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Abstract. We establish necessary and sufficient conditions of near-optimality for nonlin-
ear systems governed by forward-backward stochastic differential equations with controlled
jump processes (FBSDEJs in short). The set of controls under consideration is necessarily
convex. The proof of our result is based on Ekeland’s variational principle and continuity
in some sense of the state and adjoint processes with respect to the control variable. We
prove that under an additional hypothesis, the near-maximum condition on the Hamilto-
nian function is a sufficient condition for near-optimality. At the end, as an application
to finance, mean-variance portfolio selection mixed with a recursive utility optimization
problem is given.

Keywords: stochastic near-optimal controls; jump processes; forward-backward stochas-
tic systems with jumps; necessary and sufficient conditions for near-optimality; Ekeland’s
variational principle
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1. INTRODUCTION

Let T' > 0 be a fixed time horizon. We consider the stochastic control problem of
near-optimality for systems governed by nonlinear FBSDEJs of the form

(1.1) da(t) = f(t, 2(t), u(t)) dt + o(t, 2(t), u(t)) dW(¢)

+ /9 c(t, x(t-), u(t),0)N(d6, dt),
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ATRST-ANDRU 2011-2013. The second author was supported by the Czech CTU grant
SGS12/197/0OHK4/3T/14 and MSMT grant INGO II INFRA LG12020.
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—dy(t) = /@g(t,w(t),y(t)vZ(t)vrt(f’%U(t))M(df))dt—Z(t)dW(t)

—/rt(O)N(df),dt),
(C]
2(0) = ¢, y(T) = pa(T)).

Here, W = (W(t))icjo,1) is a standard d-dimensional Brownian motion defined on
the filtered probability space (2, F, (Ft):efo, 1), P) satisfying the usual conditions.
The initial condition ¢ is an Fy-measurable random variable. Further, N(d,dt) is
a one dimensional Poisson martingale measure independent of W with characteristics
p(d0) dt. The filtration (F)¢cjo,7] is a canonical filtration of W and N augmented
by P-null sets.

The criterion to be minimized associated with the state equation (1.1) is defined
by

T
(1.2) J(u(-)) = E[/O /@l(t,w(t),y(t)vZ(t)vrt((’),U(t))u(d@) dt+nh(z(T))+~(y(0))],
and the value function is defined as
(1.3) V =inf{J(u(")),u(:) € Uaa},

where f, o, ¢, g, I, h, p, v are some appropriate functions and the process u(-) is
a control from some set of admissible controls U, q.

Near-optimization is as sensible and important as optimization both from the
theory and application point of view. The stochastic control problems have been
investigated extensively, both by Bellman’s dynamic programming method [2] and
by Pontryagin’s maximum principle [20]. Many more near-optimal controls are avail-
able than the optimal ones. Indeed, optimal controls may not even exist in many
situations, while near-optimal controls always exist. Various kinds of near-optimal
control problems have been investigated in [6], [10], [12], [11], [13], [16], [18], [31],
[32], [33]. In an interesting paper, Zhou [33] established second-order necessary as
well as sufficient conditions for near-optimal stochastic controls for controlled dif-
fusion, where the coefficients were assumed to be twice continuously differentiable.
However, in Hafayed, Abbas and Veverka [11], the authors extended Zhou’s maxi-
mum principle [33] to singular stochastic control. The near-optimal control problem
for systems governed by Volterra integral equations has been studied in Pan and Teo
[18]. The near-optimal stochastic control problem for systems governed by diffusions
with jump processes, with application to finance has been investigated by Hafayed,
Veverka and Abbas [12]. For justification of establishing a theory of near-optimal
controls, see Zhou ([31], [32], [33] Introduction).
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The stochastic maximum principle of optimality for FBSDEs has been studied by
many authors, see e.g. [19], [25], [24], [23], [28], [29]. Necessary conditions of optimal-
ity for FBSDEs in global form, with uncontrolled diffusions coeflicient was derived
by Xu [28]. However, Shi and Wu [23] were the first who derived the stochastic max-
imum principle for the fully coupled forward-backward stochastic control system in
global form. The near optimal control problems for FBSDEs have been treated in [1],
[13]. Very recently, Yong [29] completely solved the problem of maximum principle
of optimality for fully coupled FBSDEs. He considered an optimal control problem
for general coupled FBSDEs with mixed initial-terminal conditions and derived nec-
essary conditions for optimality when the control variable appears in the diffusion
coefficients of the forward-equation and the control domain is not necessarily convex.

The stochastic optimal control problems for jump processes have been investigated
by many authors, see e.g. [3], [5], [9], [17], [21]-[27]. Situ [26] first established the
maximum principle for the stochastic control system with uncontrolled random jumps
in global form. Tang and Li [27] completely proved the maximum principle in global
form, where the control variable is allowed to enter both into the diffusion and jump
coeflicients by using the second-order expansion. Necessary and sufficient conditions
of optimality for FBSDEJs were obtained by Shi and Wu [25], [24]. In an interest-
ing paper, Shi [22] generalized Yong’s maximum principle for FBSDEs obtained in
Yong [29] to the jump case. He established the stochastic maximum principle for
optimality for fully coupled FBSDEJs when the control variable appears both in the
diffusion and jump coefficients and the control domain is not assumed to be con-
vex. A good account and an extensive list of references on the stochastic maximum
principle for FBSDEJs can be found in [17], [22].

Our purpose in this paper is to establish necessary as well as sufficient condi-
tions for near-optimality for systems governed by nonlinear FBSDEJs. The control
variable appears both in the diffusion and jump coefficients. The control domain is
necessarily convex. The proof of our result is based on Ekeland’s variational princi-
ple [6] and some delicate estimates of the state and adjoint processes. Moreover, we
prove that under some additional assumptions, the necessary conditions are also suf-
ficient for near-optimality. As an application to finance, the mean-variance portfolio
selection mixed problem is provided.

This paper is organized as follows. In Section 2, we formulate the control problem
and describe the assumptions of the model. In Sections 3 and 4, we establish the
necessary and sufficient conditions of near-optimality. An application to finance is
given in the last section.
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2. PROBLEM FORMULATION AND PRELIMINARIES

Let (Q,F, (F¢)tejo,r], P) be a fixed filtered probability space equipped with a P-
completed right continuous filtration on which a d-dimensional Brownian motion
W = (W(t)):e[o,1) is defined. Let n be a one dimensional homogeneous (F;)-Poisson
point process independent of W. We denote by N(df,dt) the random counting
measure induced by 7, defined on © x R, where O is a fixed nonempty subset of R¥
with its Borel o-field B(0©). Further, let p(df) be the local characteristic measure of
7, 1.e., p(df) is a o-finite measure on (0, B(0)) with u(©) < co. We then define

N(d6,dt) = N(d6, dt) — u(do) dt,

where N is the Poisson martingale measure on B(©) x B(R;) with local charac-
teristics p(df) dt. We assume that (F;)¢cjo,7] is the P-augmentation of the natural
filtration (.Ft(W’N))tE[QT] defined as

]_-t(WJV) =a(W(s): 0<5<t)\/0<// N(df,dr): 0< s <t, BEB(@)) Vg,
0JB

where G denotes the totality of P-null sets, and o7 V o5 denotes the o-field generated
by o1 U os.

Notation. We will use the following notation in this paper:

1. Any element a € R™ will be identified with a column vector whose i-th compo-
nent is a;. The norm here is defined as |a| = |a1| + ... + |an]|.

