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One-dimensional model describing the

non-linear viscoelastic response of materials

ToMAS BARTA

Abstract. In this paper we consider a model of a one-dimensional body where
strain depends on the history of stress. We show local existence for large data
and global existence for small data of classical solutions and convergence of the
displacement, strain and stress to zero for time going to infinity.

Keywords: viscoelasticity; integrodifferential equation; classical solution; global
existence; implicit constitutive relations

Classification: 45K05, 45G10, 74D10

1. Introduction

If we want to describe deformations of a body, relations between stress and
strain (so called constitutive relations) play a crucial role. Classical models ex-
pressed stress as a function of strain. In the last years, models where strain is a
function of stress or where their dependence is given by a relation (neither of them
is a function of the other one) started to be studied more intensively (see e.g. Ra-
jagopal [12], Malek [8], Mdlek, Prasa and Rajagopal [9], Prusa and Rajagopal [11],
Bulicek et al. [1]).

Muliana, Rajagopal and Wineman have introduced in [10] a model of a vis-
coelastic body where strain is a function of the history of stress (in contrast to
classical integral viscoelastic models where stress was considered as a function of
the history of strain). According to [10], this new model was tested on human
patellar tendons and fits very well the measured data.

The equations of this model read as follows

(1) puw(t,x) =oyx(t,x) + f(t, ), (t,z)€Q,
@) wlt.a) = ale0.0)80) + [ Laolsa)nsa)ft—s)ds. (ha)€Q

where @ = (0,400) x [0,1], u is displacement, o is stress, f is an external force,
p > 0 is constant density and o : R -+ R, § : Ry — R are material functions.

This work is supported by GACR 201/09/0917. Author is a researcher in the University
Centre for Mathematical Modeling, Applied Analysis and Computational Mathematics (Math
MAC) and a member of the Necas Center for Mathematical Modeling.
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In [10], some examples of function «, 8 are given, namely 8 has the following
form

B(t) = Jo+ ZJl(l - e—t/ﬂ'% e.g., B(t)=Jo+ J1(1— e_t/ﬁ),
=1

with J;, 7; positive constants (more generally, 3 is a generalized creep function)
and « is

Ao uo
a(o) = Cro + Cy0? or afo) = a {1 — exp ( + ,
V1 + bo? 1+ ~o?

where C1, Cs, a, b, 7, A, p are positive constants.

In this paper we show local existence of classical solutions for large data and
global existence for small data for this kind of equations supplemented by certain
initial and boundary conditions. In fact, we show that equation (2) can be solved
for o, so we can express stress as a function of the strain. By inserting the obtained
formula for o into (1) we get an equation of the form

) wilt,2) = V(a1 ) s 1.0) = 60 (t2) [ (0= Shtna(s,2) ds o+ f0,0),
where

a(t,z) = u(t,z) — /0 r(t — s)u(s, z)ds.

So, we are coming back to a model where stress is depending on the history
of strain. Such equations were studied in the eighties by many authors (Mac-
Camy [7], Staffans [14], Dafermos and Nohel [2], Hrusa and Nohel [5], Hrusa and
Renardy [6]). In contrast to these works, in our case function 1 depends on the
whole history of u and not only on the present value u(t).! This is the reason why
some estimates must be done more carefully and therefore we present proofs of
local and global existence for (3) in this paper, even if the method of the proofs
remains unchanged.

Section 2 contains the main results — local and global existence, uniqueness
and asymptotics for (1), (2). In Section 3 we present reduction to equation (3).
Sections 4, 5 and 6 are devoted to the reduced equation (3), namely some notations
and technical lemmas in Section 4 and proofs of local (resp. global) existence in
Section 5 (resp. Section 6).

IThere is also a very general result of Hrusa [4] which covers this type of dependence, however
that result deals with the history to —oo, so the solutions are smooth on (—oo,T]. In our case,
if we considered zero history for negative times, there would be typically a jump in zero.
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2. Main results
We supplement our model with Dirichlet boundary conditions
(4) u(t,0) =u(t,1) =0, t>0
and initial conditions
(5) uw(0,2) =wuo(x), @(0,z)=ui(z), x€]l0,1].

Our assumptions for local existence and large data are the following (H* denotes
the Sobolev space W2 T € (0, +00]).

(L1) @ € C3(R) with 0 < &/ (2 )<aMon]R.
(L2) 5 € C3(0,T1) with 5(0) #
(L3) ug € H3([0,1]) with u{)(x)/ﬁ( a(R) and u; € H2([0,1]).
(L1) £ € (0. 7], L2(0, 1)) 1 C(0. ) HH[0. 1), fu € L2(0.7], L2(0,1).
(L5) ux(0) = ug(1) = 0 for k =0,1,2, where
(6) us () == U5 () + £(0,2).

pBO)a’ (a1 (%))

Let us remark that condition «/(x)/8(0) € «(R) is necessary, otherwise the
equation (2) could not have a solution for small ¢ and condition (L5) is also
necessary since it is a compatibility condition for initial and boundary values.

