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Abstract. An interesting topic in the ring theory is the classification of finite rings.
Although rings of certain orders have already been classified, a full description of all rings
of a given order remains unknown. The purpose of this paper is to classify all finite rings
(up to isomorphism) of a given order. In doing so, we introduce a new concept of quasi
basis for certain type of modules, which is a useful computational tool for dealing with
finite rings. Then, using this concept, we give structure and isomorphism theorems for
finite rings and state our main result to classify (up to isomorphism) the finite rings of
a given order. Finally, based on these results, we describe an algorithm to calculate the
structure of all such rings. We have implemented our new algorithm in Maple, and we apply
it to an example.
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1. INTRODUCTION

Classification of finite groups and finite rings are well-known problems which have
been studied by many researchers. The oldest result on finite abelian groups has its
origin in the works of German mathematician Gauss on quadratic forms. This result
was explicitly proved by Kronecker and Stickelberger which is nowadays known as
the fundamental theorem for finite abelian groups: A finite abelian group is a direct
sum of primary cyclic groups. This may be considered as the cornerstone of many
classification theorems in algebra and specially it may be used for the classification
of finite rings.

The research of the first and third authors was in part supported by a grant from IPM
(No. 91130413 and 92550420). The research of the first and third authors is partially
carried out in the IPM-Isfahan Branch.
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The problem of determining and classifying (up to isomorphism) the finite rings
has attracted the attention of many mathematicians. To explain the existing results
in this direction, let R be a finite ring of order m. It is well-known that every finite
ring can be decomposed into a direct sum of p-rings, see [12]. Recall that a p-ring is
a finite ring whose order is a power of a prime p, i.e., its additive structure is a p-
primary abelian group. So, the decomposition of the additive structure (R, +) of R
into p-primary subgroups leads to the ring decomposition R = Ry @ ... ® R, where
m = p’fl ...pF and R; is a finite ring of order pf Thus, in order to classify the finite
rings, it would suffice to deal only with p-rings. So, let p be a prime number. It is
easy to see that there are merely two rings of order p; Z,, and the null ring of order p.
In 1969, Raghavendran [10] proved that there exist eleven rings of order p? only four
of which have the identity element. Also, in 1973, Gilmer and Mott [8] showed that
there exist 4p + 48 rings of order p? for p # 2 and only twelve of these rings have
the identity element. Moreover, for p = 2, they found 59 rings of order 23. Only
eleven of these have the identity. For p*, a comprehensive list of non-commutative
rings was first drawn up by Derr et al. in [5]. Commutative rings of order p* were
characterized by Wilson [16]. In 2000, Corbas and Williams [3], [4] determined all
rings of order p°. The characterization of rings of higher orders remains still open.
For more details on finite rings, we refer to the papers [1], [2], [6], [7], [9], [11], [12],
[13], [14], [15] and also to the book [9], pages 133-141.

The aim of this paper is to classify all finite rings (up to isomorphism) of a given
order m. For this purpose, we first calculate all decompositions [p]fl, ..., pFn] where
m = p’fl ophn p’fl < ... < pF» and the p;’s are (not necessarily distinct) prime
numbers. It is well-known that to find all finite rings (up to isomorphism) of order m,
it suffices to calculate all finite rings of the form Ry @ ... ® R, (corresponding to
[m1,...,my,]) such that the order of R; is m; and [m,...,m,] is a decomposition
of m (note that such a ring has a ring structure over the abelian group Z,,, ®...®
Zy,,). In doing so, we introduce a new concept of quasi basis for certain type of
modules. Based on this concept, we give new structure and isomorphism theorems
for finite rings and state our main result to classify (up to isomorphism) the finite
rings corresponding to a decomposition [my, ..., m,]. Finally, based on these results,
we describe an algorithm for calculating the structure of all finite rings of a given
order. We have implemented our new algorithm in Maple, and apply it to compute
all finite rings of order 12.