2. Denote by M™ the transpose of any vector or matrix M and denote the trace
of the matrix M by Tr{M}.

3. Denote by E the expectation with respect to P.

4. For a function 1) € C! denote by 1, its gradient or Jacobian with respect to
the variable z.

5. sgn(-) denotes the sign function.

6. In the sequel, L%([0,T]; R"™) denotes the Hilbert space of (F;)-progressively
measurable, R"-valued processes (x(t)):c[o,7] such that

T
[E/ lz(t)]? dt < oo,
0

and MZ%([0,7]; R™) denotes the Hilbert space of (F;)-predictable, R™-valued pro-
cesses (Y(t,0))ie(o,r) defined on [0,T] x © such that

£ [ ok < .
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7. Let M € R™¥" and N € R"*?, Then the multiplication M N is a vector
d n d
in R™ defined as (MN); = > > M;;iNy = > (Mije, Noj), where N,; denotes the
j=1i=1 j=1
j-th column of the matrix V.

8. C denotes a generic positive constant which may differ from line to line.

Definition 1. Let 7" > 0 be a fixed strictly positive real number and U a
nonempty compact convex subset of R™. An admissible control is defined as a func-
tion u(+): [0,T] x @ — U which is (F;)-predictable, [EfOT |u(t)]? dt < oo, and such
that the equation (1.1) has a unique solution u(-) € Uaq.

Throughout this paper, we also assume that the coefficient functions

f:00,T)xR" xU— R",

o: [0,T] x R™ x U — R™¥4,

c: [0,T] xR x U x© — R",

g: [0,T] x R™ x R™ x R™*? x R™ x U — R™,
1: [0,T] x R" x R™ x R™*? x R™ x U — R,
h: R"— R,

p: R"—= R™,

v: R™—= R,

satisfy the following standing assumptions:

(H1) The functions f, o, g, ¢, I, h, 7, ¢ are continuously differentiable in their
variables including (z, vy, z,r, u).

(H2) The derivatives fz, fu, 0z, Ou, Pz, hzy 9o, lp (0 = x,y, 2,7, u) are bounded and

/ (lealt, 2, 0) + lew(t, 2w, O)]P)u(d6) < oo,
€]

Further, functions f, o, ¢, ¢,, ¢y, h, have at most linear growth in variable z,
vy has at most linear growth in y, the function g has at most linear growth in
z,y and gy = gy(t,z,u), i.e., gy is independent of y,z,r. For o = z,y, 2,7, u,
the function [, has at most linear growth in z, y, 2, r.
(H3) For ¢ = z, u the functions f,, 0y, g, 9y, C Cos R, ha, s are globally Lipschitz
in the variable z. The function + is globally Lipschitz in the variable y. For
0 = z,u,y the function [, is globally Lipschitz in z, y, z, r.
From (H2) it follows that the function g(¢,z, -, z,r,u) is “close to” linear function
in y. Under the assumptions (H1), (H2) and (H3) equation (1.1) has a unique
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solution (z(t), y(t), z(t), 7+ (-)) € LZ([0,T); R™) x L% ([0, T]; R™) x L% ([0, T; R™*4) x
MZ([0, T]; R™).
For any u(-) € Uaqa we introduce the following adjoint equations:

dp = {f;(t,w),u(t))pt ot (¢ (), u(t))as
+ [ e (ta(0) 00 R (6) + £, 84(6),u(0)]u(a0)
- /@ g2 (6. AL (0), u<t>>ktu<de>} dt — g AW ()

- / Ry(6)N(d6, db),
(C]
pr = — @3 (@(T)kr + ha(@(T)),
dk, = /@ 05 A (6), u(8)) e — L3t Ay(8), u(t))]u(d0) dt

(2.1)

+ /@ 07 (1 Ap(8), u(t)) ke — 128, Ay(8), u(t))]u(d8) AW (1)
+ /@ (07t Av_(0), u()) ke — 5(t Ae_(0), u(t))N (A0, ),

ko = —y(y(0)),

where A+(0) = (x(t),y(t), 2(t),r+(0)). Further, we define the Hamiltonian function
H :[0,7T] x R™ x R™ x R™*d x Rmx U x R" x R"*4 x R™ x R® — R associated
with the stochastic control problem (1.1)—(1.2) as

(2.2) H(t,z,y,z,7(),u,p,q,k,R(:)) =p*f(t,z,u) + Tr{g*o(t,x,u)}
- /@[kj*g(t,x,y, z,r(0),u) + R*(0)c(t,x,u,0) — U(t, z,y, z,7(0),u)|u(d0).

Denoting W¢(0) = (pt, e, ke, Re(0)) and H(t,-) = H(t, Ae(-), ue, We(+)), the adjoint
equation (2.1) can be rewritten as follows:

—dpy = Ho(t)dt — ¢ dW (t) — / R (O)N(dO, dt),
©
pr = — @ (@(T))kr + ha(2(T)),
by = — H, () dt — /HL, N(d8, dt),

ko= = 7,(y(0)).

It is a well known fact that under assumptions (H1)-(H3), the adjoint equations

(2.1) or (2.3) admit a unique solution quartet (pe, g¢, k¢, Re(+)) such that
(pes o, ke, i (1)) € L3((0, TT; R™) < L3 ([0, TJ; R™) xL5((0, T]; R™) x M ([0, T); R™).
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Moreover, since the corresponding derivatives of f,0,¢,l,¢c, h,¢ are bounded, we
deduce by standard arguments that

T T T
(2.4) [E{ sup |pt|2—|—/ |qt|2dt+/ |kt|2dt+// |Rt(9)|2u(d0)dt}<oo.
0 0 0J0O

te[0,T)

3. NECESSARY CONDITIONS FOR NEAR-OPTIMALITY OF FBSDEJs

Our objective in this section is to derive near-optimality necessary conditions for
FBSDEJs, where the control domain is necessarily convex. The proof of our main
result is based on Ekeland’s variational principle [6] and some estimates of the state
and adjoint processes with respect to the control variable.

Let us recall the definition of the near-optimal control of order € as given in Zhou
([33], Definitions (2.1) and (2.2)) and Ekeland’s variational principle which will be
used in the sequel.

Definition 2 (Near-optimal control of order ¢*). For a given & > 0 an admissible
control u°(-) is called the near-optimal if

(3.1) |J(u"(-) = V[ < Qe),

where Q(-) is a function of € satisfying hII(l) Q(e) = 0. The estimator Q(e) is called an
e—

error bound. If Q(g) = Ce? for some A > 0 independent of the constant C' then u°(-)

is called the near-optimal control of order £*. If Q(e) = ¢, the admissible control

u®(-) is called e-optimal.

Lemma 1 (Ekeland’s Variational Principle [6]). Let (E,d) be a complete metric
space and f: E — R a lower semi-continuous function which is bounded from below.
For a given € > 0, suppose that there is u® € F satisfying

Fu) < inf (f(w) + <.

uek

Then for any § > 0 there exists u’ € E such that
L f(u®) < f(u),
2. d(u®,u) <6,
3. f(u) < f(u) +edtd(u,u’) for allu € E.

To apply Ekeland’s variational principle to our problem, we must define a metric d
on the space of admissible controls such that (,q,d) becomes a complete metric
space. For any u(-), v(-) € Upq we define

(3.2) d(u(),v()) = P dt{(w,1) € © x [0,T]: u(w,?) # v(w, D)},
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where P® dt is the product measure of P with the Lebesgue measure dt on [0,T].
Moreover, it has been shown in the book by Yong and Zhou ([30], Lemma 6.4,
146-147) that

1. (Uaa, d) is a complete metric space,

2. the cost function J is continuous from U,q into R.