We say that a solution (classical) defined on [0,7") is mazimal, if it cannot be
extended to a (classical) solution on a larger interval [0,7"), T > T".

Theorem 2.1 (Local existence). Let (L1)-(L5) be satisfied. Then there exist
T’ < T and functions

3 2
we () G+, 7L HH(0,1), o € () C* (0,77, H (0, 1])
k=0 k=0
which solve (1), (2), (4), (5). Moreover, if u: [0,T7’) — R is a maximal solution
and

(7) sup / u? () ug () +udy () Fudyq (1) +uf () +uy () +uiy, () de < +oo,
te[0,77) J[0,1]

thenT' =T.

Before we formulate the assumptions for global existence, let us say that ¢ :
Ry — R is called a Bernstein function if p(z) > 0 for all z > 0 and the k-th
derivative satisfies (—1)F@®) () < 0 for all # > 0 and all k£ = 1,2,3,.... For
a Bernstein function, we define ¢, = lim;, oo (t) if it is finite and 4 (t) =
Poo — p(t), t = 0.

Our assumptions for global existence and small data are the following.

(G1) a € C3(V) with (0) =0, &/(0) > 0 (V is a neighborhood of 0).
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(G2) B is a Bernstein function with 3(0) > 0, 81, 8’ € L'(R,).

(G3) ug € H3([0,1]) and u; € H?([0,1]).

(G4) f € CH (R, L2([0,1])) N C(Ry, H([0,1])), fue € L2(Ry, L2([0,1])).
(G5) ug(0) = uk(l) =0 for k = 0,1,2 where usy is defined by (6).

Let us define the following quantities
Uo := [luollFs + llurll2,

+oo
7sup/ f2+f2+ftdx+/ /f2+f2+ft+fttdxdt

t>0

Theorem 2.2 (Global existence). Let (G1)—(Gb5) be satisfied. Then there exists

p > 0such that if Uy, F' < p then there exists a solutionu € ﬂi:o C3=k(Ry, HE([0,1])),
0 € NPy C*F(Ro, HY(0,1])) to (1), (2), (4), (5). Moreover,

(8)

Uy Ug, Uty Uz, Utz Utt, Yzaas Utz Uttx, Uttt € Cb(RJra LQ([O; 1]))ﬂL2(R+, L2([07 1]))7

and

(9) Uy Ugy Uty Uy, Ut Ut — 0 and — o,04,0 — 0

uniformly on [0, 1] as t — +o0.

Let us remark that functions «, 8 from [10] mentioned in the beginning of this
paper satisfy the assumptions of the Theorems (more precisely, if « is an odd
function defined as above for non-negative arguments).

3. Reduction to a single equation

Integration by parts in equation (2) yields

U (t, ) = a(o(0,2))B(t) + [B(t — s)a(a(s, 2))]5 + /0 a(o(s,z))B'(t - s)ds,

ie.,

(10) e (£, 7) zﬁ(O)a(a(t,x))—i—/O alo(s,2))8 (t — 5) ds.

We solve this equation for a(o(t, x)). It is easy to show that the solution is

1 1t
alo(t,x)) == muw(t,ac) - m/o r(t — s)uy (s, z) ds,
where r satisfies
1 ’_ L /
(11) T+Wr*ﬂf6(o)ﬂ.



One-dimensional model describing the non-linear viscoelastic response of materials

This last equation is linear and scalar and its solution r € L, (R;) (resp.
L(]0,T7)) exists by Theorem 2.3.1 in [3] (resp. its proof), whenever 8’ € L, .(Ry)
(resp. L'([0,T])). Then, if « is invertible, we can write

(12)  o(ta)=a"! (ﬁuw(t,x) - % /Otr(t — S)ua(s,2) ds)

and insert this into equation (1)

%oﬁl <%uz(t,x) - ﬁ /Otr(t — 8)uz(s, ) ds) +f

d _,
— @, /8(0) + .

pUtt =

where

U= ug(t,z) — /0 r(t — s)ug(s, x) ds.

If « is differentiable with nonzero derivative, we can write

umzm@ﬂ»wwaumﬁwﬂn@wwau@yéragmm@xnm+ﬂn@,

where

Y = O e @A)

It was mentioned above that such equations were studied by many authors.
So, we will formulate the assumptions and existence results in the spirit of their
results and show that the assumptions are satisfied if (L1)—(L5), resp. (G1)—(G5)
hold.

Assume

(11) there exists U C R open, ¢ € C*(U), ¢ (u) > 0 for all u € U.

(12) r € C%([0,T)).