The paper is organized as follows. In Section 2, we introduce the concept of
quasi basis for modules, and use it to define a multiplication on a class of modules.
Then, we provide sufficient conditions for such a multiplication to yield an algebra.
Furthermore, we obtain criteria to decide whether or not two such algebras over
a given finite module are isomorphic (Theorem 2.1). Section 3 aims to describe
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the structure of all finite rings over a given (finite) abelian group (Theorem 3.1).
Moreover, we present a number of necessary and sufficient conditions to check if two
finite rings (given by their structures) over an abelian group are isomorphic or not
(Theorem 3.2). This concludes a classification (up to isomorphism) of all finite rings
corresponding to a given decomposition. In Section 4, we propose an algorithm for
the computation of the structures of all finite rings (up to isomorphism) of a given
order.

2. QUASI BASES AND THEIR APPLICATIONS

In this section, we first introduce the new concept of the quasi basis for modules
in order to define a multiplication on a class of modules. We present then suffi-
cient conditions for such a multiplication to provide an algebra. Finally, we give
criteria to decide whether or not two such algebras over a given finite module are
isomorphic (Theorem 2.1).

Let us start with some notation that we use throughout the paper. We denote
by S an associative commutative ring with identity. All S-modules are considered
to be unitary left S-modules.

Definition 2.1. Let M be a left S-module. A subset A C M is called quasi
S-linear z'ndependent if for any distinct elements aj,as,...,a, € A and s1, S9, ...,

sp €8, Z s;a; = 0 implies that s;a; = 0 for all i. A generating set A of M is called

a quasi S baszs for M if A is quasi S-linear independent.

Clearly every free S-module F possesses a quasi S-basis. Furthermore, every
semi-simple left S-module has a quasi S-basis. The following result (which follows
immediately from Definition 2.1) characterizes the modules having quasi S-bases.

Proposition 2.1. An S-module has a quasi S-basis if and only if it is the internal
direct sum of a family of cyclic S-modules.
Corollary 2.1. If M is a finitely generated Z-module, then it has a quasi Z-basis.

Proof. Since every finitely generated Z-module is a finite direct product of
cyclic groups, M has a quasi Z-basis (Proposition 2.1). O

Let M be an associative S-algebra with a finite quasi basis {a1,as,...,a,}. Then
the algebraic structure of (M, +,-) can be displayed by n? products

n
aia; =Y wijray
k=1
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with w;j, € S and thus by n? constants wij for 1 < 4,4,k < n. Using this notation,
the multiplication on M is performed by

<§; Siai) (jz:tjag) = z”: < z": Sitjwijk>ak.

k=1 “i,j=1
For the sake of simplification, we introduce a convenient notion of presentation to

describe the structure of an associative S-algebra with a finite quasi basis.

Definition 2.2 (Presentation). Let M be an S-algebra with a quasi basis

n
{a1,a2,...,a,} so that a;a; = > wyjrax for all 4, j. Then we write
k=1

n
M—<a1,...,an; a;a; = E Wik Ok s i,j—l,...,n>
k=1

and we call it a presentation for M.

Below, we will provide some necessary and sufficient conditions for the above
multiplication on an S-module (with a finite quasi S-basis) to yield an S-algebra.
Recall that the left annihilator of an element a € S is the ideal ann/(a) = {s €
S; sa =0}.

Lemma 2.1. Let S be a commutative ring with identity, M an S-module and

n
M = <a1, celp GG = Y wijkak>. Consider the following multiplication on M :
k=1

M xM—M
n n n n
(Z S; Q4 , Z tjaj) — Z ( Z sitjwijk) ag.

i=1 j=1 k=1 Vij=1
Then, the following assertions hold.
(1) “” is well-defined iff [anng(a;) + anng(a;)|w;x C anne(ag) for all 4, j, k.
(2) “” is distributive, if “” is well-defined.

n

(3) “”is associative iff ) (WijaWalk — WjiaWiak) € anng(ay) for all i, j, k.

a=1

Moreover, (M, +,+) is an S-algebra if and only if (1) and (3) are satisfied.

