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Abstract. We consider the theory of very weak solutions of the stationary Stokes system
with nonhomogeneous boundary data and divergence in domains of half space type, such as
', bent half spaces whose boundary can be written as the graph of a Lipschitz function,
perturbed half spaces as local but possibly large perturbations of R’ , and in aperture
domains. The proofs are based on duality arguments and corresponding results for strong
solutions in these domains, which have to be constructed in homogeneous Sobolev spaces.
In addition to very weak solutions we also construct corresponding pressure functions in
negative homogeneous Sobolev spaces.
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1. INTRODUCTION

Let us consider the stationary Stokes equations for an incompressible fluid

(1.1) —vAu+Vp=f=divF in Q,
divu =k in Q,
u=g on 0},

with unknown velocity u and pressure p in a domain 2 C R"™, external force density f
and viscosity v = 1. It will prove to be convenient later on to write the external
force density in divergence form f = div F. Note that we include nonzero diver-
gence data k. The boundary condition u|spq = g generalizes the well-known no-slip
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condition. The main goal of this paper is to set up the notion of a special class of
solutions, the very weak solutions, for unbounded domains of half space type.

The concept of very weak solutions was first introduced by Amann [1], [2] for
the nonstationary case and elaborately investigated by Farwig, Galdi, Simader, Sohr
and Kozono [5]-[8], [16] in the case of bounded and exterior domains, and Riechwald
[19], [20] for arbitrary unbounded domains. Very weak solutions are solutions to (1.1)
with data of low regularity, which are not differentiable except for the existence of
divergence and do not have finite kinetic energy in general. The main advantage
of considering very weak solutions is the fact that this concept furnishes us with
unique solvability even of nonlinear Navier-Stokes systems in a bounded or exterior
domain € under Serrin’s condition 2/s + 3/q = 1 for the exponents of the solution
u € L*(0,T; LY(2)). One problem in the case of unbounded domains is to ensure the
existence of a unique strong solution of an auxiliary Stokes problem, since there is
a duality correspondence between strong and very weak solutions, as pointed out by
Schumacher [21], [22]. Therefore, in this paper we extend a known result on strong
solutions for the half space and prove an analogous result for a bent half space
by using perturbation arguments and for a perturbed half space via a localization
method. Moreover, we consider very weak solutions for aperture domains, where the
flux of the fluid through the aperture must be prescribed to ensure uniqueness.

We will use some common notation and terminology. The definitions of the dif-
ferent types of domains are as follows:
> R™ is the whole space, and R} := {(z1,...,2,) € R™: x, > 0} is the (upper) half

space,
> a bent half space is a domain of the form H, = {z = (2/,z,) € R": z, > w(2)},

where w: R"™! — R is a Lipschitz continuous function in Wl?)’cl([R"_l) such that

the gradient V'w = (01, ...,0,_1)w is bounded in R" 1,
> a perturbed half space is a domain of class C1'! such that Q\ B = R™ \ B for some

open ball B,
> an aperture domain is a domain of class C1! such that QU B = RY UR™ U B for

some open ball B = Br(0) C R™ of radius R and center 0, where

R :={zx e R": z, < —d}

for some d > 0. Since 2 is connected, we may choose a smooth (n —1)-dimensional
manifold S € QN B such that 0\ S consists of two disjoint perturbed half spaces
Q4 and Q_ with S =00, N0N_ and @ = QL USUND_.

Let Q C R™ be one of the unbounded domains considered above. We define the
space of test functions

C&a(ﬁ) ={w € C*(Q): divw = 0, suppw compact in 2, w|pn = 0},
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and formally test the Stokes system (1.1) with w € C&a(ﬁ) to get the identities

(1.2) —(u, Aw) = —(g, N - Vw)sq — (F,Vw) for all w € 0370(5),
divu=%k inQ, u-N=g-N ondf.

Here, N denotes the exterior normal vector on 0f2.

This motivates the following definition, giving a precise meaning to all the terms
in (1.2). Note that due to the unboundedness of the domains considered, we have
to work with homogeneous Sobolev spaces and corresponding dual and trace spaces.
In particular, the data on the boundary lie in the space W*l/qxq(aﬂ) with the corre-
sponding norm ||-||_1 /4,4,90. Moreover, in the main results we construct the pressure
in the space W‘LQ(Q) with the corresponding norm ||-||—1,4. For an exact definition
of the functions spaces we refer to Section 2.

Definition 1.1. Let n > 2,  C R™ be a half space, a bent half space, a per-
turbed half space or an aperture domain. Let furthermore 1 < r < ¢ < oo, r < n,
with 1/n+ 1/q = 1/r. Then for given data

(1.3) FelL'(Q), keL'(Q), geW Y1900Q),

we call a vector field u € L1(Q) a very weak solution to (1.1) if it satisfies the
identities (1.2).

Note that all terms are well defined in their respective sense. In particular,
N - Vw € W4 (9Q) for every ¢ € (1,00). The two last identities of (1.2) are
obtained by testing the equation divu = k with some scalar-valued v € C3(Q),
yielding the variational problem

(14) —(vaw) = (kaw) - <g7wN>BQ

Since N - Vw has a vanishing normal component on 92 for functions w from the
(solenoidal) test space C3 (), we cannot recover the information of the normal
component of g via the term (g, N - Vw)sq.

With these definitions in mind, the main goal of this paper is to find sufficient
conditions to prove existence and uniqueness of very weak solutions to (1.1) with the
data specified in Definition 1.1. The two main results read as follows.
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Theorem 1.2. Assume that one of the following conditions holds.
(i) Half space: n>2,n/(n—1) < q < oo, and Q = R .
(ii) Bent half space: n > 3, (n—1)/(n —2) < g < o0, and Q = H,, such that w
satisfies the conditions

(1.5) [V'wllew <K and ||V2w]

Ln—1(Rn—1) < K or ||||V/2OJHOO < K,

where the constant K = K(n,q) > 0 is determined in Theorem 3.5.
(iii) Perturbed half space: n > 3, n/(n —2) < q¢ < oo, and Q@ C R™ is a perturbed
half space.
Let 1 < r < n satisfy 1/n+ 1/q = 1/r. Then for given data F, k and ¢ as in
Definition 1.1, there exists a unique very weak solution w € L9(2) to (1.1). This
solution satisfies the estimate

(1.6) ully < c(IF[lr + l[Ellr + [l9l-1/4.0.00)

with ¢ = ¢(n,Q,q) > 0. Moreover, there exists a pressure p € W*I’q(ﬂ) such that
—Au+ Vp = f in the sense of distributions and such that (u,p) satisfy the estimate

(1.7) [ullg + Ipll-1,q < c(1E + IEllr + 9]l -1/q.q.00)

with ¢ = ¢(n, 2, ¢) > 0.

The second result deals with aperture domains. In such domains one observes
the interesting effect that the usual boundary condition u|gn = 0 is not sufficient to
guarantee uniqueness of the solution, but has to be completed by the additional flux
condition ¢(u) = a, see (3.33) below for the definition of (}E(u)

Theorem 1.3. Let n > 3, n/(n —2) < ¢ < oo, and let r satisfy 1/n+1/q=1/r.
Let furthermore Q0 C R™ be an aperture domain. Then for all « € C and for
given data F', k and g as in Definition 1.1, there exists a unique very weak solution
u € L9(Q) to (1.1) with ¢(u) = . This solution satisfies the estimate

(1.8) lullg < cIF 1+ 1[Ellr + lgll-1/q.q.00 + [a)

with ¢ = c¢(n,, q) > 0. Moreover, there exists a distribution p such that —Au+Vp =
f in the sense of distributions.

