulty posed by the
degenerate quasilinear elliptic operator compared to the Laplacian operator (o = 0,
B = p = 2). This extension is nontrivial and requires more careful analysis of the
nonlinearity. Our approach is based on the method of sub-supersolutions, see [4], [7].

2. PRELIMINARIES AND EXISTENCE RESULT

In this paper, we denote WP (2, |z|~*?) the completion of C§°(f), with respect
to the norm [|ul| = ( [, [#]~*?|Vul? da:)l/p. To precisely state our existence result we
consider the eigenvalue problem

(2) { —div(|a]|~?|VpP 2 V) = Az| (TP plp2p, 2 € Q,

=0, xe€d.
Let ¢1,, be the eigenfunction corresponding to the first eigenvalue A1, of (2) such

that o1 ,(z) > 0 in Q, and [l¢1p/lc = 1 (see [12], [16]). It can be shown that
0p1,p/0n < 0 on 0. Here n is the outward normal. We will also consider the
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unique solution ¢,(z) € Wy (€, |z| =) for the problem
—div(|z| =P |Vu[P=2Vu) = |z|~(@tDrt8 4 e Q,
u=0, x¢€d,

to discuss our existence result. It is known that (,(z) > 0 in Q and 9¢,(x)/On < 0
on 99 (see [12]).

Now, we give the definition of weak solution and sub-supersolution of (1). A non-
negative function v is called a subsolution of (1) if it satisfies ¢ < 0 on 9 and

/ [~ OP|VY [PV - Vo da </ |:c|—<a+1>p+ﬁ(awp—1 — f() — i)wdx,
Q Q

and a nonnegative function ¥ is called a supersolution of (1) if it satisfies ¥ > 0 on
02 and

/ || VU P2V - Vi da > / o]~ (a0t () Y,
Q Q
forallw e W = {w € C§*(Q); w > 0,z € Q}. Then the following result holds:
Lemma 2.1 (See [12]). Suppose there exist sub- and supersolutions ¢ and ¥,
respectively, of (1) such that ¢ < U. Then (1) has a solution u such that ¢ < u < .
We are now ready to give our existence result.
Theorem 2.2. Assume (Al) and (A2) hold. If a > pA1 ,/p— 1+, then there
exists cg > 0 such that if 0 < ¢ < ¢y, then the problem (1) admits a positive solution.

Proof. We start with the construction of a positive subsolution for (1). To
get a positive subsolution, we can apply an anti-maximum principle (see [8]), from
which we know that there exist a §; > 0 and a solution z) of

3)

—div(|z| 7P|V 2|P2V2) = |z|~(@FDPHB(O\P~1 — 1) 2 € Q,
z=0, x€0d9Q,

for A € (A1 p,Aip 4+ 61). Fix A € (A1, min{a(p—1+7)/p,A1p + 61}). Let 6 =
|25 lloc, and z5 be the solution of (5) when A = A. It is well known that z3 > 01in
and 0z;/0n < 0 on 0L, where n is the outer unit normal to Q. Hence, there exist
positive constants ¢, d, o such that

(4) |z| PV P 26, xe€ Qs.
(5) z5 2 0, {E€Qo:Q\§5,

where Q5 = {z € Q; d(x,00) < 6}.
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Choose 71,72 > 0 such that 7; < min |z|~(@FDP+5 and 7y > max |z~ (@FDP+E in

Q5. We construct a subsolution ¢ of (1) using z5. Define ¢ = M((p —1+7)/p)
L2/ (P=1+47)

5 , where

M = min { ( (p/(p—1+7))° )1/(b—p+1)7

LOPb—(1—y)(p—1))/(p—1+7)

< ((p = V/Lp)[((p — 1 +7)/p)a — A >1/<bp+1>}
(p =1+ 7)/p)*0@—2G— 1)/ (=1 :

Let w € W. Then a calculation shows that for Vi = Mzg\l_v)/(p_l'M)Vz;\,

(6) / |||V P2 VY Vw da
Q
:Mpfl/ |x|7apz/g\(1*7)(p*1))/(p*1+v)|v25\|p72v25\vwdx
Q

— —a — 1— —1 —14
- MP 1/Q|x| N AN B Gl

_ |VZ5\|((1—v)(p—1))/(p—1+v)w] dx
_ Mpfl/ {|x|(a+1)p+ﬁzg\(1—’)’)(P—l))/(p—l-‘r’)’)(S\Z§1 _ 1)
Q

= e = = 1)/(p— 1+ V)%]U’dx

z
A

= / [|m|—(a+1)p+BMp—1j\Z§(P1)/(P1+7)
Q
- |x|f(a+1)p+ﬂMpf1Z§(1—v)(p—1))/(p—1+v)
A

A== [VzI” ]
p—1+y op/(p=14+7)
A

_ |x|—apMp—1

and
(@ [ el gt - () - = Jwda
o v
_ ||~ (@+Dp+B g pp-1 (p -1+ ’Y)pflzp(pfl)/(pfvrv)
Q p A
_ —(a+1)p+8 p—1 + p/(p—1+7)
e (u ()5

c

(a+1)p+B }
MY ((p = 1+7)/p)ra?/ =)