Proof. (1) Assume that “” is well-defined and fix 7, j where 1 <4, j < n. Let
x € anng(a;). Then, by definition of “.”, we have

Y zwigrar = (xa;) - (a;) = (0) - (a;) = 0.
k=1

644



Since {a1,a2,...,a,} is a quasi S-basis for M, zw;;rar = 0 for each k& and therefore
anng(a;)wi;x € anng(ay) for all k. Similarly anng(a;)w;jr € anng(ay) for any k.
Thus, [anng(a;) + anng(a;)]w;jr C anng(ay) for all 4, j, k. Conversely, assume that

n n n n
E Sia; = E u;a; and E tija; = E v;a;
=1 =1 j=1 =1

where s;,u;,t;,v; € S. Hence it follows that s;a; = w;a; and tja; = vja; for all ¢, j.
Set x; = u; — s; and y; = v; —t;. Then u; = z; + 55, v; = y; +¢;, x; € anng(a;) and
y; € anng(a;). Hence, we can write

uvj — sit; = S5 + Xty + xiy; = ity + (s + 2;)y; € [anng(a;) + anng(a;)]

and so (ujv; — sit;)wijk € [anng(a;) + anng(a,;)|w;jx for all k. From the hypothesis,
one obtains (u;v; — s;t;)wijrar = 0 for all k. It follows that

n n n n
E ( E Sitjwijk)ak = E ( E Uivjwijk>ak;
k=1 Vij=1 k=1 “i,j=1

and therefore
n n n n
E S;a; E tja; = E UG + E Vjaj.
i=1 j=1 i=1 j=1

(2) Suppose that “” is well-defined. We prove the right distributivity of “”; the
other side is proved similarly. We have

n

<§ sia; -l—g;uiai) : <]Z:tjaj) = <§:(sz + u;)a Z) Zt a;

n n =
= Z<Z(si+ui)tjwijk>ak
k=1 Vij=1
Z<Z5th;k>ak+z<2utw”k>ak
1,j=1 1,7=1

= <; siai> : <]§_:1 tjaj) + (; uiai> : <j§_:1tjaj).

(3) For all ¢, 7, I, let us consider the multiplications:

n n n
(ai : aj) sap = ( E wijozaa> sap = E ( E wijozwozlk>ak;
a=1

k=1 “a=1
n n n
a; - (aj : az) =a;- ( E wjlozaoz> = ( E wjlozwiak>ak-
a=1 k=1 “a=1
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n
Thus, we have (a; - a;j) - a; = a; - (a; - a;) if and only if > (WijaWaik — WjiaWiak) €
a=1

anny(ay) for all 4, j, k, which ends the proof.

Corollary 2.2. With notation as in Lemma 2.1, let M be a finitely generated
free S-module with the basis A = {a1,as,...,a,}. Then (M,+,-) is an associative
S-algebra if and only if for each i, j, k we have

n
§ (wijozwalk - wjlozwiak) =0.
a=1

Proof. Since M is a free S-module and A is its basis, hence anng(ay) = 0 for

all k and thus “” is well-defined by the first item of Lemma 2.1. Thereby, (M, +, )
n
is an S-algebra if and only if > (WijaWaik — WjiaWiak) = 0. O
a=1

So far, we have provided sufficient conditions to define the structure of an asso-
ciative algebra over a given module with a presentation. Below, we want to give
criteria to decide whether or not two algebras (defined as above) are isomorphic (see
Theorem 2.1).

Lemma 2.2. Let S be a commutative ring with identity and M, N two S-modules
with quasi bases A = {a1,as,...,a,} and B = {b1,ba,...,b,}, respectively. Assume
that p;; € S forall1 <i,j<nand f: M — N is the map defined by

f (g siaz) = zn:l <§ 3ipij> b;.

j=
Then the following statements hold:

(1) f is well-defined iff anng(a;)p;; € anng(b;) for all4,j =1,...,n.
(2) If f is well-defined, then

(a) f is an S-module homomorphism.
n
(b) f is one-to-one iff for each s1,s2,...,8, € S such that ) s;p;; € anny(b;)

for all j, we have s; € anng(a;) for all 3. =t

n
M=<a17---7an; a;a; = E Wik Ak, i7.7'=17---,n>7
k=1

N = <b1,...,bn; bibj :Zzijkbka i,j:l,...,n>
k=1
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are two S-algebras, then f is an S-algebra homomorphism iff for all i, j, k

we have

n n
> pispjtwsk — > zijipik € anng(by).

s,t=1 =1

Proof. (1) Suppose that f is well-defined. We consider s € anny(a;) for an
integer 1 < ¢ < n. Then by definition of f we have