(13) uo € H3([0,1]), u1 € H?([0,1]) such that u)(z) € U for all z € [0, 1].

(1) € Moo CUROTLHAD ), o € Q0] 120 1)

(15) ug(0) = ur(1l) =0 for k = 0,1, 2, where ugy is given by

(14) ug(x) == Y (uy(z))ug (x) + (0, )

Theorem 3.1. Let (11)—(15) hold. Then there exists T’ € (0,T] such that (13),
(4), (5) has a maximal solution u € ﬂi:o C3=*([0,T’], H*([0,1])). Moreover, if
u :[0,T") is a maximal solution and

(15) ma/ W3 (1) 2 (B) 12 (£) 02 (84 (1) 4, (1) 12, (1) i < 4o,
te[0,77) J[0,1]

thenT' =T.
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The global existence result is based on the fact that the kernel is strongly
positive definite. We say that a function a : Ry — R is positive definite if

Q(a, T, v) == /OTv(t)/Ota(ﬁ—s)v(s)dsdtzo

for all T > 0 and v € L%(0,T). It is strongly positive definite, if there exists
e > 0 such that t — ac(t) := a(t) — ee~" is positive definite. Let us define

R(t) := t+oo r(s) ds and formulate the assumptions.

(gl) Im > 0 such that ¢ € C*(—m,m) with 4(0) > 0.

(g2) r, " € L'(Ry) N C*(R4) and R € L'(Ry) is strongly positive definite
and R(0) < 1.

(g3) ug € H3([0,1]) and uy € H%(]0,1]).

(1) f € CHRy. L2([0,11)) N C(Ry, B0, 1])), fur € LRy, 12(0, 1)),

(g5) uk(0) = ux(l) =0 for k = 0,1,2 where ug is defined by (14).

Theorem 3.2. Let (gl)—(gh) hold. Then there exists p > 0 such that if U,
F < u, then there exists a (unique) global solution u € ﬂi:o C3~F (R4, HE([0,1]))
to (13), (4), (5). Moreover, u satisfies
(16)

Uy Ug, Uty Uz, Utz Utt, Uzaas Utz Uttx, Uttt € Cb(J; L2([0; 1])) N LQ(‘L LQ([Oa 1]))

and
(17) Uy Ugsy Uty Uz, Ui, Utt — 0

uniformly on [0, 1] as t — +o0.

Now, we show that Theorems 2.1 and 2.2 follow from Theorems 3.1 and 3.2.
The latter theorems will be proved in the next sections.

We show that (11)—(15) follow from (L1)-(L5). From (L1) it follows that o
is invertible on a(R) and from (L3) it follows that there exists a neighborhood
U of {u{(x)/B(0);2 € [0,1]} which lies in «(R). Then ¢ is well defined on U
and it is C?(U) (o’ # 0) and positive. It remains to show that r € C?([0, 7).
Since 8 € C3([0,T]), we have 8’ € L'([0,T]), hence r € L*([0,T]) (by proof of
Theorem 2.3.1 in [3]). It follows from 3’ € C?(]0, T]) and properties of convolution
that r satisfying (11) belongs to C%([0,T7]).

We show that (g1)—(g5) follow from (G1)—(Gb5). From (G1) there is a neighbor-
hood of zero where « is invertible and o’ > 0. Then 9 is well defined, positive and
C? on a neighborhood of zero. Since 3 is a Bernstein’s function, 3’ is completely
monotone (it means (—1)*8*) > 0 on Ry for all k = 1,2,3,...). Therefore r
is also completely monotone by Theorem 5.3.1 in [3]. Moreover, by the same

Theorem, r € L' and R(0) = O+°° r(t)dt < 1. Since R is positive and R’ = —r,
it follows that R is completely monotone and by Proposition 16.4.3. in [3], R is
strongly positive definite (equivalently “of strong positive type”). We show that
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R € L*(Ry). Compute convolution of (11) with constant 1 and multiply by 3(0).
We obtain

BO)(R(0) = R(t)) + 7= (B(-) = B(0))(t) = B(t) — B(0).

We can rewrite this equation as

oo (R(0) = R(t)) + 1 (B(-) — Boo)(t) = B(t) — 5(0),

(18)  BooR(t) = 7% (B(-) = Boo)(t) = (B(t) = Boo) = Boo + B(0) + Boo R(0).

Then R € L'(Ry) since 8 — Boo = B1 € LY (R4), r € L*(Ry) and —B + 8(0) +
BooR(0) = 0 (this follows immediately by taking the limit for ¢ — +oc0 in (18)).

Clearly, the assertions of Theorem 3.1, resp. 3.2 imply the assertions of The-
orem 2.1, resp. 2.2 with function o defined by (12). So, to prove Theorems 2.1,
2.2 it is sufficient to prove Theorems 3.1, 3.2.