In the sequel, we adopt the following notation. For u(-) € U,q we denote by
AP (0) = (z"(t), y"(t), 2" (t), r*(0)) and U} (0) = (p¥, ¢i*, ki, Ri*(6)) the solutions to
state equation (1.1) and to adjoint equations (2.3) respectively, corresponding to u(-).

Lemma 2. For any X € [0,1/2) and for any € > 0 there exist u°(-) € Upq and an
(F)-adapted process (p¢, ¢, kS, R; (+)) such that for allu € U :

(3.3) E / CH 0,5, T (0w — 7 (1) dt > O,

where C = C(\, u(0),T) is a positive constant.

Proof. Applying Ekeland’s variational principle with § = ¢!/2 there exists an
admissible control @°(-) such that

(3.4)

U

(@ (), u(-) <2
and J(u(+)) < J%(u(-)) for any u(-) € Uaq, where
(3-5) T (u()) = J(u(-)) +"2d(@ (), u()).

Notice that @°(-) is near-optimal for the initial cost J and it is optimal for the new
cost J¢ defined by (3.5).
Let u¢(-) denote a family of perturbed controls indexed by ¢ € [0, 1] given by

u=e(t) = u(t) + o(u(t) — u*(t)).
By using the fact that J€(a(-)) < J(u®2(-)) and d(@®(-),u®2(-)) < Co, we obtain
(3.6) J(u™e()) = J(a(-) = —e"/2d(@ (), u™0()) = ~C="?o.

Dividing (3.6) by ¢ and sending o to zero, we have

gser))| -0z s —ce

3.7 —
(3.7) do -

Finally, arguing as in Shi and Wu ([25] Theorem 2.1) for the left-hand side of in-
equality (3.7), the desired result follows. O

Now we are able to derive necessary conditions of near-optimality for systems
governed by FBSDEJs, which is the main result of this paper.
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Theorem 1 (Necessary Near-Optimal Maximum Principle). Let the assumptions
(H1), (H2) and (H3) hold. Then for any A € [0,1/2) there exists a positive constant
C = C(\p(©),T) such that for any € > 0 and any near-optimal control u®(-), the
following inequality holds for all u € U:

T
(3-8) [E/O H (8, A5 () s (4), U5 () (u — uf (1)) dt > —Cet.

To prove the above theorem, we need the following auxiliary results on the vari-
ation of the state and adjoint processes with respect to the control variable. First,
let us recall the following proposition, which will be used to prove Lemma 3.

Proposition 1. Let A be a predictable o-field on 2 x [0,T], and f an A® B(O)-
measurable function such that

2 T/@ 5.0)uta0) s < o0

Then for all v > 2 there exists a positive constant C' = C(v, T, u(0)) such that

// f(s,0)N(ds,do) }< C[E{/OT/GU(S,H)W;L(d@)ds}.

Proof. See Bouchard and Elie ([4], Appendix). O

{ sup
t€[0,T]

The next lemma is an extension of Lemma 3 in Zhou [33], to the forward-backward
stochastic differential equations.

Lemma 3. Let (z"(t), y“(t), 2“(t), 7"(t,-))teco,r) and (z"(t), y*(t), 2°(t),
r"(t,-))tefo,r] be two solutions of the state equation (1.1) associated, respectively,
with some admissible controls u(-) and v(-) such that d(u(-),v(-)) < 1. Then for
any a € (0,1), 8 > 0 and ' € (1,2] satistying a8 < 1, a8’ < 1 there exist positive
constants Cy; = Cy(a, f,11(0),T) and Cy = Ca(a, 8, 5, u(0),T) such that

(39)  E( swp_|o"(t) — 2" (1)) < Crd(u(), v())*,

0<t<T

(3.10) E{ sup |y (t) — v (t)]" + /|z“<t> 2(t)|7 dt

//Ir — 72 (0)|% u(do) d } Cod(u(-), v(-))#/2.
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Proof. First we show that under (H1)-(H3) the solution process (y(t)):c(o,1]
to Equation (1.1) corresponding to the backward component satisfies

(3.11) [E( sup |y(t)|p) <00 Vp >0
0<t<T

To prove it, denote A(6) = (x(t),y(t), z(¢t), r:(0)) and first assume p > 2. Then we
have for each ¢ € [0, T

y()—ﬁE[ // (s, A ))M(de)ds‘]-}}

Now by the Jensen and generalized triangle inequality we derive

p(O < CE[leer)P + [l o) uts)Putan) as 7.
Due to the Lipschitz property of ¢ and at most linear growth of g in = and y we
obtain
T
312 WP <CE[1+ P+ [ (ooP + ) a7
t
and hence,
T
313)  EOP <CE[1+ P + [ (e + o)) ds].
t
By the Gronwall inequality and the fact that [E( sup |x(t )|p) < 0o, p = 0, we can
0<t<T
show that
(3.14) sup E|y(®)|” < oc.

0<t<T

To obtain a similar estimate with the supremum inside the expectation we realize
that due to (3.12)

£( sup_ (o)) <c+mg( sup [E[|x<T>|p+ / T<|x<s>|p+|y<s>|p>ds\ft]).

0<t<T 0<t<T

By virtue of the fact that E( sup |z(¢)[?) < oo, p >0, and (3.14) the processes
0<t<T

W) = Ele@piF] a0 =€[ [ paslz)
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and
My(t) = [E[/OT opas|z), ve .1

are [2-martingales with cadlag paths and therefore, the Burkholder-Davis-Gundy
and Cauchy-Schwarz inequalities imply

(3.15) E<03?5T |M1(t)|) < CE/(My)r < CVEM)r < .

As for My (and similarly for M3) we take into account that

(3.16) (OiltlET E [ / ! 5)|P ds‘]-'t] >

[E( sup |Ma(t )|) + E[M2(0)]
o<tLT

<26 ( sup [Ma(1)]),
0<t<T

and repeat the line from (3.15). Thus we conclude that indeed

[E( sup |y(t)|p> <oo, p=2.
0<t<T

The case when p € [0, 2) follows easily by the Holder inequality.

Next denote Z(t) = z*(t) — x¥(t) and define similarly the processes g(t), Z(t) and
74(-). First we prove (3.9) for two cases. First, let 5 = 2p, p > 1. Then by using
standard techniques we have that

E( s [50)77) < CE [ |f(t.a(0)ut) = " (0) o) P de

0<t<T
+C[E/O |0(t7x“(t)7u(t)) _ O'(t, xv(t),v(t))|2p dt
T
+CE [ Jet.a(0).u(t).0) = clt. (0. 0(0). 0)Pua0)
=10 4+ 02 +13.

By the definition of the metrics d and by the growth conditions on f we can estimate
[1 in the following way:

< CE / £t 2™ (8), u(t)) — F(t, 2% (t), v(t))|? dt

T
+ CE / (6, 2(8), 0(8)) — F(t, 2" (), () dt
0
=1+
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Applying the Holder inequality with a = 1/(ap) > 1, b > 1 such that 1/a+1/b=1
leads to

T
l1 = C[E/O |f (2 (8),u(t) — f(t 2" (), v(0) [P L fugey2oeyy (1) A
1/b

<c([g / (1+|x“(t)|2”b)dt> (d(u(), v()))*
< Ca(u(), o()°.

The estimate of [, 2 follows from the Lipschitz property of f and from the fact that

/ E |2pdt<C/ sup |&( )|2p) dr.
o<t

Repeating the same steps we derive similar estimates for Iy and I3 obtaining

[E( sup |5:(t)|2p) < Cd(u(-),v aﬁ/2+c/ sup |&( )|2p) dr.