S spisb; = f(sa;) = £(0) = 0.
j=1

Since B is a quasi basis for N, sp;;b; = 0 for all 1 < n. Therefore anng(a;)pi; <
anng(b;) for all j. Conversely, suppose that E sia; = Z tia; where s;,t; € S.

i=1 i=1
Since A is a quasi basis for M, s; — t; € anny(a;) for all i. From the hypothesis,

(s; — ti)pi; € anng(b;) for all 4, j. It follows that s;p;jb; = t;p;;b; for all 4, j and
Z <Z Sipi]) bj = Z <Z tipij) bj
j=1 Ni=1 j=1 Vi=1

n n
Therefore f(Z siai) = f(z tiai) and hence f is well-defined.
i=1 i=1

(2) (a) Assume that r,s;,t; € S for i = 1,...,n. So, we can write

f(rzn:siai—i—zn:tiai) = (i: (rsi +t;)a )
i=1 i=1

( (rs; +t; p”>b
Jj=1 Mi=1

M:

z:; zn:r zp”>b —l—Z(thp”)

i=1

<.

(Zn: szaz) +f (; tiai) .

i=1

Thus f is an S-module homomorphism.

(b) The assertion follows immediately from the fact that A and B are quasi S-bases
for M and N, respectively.

(c) By (2) (a), f is always a group homomorphism. Thus, it suffices to show
that f(aia;) = f(a;)f(a;) for each i, j. However, by multiplications defined in
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S-algebras M, N and also by the definition of f we have

faay) <Z wzglal> => (Z wijlplk>bk
k=1 N=1

On the other hand,

fla (e = (S m) (zpﬂbt) =323 pupa o
s=1 k=1 “s,t=1
Since B is a quas1 basis for N, we conclude that f is an S-algebras homomorphism
if and only if Z DisPjtZsth — E wijipik € anng(by) for all 4, 5, k. O

s,t=1

Corollary 2.3. Let the notation and hypotheses be as in Lemma 2.2, and suppose
that M and N are two free S-modules and p;; € S for all 1 < ¢,57 < n. Then

(1) f is well-defined.

(2) f is an S-module homomorphism.

n
(3) f is one-to-one iff for each si,$2,...,5, € S s.t. > s;p;; = 0 for all j, we have
s; = 0 for all 1. =t

(4) If

n
M = <a1,...,an; aiaj:Zwijkak, i,j—l,...,n>,
k=1
n
= <b1,...,bn; bibj :Zzijkbk; i,j:l,...,n>

k=1
are S-algebras, then f is an S-algebra homomorphism iff for all i, j, k

n
Z PisPjtWstk — szlplk =0.
s,t=1

s

Proof. Since A and B are bases for the free modules M and N, respectively,
hence anny(a;) = anng(b;) = 0 for all a; € A and b; € B. Thus, by Lemma 2.2 all
the above assertions are correct. O

For a finite set X, we denote by |X| the size of X.
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Theorem 2.1. Let S be a commutative ring with identity and let

n
M=<a17---7an; a;a; = E Wik Ak, i7.7'=17---,n>7
k=1

N = <b1,...,bn; bibj :Zzijkbka i,j:l,...,n>
k=1

be two finite S-algebras with |M| = |N|. Then M = N as S-algebras iff there exist
pij €S (1 <4,j < n) such that

> anng(a;)p;; C anng(b;) for alli,5=1,...,n,

n
> for each s1,82,...,8, € S such that > s;p;; € anng(b;) for all j, we have
s; € anng(a;) for all 4, =1

n

n

> Y DisPjtWstk — Y, Zijipik € anng(by) for all i, 7, k.
s,t=1 =1

Proof. Since M and N are finite S-algebras and [M| = |N|,amap f: M — N

is one-to-one if and only it f is surjective. So, the assertions follow from Lemma 2.2.

O

3. STRUCTURE AND ISOMORPHISM THEOREMS

In this section, we use the results of the previous section to state a structure
theorem describing the structure of all finite rings over the same additive structure
(Theorem 3.1). Moreover, we give an isomorphism theorem to test whether or not
two such structures are isomorphic (Theorem 3.2).