The proofs of Theorems 1.2 and 1.3 are based on duality arguments. Therefore,
corresponding results for strong solutions in homogeneous Sobolev spaces have to be
established.
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This paper is organized as follows. The function spaces used in this paper are
introduced in Section 2, alongside some of their properties. In particular, we charac-
terize the trace spaces of homogeneous Sobolev spaces in domains of half space type.
The main results of this paper and the corresponding results for strong solutions are
proven in Subsections 3.1, 3.2, 3.3 and 3.4 dealing with the half space, the bent half
space, the perturbed half space and the aperture domain, respectively.

2. PRELIMINARIES

2.1. Function spaces. Let 2 C R™ be an arbitrary domain. As subspaces of
C*(Q), k € Ny, we consider the space of k-times differentiable functions with compact
support in 2 denoted by C¥(€2), as well as CF(Q) = {u|q: v € CF(R™)} and C*(Q) =
{ulg: u € C*(R™)}. The dual space of the space of test functions C§°(f2) is the space
of distributions C§°(Q2)’. Duality pairing will be denoted by (-, ), where the index
may be omitted if there is no danger of confusion.

Now let 1 < ¢ < 0o and let ¢/ = q/(q — 1) be its Holder conjugate. Then L9(2)
and W*1(£2), a > 0, are the usual Lebesgue and Sobolev(-Slobodeckij) spaces with
norms ||-[[za) = [llg,0 = |I-llg and ||-|we.qa(q), respectively. For 1 < ¢ < oo and
a > 0, the spaces W;"?(£2) denote the closure of C§°(§2) with respect to the norm
|| lwea(e)- The dual space of Wg*?(Q2) will be denoted by W~ (). The pairing
Jo uv dz will be referred to by (u,v)q, if uv € L'(Q).

Furthermore, v € L{ () indicates that u € L%(Q') for all bounded domains

loc

Q' ccQ,ie., forall  CQ CQ,and u € Ll _(Q) specifies that u € L] (2N B)

loc loc

for any ball B. Finally, for a bounded domain €, we define
Li(Q) = {u € LYQ): / udx = 0}.

In the context of the Navier-Stokes equations, the concept of homogeneous Sobolev

spaces appears naturally when considering unbounded domains. For m > 0 and
1 € g < o0, they are defined as

Wm™a(Q) = {ue LL_(Q): D e LYQ), |a| = m}.

loc

Note that by Ehrling’s lemma [12], for each u € W9(Q) it holds that u € W;79(Q)
and for locally Lipschitzian domains 2 even u € W/»9(Q). We can turn Wma(Q)
into a separable (and for 1 < g < oo reflexive) Banach space [15], if we identify two
functions differing at most by a polynomial of degree m — 1 and endow the space

with the norm

1/q
(2.1) [l maqay = ( > /Q|D“u|qu> .

lor]=m
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Consider now the space /Wm’q(Q) defined as the completion of C§°(Q) in the
norm (2.1). Note that W"4(Q) and Wm’q(ﬂ) do not coincide in general [10], see
also Lemma 3.11 below for aperture domains. However, they do coincide for a large
class of unbounded domains, including the whole space and the half space, as well
as perturbed and bent half spaces [11].

The dual space of Wl’q(ﬂ) is denoted by W’l’q/(ﬂ) = (Wl’q(ﬂ))* and is endowed
with the norm

sy = sup L2
e 0#£weCs () [Vwllq

We have the following lemma.

Lemma 2.1. Let 1 < ¢ < 00, n > 2 and let ) be the half space, a perturbed
half space, an aperture domain or the whole space. Then W4(Q) is the closure of
Wha(Q) N W—14(Q) with respect to the norm ||V - ||,

Proof. First observe that W14(Q) = {y € W14(Q): supp~y compact in Q} is
a dense subset of W14(€), since Cs°(Q) is a dense subset of Wl4(Q) and Ce(Q) C
wha(Q) c Wl’q(ﬂ). Unfortunately, W19(Q) is not a subset of the dual space
W—14(Q), where we identify v € W14(Q) with the functional

(v,): v»—)/ﬂ’yvdx, v e C(Q),

and extend it to all v € Whe (), if (v,-) is continuous with respect to ||V - ||4 -
Nevertheless, this continuity is guaranteed for all v € W14(Q2) with fQ vydz = 0 due
to the Poincaré inequality.

Thus, it is left to show that the elements of W!14(2) with vanishing mean form
a dense subspace of W14(2) with respect to the gradient norm. It suffices to
construct a sequence (3;) C W24(Q) with [VAk[lq — 0 and [, Fxdz = 1 for all
k € N, since for every v € W}14(2) with mean [, ydxz =: M,, the sequence (yx)ren,
Vi = ¥ — M7k, converges towards v with respect to ||V ||, and we have fQ Yedz =0
for all £ € N. In the case of the half space, a sequence of functions with the desired
properties is given by the cone functions 8;:  — R defined via S (x) = 1/k"B(z/k),
where 8(r) =n(n+1)/kn(1 —7)4+ and £, = 1/2 faBl(o) do is the surface of the half
unit sphere 9B1(0) N . In fact, we get

rn Tn—i—l } 1

/Qﬁkdﬂ?:/ﬂﬁd%:n(n—i—l)/ol(l—T)T”_ldrzn(n—l—l){—

_ -1
n n-+1llo

and for the gradient norm ||V ||, = k~*~"""/4||V3]||, — 0 as k — oo, which proves
the assertion. Similarly, one shows the assertion for domains of perturbed half space

type, aperture domains and the whole space. O
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2.2. Traces of homogeneous Sobolev spaces. If (Q is locally Lipschitzian and
90N B # ( for an open ball B, then for every u € Wh4(Q) ¢ Wh-4(Q N B),
1 < ¢ < oo, there is a well-defined trace I'(u) € W'=%/%9(9(Q N B)) (modulo R).
However, if 0L is noncompact, finiteness of the norm of I'(u) on the whole of the
boundary cannot be concluded. For an unbounded domain of half space type €2 we
introduce the notion

w)(z) — T'(u)(y)4 1a
(22)  IP@Ihiwagony = </m [ ggy;_gg;wl daxday> |

where do, and doy are the surface measures with respect to « and y, respectively,

and where we integrate only over those z,y € 9Q with | — y| < d/2 whenever
x € 004 and y € 00 in the case of an aperture domain. Moreover, we introduce
the space W1~1/24(9Q) = W1/4-4(9Q) consisting of all functions for which (2.2) is
finite. Identifying two functions that differ only by a constant, (2.2) even defines
a norm on W1/4-4(9Q) and turns this space into a Banach space [15]. Its dual space
will be denoted by W~1/44'(9Q), the corresponding norm by -1=1/q,q 00

The following theorem largely due to Kudryavtsev [17], [18] characterizes the space
W/4-9(90) as the desired trace space.

Theorem 2.2. Letn > 2,1 < g < oo and let Q C R™ be the half space, a bent
half space, a perturbed half space or an aperture domain.

(i) Foreveryu e Wh4(1), the traceT'(u) is well defined and belongs to W'/44(5).
Furthermore, the trace estimate

(2-3) ||F(U)||W1/q’,q(ag) < CHUHWLLI(Q)

holds true for a constant ¢ = ¢({2,q) > 0.
(ii) For every @ € W'/4-4(9Q), there exists u € W4(Q) such that I'(u) = T and

(2.4) lllvirra) < el aon)
with a constant ¢ = ¢(€, q) > 0.