0<t<T 0<t<T

Application of Gronwall’s lemma therefore leads to

(3.17) [E( sup |§:(t)|2”) < Cd(u(-),v(-) P2,

0<t<T

Now, let 8 = 2p, p € [0,1). Due to the Holder inequality (with a = 1/p > 1) and the
preceding result one has

[E( sup |f(t)|2p) < ([E( sup |£(t)|2))p < Cd(u(-),v(-))*?.

0<t<T 0<t<T
Now we proceed to proving the inequality (3.10). Denote A} (0) = (z*(t), y*(t), 2" (%),

r{(0)) and consider again the two cases for f'.
First, let 8’ = 2. It is easy to see that the triple (7(t), 2(t), 7(0))c[o,1) satisfies

i) — /1t : / / N (9, ds)

(ol 2(T)))
/ / (5, A%(8), u(s)) — g5, A%(6), v(s)))pu(d6) ds.
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Now by scalar multiplying each side of the above equality with itself and taking
expectation one obtains

(3.18) [E<|g<t>|2 /T| ()12 ds + / / 174(6) u(d6) d )
(//msA“ (5)) — g5, A2(0), o(3))|ju(d0) d )

+ CElp(z*(T)) — p(=" (1))
=1y + .

We have used the facts that

E[g(t)/deW()]—, efo [ [ ronanas) <o
([ o am]

due to independence of W and N and due to independence of its increments after
time ¢t on F;.
By the Lipschitz property of ¢ and by (3.9) the estimate of 5 follows easily as

(3.19) Iy < CE|Z(T)|* < Cd(u(-),v(-))*.

To estimate [ let us write

(//'9”“ (5)) = g(s, A (6), u(s))] u(dmd)Q

+OF [ [ 195, A200):0(5) — 005, 200) 6D Py o (Om(00) s
=011+ 0.
By virtue of the growth condition on g in (H2) (recall that |g(¢, z,y, z,7)| < C(1 +

|z| 4+ |y|)), the Holder inequality with a = 1/a > 1, b > 1 such that 1/a+1/b=1
and by (3.11) it follows that

T
(3.20) 1, < CE / / (1t sup 282+ sup [5°(5)2) Lue) ooy (5)u(d6) s
t JO

0<s<T 0<s<T

SC(l—i—[E{ sup |xv(8)|2/(1—a)} —l—[E[ sup |yv(s)|2/(1—a)}>lfa

0<s<T 0<s<T

( //Hu(s)#v(e)} s)u(df) d )

< Cd(u
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Now, let us turn to estimate [; ;. Using the Lipschitz property of g and the Cauchy-
Schwarz inequality one has

(3.21) Iy < CT[E( sup Ii(t)IQ)

0<t<T

+aml'm@ﬁu+af4ml|am%s
T
+C@—ﬂE[[J@@FMMM&

Let us now take a particular ¢ € [0,7] so that § = T —t < 1/(2C'). Then putting
together (3.18), (3.19), (3.20), (3.21), and (3.9) we obtain after rearranging the terms
the estimate

NI T A 1 o 2
Elg@)"+5E [ [2(s)["ds + SE |75(0)]"1u(d0) ds
2 )i 2 Ji Je
< Cd(u(-),v(:)* Vte [T —46,T).
Repeating similar steps we obtain a similar estimate for all ¢ € [T' — 26,7 — 4] and
after a finite number of iterations we cover the whole interval [0, 7.

The proof of the same estimate but for 5’ € [0, 2) follows by the Holder inequality
similarly to the proof of (3.9). This completes the proof of Lemma 3. O

Lemma 4. Let (p}, ¢}, k', Ry () and (p},q}, kY, Ry(-)) be two adjoint solution
processes to equations (2.1) corresponding to some admissible controls u(-) and v(-)
respectively with d(u(-),v(-)) < 1. Then for any 8 € (1,2) and a € (0,1) satisfying
(14 a)B < 2 there is a positive constant C = C(a, 8, 4(0),T') such that

T
B2 e[ {renP el - al [ 1RO - RO

< Cd(ul-),v(-)*P"?

and

(3.23) E/ﬁ%—%ﬁ&gCﬂM%dﬁW@
0

Proof. Foreacht € [0,T] and § € O, we denote p; = p¥ —p¥, G = ¢* — ¢},
k, = k¥ — kY and R,(0) = R¥*(6) — RY(6). Further, similarly to the previous proof
denote AY(6) = (x(), 4" (1), 2" (1), 7£(0))-
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We start by proving (3.23). Note that the process (/:v't)te[o,T] satisfies the following
(forward) stochastic differential equation:

dy — /e (976, AL (8), u(t) e + Gy (£.0))2(d0) d
+ /@ (g2 (8, A2(0), w(t))For + G (8, 0))u(d0) AW (1)

+ / (g2(t, AL (), u(t))kr + G (t,0))N(dO,dt), t e (0,T],
e

ko= — (7(5"(0)) = 7 (¥°(0))),

where

Gy(t,0) = [gy(t Ay (0),u(t)) = gy (8, AL (), v(0)]k/
Ly(t, A (0), u(t)) — Ly (t, A7 (0), v(2)),

G.(t,0) = [gz(t A (0), u(t)) — g2, A (0), v(D))1k}
L (8, AF(0), ult)) — L (¢, AL (), v(1)),

Gr(t,0) = [gr(tA?_ (6), u(®)) — gr(t, A7_(0), v(t))]k¢
+ L (t, AL (0), u(t)) = L (2, A (0), 0())-

Then we have for each t € [0, T

k‘t —1(y°(0)))

// 0% (t, AL (0), u(t)) ks + Gy (5,0))1(d0) ds
+ /@ (47 (t, AL(0), u(t))Fs + G (5, 0))u(d60) ATV (s)
+ t 26 + G5, )N ().
The adjoint equation for &; is the ODE

20 {dwt[ [ 50 820) () + ol s .
Y =0,

where 8 € (1,2). The equation has random coefficients (due to processes (z(t)) and
(u(t)), see (H3)) but has neither the diffusion nor the jump part. Since g, is bounded
and Lipschitz in x, it can be easily shown that (3.24) admits a unique solution in

421



2 which can be found pathwise. Moreover, the following estimate holds for vy > 2,
1/6+1/y=1:

(3.25) [E[ sup thl”} < 0.
t[0,T]

Indeed, by integrating (3.24) from ¢ to T" and taking | - |” one gets

v

0l T B B
+c‘/ 1P~ sgn(F,) ds
t

T
el < c\ o [ aite i) ututas)as
<of [ il / |g;;<t7A%<9>,u<t>>|u<de>ds)7 womt?( | e d)

where m is the dimension of k;. Using now the Hoélder inequality and boundedness
of g, by K, we have

T T
(3.26) ||? gcmm(@)(T—t)H/ |¢8|Vds+cmv/2(T—t)H/ |ks|? ds
t t
~ T ~ T ~
<C [ wpasC [ fRpas
t t

where C' = 6’(T,7,K,u(@),m).
Now, first taking expectation and supremum over time leads to

T T
(3.27) sup E[u[? <C[E/ |ws|7ds+C[E/ 1s|? ds.
t€[0,T] 0 0

Note that by the Holder inequality one has

T T _ B8/2
(3.28) [E/ ks|? ds < C<[E/ |ks)? ds> <K < .
0 0
Therefore, applying Gronwall’s lemma to (3.27) and (3.28), we conclude that

(3.29) sup Eliy|" < K exp(CT) < .
te[0,T]