Let us denote by R an associative ring (not necessarily commutative or with iden-
tity). It is clear that R is a Z-algebra. Also, by Corollary 2.1, every finitely generated
Z-module has a quasi Z-basis. So, if R is a finite ring then its additive group is a finite
abelian group and is thus a direct sum of cyclic groups. Suppose that ay,as,...,ay,
of orders mi,ms, ..., my, respectively, form a set of generators for the abelian group
of R. This implies that A = {a1,as,...,a,} is a quasi Z-basis for R and hence, its
ring structure can be determined by n? products a;a; = Zn: Wi k0 With wijr € Ly,

k=1
and thus by n? constants w;j;. Analogously to [7], we introduce a convenient no-

tation, motivated by group theory, to state our structure theorem for finite rings.
A presentation for a finite ring R consists of a set of generators a1, as, ..., a, for the
additive group of R together with relations: The relations are of two types:

> msa; =0fori=1,... n,
n

> oa;a; = Yy Wijka, with wijp € Z ford,j=1,...,n.
k=1
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Therefore, if R is a finite ring with the above properties, to simplify the notation,

we write
n
R = <a1,...,an; mia; =0, a;a; = E Wik Ok i,j:l,...,n>.

Theorem 3.1 (Structure theorem). Let n be a positive integer, and for each
i=1,...,n, let A; = (a;) be the cyclic subgroup of order m;. Then there exists

n
a ring R with additive group @ A; and multiplication relations a;a; = Y w;jr0k
=1 k=1
for each i, j and w;j, € Z if and only if (w;ji) satisfies the following conditions:
(1) mk | Aijwijk Where Aij = ged(mi,my) for all 1 < 4,7,k <n,

(2) E WijaWalk = E WilaWiar modmy, for all 1 <i4,j,k,1<n

Proof. Supposethat there exists a ring R such that a;a; = Z Wijkak. We show

that the conditions (1) and (2) hold for (w;jx). By Corollary 2. 1 {al, az,...,an} is
a quasi Z-basis for (R, +). Since for each i, anng(a;) = m;Z, by Lemma 2.1 we have
[miZ +m; 2w, € miZ for all i, j, k, and i (WijaWalk — WjlaWiak) € MiZ. Hence
it follows that o

(1) mk | Xijwijk, for all 1<4,5,k<n,

(2) Z WijaWalk = Z WjlaWiak modmy, for all 1 < 4,4,k 1< n
a=1 a=1

The converse is obvious. O

Theorem 3.2 (Isomorphism theorem). Let
n
Ry = <a1;"'aan; mia; = 0,a;a; = E Wijkk, 1,] = 1,...,n>,
n
R2 = <a1,...,an; m;a; = O,aiaj = E Zijk Ak, i,j = ].,...,TL>
k=1

be two presentations. Then Ry = Ry iff there exist pjr € {0,...,my — 1} for
1 < j,k < n such that the following conditions hold:

1
2

) mg | mipjr for 1 < 5,k < n,
)

m
for each s1,...,8, € Z, if my | Z sjpji for all 1 < k < n, then m; | s; for all i,

(3) Z DiaDjpWapk = E zijipix modmy, for 1 < k < n.
a,B=1



Proof. By Corollary 2.1, {a;,as,...,a,} is a quasi Z-basis for both R; and R».
On the other hand, for each i, anny(a;) = m;Z. Thus by Lemma 2.2, Ry & Ry if and
only if there exist p;; € Z such that

(1) anng(a;)pr € anng(ag) for 1 < j,k < n,

m
(2) for each s1,...,8, € Z, > s;pjx € anng(ag) for each k implies that s, €
j=1
anny(a;) for all 4,
n

m
() > piabjpWask — Y zijipuk € anng(ay) for 1 <k < n.
a.f=1 =1

These conditions are trivially equivalent to those given in the theorem. (I

Now, we will present an application of these theorems to prove a classical result
in the ring theory. It is well-known that every finite ring R can be uniquely (up to
isomorphism) decomposed into a direct sum of rings of prime power order (see [12]
for example). Below, we give a simple proof for this result (Proposition 3.1).