Let us mention that in the case introduced in [10] (8(¢) = Jo + Y iy Ji(1 —
e t/7)) we can compute r explicitly. In fact, we have §/ = 3 J;/mie ¥/ 7. If we
had f'(t) = ce™™, then 7(t) = ce *1+¢/Mt (applying the Laplace transform to
(11)). Hence, by linearity we have r(t) = >.;" | p;e~ ' for appropriate positive
constants i, A;.

Concerning properties of

B 1
~ pB0)(aty

in case of o’s from the examples above, the first example (quadratic dependence)
yields that v := o~ ! is concave with 4/(0) > 0 and v(z) — 0 for z — +o00o. Then 1)
is positive and 9(z) — oo for z — +00. In the second example, (o) has a finite
limit for o — 400, so ¢ is defined (and positive) on a bounded interval [—A, A]
with zero limits at the endpoints. However, since we will prove just local existence
for arbitrary data and global existence for small data, the shape of i will not be
very important for us. These functions 1) satisfy the assumptions (11), (gl).

(4

4. Notation and preliminaries

Let us introduce some notation. In the following, we denote by || - || the norm
on L9([0,1]), by || - Ils,p,q the norm on LP([0,S], L9([0,1])) (sometimes we will
write shortly || - ||,q if S is clear from the context). Partial derivatives of v will
be denoted by v, vy, Uiz, ..., or O203v. If u : [0,5] x [0,1] — R, we will often
write u(t) instead of u(t,-). We denote Qg := [0, 5] x [0,1].

P will be a generic function of one or more variables with values in R that
maps bounded sets on bounded sets. By Z we will denote a generic function that
maps bounded sets to bounded sets and is continuous in 0 and Z(0) =0. C' >0
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will be a generic constant. P, Z, and C' may vary from expression to expression.
Let us define the difference operator Ay by

(Anf)(t) = f(t+h) = f(t),
where f is any function defined on R with values in a Banach space.

Lemma 4.1 ([13, Lemma IV.9]). Let a € L'(R,) be strongly positive definite
and a’,a” € L*(R,). Then there exists k > 0 such that for every S > 0 and every
w € C([0, 5], X) we have

¢
1
/ lw(s)||? ds < k|lw(0)|* + kQ(a, t,w) + kliminf —Q(a,t, Apw)
0 h—0+ h,2

for all t € [0, 5).

Lemma 4.2 ([13, Lemma IIL.7(i)]). Let F € C*(R). Then F ow € W*2([0,1])
whenever w € Wk2([0,1]) and for every K > 0 there exists C(K) > 0 such that

sup{[| F'(w)llwrz = w e WH2([0,1)), [lwllyr: < K} < C(K).

Lemma 4.3. Let r € Wh! nWh*(R,) and set IV(¢ fo r(t — s)v(s) ds for
any v € L}, (R4, X) (where X is a Banach space). Then there exists C’ > 0 and
a function P : [0,4+00) — [0, +00) bounded on bounded sets such that
(i) [[vlls,002 < M implies |I"||s 00,2 < S - P(M),

(ii) [|valls,00,2 < M implies || 17| 5,002 < S - P(M),
(ili) vl s,00,2 < M implies ||I7]|s,00,2 < C|lv(0)]]2 + S - P(M),
(iv) ||v]ls,00,2 < M implies ||I?||s,2,2 < S - P(M),
(v) lvlls.0c.2, [[ells.00,2 < M implies || 1| 52,2 < S - P(M),

(vi) ||vzlls,00,2 < M implies ||I”]s,1,00 < S - P(M).
PROOF: The proof is straightforward using Holder inequality. The only tricks are
writing v(t) = v(0) + fot ve in (iii) and using Sobolev embedding in (vi), which
gives V]| s,00,00 < CM. In (v) one has to differentiate r once and v once in the
integral term. (I
Lemma 4.4. Let k, m € NU{0}, p € [1,00], 7 € LY(Ry) N L=(R,) for
l=0,...,k and define the mapping u — u by

w(t,x) == u(t,z) + /0 r(t — s)u(s,z) ds.

Then

|oF ot ||p<c2||alam My + cll O ulls,2,p,
=0

k !
|oF o a( ||p<c2||a A u(t)|lp + cll 92 u(s) .00,
=0
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Hatkamunt co,p = CZ Halam P
and

k
(19) 10F 0y alle,2p < €Y 110507 ullr 2
=0

with ¢ depending on the norm of r and independent of

u e Wh([o,s], w™r([0,1]))
(resp. u € WF2([0, S], W™P([0,1])) in case of the last inequality), t € [0, 5] and
S > 0.

PROOF: The proof is straightforward. (I

5. Local existence

In this section we will prove Theorem 3.1. Let us first consider the linearized
equation

Ut = (Wy )Uge + w(u?I)/O r(t — s)wge(s)ds + f(1).