Now, taking the supremum over time in (3.26), taking expectation and applying the
previous estimates, we end with

T T
[E[ sup Wﬂ < C[E/ |1/)5|7ds+C[E/ k| ds
t€[0,T] 0 0
<CK exp(éT)T +CK < .
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Let us derive now a better estimate of [E{ sup |1/)t|”’] Taking expectation in (3.26),
t€[0,T)
applying Gronwall’s inequality and taking supremum, one gets

T
(3.30) sup E[g]” < KEE/ [k ds.
te[0,T) 0

Using the previous estimate, one can derive along similar lines the estimate

T
(3.31) E| sup [vu]'] <KE [ |k)7ds.
t€[0,T] 0

The duality of ¢, and k; is shown by the It6 formula applied to l;;* ¢ on [0,T]. After
taking E(-) it gives

T
(3.32) £ [ Rl dt = ~Elfovo] ~E / GGy (1, 0)u(do) dt

The estimation of [E[fcowo] goes as follows (using the Holder inequality for v > 2 and
the uniform estimate (3.31) for v)

(3.33) Elkotbo] < (Eltbo|”)"/ (Elko|?)*/*
< (B sup_ ) (Bl (" (0)) — 2l O 1) /7
t€[0,T]
T 1/~
<x(E [ RPas) @0 - o
T 1/y
<C<[E/O |k;s|f5ds> d(u(), v(-))"2.

The second term is estimated as follows. Applying the Holder inequality yields that

30 E [ [ wic,eol)a

< Les%pT thl// |Gy (t,0)]u( dé))dt]
. 1/8
’Y Y
(Etes[tépﬂlwtl ( //|G (t,0)|°u(do) d )

gK([E/OTwswds)l/ ([E/O/@|Gy(t,6)|ﬁu(d6)dt)l/6.
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Since 1 — 1/~ = 1/f, one obtains putting the previous results together that

T T

(3.35) [E/ k| ® dt < Cd(u(-), v(-))*P/? +C[E// |Gy (t,0)|° 1(d6) dt.
0 0Je

Therefore, it remains to estimate the last term. Recalling that

Gy(t,0) = [gy(t, AL (0),u(t)) — gy(t, A (0), v(t)) ]}
+ ly(ta A?(H)a u(t)) - ly(ta A?(G)v U(t))7

and denoting

(3.36) E /T/ |Gy (t,0)|° 1(d6) dt

< CE [[ [ (st A£0 ) - 000, 470) o) i
I AT6). () ~ 1, (6 A7(6), o0 e6)
=[; + [y,

we estimate the two integrals separately. Starting with [ we note that

T
337) 12 < [ [ (A0 ue) = 1yt A6), ) utat) e
+E / / 1, (8 A7 (0).u(8)) 1y (4 A7 (0, w(D)] L ugey ooy (Du(d6)

=15+
Due to the growth condition on I, in (H2) (|, (¢, z,y, z,r,u)| < C(1+|z| + |y| + |2| +

|r])), the Holder inequality with s =2/ > 1, r =2/(2 — ) > 1 and by Lemma 3 it
follows that

(338) 12<CE / / @+ sup [l @F + WP O] + 1220 + 17 6))

o<tLT
X 1w o)y (E)p(dO) dt

< C<1 + [E[ sup |xv(t)|2} + [E[ sup |y”(t)|2} + [E/OT |27()|* dt

0t<T 0<t<T

T B/2 T (2—-8)/2
4 / /@ Ir§(9)|2u(d9)dt> ([E / /@ uu(t#v(t)}(wu(de)dt)

< Cd(u(-),v(-)*P7.
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Now by the Lipschitz property of I, and by Lemma 3 it follows that

T
"KC[E/ / (2 + 1l + 1207 +17(0)|)u(d6) dt < Ca(ul-), ()™,
0J0O

Similarly we can write for 4

T
E / /e (6, A2 (8), u(t)) — gy (£, AY(0), u(t))|P k1% (d6)

i [E/o /@ |9y (8, A7 (0), u(t) — gy (t, A7 (0), v(O) | k7171 fuge) oy () 1(d0) it

Due to the boundedness of g, and its independence of y, z, r we obtain (along similar

lines) the final estimate

1 < Cd(u(-), o)™/,

Following similar lines we finally prove that

T
E/ el dt < Ca(ul-),o()*/2.
0

Now, let us prove inequality (3.11). It is not difficult to see that (p't,(jt,l;t,

Et(ﬂ))te[oﬂ satisfies the backward stochastic differential equation

—dp, = {f; (b2 (1), w(t))fe + 0% (1,2 (), u(0))

+ / (€ (6,2 (), u(t), 6) Ry (6) — gi(t, AL(6), u(t))
€]

U AR(0), u(t)) — 5(t AY(9), 0()]u(d6) + cw} at

— g dW(t / Ry(0)N(d0, dt),

pr = = lpa("(T)ky — o (2"(T) k7] + [ha(2"(T)) = ha (2" (T))],

where the process (£(t)):eo,r7 is given by

L(t) = [fz (&, 2" (1), w(t) = [ (& 2"(L), v(t))]py
+ oz (4, 2%(1), u(t) — og (8,27 (1), v(t))]a;
+ /@[(Cé(tw“(t%U(tW) — (L2 (), (), 0)) Ry (0)
= (gz(t, A{(6), u(t) — g(8, A7 (0), v(1))) K/ 1 (dB).
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Let (¢¢)tcjo,r) be the solution of the (forward) linear SDE

dge = [t (1), u(t)) e + [Be]” sgn(pe)] dt
+lon(t 2" (1), u()) e + 16|° " sgn(@)] AW (¢)

(3.39) _ -
+/[C§(t7$"(t—)aU(t)79)% + [Re(0)]7~" sgn(R(0))]N(d6, dt),
S
¥o = Oa
where sgn(a) = (sgn(aq1),sgn(az),...,sgn(ay,))* for any vector a = (a1, as,...,a,)*.

Note that since f,, 04,9, are bounded, ¢, is bounded in some integral sense (see
(H2)) and due to the fact that

T
[E/ {115e17~ sgn(Po)|* + 1117~ sgn(@)[* + [lke|*~" sgn(k,)[*} dt
0

T
R A=l gon ~t 2 o0
+E/O/@||Rt(0>| an(B,(0))[2u(d6) dt < oo,

the linear SDE (3.39) has a unique strong solution.
Let v > 2 be such that 1/y+1/8 =1, 8 € (1,2). Then according to (2.4) we get

(3.40) [E( sup |got|7)

0<t<T
T ~ ~

< C[E/ {|ﬁt|ﬁv—v + |(jt|57_7 4 |kt|67_7 +/ |Rt(9)|f67_7u(d9)} dt
0 e
T ~ ~

—ce [ {ind? +1a + Rl + [ R utao) |
0

Note that the right-hand side of the above inequality is bounded due to (2.4). Hence,

we have

[E( sup |gat|7) < 0.
0<t<T

Now, by applying It6 formula to ¢;p: on [0,7] and taking expectation, we obtain
T ~
Erer] =€ [ {Inl* +1al’ + [ 1RO utas)fat
0
T
- [ ot ([ 1041, ue) - (e AT o)uta) )

& [ " piLar+E / "o ( / g;<t7Ar<9>,u<t>>%tu<de>) dt.
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Now taking into account the value of p%. and rearranging the terms, we deduce that

T
gy €[ {aP i@l [ IR uo) far =ttt
where
1y = —E(ph [t (@ ()R — g (2 (T)R2)),
1y = E(gihe (a*(T)) — ha(a"(T))]),