Lemma 3.1. Let R be a finite ring with the additive group €@ A; where A; = (a;)

i=1
for each i is a cyclic additive subgroup of R of order m;. With no loss of generality,

we can arrange the A;’s so that there exists o € {1,2,...,n} with ged(m;, m;) =1
Q n
foralll<i<pandpop<j<n. Thenl=@ A; andJ= & A; are ideals of R.
i=1 i=0+1

n
Proof. Let R= <a1,...,an; mia; = 0,a;a; = > Wijkak, 1,J = 1,...,n> be
k=1

a presentation of R and \;; = ged(m,, m;) for all ¢, j. Let ¢ and j be two integers
with 1 < i< pand o < j < n. By Theorem 3.1, we can conclude that my | Ajjwijk
for all 1 < k < n. Thus, for any k, we have my, | w;x and hence w;jrar = 0.
This implies that a;a; = 0 and so IJ = 0. Now, assume that 1 < 4,5 < ¢. From
the hypothesis, for any ¢ < k < n, ged(mg, Aij) = 1 and hence my | w;j,. Thus
wijrar = 0 and asa; € I. Therefore I? C I. Similarly, one can show that J? = J
and JI = 0. O

As a corollary of this lemma, the classification of finite rings quickly reduces to
the study of rings whose additive groups are p-primary.

Proposition 3.1. Every finite ring R can be uniquely (up to isomorphism) de-
composed into a direct sum of rings of prime power order. Consequently, the order
of any indecomposable finite ring is a power of a prime number.
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4. DESCRIPTION OF THE NEW ALGORITHM

In this section, we show how to design an algorithm (based on Theorems 3.1
and 3.2) for computing the presentations of all finite rings (up to isomorphism)
of a given order. At the end of this section, we present an example to show the
performance of the algorithm for computing the presentations of all finite rings (up
to isomorphism) of order 12.

Let R be a finite ring (not necessarily commutative or with identity) of order
m. As we proved in the previous section, every finite ring can be decomposed into
a direct sum of indecomposable rings (p-rings). Recall that a p-ring is a finite ring
whose order is a power of a prime p, i.e., its additive structure is a p-primary abelian
group. So, the decomposition of the additive structure (R,+) of R into p-primary
subgroups leads to the ring decomposition

where R; is a finite ring of order pf"’, m = p’fl ...pFn and the p;’s are not necessarily
distinct. On the other hand, using Theorem 3.1, one can find the structure of all finite
rings with the additive group 7 e D...® L. In order to establish a connection
between this result and finding the presentatlon of all finite rings of a given order, it
is helpful to introduce the following definition.

Definition 4.1. We call [p’fl, ..., pkn] a prime decomposition (p-decomposition)
of a positive integer m if m = p’fl ophn p’fl < ... < pFr and the p;’s are (not

necessarily distinct) prime numbers.

For example, [3,4] and [2,2,3] are all p-decompositions of 12. Thus, to find
all the presentations of all finite rings of order m, we must first find all the p-
decompositions of m. Then for each p-decomposition [mq, ..., m,] we calculate all
finite rings R; & ... ® R,, such that the order of R; is m;. Thus, it is enough to
design an algorithm for computing all the presentations of all finite rings (up to
isomorphism) corresponding to a given p-decomposition [mq,...,my,]. It is worth
noting that the additive group of all these rings is Z,,,, ® ... ® Z,,,. In this direc-
tion, based on Theorem 3.1, we describe first STRUCTURE algorlthrn to compute the
set of all presentations of all finite rings corresponding to a given p-decompositions
[, ..., my].

Proposition 4.1. The STRUCTURE algorithm terminates and outputs the set of
all presentations of all finite rings corresponding to M.

Proof. The termination of the algorithm is guaranteed by the termination of
the for-loops. To prove its correctness, we observe that A contains all the presen-
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Algorithm STRUCTURE

Input: M = [m4,...,m,] a p-decomposition

Output: W, the set of all presentations of all finite rings corresponding to M
1 N:={1,...,n};

. for (i,7) € N? do

Aij = ged(mg, my);

: end for

: let A be the set of all W = (wjj )i j.ken with the following property:

. for (i,j,k) € N® do

wijk € {(my/ ged(my, Aij))l modmy; 1=0,...,my — 1}

: end for

W= {};