Let us denote
t
By = (@,) and gy = (i) /0 r(t = s)wsa(s) ds + f(1).

Then, by Lemma IIL.3 in [13], the linear equation has a unique solution u €
Mi_o C*%([0,T], HY([0,1])) for each w € i_, C3~*([0,T], H*([0,1])). In the
following two lemmas we show that the mapping w — wu is a contraction on
X(T', M) if T' is small and M large enough, where

3
X(TlvM) = {w € ﬂ W37k,oo([0’T/],Hk([0, 1]))’ 8fw(0, ) = Uk(),
k=0
3 3—k

k=0,1,2, and M(w):=) > sup [[950jw(t)]3 < M}.

k=0 1=0 t€[0,T7]

So, the existence and uniqueness will be proved by the following two lemmas
and the Banach contraction theorem. The moreover-part follows from standard
continuation arguments.

In the following, we will often use S? < S assuming that S < T’ < 1.

Lemma 5.1. The mapping w — u maps X (T’, M) into itself if T" is small enough
and M large enough.

235
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PROOF: Let us drop the subscript w and write B := B, and g := ¢,. Let
S € (0,T) be arbitrary. From Lemma IIL.3 in [13] we have

E,(u(t)) <T(U,K, Lo)exp(S - A(U, K, L, S)), for all t € [0, 5],

where

3 3-k
=YY ekl
k=0 =0
2 2 2 s 2
U= Arg(t Dyt 82g(t)||s dt,
o [9(0)13 + max 129(0)15 + max 10003 + [ Ioa(o)l

K := max [|B(t)[3 + max [[0.B(t)|3,
te0,S]

te0,5]
2 2—k
L —ZZ sup 1805 B(#)]l3,
k=0 1=0 1
1 2—k
Lo:=Y_ > [0fa.B(0)3
k=0 1=0

and I', A are functions that are bounded on bounded sets. We estimate these
terms by a function of M (w).

Working on [0, 5], by Lemma 4.4 we have M(w) < CM(w). Now, from
Lemma 4.2 it follows that L < Pp(M). Lo is constant since the initial values
are fixed. Further,

Bt.a) = (upa)) + [ G055 2)ds,

But.a) = w(up@))s + | (00w (s.2) s

which implies K < Cx+S-Px(M). We postpone the proof of U < Cyy+S- Py (M)
and believe for a while that it holds.

Take M; > max(Cr,Cy, Lg) and M > 0 such that T'([0, M;]3) C [0, M/100].
Take any S € (0,7). Then U, K, L < P(M) for all w € X(S,M). Hence,
N := A([0, P(M)]? x [0,S]) is bounded and we can take T’ € (0, S) such that
T’ -max N < In2. Moreover, we can take 7" so small, that U, K, Lo| € [0, M;]?
for all w € X(T”, M). Hence, for all w € X(T", M) we have

Enm(u(t)) < (U, K, Lo) exp(T’ - A(U, K, L, T")) < 1—]‘040 exp(T" - max N) < M/50

for all t € [0,T"], sou € X(T", M).
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It remains to estimate U, where

S
U= IIE (02 |12 / )| dt.
ax ||g()llz+tg(§>§] lg ()||2+tr€rfg:>§] llg: ()5 + ; | gee(t) |2

Denoting I := r * wy,; we can write

U = max ||BI(t)||3+ max ||B.I + BIL.(t)||3+ max ||B:I
t€[0,5] t€[0,5] t€(0,5]

+BIL(t)|13 + /OS |BuI + Bl + Bl (t)| 2 dt.
Since
(20) B, By, Byt, By, Biy, Byy are bounded in L™ (L?) by P(M)
we have by Sobolev embeddings
(21) B, By, B, are bounded in L>(L*°) by P(M)

and as a consequence

(22) B, B; are bounded in L?(L>°) by S - P(M)
Moreover,

t
(23) [Blloe < [1B(0)]]oo +/O [Btlloo < 1B(0)]loo + 5 - || Bt oo
Hence,
(24) B is bounded in L*(L*°) by C + S - P(M).

Now, (21) and Lemma 4.3(i), (ii) yield
BI, B, I, BI,, B;I are bounded in L*°(L?) by S - P(M),
(24) and Lemma 4.3(iii) yield
BI; is bounded in L>(L?) by C + S - P(M),
(22) and Lemma 4.3(iv), (v) yield
ByI;, Bl are bounded in L*(L?) by C + S - P(M),
and (20) and Lemma 4.3(vi) yield
By I is bounded in L'(L?) by S - P(M).

Hence, U < Cy + S - Py(M).

237
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Lemma 5.2. The mapping w +— u is a contraction on X (T', M) with respect to
the metric

o2 1/2
d(w',w?) := (/ >0k Fw! = w?) ()13 dS)
0 k=0

if T' is small enough.