Proof. For the assertion concerning the half space, see [17], [18].
For a bent half space H, where ||V'w||oc < oo it holds for every measurable
function v on 0H,,

(2.5) / |v|doy, = / v(z,w(z’))y/1+ |[V'w|?da
OH., oR™
< c/ (2, w(z'))| da’ = c/ [o(z’,0)|dz’,
oR™ oR™
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for some constant ¢ = ¢(n,q,w) > 0; here we used the transformation (z’,z, —
w(z')) == ¥ = (¥',%,) and the definition ¥(Z) = v(z). Furthermore, since w is
a Lipschitz function, we have that

|$l _ y/|n—2+q < |$l _ y/|n—2+q 4 |w(m’) _ w(y/)|n—2+q < C|$I _ y/|n—2+q,

with ¢ > 0 depending on the Lipschitz constant of w. This implies for u € Wl’q(Hw)
that

cllC@lirsatagorny < IT@lea@mn,) < 2IT@liaa@rn)
for some constants ¢q,ce > 0. Using the notation V= (%’ , 5n) for the differential

operator acting on the variable T € R, we obtain Vw = (% — (%’w, 0)5@@ and the
estimate

allVullpogy) < IVullpa,) < 2l Vil Loy,

cf. also (3.12), (3.13) below. Hence (2.3) and (2.4) hold due to the half space result
and I'(u) = T'(u), and

(2.6) I /0 a@my < CT@llviaagorny = lT@lvyaaorn)
< CWHWM(R;L) < CHUHWLG(HW)'

By analogy, for u € Wl’q(Hw)

(2.7) lellvirraga,y < cllallyiagn)

N

C”F(ﬂ)”WI/q/,q(augi) = CHEHWI/qu(aRi)

C”E”V'Vl/q'vq(aRj_) < dllviraaomn,)-

To show the assertion concerning the perturbed half space and aperture domain let
us first sharpen the result in the case of a bent half space H,,. Let © € Wl/q/’q((‘)Hw)
have compact support in dH,. Then for every § > 0 there is an extension us €
Wh4(H,) with T'(us) = T that vanishes outside of a layer of width § and satisfies the
estimate (2.4) with a constant ¢ = ¢(H,, ¢,0) > 0. This may be seen by the following
consideration. Take a cut-off function ¢s € C§°(R™) with ¢s|s = 1 for ¥ C 0H,,
containing supp @ and ¢;(x) = 0 for dist(z, dH,,) > 6. Denote by u € W4(H,,) an
extension of T as in (ii) satisfying (2.4). Then us = up;s has compact support, fulfils
I'(us) = u and satisfies the estimate

2:8)  Nusllyiram,) < lesVullgn, +uVeslee < cllullyiram,) + lulloe),
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where G C H,, is an open, bounded domain containing supp us. But since @ = 0 on
a subset A C 9H,,NG with positive measure, ||ullq,¢ < cllul/ji, ..,y Dy the Poincaré
inequality and thus

(2.9) llwsllyirr. a(H) S < clullyn. a(Hy) S < cllullyirasar, 2(8H.,,)"

Now we turn our focus to the perturbed half space 2. Let B = By be a ball
with center 0 such that Q\ B = R} \ B. Then choose open balls By, ..., B, C R"
satisfying

(2.10) Qc (R\B)U O

and cut-off functions ¢y, ..., ¢m € C(R™) defining a partition of unity such that
@0 = 1 outside of some open ball B’ With B C B, g = 0 in a neighbourhood of

B, suppp; C Bj for 1 < j < m and Z p; = 1in Q. Since I'(pju) = @jlaa - I'(u)
7=0

for u € WLQ(Q), we have to control only those ¢; with B; N 9Q # 0, say, for
ji=1,. m’ Furthermore, due to the regularity of the boundary of 2, we find for
each 1 < j < m/ with B; N 9N # () a function w; € CH1(R™™1) of compact support
such that Wlth the bent half space H; = H,,

(211) BjﬁQCHj, BJ|’18(2C8H],

we have tacitly rotated and translated the coordinate system depending on j. Finally,
let Hy = R!. It should be understood that if B; NJ< is empty, then we may assume
Bj C Q. Given @ € W/9:4(99) and ¢ € C=(R") such that either ¢ or 1 — ¢ has
compact support, we have

(2.12) H‘PHHWl/q’,q(aQ) < C(”ﬂ”Wl/q’,q(aQ) + [[llq,n)

with an open and bounded ¥ C 99 containing supp ¢ or supp(u — ), respectively.
This follows easily from [[l|yi1/4".4(90) < cl[@llyir1/a7.a(s) for functions with compact
support in ¥ and a truncation lemma, see [3], Lemmata 5.1, 5.3, as well as from the
triangle inequality applied to pu =u — (1 — ¢)u in Wl/q"q(ﬁ‘ﬂ). But then, with the
partition of unity considered above, denote for @ € W1/ q/’q(aQ) the extension of p;u
to the bent half space H; by u;. Now, if one chooses the extensions to vanish in
a 0-neighborhood of Hj, it follows due to the smoothness of the boundary of €2 that
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m
u= Y u; is an extension of W satisfying
Jj=0

m
lallyirsacay < D gl

=0

<.

m m'
Z T Cui)lyirsar. A(OH;) T CZ o5l yirr/ar, (9 H;)
7=0 7=0

(212) _
c(lwllyir/arago0) + [llq.00),

(2 9)

o

where G C €2 is a bounded domain as above such that ¢y = 1 outside of G. Since w €
Wl/q/’q((‘)Q) is defined only up to a constant, we assume that faG ©do = 0. Then, by
the Poincaré inequality for Sobolev-Slobodeckij spaces (see e.g. [13], Theorem 2.6) we
have [[l[q,0¢ < cl[Tllyir/a 006y < Cll@llyi/a.aon) With a constant ¢ = ¢(G, 2, q) > 0.

For the converse direction, we immediately see by (2.12) and the Poincaré inequal-
ity that

||90jr(u)”W1/q’,q(aQ) < CHP(SOJ’U)”WUq’,q(ag) < C”F(Soju)HWUq’,q(aHj)

and thus by (2.6)

m’

(2.13) IT@)llyira/a.000) < CZHF @iy ot agom,)
7=0

m/
<) lesullyag,)
5=0

clllwllyira + llul

q7B’ﬁQ)

with ¢ = ¢(n,q,Q) > 0. Since u € Wl’q(Q) is defined only up to a constant, we can
assume that [, o, udz = 0. This gives [lullq,na < cllullyi1.a(q) for some constant
c> 0.

A similar procedure as the one used for the perturbed half space yields the assertion
for the aperture domain, if one chooses open balls B = By, By,...,B,, C R such
that

QUB=R}UR"UB, QcC ((RLUR")\B)U| |B;

Js

1Cs

and cut-off functions ¢, p_,¢1,...,0m € C°(R™) defining a partition of unity
with supp ¢; C Bj for 1 < j < mand ¢+ =1 in Q4 \ B’ for some open ball B’ with
B C B', ¢+ =0 in a neighborhood of B and in Q. The condition |z — y| < d/2 in
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the integral norm is crucial in our context to exclude mixed terms coming from the
upper and lower part of the boundary far away from the origin. In fact, without this
condition one cannot expect (2.12) to be valid for ¢4, since neither ¢4 nor 1 — ¢4
has compact support. But if we do impose the condition, we may write

o (2)u(x)]?

e dy dz,

ol agom = loslinswacs + [ [ -
s Joo\m)n{lo—yl<d/2} 1T
with ¥ C 9Q containing the support of ¢1. Because 0 < § < |z — y| < d/2,
the second term of the right-hand side can be estimated by c|¢+lqx. Since
w+u = 0 on a subset A C 3 of positive measure, we get by Poincaré’s inequal-
ity [[o+2llyir1/ara(a0) < l9+0llyir1/a0(x) and a cut-off argument on ¥ yields (2.12).
It should be noted that these results do not depend on the choice of the partition
of unity. This is because the norms ¢||-|\W1/qf,q(89) and wH-HWl/q/,q(aQ) corresponding
to different partitions of unity (¢;)o<j<m and (¢¥x)ogr<: are equivalent, which can
be seen by considering for every j

l
(2.14) ”Sajﬂ”Wl/q’,q(aQ) = Zwksﬁjﬂ
k=0

Wt/d'.a(5Q)

l l
< Z |Wk%0jﬂ”W1/q’,q(aQ) = Z H@j(wkﬂ)HWUq’,q(aQ)
k=0 k=0

l
<c Z HwkﬂH W1/d.a(9Q)
k=0

This proves Theorem 2.2. ([

The considerations above motivate the notation ulog := I'(u), [ullyir1/e.400) =
(T (w)llyir1/a.a 002 and Wyd(Q) := {u e WH9(Q): ulsq = 0}.