T
h=E [ gt
0
T
= [ ([ [0 AYOu0) - L0 AO) o)Ina8)) .
T ~
=t [ v < [ site.aro), U(t))ktu(d9)> dt.
0 €]
Due to the Holder inequality with v > 2, 1/y+ 1/ = 1, we have

/.
I; < [[E( sup |gat|7)} l; foreachi=1,...,5.
0<t<T

Then we deduce from (3.40) and (3.41) that
T ~
e [ i+l + [ R@Puao o
0

T - v 5
<c(e [+l + [ R@Puanya) 3.
0 (€]

5
=1

(2

and therefore (denoting J; = 17)

T
e [l b+ [ 1RO i<
0 © i=1
Now, it remains to find appropriate estimates of J;, ¢ = 1,...,5. Using (H3),
Lemma 3, (3.23) and the fact that [E|kr|?]%/? < oo, we obtain
(342) i = |y (a"(T))ki — i («¥ (T))k7 |
= E[[p} («"(T)) — @3 (2" (1)K + o3 (¥ (T))er |
< C([E[RE )PP [Elp (z(T)) — @ (¥ (T))| PP/ GO P2 1 Elkr|”)
< C([EJE(T) PP/ PP 1 Elkr|”) < Cd(u(-), v(-)*P/2.
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Using similar arguments, we see that
(343)  J2 = E|hy(a"(T)) = ho(2"(T)))” < CEIF(T)|” < Cd(uf-), v(-)*/2.

Note that the estimation of Jy = [EfOTfe |1 (t, A2 (0), w(t)) =1k (t, AV (), v(t))|® u(dO) dt
and of J3 = E fOT |£(t)|? dt follows lines similar to the estimation of I in (3.36).
The estimate of J5 = E fone g (t, A% (0), u(t))k,|° 11(d6) dt follows immediately by
the boundedness of g, and (3.23).
Finally, the desired result (3.22) follows immediately by putting all the previous
estimates together. This completes the proof of Lemma 4. (I

Proof of Theorem 1. First, for each € > 0 and A € [0,1/2), by using Lemma 2
there exists @°(-) € Unq and an (F;)-adapted process @f() = (p5, G, Efaﬁi('))te[o,T]
such that for all u € U we have

. /T Hy (8, K (), @°(1), Wy () (u — uf (1)) dt > —Ce™.
0

Now, to prove (3.8) it remains to estimate the difference
T e =€
A= [E/ Hy (8 Ay (), u (), W () (u — w(2)) dt
0

T
—E [ HI A 0. ¥ 0 - v 0)
First, by adding and subtracting the term H, (¢, AS(-), u®(t), ¥5(-))uc(t), we have

€

T
AT = [E/O [ (4R (), @ (0, W () = Hi (8, A7 (), u” (1), W5 ()] (w — @ (1) dt

+[E/ H (8 A7 (), us(2), Wi () (s (t) — us(t)) dt
0
=05+ 15,

Now, by using the Cauchy-Schwarz inequality, boundedness of H, in some integral
sense, the fact that E fOT |(uf(t)—u(t))|? dt < C and (3.4) we obtain for 1/a+1/y =1

(3.44) 15 = /0Hi(t,/\f('),ue(t),‘Pi('))(ue(t)—ﬂe(t))dt
T

<E [ LA O 0,000 (0) — 0 (0
T 1/2
< |e [ imaion . o) P

1/2

X {[E /OTI(us(t) — () P L gue (1) e (1)} (1) dt]
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T 1/(2v) T /2
< C|:[E/ [(u®(t) — ’l_l,E(t))|27 dt:| |:[E/ l{ua(t);éﬂs(t)}(t) dt
0 0
< Cd(us (), a ()™ < O™

Let us turn to the first term. We have

17 = [E/O [ (4R (), (0, T () = Hi (8, A7 (), u” (1), W5 ()] (w — us (1)) dt
T
= [E/O [(07)" fult, 25 (), = (t) — (PF)" ful(t, 27 (), u ()} (u — u® (1)) dt

+ E/ [(G7) o (t, 2°(1), u" (1) = (g¢) oru(t, 2% (1), w" (1)) (u — w*(2)) di

+E// (B (0))* calt, 7 (1), T (1), 0)

) et 2 (8), uZ (1), 0)](u — u (£))(d6) dlt
+E / / ) gt K2 (0), 55 (8)) — (k)" gu(t, A5 (6), u (1)) (e — (1)) () dl

+[E// (t, K ( (8 AS (), uE (1)) (u — uE () u(d6) dt
_\J]E_’_\J]E_’_\J]E_‘_J]E_‘_J]E

We estimate the first term on the right-hand side J; by adding and subtracting
(P5)* fu(t,z5(t),u®(t)). Then we obtain

J]K[E/I — Bt 7 (8), 7 (8)) (u — e ()] dt
+E / (05" (Fut, 2 (0,8 (1)) — Fult 2= (2), w5 (6))) (u — (1)) .

Now, again by adding and subtracting f, (¢, z°(t), a*(t)), we arrive at

K <E / 15 — DLty 2° (), @ (1)) (u — 2 (2))]
FE [ 100,50 - £t a0, 5O il v Ot

+ [E/ [fult, 2° = fult, 2% (1), u® (1)) L (1) s o)y (O P [ — w®(2)| dt
—\ﬂ61+\ﬂ62—|—j63
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Using the Holder inequality with 1/y+1/8 =1, 8 € (1,2), the boundedness of f,
and Lemma 4 leads to

T
E'<E / [ty 25,85 1w — w1155 — 05 1 g ) (£)
T 1/B T 1/~
<o(e [ -prar) (£ [ 1)
0 0
< CdP (@ (), u () A (@ (), uf() < Ceo/H1/CD < O,

since /4 +1/(27) € (0,1/2), one can choose a/4+1/(27) < A
To estimate the second term \J]i’Q we employ the Lipschitz property of f, from
(H3) and the Hélder inequality with 1/y+1/8 =1, 8 € (1,2) to obtain

T

T
5 < CE [ laf sl —uf)|dt < OF [ [af = afllpf L ug ey (0)
0 0

T 1/~ T 1/8
<o(e [l -airar) (€[ bl 1 o)
0 0

T 1/2 T 1/8(1-B/2)
< Cd“/2<a6<->7u€<'>><fE / |p§|2dt> (E | tussanr® dt)
0 0
< Cd* (@ () () < O < O,

where we also used the fact that 1 — 5/2 > af/2.

Next, by the Lipschitz property of f, and by the Holder inequality (with 8 and ~
same as above) we can proceed to estimate J3 as follows:

T
¥ < CE / 185 — (195t — 0L s (8) dt
T 1/8 T 1/~
< C(E / 15517 L s e 1) dt) ([E / 18 — s s sy () dt)

T 1/B8(1-8/2) T 1/~
<o Ip§|2dt> ( [t ar) ([ tsanro )
0 0
<C

< Cda/2+1/7(,a5(.) (1) Ce®/4+1/(27) < o,

Using arguments similar to those developed above for J5, J5, J, and Jg, we can
prove that 1§ < Ce?, and finally conclude that

T
(3.45) [E/O [ (8, A (), % (), 0y () — H (8, A5 (), uf (8), ©5 ()] (u — uf(¢)) dt
< Ce,
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which together with (3.44) implies that
(3.46) A® < Ce

Now, combining (3.3) in Lemma 2 and (3.46) we complete the proof of Theorem 1.
O

4. SUFFICIENT CONDITIONS FOR NEAR-OPTIMALITY OF FBSDEJS

In this section, we will prove that under an additional hypothesis, the near-
maximality condition on the Hamiltonian function is a sufficient condition for near-

optimality. This is the second main result of this paper.