PROOF: In this proof we will write || - ||oo,2 instead of || - ||77,00,2. The function d
is a metric and X (7", M) is complete with respect to this metric (see [13], p. 92—
93). For w!, w? € X(T',M) and their images u', u? we define U := u! — u?,
W= w! —w? and ¥ := ¢ (0}) — 1(w?). Subtracting the equations for u! and u?
we get

(25) U — Y02V Upp = J

where
¢ t
Ji=Vu2, + \I// r(t — s)wl,(s)ds + 7,/)(1113)/ r(t — $)Waa(s) ds.
0 0
Hence (differentiate (25) w.r.t. ¢ and multiply Uy),

(26) UtttUtt - w(’lj}glj)U.L.LtUtt = (w(’ljquj))tU.L.LUtt + JtUtt-

Integrating (26) over @; and integrating the second term by parts we obtain

S (001 + 10 (1))
< / N () Una(s) + (1)) aUra () o Tae(3)]]> s + /Q )

since Uy (0) = Upy(0) = 0. The first integral on the right is bounded by

P(M)/O 1Uza ()13 + [1Ura ()13 + [Use(s)]]3 ds

since (¥(@2))z, (¢(wl)): are pointwise bounded by P(M). To estimate the second
integral, we use |W(t, )|, [¢'(dy(t,2)) — V' (@W3(t,2))| < Lsup,cis) [Walt, )l
(since w,, € L>(L°) and 1, ¢ are locally Lipschitz continuous) and the fact that
2, lloo, Wk, lloos [|Uzzt]|oo.2 and other norms of derivatives of these functions are

bounded by P(M). In fact, since

Jo =Vl +Uul 4+ U (rxwl) + Ur0)wl, +UE «wl))

T

+ (@2) (1% Waa) + (02)r(0)Way + (02 (r' * W)
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we have
t
L1 < IR+ 0 ds
t 0
ST PM)(IWatlZo 2 + [WaallZo 2 + [1Wa |2 2) + UG 2-
Putting the two estimates together (and using ||[W|loo.2 < ¢||Wazlloo,2) we have
1 2 2
S0 @)z + U (t)]12)

t
(27) < P(M) / 10 + [T ()3 + [Uaa ()13 ds
T POM)([WatlZo 5+ [Wosl% 2)-

Rewriting (25) as

we obtain

(28) [U2(®)]15 < PM)((IT@)]13 + |Use (£)113)-

Since [[uz, (t)[loc < P(M), [[(r*wyy)(t)llec < T"P(M), [¢(@03)(t)]loc < P(M) and
(% Wa) ()13 < T ]2 Waa |5 2

we have

T3 < PM)[Wa % 2 + T P(M)[Waal%, 2
ST P(M)([WatllZo 2 + [ Waa 3 2)-

(29)
Now, (27), (28) and (29) yield
U113 + Ut (D113 + Uz ()12
< PO [ 108 + 1Ua(6)13 + 1023 s
+ T P(M)([Warll3o 2 + W12 2)-
By Gronwall’s lemma we have

1T (0115 + 1 Ut (0)15 + Uz (Dl3 < T+ POM) (Wt |2+ [ W (D)]36,2)e™ 70,

so the mapping w — u is a contraction if T” is sufficiently small. Il
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6. Proof of global existence

In this section we prove Theorem 3.2. Since the proof is standard, we will make
it short and refer to proofs of Theorems IV.5 and IV.3 in [13] for more details.
Let us define ¢(z) := 1/1¢(z) and multiply (13) by . We obtain

(30) (s (t, 2))uw(t, x) = ugs(t,x) — /0 r(t — $)uga(s, ) ds + h(ty(t, x), t, x),

where h(z,t,x) = ¢(2)f(t,x). After integration by parts we obtain

t
(31) w(aa(t, ))un(t, ) = Auga(t, ) + / R(t — s)ugae(s, x)ds + g(u(t, x), t, x),
0
where
g(z,t,x) = h(z,t,x) + R(t)ug(0,2) and A=1-— R(0)> 0.
We define

1
B(t) = max /O {0 g uf g, UG U UG+ UGt U+ U H(w, 8) da

t 1
+ / / {u? +ul + uf 4 ul, Ul g A D, Uy uSy + ufy (T, s) dads
0 0
and

v(t) = max (02 +ud, o b ud) ()

Then by Sobolev embeddings we have

and by Lemma 4.4

<

t,00,005 Uzt || t,00,00, |Uzallt,c0,00 < cv(t)
. Nlt00,2: 1T Jlt22 < eV E®),

where @ means any derivative (w.r.t. ¢ and ) up to order three. In this section,
Z will be a generic function (of one or two variables) that maps bounded sets to
bounded sets and is continuous in 0 and Z(0) = 0. Function Z may vary from
expression to expression.