3. VERY WEAK SOLUTIONS

3.1. Very weak solutions in the half space. In order to prove Theorem 1.2
in the case of the half space, we introduce a generalization of Definition 1.1 of very
weak solutions. Therefore, we generalize a result by Farwig and Sohr [11] concerning
the strong Stokes system

(3.1) —Aw—-Vip=v in Q,
Vdivw =V7y in

wlan =0 on 0,
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where () = R’} or 2 = R", and the boundary condition is not needed when 2 = R™.
The latter case will be of interest in the proof of Theorem 3.8.

Theorem 3.1. Letn > 2,1 < ¢ < oo and let Q = R" or Q = R™. Then for every
v e LI(N), v € WH4(Q), there exists a solution (w,v) € W24(Q) x Wh4(Q) of (3.1)
satisfying

(3.2) IV*wllg + 1V9llg < e(llvllg + 1V71l0)

with ¢ = ¢(n,q) > 0. The pressure i is unique up to a constant and the velocity
field w is

(i) unique up to a linear polynomial a+ Ax, wherea € C" and A € C™", if Q = R",
and
(ii) unique up to a linear term bx,,, where b € C", if Q = R"}.

If 1 <gqg<nandl/n+1/r=1/q, then we may single out a special solution by
the condition Vw € L"(Q2) (and up to the additive constant a € C™ if Q@ = R™).

Proof. The proof for datav € L1(Q) and y € WL(I(Q)I’WW\_LQ(Q) in [11] uses an
approximation procedure of the generalized resolvent problem, where the equation
—Aw — Vi = v in (3.1) is replaced by Aw — Aw — V¢ = v with A — 0+. Now
let v € LI(Q) and v € leq(Q). In view of Lemma 2.1, there exists a sequence
() € Wha(Q) n W‘l’q(Q) such that |V(y —vi)llq = 0 as i — oco. To each (v,~;)
corresponds a solution (wj, ;) € WQ"?(Q) X /Wl’q(ﬂ) satisfying the estimate (3.2).
This ensures that both (w;) and (¢;) are Cauchy sequences in their respective spaces
and hence converge to some w € WQ"I(Q) and ¢ € Wl’q(Q). The pair (w, 1) actually
solves the system (3.1), because

[=Aw + Vi — vl < [[=A(w —wi)llg + V(¢ = ¢i)llg + [ -Awi + Vibi — vl

<
< V2w —wi)llg + IV(® = 9i)llg = 0

as i — oo; by analogy, we get Vdivw = V~. Furthermore, (w, ) is easily seen to
satisfy the a priori estimate (3.2).

Concerning uniqueness, it suffices to consider a solution (w,v) € W249(Q) x
WL4(Q) to (3.1) with data v = 0 € LI(Q) and v = 0 € Wh(Q) N W-19(Q).
Since this case has already been investigated in [11], the proof is complete. O

Now we introduce homogeneous Sobolev spaces }72"1(9) and }7'02‘1(9) related to the
domain of the Laplacian and the Stokes operator for the system (3.1), respectively,
i.e., the spaces of solutions

(3.3) Y29(Q) = {w € W>9(Q): w =0 on 90}
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and
(3.4) Y29(Q) = {w e W>4(Q): Vdivw =0, w =0 on IQ}.

If 1 < ¢ < n, we include the condition Vu € L"(2), 1/n+ 1/r = 1/q, to single out
a unique function, e.g.,

(3.5) Y29(Q) = {fw € W>Y(Q): Vw € L"(Q), w =0 on 0Q}.

All the spaces are endowed with the norm ||V?2-||,. Their dual spaces will be denoted
by
Y720 (Q) = Y29(Q)* and Y, 27(Q) = Y2I(Q)",

respectively. Evidently, analogous spaces are well defined Banach spaces when a sub-
set 2 C R™ is a bent or perturbed half space. In the case of an aperture domain 2
and 1 < ¢ < n, we will have to add the no-flux condition a(w) = 0 in the definition
of Y2(0)) (see Subsection 3.4 below).

The following definition follows a generalization of the concept of very weak solu-
tions due to Schumacher [21], [22], see also [9].

Definition 3.2. Let n > 2, 1 < q < oo, let 2 = R"} be the half space and
let F € Y,7249(Q), K € W~14(Q) be given. Then u € L9(Q) is called a very weak
solution of the Stokes problem with data F, K if

(3.6) —(u, Aw) = (F,w), we Y27 (Q),
—(u, Vo) = (K,9), ¢ € Wh ().

Remark 3.3. (i) Given u € L9(Q2) and setting (F,w) := —(u, Aw) and (K, 9) :=
—(u, V1)), one readily sees that any vector field u € LI(Q) is a very weak solution of
the Stokes problem with suitable data. Thus, one cannot define boundary values of
solutions in this abstract setting.

(ii) For n/(n — 1) < ¢ < oo and given data F, k and ¢ as in Definition 1.1, F and
K defined via

(3.7) (F,w) == —(F,Vw) — (g, N - Vw)aq, w e Y27 (),

(K, ) == (k, %)) — (9,9 N)on, &€ Wh(Q)

yield elements in }7;2"1((2) and W*I’q(Q), respectively. This can be seen easily by
the embeddings W4 (Q) C L™ (), }7[,2"1/ (Q) ¢ W (Q) and the estimate

”wNHWl/q,q’(aQ) < ClWHWl/q,q’ (99Q) < CvaHq’a
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which is due to Theorem 2.2; note that 1 < ¢’ <n and 1/n+ 1/ = 1/q'. Conse-
quently

(F ) < IFLAVll + gl magom 1 - Velm o oo
< Il + gl aagon) IVl
and
|<]Ca 1/1>| ||k||r||1l)||r/ + ”g”W—l/q,q(aQ)”@ZJN”Wl/q,q’ (62)

NN

c(IEllr + g ll57-1/a.0 00 IV llo

with constants ¢ = ¢(n,q) > 0. Thus, the norms may be estimated by
(3-8) H]:Hf/;?vq(ﬂ) + ||’C||§V\*1>Q(Q) < c(||F||,« + Hk”v" + Hg”ﬁ/\fl/q,q(ag))-

Theorem 3.4. Let Q = R’} be the half space, 1 < q < oo and F € 17(;27‘1(9),
K € W=14(Q). Then the problem (3.6) has a unique very weak solution u € L%({Q)
satisfying

(3.9) lullg < eI F 9200y + 1Kl -1.4(0));

where ¢ = ¢(n, q) > 0 is a constant.

Proof. Let v € LY () be a vector field. Then in view of Theorem 3.1, there
exists a unique solution w € Y24 (Q), ¢ € W' () of the system

(3.10) —Aw—-V¢=v, divw=01inQ, w=0 on 99,
depending linearly on v and satisfying the estimate
IV2wlly + Vel < cllvlq,

where ¢ = ¢(n,q) > 0 is a constant. Therefore, and due to the duality of Lebesgue
spaces, an element u € L9(Q) is uniquely defined via the relation

(u,v) = (F,w) + (KK, v) Voe LT (Q),

satisfying

|(w, )] < [ Fllg-20 (g [VZ0llgr + KNG 100 IVl

<
< el F 92000y + 1K a0l
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and thus verifying the estimate (3.9). Indeed, u is a very weak solution of the
system (3.6): Let w € }7027(1/ (Q) and ¢ € W9 (Q) be arbitrary test functions and
define v = —Aw — V1. Then, by definition of w,

—(u, Aw) = (u, Vi) = (u,v) = (F,w) + (K, ¢).

Thus, u satisfies (3.6).