Theorem 2. (Sufficient Near-Optimality Maximum Principle). Let u®(:) be
an admissible control and let the processes A5(-) = (z°(t),y=(¢), 2°(t), (¢, -)) and
V() = (p§,q, ki, Ri(-)) be the solutions to equation (1.1) and adjoint equa-
tions (2.1), respectively, both associated with u®(-).

Further, let us assume that the function H(t,-,-,-,-, U$(+)) is convex for a.e. t €
[0,T], P-a.s. and functions 7, h are convex. If for some A € [0,1/2), € > 0 and for
any u € U the near-maximality relation

(4.1) / H (A2 (), uf (), U () (u — wf (£)) dt > —C>

holds then we have

)< nf () + Ce

where C' is a positive constant independent of €.

In other words, the process u®(-) is a near-optimal control of order A to the control
problem (1.1)—(1.2).

Proof. Let us fix an arbitrary v(-) € Ua,q and denote its corresponding trajec-
tory AY(-) = (2¥(t), y"(t), 2" (t),r"(¢,-)). Then we have

T () = J0() = EIh@(T)) — h(@"(T))] + Ely(y"(0)) — 1(5" (0))
+E / / {1t AS(8), w2 (1)) — 12, AY(6), v(t)) bu(d0) dt
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Now, since h and v are convex, we have

Therefore, one easily obtains that

T () — T(0()) < E[% (2 (T)) (@ (T) — 2°(T))] + Elyg (5 (0)) (5% (0) — 57(0))]
T
: / / (U8, A5 (0), 4 (1)) — 1(t, A(8), v(t))}(d6) L.
0J0

Next, employing the initial and terminal conditions of the adjoint equations
vy (Y%(0)) = k§ and h,(z°(T)) = p& + % (2°(T)) k5, it follows that

(4.2) J(w () = J(u() <E[(p7)"(2(T) — 2"(T))]
+ Bl (2°(T)k7)" (2% (T) — ="(T))] + E[(k5)* (4 (0) — y7(0))]
T
+ [E/o /@{l(t,At(H),u () = 1(t, A (0),v(t)) }pe(dO) dt.
On the other hand, by applying It6 formula to (pf)*(z¢(t) — z¥(¢)) on [0,T] and
taking expectation, we get
(4.3)  El(p7)"(@°(T) = 2(T)) + (3 («°(T)k7)" (z°(T) — 2*(T))]

—E / {—f;u,xs(t),uf(t»p: — o3t (1), v (1)
4 /@ 42 (t, A5(6), " (8)) K ()

- /@[Ci(tvﬁce(t),ue(t),(?)Rf(@) + (8 A7 (0), u (1)) (d6)
+ (00)Lf (8 25(1), us () = f(t,27(2), v(D))]
+ Te{(g;)"[o(t, 2°(8), u"(8)) — o (t, " (£), ()]}
+ / (R (0))" [e(t, 2 (2), u" (), 0) — c(t, 2" (1), v(t), 9)]u(d9)}
(S
X (2°(t) — =" (t)) At + Efhg (a5 (1)) (2 (T) — ="(T))].
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Similarly, by applying It6 formula to kf(y°(t) — y¥(¢)) then combining (4.2), (4.3),

and using the definition of the Hamiltonian function, we obtain

//{ltAs W (8)) — U(t, AV (0), u(t)) bu(d6) dt
—E / CH(E NG (), (6), 5 () — H(E AY(C), u? (1), ()} dt
T
+E / (05 L (1 2 ()0 (8)) — £ (1,2 (1), 0()]
LT {(q)* ot 27 (), (1)) — ot 2 (1), o(£))]} }

+[E//{k€ (£, A5 (8),u" (1)) — gt AL(6), v(t))]
(6))" elt, 27 (1), w2 (£), ) — e(t, 2° (1), v(t). B)]} u(d9) dt

Then we have

(4.4) J(u () = J(v())

< [E/O [H (2, A7 (), u”(8), Wi () = H(t, A7 (), o(t), Wi ()] dt

—E/ HE (8, A5 (), 0, WE()) (2 (1) — 2 () dt

—[E/ H (1 A5 (- W5 ()) (v (1) — 5 (8)) dt
—[E/ H (1, A (- WE () (25(1) — (1)) dt
—[E/ HE (1, A5 WE()(rE () — 7P () dt.

H(t, A7 (), us (1), Wi () = H(t, AL ), o(t), Wi())
< H*(t AG () u (1), Wi () (25 (1) — 2°(1)
Hy (A7 (), us(8), W () (v () =y (1))
HE( AT (), us (8), Wi () (=°(1) = 2°(1))
+H*(7 ORI OR HONGAO R Q)
+ Hy (AL (), ut (), W7 () (w8 (1) = v(t)).
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By integrating both sides and noting (4.1), we obtain
T
(4.5) [E/O {H (A7), u (1), Vi () — H(t, AL(),v(t), Ui ()} dt
< [E/ H (8, A7 () us(2), Wi () (2= (8) — 2®(t)) dt
0
E [ H (A0, B ) (0 — v 0) d
T
+ [E/ HZ(t, A7 (), s (8), Wi () (25(2) — 2°(t)) dt
0
E [N O 0. )0 () () de+ O
Combining (4.1) and (4.5), we get

J(w (1) = J(u()) < Ce™.

Finally, since v(-) is arbitrary, the desired result follows. O

5. APPLICATION TO FINANCE: MIXED PROBLEM OF
MEAN-VARIANCE PORTFOLIO SELECTION

In this section we will apply our maximum principle of near-optimality to study
a perturbed mean-variance portfolio selection problem mixed with a recursive utility
functional optimization in a financial market and we will derive the explicit expression
for the near-optimal portfolio selection strategy. The near-optimal control will be
taken as the optimal control to the unperturbed problem (see Shi and Wu [24]) and
we will show that this candidate satisfies the assumptions of Theorem 2.

Suppose that we are given a mathematical market consisting of two investment
possibilities (see Framstad, @ksendal and Sulam [9]):

(1) Bond price: the first asset is a risk-free security whose price Py(t) evolves
according to the ordinary differential equation

{ dPy(t) = Po(t)ordt, te[0,T],

(51) PO(O) > 07

where ¢: [0,7] — R is a locally bounded deterministic function.
(2) Stock price: a risky security (e.g. a stock), where the price P;(t) at time ¢ is
given by
(5 2) dP1 (t) = P1 (t_) |:§t dt + 0y dW(t) + / §t(9)N(d9, df,) s
. e
Pl (O) > Oa
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where ¢,0: [0,7] — R are bounded deterministic functions such that ¢, oy # 0 and
G > o for all ¢t € [0, 7.

(3) Assumptions. In order to ensure that Pi(t) > 0 for all ¢ € [0,T] we assume

that
(i) &(0) > —1 for p-almost all § € © and all ¢t € [0, T,
(i) [ &7 (0)p(dh) is bounded.

(4) Portfolio strategy. A portfolio is an (F;)-predictable process (eo(t), e1(t)) giv-
ing the number of units of the risk-free and the risky security held at time ¢. Let
7t = e1(t) Py (t) denote the amount invested in the risky security. We call the control
process 7(-) a portfolio strategy.

(5) The wealth dynamics. Let 2™ (0) = ¢ > 0 be the initial wealth. By combining
(5.1) and (5.2) we introduce the wealth dynamics

dxﬂ(t) = [thﬂ- (t) + (Ct - Qt)ﬂ_t] dt + o dW(t) + Lft(e)ﬂtN(dgvdt);
2™ (0) = C.