As in [13] (see pages 141, 142 for the arguments), the estimate

e |

(32)  E(t) < Z(Uo, F)(1+ E(T)*?) + C(1+ /E(T))E**(T), t € [0,T]

implies global solution and (16) and (17) (C > 0 is a constant and Z(Up, F) is
small for small values of Uy and F'). Uniqueness follows from Theorem 3.1, so it
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remains to show that (32) holds for every T' > 0 and every solution defined on
[0,T].

We will do it in 7 steps, but first we prove a lemma. Let us remark that we can
redefine ¢ and 1 on the complement of small neighorhood of zero without causing
any harm (since @ (t,z) stays in a neighborhood of zero). So, we can assume
M, = sup{ (=), [¢/ ()], [¢" ()]s 2 € R} < +o00, my i= inf{p(2); 2 € R} > 0 and
Mp = sup{|R(t)|, |R'(t)|,|R"(t)|;t € Ry} < +o0. In the following lemma we will
collect some estimates.

Lemma 6.1. The following estimates hold.

(1) o, 2)iall2,2 < C(L+ /E(@))V E().

(i) [lg(te(t, 2),t, 2)|l2,2 < Z(Uo, F).

(iii) H[g(az(tv‘r) ] ||oo 2 < Z UO; 1 + \/
(iv) [llg(az(t, ), w)]ttl\z,z < Z(Uo, )(1 + E(t ))

PRrOOF: (i) We have [p(t,(t, 2)))te = ¢ ltzlzy + ¢ Uter. Hence,

e (G (t, 2))ea 2.2 < Moo (|| :
VE(t) + VE(t)).

(ii) is obvious. (iii) We have [g(t, (¢, ), t, z)]: = @'l f + @ ft + R'uj. Hence,

llg(@a(t, 2), 8, 2)elloo,2 < MpF (1 + ||tz [oo,2) + MRrUo < Z(Uo, F)(1 + V E

(iv) We have [g(t(t,2),t,2)]e = @" 07 f + @ Ut f + 20" U fr + 0 f1e + R ug.
Then

lg(@a(t, ), 8, 2)]ee 2,2
< M F(||tita]loo,00 | ttall2,2 + [Tttall2,2 + 2[|Gta]l2,2 + 1) + MRrUo

and using 21/ E(t) < 1+ E(t) we complete the proof. O
1st step. We will prove
(33)  Nluew(T)3 + lltiaa (D13 + Q(R, T, taz)

< Z(Up) + Cv(T)E(T) + Z(F,Uy)/ E(T).

Multiply (31) by us.: and integrate over Qr. On the left-hand side we get
(integration by parts, Dirichlet boundary conditions)

/T P(la Ut Uaar = */ [p(tie Just]ouat

T

_ / ol latates ~ / Pl st
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d 1 ) 1

= —/T[(,D('&/:L')]zuttuzt - /QT i {5@(%)%4 +/T 5[90(%)]15“?9:
- —/Oléap(ﬁw)ufx(T)-l-/Ol%@(ﬂw)ufgp(o)
-/ ol + /Q ) Sl

On the right-hand side we obtain

' '
0

0 T

Together we have

1

1 1 1
S / W3, (T) + 54 / 2, (T) + Q(R. T, tizr)
0 0

1
1 N 1 .
< [ MO+ [ Ml + [ 5Moftur s
0 Qr Qr
1
1
b [ 34O + [ lglluat] < Z(U0) + CUTVED) + 2(F,U0)ETT)
0 T
2nd step. We will prove

(39) (T + e (D3 + i QR T, Ayt ()
< Z(Us, F)(1 + B(T)*"?) + C(AT) + ¥*(T)) B(T)

Apply Ay, to (31), then multiply by Apui,., integrate over Qr and denote the
obtained equation by (E). We integrate the left-hand side of (E) by parts with
respect to « and use the identity (easy computations)

Ah[fg]x = Ah[fxg + fgz] = Ahfzg(t+ h) + fIAhg + Ahfgx(t + h) + fAhga:

to obtain

- / [Ah@(ﬁz)zutt (t+h)+50(ﬂz)zAhutt+Ah@(aaz)uttz (t+h)+@(ﬁz)Ahuttz]Ahutz

T

Since
N 1 d ~ 2 ~ 2
(lp(u.'L')A}Lutt.'L'A}LutI = 5 E[()D(U.L)(A}Lutl) ] - (P(uz)t(Ahutw)
we obtain
1
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[ (Bt 4 B + ) Bt + Ao (st + 1) A
T

Dividing by k2 and taking lim,_,o we obtain that the left-hand side is
Lt 2 Lt 2 1 ~ 2