Now let u € L(Q)) be a very weak solution corresponding to the data F =0, K = 0.
Then for all v € LY (), v = —Aw — Vi, where w € Y24 () and ¢ € Wi (Q) are
the unique solution of (3.10),

(u,v) = _(ua Aw) - (uvvw) = <f7 U)> + <’C,1/1> =0.

Consequently v = 0. This completes the proof. O

We are now in the position to prove Theorem 1.2.

Proof of Theorem 1.2 (i). Given data as in Definition 1.1 and functionals F and
K as in Remark 3.3 (ii), one may apply Theorem 3.4 to receive a unique very weak
solution uw € L1(£2). The estimate (1.6) follows from (3.8) and (3.9).

In order to show that there exists a pressure p € W*Lq(Q), let v € W' Q).
Then by Theorem 3.1, there exists w € Y24 (Q) with divw = ~ in wid (Q) and we
have the estimate ||V2w||, < ¢||Vyl|y. Define p € W-149(Q) via

(p,7) = (p, divew) = —(u, Aw) + (F, Vw) + (g, N - Vw)ao, 7€ W ().

Note that p is well-defined: For wy,ws € y2.d (Q) with divw; = div wy, we have that
wy; —wsp € 17[,27(1/ (€) is solenoidal and consequently (p, div wy) = {p, divws), because u
is a very weak solution corresponding to the data F' and g. Obviously, estimate (1.7)
is fulfilled and —Awu + Vp = div F' in the sense of distributions. O

3.2. Very weak solutions in a bent half space. The main result concerning
very weak solutions in bent half spaces follows as in the case of the half space, once
one is able to ensure existence and uniqueness of strong solutions.

Theorem 3.5. Letn > 3,1 < ¢ <n—1andw € COYR* ) n W2 (R* 1)
such that for simplicity w(0") = 0. Then there exists a constant K = K(n,q) > 0
such that if w satisfies (1.5), then for all v € L4(H,,) and y € Wl’q(Hw) there exists
a strong solution (w, ) € Y24(H,,) x Wh(H,) of (3.1) satisfying the estimate

(3.11) IV2wllg + IVellq < e(llollg + V1)
with a constant ¢ = c¢(w,n,q) > 0.
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The pressure is unique up to a constant. Furthermore, the velocity field w is unique
up to a linear term Ax, where A € C™"™ and A(2',w(z’)) = 0. In particular, if w is
nonlinear, the velocity field w is unique. If, however, w is a linear transformation,
say, w(z') = d'7 - 2’ with d € R""!, then w is unique up to a vector field of the
form Az, where A = a,, ® (—d'T, 1) with a column vector a,, € C". By the condition
[IVw]||, < oo, where 1/n+ 1/r = 1/q, we may single out a special solution.

Proof. We will transform the problem into a problem on R’} and use a classical
perturbation argument. Let the transformation ¢: H, — R’} be defined via =z =
(@ xn) —» T = (T,T,) = ¢x) = (2,2, —w(z)). Note that ¢ is a bijection and
that

1 0 0
0 1 ... 0

D¢ = : : U
—0w/dxr1 —O0w/dxs ... 1

ensuring that the Jacobian of ¢ is equal to 1. Define for a function w on H,, a function
w on R via w(r) = w(x). Using the notations 0;, V = (V’,0,), A and div for
the respective differential operators acting on the variables £ € R", we obtain the
relations

(3.12) dw = (9; — (Ow)dp)w, i=1,...,n—1,
Aw(z) = (A + [V'w|?02 = 2(V'w,0) - (V) — (A'w)dy,)w (%),
Vi(e) = (V= (V'w,0)0,)8 (),

() = (

divw(z) = (div — (V'w,0) - 0, )@(7).

Therefore, the norm estimates

(3.13) lwllar,) = 10l Lawn),
IVwllzaga,) < A+ V'@l VD[l La(rr),
V2wl o) < (1 + 1V @llo0) V2@ Laan) + €]l (V@) On | Loar)

hold with a constant ¢ > 0. In (3.13)3 we still need an estimate of the term
||(V’2w)5n@||q by second order derivatives of w. For simplicity, let v = 9,w, so
that u € ﬁ/\l’q([Ri). Since C§°(R%) is dense in /Wl’q([Ri), it suffices to consider
u € C°(R%). By the Sobolev embedding theorem, there exists a constant ¢ > 0,
such that for all z,, > 0

-1y < CHV/U('afn)HLQ(Rn—l)a

l[u(-,%n)
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where s > ¢ is defined via 1/(n — 1)+ 1/s = 1/q. If | V"w|
get by Holder’s inequality

rn—1(rn-1) < K, then we

(3.14)  [[(VZw)ullfugy) < / dxn/ V20| fu(-, %,)|7 da’
Rm— 1

< V2% s, /O (s )92 )
< CKHVIUH%q(Ri)-
On the other hand, consider the weighted inequality
—1 q
170l S T/ —1IVe
-1 ¢llq (n_l)_qH lg
for ¢ € C§(R™™1), see [15], Section IL.5, formula (5.3). Then, with the second

condition [|||V"?wl|o < K, we get for u € C§°(R'}) and for each Z, >0

™ s Zn)lLan—ry < el VUl )l Larn-ry,

which yields the estimate
B15) IVl << [ dm [ TPl F)
< Tl [ I sy
cK||V u||Lq([Rﬂ )

Hence in both cases we get in (3.13)3 the estimate

(3.16) 1(V20) 00| 7 < K|V On || La(an)-
Consider now the spaces
X = YPU(H,) x WHI(H,), X = Y>RT) x WH(R™),
V= LI(H,) x Wh(H,), Y= LUR™) x WH(R™).

These spaces, if equipped with the norms

and by analogy, X , y equipped with similar norms ||-|| 5, ||||$, are obviously Banach

(w, )2 = [V2wllg + 1Velg, @)y = 10, V9)llg,

spaces. In view of Theorem 3.1, we know that the operator
Sgt X =Y, Sy(w,9) = (—Aw — Vip, —div )
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is an isomorphism. Consider now the analogously defined operator S,: X — ). By
the relations (3.12), this operator decomposes into

Sa(w, ¥)(@) = 5@, D)(@) + By, )(@)
with a remainder R,: X — Y defined via
Ry(@,7) = (—|V'w?2@ + 2V'w - V9, @) + (A'w) 0@ + (V'w, 0)dpth, V'w - ,0').
Employing the estimate (3.16) and the isomorphism property of gq, we get that
1By(@, D)5 < k1I8o(@ D5

with a constant k = k(n,q, K), where we can choose the bound K of V'w and of
V2w or |-|V"?w for given n and ¢ in (3.14) or (3.15), respectively, small enough so

that
1

”571”“& EE)HSHL(Q? b))
Now, for arbitrary v € L(R") and ¥ q € Wl’q([R"), we want to apply the Banach
fixed point theorem to the map N: X — X defined via

N(@,9) = 8,1 (5,7) = S (R (@, ),

because a fixed point (w, 1’/;) of the map N satisfies gq(@, {/;) + E(@, {/;) = (v,7), i.e
(w, ) is a solution to (3.1). Actually, N is a contraction map, since

IN (@1, 91) — N (@2, ¥2)|| 5 = 155 (Ry (@1 — @2, ¥1 — ¥2)) 7
<|IS; 3. 1B (@1 — @2, 91 — 2l
< k||§{1||L(y>,;?||§q(@1 — @2, %1 — o) 5

SIS L5, 180l (& 39 | (@1 — W2, %1 — ) 3

and k||§q_1|\L(3~, /\7)||§q||L(2; 3y < 1. Thus, S, + R, is an isomorphism from X to Y
and hence S, is an isomorphism from & to ). Finally,