—|z|” wdz.
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Let ¢ = MP~1+7 min{ (123)1(_{:1) (p7[1)+’y)’7%, I—lj(p}l;“’)vap(p*;wa — ;\) } First,

we consider the case when x € Q5. We have |z|7?|V¢; ,[P > ¢ on Q5. Since
(p/(p—1+ a))pﬂS\ < a, we have

(8) |x|_("+1)p+ﬁMp—l;\zlj(p*l)/(pflJra)
by
< |a| @+ Dp a1 (m>p_lz{3(p*1)/(p71+a),
D A
and from the choice of M, we know that
(9) LAPPHLgpb— (1= (p=1)/(p=147) ¢ ( o )b.
p—147
By (9) and (Al) we come to

(10) _¢x|f0»+Dp+ﬂﬂ4pflzg1—vxp—1%Kp—1+v)
A
< — ||t HA L b (p -1+ 7>b2§b/(p71+7)
p
< — |x|—(a+1)p+ﬁf(M(p — 14 V)th\?/(pflJrv)).
p

Next, from (4) and the definition of ¢g, we arrive at

- LI =7p-1) _ c
x| TP MP 1A= -1 Vi [P > |z|~(@tDp+8 7
. poiey Al M ((p—1+7)/p)
and

_ _ N2
(11) _|x|7apn[p71 (1 7)(p 1) |VZ)\|

p—1+~ p/(=1+7)
A
C
M7 ((p—1+ 7)/1))%;’7/(?*””)

< — |x|f(a+1)p+ﬂ
Hence, by using (8), (10) and (11) for ¢ < ¢y, we find that
(12) /_ 2| =P | V[P 2 VeV da
Qs

</ [le‘(”””*ﬁaMp—l(w)plng(p1>/<p1+w>
Qs

D A
_ |x|f<a+1>p+ﬂf<M<P -1+ V)Zgo/(p—uv))
D A
_ ||~ (et )p+B ¢ d
xz war
g M ((p—1+ 7)/17)”2}”/(”_“”}

= [ faer s fagrt - g 0) - .
Qs
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On the other hand, on Qy = Q \ Qs, we have z5 = 0, for some 0 < o < 1, and from

the definition of ¢, for ¢ < ¢y we get

c 1 p—1+v Q
1 LT, ]
(13) =1 < p g
< lMpflz? {p L+ /A\}
D A D

Also from the choice of M, we have

(14)  Lap (P -1+ W)bz(pb—p@—l))/(p—m) cPolpp-l+47,

p A D D

Hence, from (12) and (13) we have

(15) / |z| =P | V[P~ 2V Vw dz
Qo

- / [|$|(a+1)p+ﬁMp1;\Zg(p1)/(p1+v)
b)
Qo

— |x|*(a+1)p+/3Mpflz/g\(l—v)(p—1))/(p—1+v)

1—y)(p—1) [VzP
_ |£L'|7apMp71( 7)(}7 ) |/(’zi|1Jr )}wdx
p— 1—|-fy Z;p p Y

</ |x|7(a+1)p+ﬁMpflj\zz(p—l)/(l)—l-i"ﬂwdx
Qo

ij/(p—1+v)

< / ||~ (e Dp+A _ [(EJ\J;’J*1 (pi— ! —|—’y)l’—1a2§,
Q0 z;p/(p—l'i")’) P p A

M ((p— j+ ’y)/p)'Y) + Mp*lzi(%)”_l

% ((p —la LAb—p+1 (p -1+ ’Y)b7p+1Z(pbfp(pfl))/(pflJrv)
p

P by
_ |x|7(a+1)p+ﬁ aMP1 (p -1+ 7);0_121;’)(1)—1)/(10_14")’)
Q0 p A
—vp/(P—1+7)
ot (M)bgb/@—lm A ]w de
P A MY((p—1+7)/p)
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< / |x|—((y+1)p+ﬁ [aMp—1 (p -1+ ’y)pflzzh,(pq)/(p—uv)
Q0 D A

P14 p/p-14v) ¢
—fIM——— =z — wdx
( D A ) MY((p—1+ ,y)/p)yzzp/(p—1+'v)

— /QO ||~ (e p+8 [awp—l ) - %}wdx

By using (12) and (15) we see that 1) is a subsolution of (1).

Next, we construct a supersolution ¥ of (1) such that ¥ > ¢. By (A42) we can
choose a large constant S* such that auP~! — f(u) — c/u” < S* for all u > 0. Let
U = (8*)/(P=1¢(x). We shall verify that ¥ is a supersolution of (1). To this end,
let w € W. Then we find that

(16)/ le“”’IV\IfV’—QWdex:s*/ ||~ (@ DPHB4y g
@ Q

> x| (et DpB | qpr—1 _ fw) — < wdz.
/Q| | [ ) \Im}

Thus ¥ is a supersolution of (1). Finally, we can choose S* > 1 such that ¢ < ¥
in Q. Hence, for ¢ < ¢y by Lemma 2.1 there exists a positive solution u of (1) such
that ¥ < uw < W. This completes the proof of Theorem 2.2. O
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