D) Pl )up, (T) + 3 P(Ua)uz, (0) + B P(Ug )1y,

(35) 0 0 T

—/ [0(Ua)ttter + (U ) gttt + (U ) tUtta) Ut

T

We divide the right-hand side of (E) by h? and take limj,_,o. The first term on
the right-hand side of (E) easily yields

I I
(36) 34 [ TueesP) = 5 [ funsaf(0)
0 0

and the second term (the convolution term) due to

t+h
A+ 9)(t) = [f * (Bng)]() + / F($)g(t + h — 5) ds

/ sangar= [ swgwa [ rogwar- [ aroaema

leads to

/0 w2, (0)dz — /O R(T) 0 (0) iz (T) dt
(37)

1
+ 1// (R(0) — R(T))utzz(0) + liminf Q(R, T, Aptitgz ).
0 h—0

The last term on the right-hand side of (E) gives after integration by parts with
respect to ¢

(38) —/ JttUtza-
T
Putting (36), (37), (38), (35) together we obtain
1 1
/ u?, (T) —|—/ u?, (T) + hmmf Q(R, T, Apttys)
0 0
1
<C [ luar Ollursa (D]t + CU € [ fiali

Qr

e / (i) io st Jugta | + C / M il Jugee|usta]
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e / (atliy + C / (gueltez -
T T

So, we have that

[ )+ [ ) +ipipt QAT A

< Z(U)VE + Z(Uy) + CvE + C(v + V*)E + CvE + CVE
+ Z(Uo, F)(1 + EWE

< Z(Uo, F)(1+ E*?) + C(v+ V*)E,

where E, v means E(T'), v(T') respectively.
3rd step. The estimates from 1st and 2nd steps and Lemma 4.1 give
(39)  [lueta (D)3 + ltwtwa (T3 + lluea (D)3 + llwsa(T)3 + llures|l3

< Z(Uo, F)(1 + E(T)*/?) + C((T) + v*(T))E(T)
4th step. We will prove
(40)  [luae(T)II3 + [luee (TIN5 + lluweeell3

< Z(Uo, F)(1 + E(T)*?) + C(w(T) + v*(T))E(T)

Taking L?-norms of (13) we have
luee (@13 < Clluws (B3 + Clluce 2,2 + Z(Uo, F).

Differentiating the equation (30) with respect to ¢, moving the term with ¢’ to
the right-hand side, squaring and integrating over [0, 1] w.r.t. = yields

(41) e ()3 < Cllteaa I3 + [Ir(£)ttza ()13 + [1(r * uawe) (4)13
H 1R, t, 2)]ell3 + 19 (T ()12 e ()12 uee (0)]]3)-
This is estimated by

Clluaat )3 + Z(Uo) + Clluaatll3 2 + Z(F) (1 + V/E(t)) + Cv(t)*E(1).
Integrating (41) over [0, 7] we get
luteell3 5 < Cllwwatl3 2+ Z(Uo) +Cllrlfi lucat 13 o+ Z(F) 1+ E(t)+ Cr(t)* E(1)).

Since all the terms on the right-hand sides are estimated in (39), estimate (40) is
proven.



5th

(42)
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step. We will prove
|wsezl|32 < Z(Uo, F)(1 + E(T)*?) + C(v(T) + v*(T))E(T).

Using difference operators one can derive

The

6th

(43)

T M T 1 1 1
2
/ / Utmz/ / Utttut11+/ Utmutt(o)—/ Upzatee(T).
o Jo o Jo 0 0

n apply estimates of |[ug(T)||3 and ||uses(T)||3 proved above.

step. We will prove

[tzwe (D)3 + twwalls 2 < Z(Uo, F)(A1+E(T)*?)+C((T) +v*(T)) E(T)

Rewrite (31) as

(44)

t
Uy — / r(t — $)ugz(s)ds = G
0

with

Gt @) = (e (b, 2))un (t, 2) — p(Ua(t, 1)) f (L, ).

Solving this equation for u,, we get

(45)

whe

and

7th

Ugx,

Uzg =G+ kxG and Ugye = Gy + kG,

re k satisfies k+ k%7 = r. Then k € L*(R) by Theorem 5.3.1 in [3]. Taking
2,2 and || - ||co,2 norms of the second equality in (45) and using

1G5 < Cv2@)[Juee ()13 + Clluwa ()13 + CZ(F)(1 + [[uza(t)]3)
the estimates derived in the previous steps we get (43).

step. It remains to show the estimates for u,, u¢, u in L°°(L2) and U, Utg,
Uy, U, w in L2(L?). All these estimates except u,, follow from Poincaré

inequality, the estimate for wu,, can be easily derived from the first equality in

(45)

, since we already have estimates for u.

The estimate (32) is proved and the proof of global existence is complete.

(1]
(2]

(3]
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