(3.17) (w, ¥)llac < exll(@, )] 5 < e2llSo(@, D)l
< 3| (Sq + Ro) (@, 9)ll5 < eal|Sq(w, )y,

with constants ¢y, ¢2, c3, ¢4 > 0 depending on w, n, q.
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To prove the assertion about uniqueness, let (w,1) € Y249(H,) x /Wl’q(Hw) be
a solution of (3.1) with data v = 0 and v = 0. By the above consideration, (w, ) =
5,10,0) = (0,0) € 1727‘1(Hw) X /leq(Hw) and thus V¢ = 0, whereas V2w = 0 and
hence w = Az + b with A = (a; ;) € C™™, b € C". By the boundary condition and
w(0) =0 we get b= 0 and A(2’,w(z')) = 0 for all 2/ € R"~!, which is equivalent to

aii1 ... Qin-1 T a1,n
(3.18) . : : =—| ! Jw@@), 2eR".

an,1 ... Gpn—1 Tn—1 Gn,n
If w is a nonlinear map, so is —a; w for each ¢ = 1,...,n with a;, # 0, which
contradicts the linear left-hand side. Hence, for every i = 1,...,n we have a; , =0,

and the 4-th line of (3.18) gives us a;; =0 for all j =1,...,n—1. Thus A =0.
Now let w be a linear transformation, i.e., w(z’) = d'T - 2’ with some d’ € R"~ 1.
Then (3.18) implies that A = a,,® (—d'T, 1), where a,, € C" denotes the n-th column
vector of A. Finally, since 1 < ¢ <n — 1, we define ¢ < r < oo via 1/n+1/r=1/g,
and by Sobolev’s imbedding theorem there exists a constant matrix Wy € R™"™ such
that |Vw — Wyl < co. This completes the proof. O

Remark 3.6. (i) In Theorem 3.5 with a linear w, there always exists a unique
solution whose gradient has finite norm in L", 1/n+ 1/r = 1/q. This assertion also
holds true for the unique solutions in the case of a nonlinear w. Actually, revising
the proof and substituting the spaces Y24 by Y24 WL in the definition of X
and X, we obtain for given data v € L(H,,) and v € Wl’q(Hw) a unique solution
wy € ?Q’q(Hw)ﬂWl’r(Hw) C Y29(H,,). Then by the uniqueness of w, we get w, = w
and thus ||Vwl|, < oco.

(ii) If in Theorem 3.5 additionally f € L*(H, ) and g € W\17S(Hw) for some 1 < s <
n—1and K < min{K(n,q), K(n,s)}, then |V?w||s < oo and ||V¢|s < co. Indeed,
the same procedure as in the proof of the theorem yields a solution (ws,®s) €
(W24(H,) N W>*(H,) x (Wl’q(Hw) N W17S(Hw)) and by the uniqueness of the
solution (w, 1) we get w = w; up to a linear polynomial and 1) = 15 up to a constant.

(iii) An interesting special case of a bent half space is a “smooth” cone. In this
case w(z') = a(l + |2'|?)"/? — a, and it is readily seen that for |o| < K, i.e., for
smooth cones with aperture angle close to n, Theorem 3.5 may be applied with the
condition [||-|V?w|s~ < K. Since w is a nonlinear map, we get a unique solution in
the case of a cone.

The results about the strong solutions on a bent half space enable us to prove
existence and uniqueness of very weak solutions in an analogous way as in the half
space case, that is, the same argument as in the proof of Theorem 3.4 furnishes us
with the following result.

99



Theorem 3.7. Letn > 3, (n—1)/(n—2) < g < oo and F € }7;2"1(9), K
W‘LQ(Q), where Q = H,, is a bent half space. Then there exists a constant K
K(n,q) > 0 such that if |V'w||« < K and if | V2w
K, the problem (3.6) has a unique very weak solution u € L(Q)) satisfying

m

N

Ln—1(Rn—1) < KOT|H'|V’2(UH00

(3.19) lullg < eI F 9200y + 1Kl -1.40));

where ¢ = ¢(Q,¢) > 0 is a constant.

The part of Theorem 1.2 concerning bent half spaces now follows easily.

3.3. Very weak solutions in a perturbed half space. Again, due to the du-
ality arguments already pointed out in the previous sections, it suffices to investigate
the corresponding strong solutions. In order to prove the result on strong solutions
in a perturbed half space, we want to use the localization method as described in
Subsection 2.2. We choose open balls By, ..., B, C R" satisfying (2.10) and non-
negative functions ¢y, ..., pm, € C°(R™) such that ¢y = 1 outside of some ball B’
with B C B, ¢p = 0 in a neighbourhood of B, suppy,; C B; for 1 < j < m and

> ¢; = 1in Q. Finally, due to the regularity of the boundary of €, we find for
j=0

each 1 < j < m with B; N9Q # () a function w; € CH*(R"™1) of compact support
and a corresponding bent half space H; = H,,; satisfying (2.11). By choosing a suf-

ficiently large number of balls Bj;, such that the support of the corresponding w; is
sufficiently small, we get that

(3.20) 1V'w;lloo in{K(n,q), K(n,s1),...,K(n,sKq)}

<m
||||v/2w||00 < mln{K(n, Q)ﬂ K(TL, 81), oo ,K(TL, sk(q))}v

for a finite number of parameters ¢, si, 1 < k < k(¢), to be determined in the proof
of Theorem 3.8 below.

Theorem 3.8. Let n > 3,1 < ¢ < n/2. Then for all v € L9(Q) and v € W4()
there exists a solution (w, ) € W24(Q) x Wh4(Q) of (3.1) satisfying the estimate

(3.21) IV wllg + V9llg < e(llvllg + 1V71l0)

with a constant ¢ = ¢(2,n,q) > 0. The pressure is unique up to a constant. Fur-
thermore, the velocity field w is unique up to a linear term Ax, where A € C™". In
particular, if Q # R't, the velocity field w is unique.

Proof. We will first prove the assertion about the uniqueness. Therefore, let
(w,v) € W24(Q) x WH4(Q) solve (3.1) for homogeneous data v = 0, v = 0. Now
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let 0 < j < m, where p; is a cut-off function of type Hj, cf. (2.11) (in the case of
cut-off functions of type R™ and R’} we proceed in an analogous way). Then, with
a suitable constant ¢; € R to be determined below, (¢;w, ¢;(1 — ¢;)) satisfies the
local equations

(3.22) ~A(pjw) = V(p; (¥ — ¢j)) = vj,
Vdiv(pjw) = V7,

where

(3.23) v; = = (V) (¥ —¢j) = 2(Vp;)Vw — (Ap;)w,
Vvj = (V) (Vw) + (V;) - w.

Since all terms on the right-hand side of (3.23) have compact support, v; € L*(H;)
and y; € ﬁ/\l’s(Hj) for each s € (1, q]. Hence, by the regularity results in Remark 3.6
and the compactness of the supports of Vyj;, every (¢,w,p;9) € WQ’S(H]-) X
Whs(H;) and summation over j yields (w, ) € W2(Q) x Wh(Q), 1 < s < .
Moreover, by Sobolev’s embedding theorem, Vw, ¢ € L"(Q) for all sufficiently small
r>n/(n—1) and w € L2(Q) for all sufficiently small o > n/(n — 2).