. for W = (wijk)i7j7k€1v € Ado

Ju
(=}

=
=

n n
if V(i,j,k,1) € N* we have > WijaWalk = ). WjlaWiak Mmodmy then
a=1 a=1
12: W =WU{W}
13:  end if

14: end for
15: Return (W)

tations satisfying only the first condition of Theorem 3.1. Indeed, by this condition,
we must have my, | A\j;w;jr. This implies that ged(myg, A;j) must divide w;jx. On the
other hand, wsj, is multiplied by ay for all ¢, j. Thus, 0 < wir < my — 1, and it
should belong to

mg
™ modmy; 1=0,..., ,—1}.
{gcd(mk,)\ij) oG, "Mk
It follows that for each (w;;r) € A we have my | A\jjw;;,. Furthermore, by the last
for-loop, we check if each element of A satisfies the second item of Theorem 3.1,
then we add it to W. Therefore, W contains all presentations of all finite rings of
order M. Il

Once the set of all finite rings corresponding to a given p-decomposition is com-
puted (by STRUCTURE algorithm), then from this set we must remove any ring which
is isomorphic to another one. For this purpose, based on Theorem 3.2, we propose
IsOMORPHIC algorithm to test whether or not two given finite rings are isomorphic.
The input of this algorithm are a p-decomposition M, two presentations W, Z and P
where P is a set of the elements of the form P = (p;;) where the p;;’s satisfy the first
and second conditions of Theorem 3.2 for a given p-decomposition M. It is worth
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noting that P depends only on the given p-decomposition, and thus it is enough to
compute it once in the main algorithm for a given p-decomposition.

Algorithm ISOMORPHIC

M =[my,...,my]: a p-decomposition
Input: { W = (wjjk), Z = (zi%): two presentations of two finite rings
P a finite set of the elements P = (p;;)
Output: true if two presentations W and Z are isomorphic, and false otherwise
1 N:={1,...,n};
2: for P € P do "
if V(i,j,k) € N* we have .
B=

n
DialjpWapk = . 2ijipik modmy, then
Return (true) « =1

3

1
4
5: else
6: Return (false)
7 end if
8: end for

Proposition 4.2. The ISOMORPHIC algorithm terminates and returns true if two
presentations W and Z are isomorphic, and false otherwise.

Proof. The termination of the algorithm follows immediately from the termi-
nation of the for-loops. We prove now its correctness. We note that each P € P
satisfies the first and second conditions of Theorem 3.2 for M. Therefore, it suffices
to look for a P € P such that the third condition of Theorem 3.2 is satisfied. On the
other hand, by the structure of the algorithm, if it finds such a P, it returns true,
and false otherwise. O

Finally, we present the main algorithm for computing all the presentations of all
finite rings (up to isomorphism) corresponding to a given p-decomposition. Thus,
one can use this algorithm to compute the presentations of all finite rings of a given
order m. In doing so, we first compute the set of all p-decompositions of m. Then,
for each p-decomposition M, we compute the set of all non-isomorphic finite rings
corresponding to M, and the union of all these sets forms the set of the presentations
of all finite rings (up to isomorphism) of order m.

Theorem 4.1. The CLASSIFICATION algorithm terminates and computes the
presentations of all finite rings (up to isomorphism) corresponding to M.

Proof. The termination of the algorithm is trivial as all the for-loops in the
algorithm terminate in finitely many steps. We deal now with its correctness. In
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Algorithm CLASSIFICATION

Input: M = [mq,...,my,], a p-decomposition

Output: R, the presentations of all non-isomorphic finite rings corresponding to M
1 N:={1,...,n};

2: let A be the set of all P = (p;;); jen with the following property:

3: for (j,k) € N? do

o

34:

pik € {(mi/ ged(my, m;))l modmy; 1=0,...,m — 1}

end for

= {}

: for P = (pij)i,jEN € Ado

flagl := true;
for (s1,...,s,) € {1,...,m,}" while flagl do
flag2 := true;

for k € {1,...,n} while flag2 do
n
if > s;jpjr # 0 modmy then
j=1
flag2 := false;
end if
end for
flag3 := true if m; | s; for all i, and false otherwise;
if flag2 and not flag3 then

flagl := false;
end if
end for
if flagl=true then
P:=PU{P};
end if
: end for

: W := STRUCTURE(M );
: R := {the first element of W} (we remove this element from W);
: for W € W do

flag := false;
for R € R while not flag do
flag := IsoMORPHIC(M, W, R, P);
end for
if not flag then
R :=RU{W};
end if