(5.3)

Let U be a compact convex subset of R. We denote by U,q the set of admissible
(Fi)-predictable portfolio strategies m(-) valued in U.

The mean-variance portfolio selection problem in the above jump-diffusion frame-
work has been studied in [9], [25]. In Framstad, @ksendal and Sulam [9], the
investor’s object is to find an admissible portfolio which minimizes the variance
Var(z™(T')) at a future time 7' > 0 under the condition that E[z"(T")] = a for
some given a € Ry. By using sufficient maximum principle, the authors in [9] gave
the expression for the optimal portfolio selection. Optimal portfolio and consump-
tion decision problems for a small investor in a market model have been studied in
[14], [15]. The near-optimal consumption-investment problem has been discussed
in Hafayed, Veverka and Abbas [12]. Stochastic optimization problems with recur-
sive utility have important economic background, see [8], [7]. The continuous time
mean-variance portfolio selection problem has been studied in Zhou [34].

In this section, the objective is to use our near-optimal maximum principle to
study the mean-variance portfolio selection problem mixed with a recursive utility
functional maximization. We consider a small investor endowed with an initial wealth
2™(0) > 0 who chooses at each time ¢ his or her portfolio strategy m;. The investor
wants to choose a portfolio strategy 7°(-) € Uaq which near-maximizes the expected
utility functional. This functional can be separated into two parts: the former is the
equivalent terminal reward E[—1/2(2™(t) — a)?] while the latter part is a recursive
utility functional with generator g(¢,z,y,7) = oz + (¢ — )7 — cy, ¢ > 0.
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We assume that we originally have a family of optimization problems parameter-
ized by a parameter € > 0 representing the complexity of the cost functional

(5.4 Fa) = E{ [ eplm)dt+ 3o (0) - 0?40,

where ¢: R — R is a nonlinear, convex and continuously differentiable function
independent of e. Further, we define the wealth process (z(¢)) and the recursive
utility process (y(t)) corresponding to 7(-) € Uyaq as the solutions to the FBSDEJs

da(t) = [orx(t) + (¢ — 0¢)me] At + opmy AW (E / &(0)m N (do, dt),
—dy(t) = [oz(t) + (s — 00)m — cy(t)] dt — 2(t) AW (¢)

(5.5)
—/rt(Q)ﬂtN(dQ,dt),
(S]

(56) P(r() = E{ 5 (T) — )} +5(0)

The optimal control to the problem (5.5)—(5.6) (with the new cost JY(+)) has already
been solved explicitly by using the stochastic maximum principle in Shi and Wu [25],
Theorem 3.1 where the optimal solution, denoted by (z*,7*), is given in the state
feedback form as

(o= )@ (0) £ W — exp(—et)
! Dy(0f + [o & (0)u(d)) 7
p: = (btﬂ-: + \I/h

(5.7)

q; = o1 Py,
ky = exp(—ct),
R(0) = ®:&(0)m7

where ®; and ¥, are some deterministic differentiable functions satisfying the ordi-
nary differential equations

Ut + f@ §t )u(do)

658) @, = ( o “ ~20,)a,,
1,
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o (01 —s)? _ et (0r —at)? _
= (o% + Jo €2(0)u(d0) Qt)“’t (o% + [o &(0)1(d0) Qt)’

Ur= —(a+1).

(5.9)

The Hamiltonian of problem (5.5)—(5.6) is given by
(510) H(tvxvyazar(')v’”apvq’ kvR())
— lovo+ (5 = erl(k = p) + ouam 7 [ EOROW().
e

Since 7*(+) is optimal for the problem (5.5)—(5.6), by using maximum condition ([25],
Theorem 2.1) we conclude that

(511) (st —00)(pf — ki) +owa + /@ SOR; (O)u(d9) =0, P-as. di-ac.,

where we denote by the superscript * all the processes computed for the optimal
control 7*(+).

However, the Hamiltonian H¢ for the problem (5.5)—(5.4) can be rewritten in the
form

(512) He(tvxvyazar(')vﬂapv% kvR())
— [ow + (st — o))k — p) + orqm + 7 /@ &/(O)R(O)u(d6) — cp(m)
= H(ta z,Y,z, T(')a TP, q, ka R()) - 550(77)

for all (z,y,z,r(:), 7, p,q,k, R(:)). Therefore, if (z*(t),ys,zf, v (), 0r, 45, ki, Ri ("))
denotes the optimal trajectory to the (unperturbed) control problem (5.5)—(5.6) we
can express the difference of the Hamiltonian at different control points but at this
fixed optimal trajectory in the following way:

(5-13)  H(t, 27 (1), y7 5 2577 () mopi s ag s ki Ry ()
— Ho (™ (0), s 28, () mi s v ap s ki Ry ()
= H(t,2"(t),y7, 20,77 () mopi s ap > ki R ()
— H(t, & (t),y7, 28,70 (), 7, 07, 6 b RE () — elp(m) — ()]

By virtue of the fact that the function ¢(-) is continuously differentiable and U is
a compact convex subset in R it follows that

—ele(m) — ()] < el (m)||m — | < Ce.
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Now, employing the above fact, taking max in (5.13) and using the optimality of 7*
TE
we arrive at
I}}gfj{He(tv :L'*(t), y:v 2:7 7“:('), "Tvp:v QZa kzv R:())

- Hs(tv x*(t)v yt*v Z:a ’I“Z(-), W:aPL q;a kzv R:())
< ma@(H(ta x*(t)v y:a 2?7 T?(')v 7T,p:, qzv k:a R:())
TE
- H(t7 x*(f')a y:7 Zt*a ’I“:(-), W:apfv q:a k:, R:()) + 65?2&“501(77)”7775 - ﬂ-:l}
< H(ta J,‘*(t), y:a Zz(v T:(')v W:,p:, qgv k:a R:())
- H(tvx*(t)a ygv Zt*a T:(')a ’/T:ap:7 qz(a k:, R:()) +Ce= CE;
which implies the near-maximality property of 7*(-)
Hs(tv x*(f')a yzv Z:a ’I“Z(-), W:aPL q;a kzv R:())
2 ma@{HE(L x*(f')a ygv 3:7 T:(')v 7T,p:, q:a k:, R:()) —Ce.
TE
Finally, since the function ¢(-) is convex, the Hamiltonian H¢ is concave. Due to

the sufficient maximum principle (Theorem 2), the portfolio strategy 7*(-) is indeed
a near-optimal for the problem (5.5)—(5.4).

Remark. When ¢ — 0, our result reduces to the necessary and sufficient condi-
tions of optimality developed in Shi and Wu [23].

APPENDIX
The following result is a special case of the Ité formula for jump diffusions.

Lemma A (Integration by parts formula for jumps processes). Suppose that the
processes x1(t) and z5(t) are given for j =1,2,¢ € [s,T]:

da;(t) = f(t, 2;(t), u(t) dt + o (t, z;(t), u(t)) dW ()
+/ g(t,zj(t_),u(t),0)N(do,dt),
e
zj(s) =0.
Then
Elay (T)a2(T)]

= [E{/ z1(t) dxg(t)—i—/ x2(t) dxl(t)} —|—[E/ o (t,z1(t), u(t))o(t, z2(t), u(t)) dt
+E / /@ g (t, 21 (1), u(t), 0)g(t, 22(t), u(t), B)u(d6) dt.
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See Framstad, @ksendal and Sulam ([9], Lemma 2.1) for the detailed proof of the

above lemma.
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