We need to extend the interval of admissible exponents s from (1, sgl, so = g, to
(I,n — 1). Therefore, define s; > ¢ by 1/n + 1/s; = 1/q, which is possible, since
q <n/2 < n. Then Sobolev’s imbedding theorem yields for a bounded C':'-domain
G containing Q Nsupp V; (and Go D (G'\ B) N R}, see Subsection 2.2)

(3.24) (Vi) Vwlls, m; <
1(Ag;)wlls, 1, < ¢l Vwllgq,
1(Ve) (W5 = e)llsi iy < elldy = cillsias <ellVllge, < oo,

c[Vwlls,a; < ellVwllga, < oo,

J

<
< dVwlliga, < oo,

where ¢; = |G;|7? ij tdx. Hence v; € L**(H,), and a similar argument shows
that v; € Wl’sl(Hj). Now, if s; < n — 1, Remark 3.6 together with (3.20) yields
(pjw, p;9) € WQ’“(HJ-) X Wl’sl(Hj), and summation over j gives us (w,v) €
W2 (Q)xﬁ/\l’sl (Q). If, however, s; > n—1, we may replace s by any s1 € (sg,n—1)
and apply Remark 3.6 and (3.20) to obtain (¢;w, ¢;¢) € W2 (H;)x Wis (H,) and
thus (w, ) € WQ’“(Q) X Wl’sl(ﬂ). In any case, repeating this procedure a finite
number of times we receive exponents ¢ < s1 < ... < 8 < n — 1 such that sj is
arbitrarily close to n— 1. Summarizing, we get (w, ) € WQ’S(Q) X Wl’S(Q) for every
1 < s <n—1and by Sobolev’s imbedding theorem

Vw,y € L"(Q) for all n1<r<n(n—1), w e L8(N) foralle<g<oo.
n—

n —
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Unfortunately, this argument needs the smallness assumption (3.20) for s arbi-
trarily close to n — 1. But actually, we do need this argument only for s < 2 defined
by 1/n+1/2 =1/s and for s close to n/3, where V2w € L*(Q) implies w € L"*¢(Q)
for ¢ > 0 sufficiently small. In the first case, when 1/n 4+ 1/2 = 1/s, we have
Aw € L*(Q), Vw € L*(Q) and w € L (Q), because of 2/n + 1/s' = 1/s. Therefore,
we may test (3.1) with w and write

(3.25) 0=-— Aw - wdx — Vi - wdz
Qr Qr

ow
= Vdex—/ w- — +Yw-n)do,

where Qp = QN Br and Q% = 90k \ 092, because w|ag = 0. Moreover, the integral
over 9 div w vanishes, since V divw = 0 and the constant divw lies in L*(Q).

Next we want to show that the boundary integrals in (3.25) vanish, if a suitable
sequence of radii (R;);en tends to infinity. First observe that for any function f €
L1(9) there exists a sequence of radii (R;)ien with R; — oo for i — oo such that

(3.26) / |f|do < cR; ' — 0.
o9,

Due to the regularity of w and 1 already shown, we know that w € L""¢(Q2) and
Vw, € LM"=1H(Q) for any small € > 0. Hence for sufficiently small € > 0 we find
0c > n such that 1/(n+¢)+1/(n/(n—1)+¢)+ 1/6. = 1. By Holder’s inequality
we thus get

(3.27) /8 o

where c/% = 1/2|0B;(0)|; an analogous estimate holds for [, |¢w - n|do. But
R

since |w|"te 4 |Vw|?/ (n=+e 4 |gp|n/(n=DFe ¢ [1(Q), we find by (3.26) a sequence

of radii (R;);en with R; — oo for ¢ — oo such that

w
w e —
n

do < cR"V% lwllse 00, IV Wl - 1) 42,007,

HanJ’_E’aQIRi < (:R;l/(nJrs)7
-1 1
HV’[U|‘n/(n_1)+€78Q’Ri + ||1/1Hn/(n_1)+57391m < CRi /(n/(n )+€).

Now it follows that due to 6. > n the right-hand side of (3.27) tends to zero as
R; — 0o. An analogous result holds for fBQ’R [Yw - n|do.

Summing up, we get in virtue of (3.25) by Lebesgue’s theorem that [, |[Vw|* dz =0
for all n > 3 and thus by the boundary condition w = 0. This leads immediately to
V4 = 0. The uniqueness part is proven.
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The existence of the solution and the estimate follow by the unique solvability
of the corresponding resolvent problem [11], Theorem 1.2, via an approximation
procedure for the resolvent parameter A — 0+. Therefore, let v € L4(Q2) and for
the moment y € W14(Q) N W-19(Q). Let (\;)sen C Ry be a sequence with A; — 0
as i — 0o. By virtue of the unique solvability of the resolvent problem, we receive
corresponding solutions (w;, 1;) € (W22(Q) N Wy4(2)) x ﬁ/\l’q(Q) with

sup [|(Aws, V2wi, Vibi) g < c(l[vllg + 11Vyllg +5up [Nl [l -1.00)) < 00
1€N ieN

Therefore there exists a subsequence (which we will denote with index ¢ again), such
that we have weak convergences

(3.28) Nw; — ® in LI(Q),
V2w; = @ in L9(Q),
Vi, — ¢ in LY(Q).

Moreover, by the compact embedding W“’(Q’ ) C L(Y) for any compact Q' C
Q of class C%', we find constants ¢; and linear polynomials a; + A;z such that
w; — (a; + Ajz) converges in W19(Q) to some w € WL4(Q) with V2w = @ and

¥; — ¢; converges locally in L(Q2) to some 1 € L (Q) with Vi = 1; Then for any
smooth ¢ € C§°(£2)

/(Aiwi)-v2g0dx:)\i/(VQwi)apdx—>0~/@gpdx:O, i— 00
Q Q Q

by (3.28). This ensures that V2® = 0 and also ® = 0, since ® € L(Q). But
then, the weak convergences (3.28) assure that —Aw — Vi = v and Vdivw = V7.
Moreover, we get by (3.21)

(3.29) IVZwllg + Vg < liminf (|| Aiwillq + V2w ]l + [V ]o)
< im c(([ollg + 1Vllg + Al llv]-1.4)
71— 00
< cl[lvllg + 1Vllg)-

Concerning the trace w|gq, we know that w;|gq = 0 for all ¢ € N and thus a; + A;x|s0

converges in VVI;I/ 21(9Q) — and therefore componentwise — to some a + Az|gq.

Now consider @ := w — (a + Az) € W2%(Q). Then ||V2@|, = ||V2w|, and (@,1)) €

loc

W29(9) x WL49(Q) is a solution of (3.1) with the desired properties for v € W4(Q)n

—

W=ha(Q).
Now let v € L9(£2) and v € W14(Q2). In view of Lemma 2.1 there exists a sequence
(i) € WHa(Q) N W=14(Q) such that ||[V(y — )|, = 0 as i — co. To each (v,7;)
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corresponds a solution (w;, ¥;) € W24(Q) x Wl’q(ﬂ) satisfying the estimate (3.21).
This ensures that both (w;) and (¢;) are Cauchy sequences in their respective spaces
and hence converge to some w € W24(Q) and 1 € qu(Q) The pair (w,)
actually solves the system (3.1) and satisfies the a priori estimate (3.21). The proof
is complete. (I

Remark 3.9. If in the situation of Theorem 3.8 we have additionally v € L*(Q)
and v € Wh#(Q) for some 1 < s < n/2, then ||V2wl||s < 0o and ||V1)||s < co. The
construction of a solution (ws,s) € (Wz’q(Q) N WQS(Q)) X (Wl’q(ﬂ) N WlS(Q))
follows analogously to the construction in the proof. Then the uniqueness assertion
of Theorem 3.8 yields (ws, 1s) = (w, ).

From Theorem 3.8 we deduce analogously to the proof of Theorem 3.4 the result
on very weak solutions in a perturbed half space in the abstract setting.

Theorem 3.10. Let n > 3, n/(n—2) < ¢ < oo and F € 17[,_27‘1((2), K e
W=14(Q)), where (2 is a perturbed half space. Then the problem (3.6) has a unique
very weak solution u € L(Q)) satisfying

(3.30) lullg < eI Fllg 200y + 1Kl -1.4(0));

where ¢ = ¢(Q2,q) > 0 is a constant.

This directly implies the assertion of Theorem 1.2 in the case of a perturbed half
space.

3.4. Very weak solutions in an aperture domain. In the case of an aperture
domain, the two function spaces W14(Q) and W4(Q) do not necessarily coincide.
In fact, we have the following characterization [10], Lemma 3.1.

Lemma 3.11. Let 2 C R™, n > 2, be an aperture domain.