35: end for
36: Return (R)
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the first step of the algorithm, we compute the set P of all P = (p;;) satisfying two
first conditions of Theorem 3.2. In doing so, we first construct the set 4 containing
all P = (p;;) meeting the first condition of Theorem 3.2. Next, in the second for-
loop, we verify the second condition of this theorem for each P € A. Note that

we must check the relation Z sjpjr Z 0 modmy, for all s; € Z. On the other

hand, the maximum order of the additive subgroups of the rings corresponding to
the p-decomposition M is m,,. Thus, it is enough to check the required relation only
for s; € {1,...,my}. After constructing the set P, we calculate the set W of all
presentations of all finite rings corresponding to M, and we save one of them in R;
the output of the algorithm. Now, for each W € W, if it is not isomorphic to any
element of R (see ISOMORPHIC algorithm) then we add it to R. Therefore, at the
end, R will be the set of all presentations of all finite rings (up to isomorphism)
corresponding to M. O

In the next theorem, we discuss the arithmetic complexity of this algorithm.

Theorem 4.2. Let M = [mq,...,m,] be a p-decomposition, and m = m,,. The
arithmetic complexity of the CLASSIFICATION algorithm to compute the presenta-

tions of all finite rings (up to isomorphism) corresponding to M is mO®®).

Proof. In the second for-loop in the algorithm, we have, in the worst case,
m" choices for P € A. On the other hand, for each P we may perform my X n
operations. Since n < m" and m,, = m, the maximum number of operations that we

O(n®) " At the second step, we compute

carry out in this for-loop is of the order of m
the set YW = STRUCTURE(M ). In doing so, we construct a set A with at most mn’
elements and for each member of this set we do n* checks. Thus, at this stage, the
arithmetic complexity is mo("s), and the size of W would be of this order. Finally,
for each element of W, we perform |P| x |R| x n? tests. However, |R| < |W| and
|P| is of the order of mO™*) . This implies that the complexity of this step of the

algorithm is mo(”3), and this completes the proof. O

We have implemented CLASSIFICATION algorithm in Maple 12.! Finally, we end
this section by giving an example where we compute all presentations of all finite rings
(up to isomorphism) of order 12. It should be noted that, as far as our knowledge
is concerned, there is no contribution dealing with algorithmic aspects of classifying
finite rings. Thereby, we have not compared our results with other methods.

Example 4.1. In this example, we calculate the presentations of all finite rings (up
to isomorphism) of order 12. Recall that [3,4] and [2,2, 3] are all p-decompositions

! The Maple codes of our program are available at http://amirhashemi.iut.ac.ir/
software.html

656



of 12. The outputs of CLASSIFICATION algorithm for [3,4] and [2,2, 3] are listed be-
low, where each row is a sequence of the form (w111, w112,- .., Wiln, W121,- -+, Wnnn)
showing a presentation corresponding to a finite ring.

(0000000 0)

(0000000 1)

(0000000 2)

(1000000 0)

(1000000 1)

(1000000 2)

(000000000000000000000000000)
(000000000000000000000000001)
(000000000000010000000000000)
(000000000000010000000000001)
(010000000000000000000000000)
(010000000000000000000000001)
(000100000000010000000000000)
(000100000000010000000000001)
(000000000100010000000000000)
(000000000100010000000000001)
(000100000100010000000000000)
(000100000100010000000000001)
(010110000110100000000000000)
(010110000110100000000000001)
(100000000000010000000000000)
(100000000000010000000000001)

For example, if we consider the second row, it is a presentation of a ring over the
additive group Z3 @® Z4. If we denote the elements (1,0) and (0,1) of this ring by
a1 and ag, respectively, then the structure of this ring is as follows: a1 - a3 = 0,
a1 -as =0, az-a; =0 and as - as = az. We can see that there are 22 finite rings of
order 12. For more details on the classification of finite rings of some classical orders,
we refer to the web site http://home.wlu.edu/"dresdeng/smallrings/.
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