(i) Suppose 1 < g < n and let r € (n/(n —1),00) be defined via 1/n+1/r = 1/q.
Then for every 1) € W4(Q) there are constants ) € C such that 1) — 1+ €
L™(Q+) and

19 = dillLray) + 1Y = Y-llor@) + [ =¥ <[ Villq-

Thus, the map [-]: W9(Q) — C, [¢)] = 14 —1p_ is a continuous linear functional
and

Wha(Q) = {y € WH(Q): [¢] = 0}.
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Suppose ¢° is a smooth funtion with ¢° =1 on Q, \ B and ¢° =0 on Q_ \ B.
Then each ¢ € Wl’q(Q) has a unique decomposition 1) = g + [1]° with
Yo € WH(Q), [[Viollq < ¢l VY|, and

Wha(Q) =Whi(Q) e {Ke*: K €C}

is a direct sum.
(ii) Suppose g = n. Then leq(Q) = WL‘I(Q).

It is convenient to think of ¢ € C°°(Q) as a function satisfying

0 1 for x € Oy, 0
(3.31) o (z) = and ¢ dz =0.
0 forxeQ_\B, BNQ_

Then ° € W' (Q) for all 1 < ¢ < co. Moreover, for all u € L(€) with u-N|sq = 0
and divu = 0, we have for the flux ¢(u) through the aperture of Q

(3.32) o(u) ::/Su-Ndo: —/Qu-Vgaoda:.

Here, u - N|apq can only be defined locally as an element of W~/%4(¥) with ¥ € Q
bounded. The flux integral |, gu - Ndo thus has to be understood in the sense
of the evaluation of the functional u - N|g at 1 € W/44'(S), see [10] for details.
Identity (3.32) motivates the definition of the generalized fluz

~

(3.33) o(u) == —/Qu-V(pO dz, we LYQ).

We have the following result on the strong solutions, which is mainly due to Farwig
and Sohr [4], [10].

Theorem 3.12. Let Q C R™, n > 3, be an aperture domain and let v € L1((QQ),
vy e Whi(Q) n W=19(Q), 1 < g < n/2. Furthermore, let r, o be defined via
1/n+1/r=1/q and 2/n+ 1/p = 1/q, respectively.

(i) For every a € C there is a unique solution (w,1) € L{

(Q) x Wha(Q) with
V2wl + [Vwl|, + ||w||, < oo of (3.1) and ¢(w) = . Moreover,

(3.34) lwlle + IVwlly + V2wl + Ve llg < clllvllg + [1Vyllg + lo])

for some ¢ = ¢(n, q,Q), where the term |(y, ©°)| must be added to the right-hand
side of (3.34) if 1 < ¢ < n/(n—1). Moreover, [¢] is a linear functional of v,
and a.
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(ii) For every B € C there is a unique strong solution (w,) of (3.1) with [¢)] = B.
Moreover,

(3.35) [[wlle + IVl + [IV2wllg + Vllg < c(llvllg + 1VYllq + 17ll5-1.00) + 18D

where ¢ = ¢(n,q,Q) > 0, and a(w) is a linear functional of v, vy and f3.

Remark 3.13. (i) Since w € L2(), Vw € L"(Q), we get by Lemma 3.11
wl, < cl|V2w|, and thus w € Y29(Q).

(if) The estimate (3.35) may be improved. As shown by Franzke [14], the term
H’YHW—l,q(Q) on the right-hand side is not needed.

(iii) Denote by wq the solution corresponding to the data v =0, v =0 and « = 1.
Then wy € LY(Q) for all n/(n — 1) < ¢ < 00, see [4], Lemma 3.3. This lower bound
is sharp: Assume wg € L9(f) for some 1 < ¢ < n/(n — 1) and choose @), € C§°(Q2)
with ||Vek|ly — |V¢°|l4 as k — oo, which is possible in virtue of Lemma 3.11 (ii).
Then we get the contradiction

0= 1) = Jim (1,0) = lim ~ [ wn- Vi do = Guo) = 1.
k— o0 k— o0 Q

Proof of Theorem 3.12. If one neglects the statement about the regularity of
w € L2(Q) itself, the interval of admissible exponents can be extended to 1 < g < n.
In this formulation, the theorem has been proven in [10], Corollary 2.4, for the
case n/(n —1) < ¢ < n and in [4], Theorem 1.4, for the case 1 < ¢ < n/(n—1).
The proofs rely on the unique solvability of the corresponding resolvent problem [4],
Theorem 1.2, via an approximation procedure of the resolvent parameter A — 0+.
However, if we restrict ourselves to 1 < ¢ < n/2, we get by Sobolev’s embedding
theorem wy € L2(Q) for each A > 0, where wy is the corresponding solution to
the resolvent problem with parameter \. This regularity then carries over to the
solution w, being the weak limit of a subsequence of the w. O

Theorem 3.14. Let Q C R’} be an aperture domain, ¢ > n/(n —2) and F €
Y 29(Q), K € W14(Q), o € C. Then the problem (3.6) has a unique very weak
solution u € L4(2) satisfying ¢(u) = . This solution satisfies the estimate

(3.36) [ullg < el Fllp, 200 + 1KlG 1.0 +1al);

where ¢ = ¢(n, q) > 0 is a constant.

Proof. The arguments follow the proof of Theorem 3.4. Define v € L4(Q) via
(u,0) = (F,w) + (K, o) +aly] for ve L7(Q),
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where w € }702"1/ (Q), ¥ € Wh4(Q) is the unique solution to (3.10) with a(w) =0,
and 9y = ¥ — [1)]¢". Then Lemma 3.11 and (3.34) yield the estimate

|(w, 0)] < | Fllg-20 (I VZ0llgr + 1Kl G100 IVl + [l [Vl

<
< 1 F g2y + IKlIgp-1.0gqy + oD 0l
for some constant ¢ = ¢(€,¢) > 0. Since V¢? € L7 () decomposes in the above
sense with w = 0, ¥9 = 0 and ¢ = —", the flux condition ¢(u) = —(u, Vy') = a
is automatically fulfilled. Furthermore, u actually solves the problem (3.6), since for
test functions w € Y27 (), ¢ € Wh' (Q), we have [1)] = 0 and thus

—(u,Aw) - (ua Vi/)) = <}—a w> + <’C,1/1>

Uniqueness may be seen by considering a very weak solution u € L4(2) corresponding
to the data F = 0, K = 0 and & = 0. Then (u,v) = —(u,Aw) — (u, Vipo) —
(u, [Y]V) = (F,w) + (K, 1ho) + af¢] = 0 for all v € LY (Q) and thus u = 0. The
proof is complete. O

Now, we may prove Theorem 1.3.

Proof of Theorem 1.3. It still remains to prove the assertion about the pressure.
Consider test functions w € C§%,(£2). In the sense of distributions we thus have
(div F' + Au,w) = 0. Then de Rham’s argument [23], Chapter I, Proposition 1.1,
yields a distribution p € C§°(Q2)" with div F' 4+ Au = Vp. O

Remark 3.15. (i) Note that a similar construction as in the proof of Theorem 1.2
for the functional p fails here, as we cannot derive from Theorem 3.12 that each
v € WhH'(Q) can be written in the form

(3.37) y=divw, weY>'(Q) with @(w)=0.

The no-flux condition is crucial here, as otherwise the pressure p would not be well-
defined. However, this problem may be resolved for n > 4, n/(n—1) < ¢’ <n/2. In
that case, estimate (3.34) may be used without the term |{v, ©°)| on the right-hand
side, and thus (3.37) is ensured due to Lemma 2.1. So for n/(n —2) < ¢ < n, it still
holds true that p € W‘L‘I(Q).

(ii) Defining a concept similar to the pressure drop in the situation of strong solu-
tions seems out of reach, as p itself is not contained in any function space anymore.
Thus our setting is too coarse to reflect local phenomena.
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