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Abstract. The aim of this paper is to study the stability of fractional differential equa-
tions in Hyers-Ulam sense. Namely, if we replace a given fractional differential equation by
a fractional differential inequality, we ask when the solutions of the fractional differential
inequality are close to the solutions of the strict differential equation. In this paper, we
investigate the Hyers-Ulam stability of two types of fractional linear differential equations
with Caputo fractional derivatives. We prove that the two types of fractional linear differ-
ential equations are Hyers-Ulam stable by applying the Laplace transform method. Finally,
an example is given to illustrate the theoretical results.
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1. INTRODUCTION AND PRELIMINARIES

For some equations (differential equations, functional equations, etc.) describing
physical models and practical problems, finding exact solutions of these equations is
very difficult, and the form of the exact solutions (if they exist) is often so complicated
that it is not convenient for numerical calculation. In view of this, it is necessary
to discuss approximate solutions with relatively simple form, and ask whether the
approximate solutions lie near the exact solutions.

Generally, we say that a differential equation is stable in Hyers-Ulam sense if
for every solution of the perturbed equation there exists a solution of the equation
that is close to it. In other words, if we replace a given differential equation by
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differential inequality, when can one assert that the solutions of the inequality lie
near the solutions of the equation?

In recent years, many researchers have focused on the study of Hyers-Ulam stability
of differential equations, and gained a series of results (see [1]-[7] and [9]-[14] and
the references therein).

Recently, by applying Laplace transform method, Rezaei, Jung, and Rassias dis-
cussed Hyers-Ulam stability of linear differential equations (see [11]). Popa and
Rasa proved the generalized Hyers-Ulam stability of linear differential equations in
a Banach space (see [10]). Andras and Mészaros presented Hyers-Ulam stability of
dynamic equations on time scales via Picard operators (see [1]). Regarding par-
tial differential equations, in [9], Lungu and Popa discussed Hyers-Ulam stability
of a first order partial differential equation, and in [2], Gordji, Cho, Ghaemi, and
Alizadeh investigated stability of second order partial differential equations. Hegyi
and Jung discussed the stability of Laplace’s equation (see [3]). As for fractional
differential equations, Wang, Zhou et al. (see [12], [13], [14]) proved the stability
of fractional evolution equations and the stability of nonlinear differential equations
with fractional integrable impulses, and they also introduced some new concepts
concerning the stability of fractional differential equations. In [4], Ibrahim presented
Hyers-Ulam stability of Cauchy differential equation of fractional order in the unit
disk. However, the theory of Hyers-Ulam stability of fractional differential equations
is still in its initial stages.

The main aim of this paper is to prove the Hyers-Ulam stability of the following
two types of fractional linear differential equations:

(1.1) (°Dgyy)(x) — \y(x) = f(x),
and
(1.2) (“Dg,y)(x) — MDD, y)(z) = g(a),

where z >0, eR,n—1<as<nm-1<8<m0<B<a mmneN, m<gn,
f(z) and g(z) are real functions defined on R, and “Dg, is the Caputo fractional
derivative of order a defined by

(13) D80 = oy |, @O M 0

In order to prove our main results, we recall the definition of the Laplace transform
and some basic properties of the Laplace transform for fractional derivatives.
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A function y: (0,00) — R is said to be of exponential order if there are constants
A, B € R such that |y(x)| < AeP® for all z > 0. For each function y: (0,00) — R of
exponential order, the Laplace transform of y(z) is defined by

(1.4) L{y(x)}(s) := /000 e *Py(x)dz, seC.

If the integral (1.4) is convergent at the point sy € C, then it converges absolutely
for s € C such that R(s) > R(sp). One of the most useful properties of the Laplace
transform is the convolution property

(1.5) L{yi(z) x ya(2)} = L{y1(2)} L{y2(2)},

where y1 () * y2(2) = [ y1(z — §)ya2(€) .
The following results are some basic properties of the Laplace transform of the
Caputo fractional derivatives.

Lemma 1.1 ([8]). Let &« >0, n —1 < a < n,n €N be such that y € C"(R,),
y™ € L1(0,b) for any b > 0, the estimates |y™ (z)| < Be®?® (for x > b > 0, B and
qo are all constants, B > 0, qo > 0) holds, the Laplace transforms L{y(z)} and
L{D"y(x)} exist, and Ihﬁngo(Dky)(x) =0fork=0,1,...,n — 1. Then the following

relation holds:

(1.6) L{Dg ()} (s) = s*L{y(z)}(s) — z_: s (DY) (0).
k=0
In particular, if 0 < a < 1, then
(1.7) L{“Dgy(@)}(s) = s> L{y(x)}(s) — s*1y(0).

The Mittag-Leffler function E, g(z) is defined by

k

> z
(18) Ea’ﬂ = ;} m, Z,B S C, %(a) > 0,

when o = =1, we can see that Fj 1(z) = ¢*. More detailed information about the
function can be found in [8].
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Lemma 1.2 ([8]). If R(s) >0, A € C, |[As™%| < 1, then

s h

5% — )\’

(1.9) ll{xﬂ*lEa?B()\xa)}(s) =

where E, g(Ax®) is the Mittag-Leffler function.

Remark 1.3. When o = 3, we have L{z® ' E, o(Az®)}(s) = 1/(s* — \).

2. HYERS-ULAM STABILITY OF FRACTIONAL DIFFERENTIAL EQUATION (1.1)

In this section, we will prove that the fractional differential equation (1.1) is Hyers-
Ulam stable.

Definition 2.1. The fractional differential equation ¢(f,y, D*y,..., D% y) =0
has Hyers-Ulam stability if for a given ¢ > 0 and a function y such that

|so(f’y7Dalyv"'aDany)| < g,

there exists a solution y, of the differential equation such that |y(z) — yq(z)| < K(¢)
and 111% K(e) = 0. If this statement is also true when we replace ¢ and K(g) by
e—

F(z) and C(z), where F, C are appropriate functions not depending on y and y,
explicitly, then we say that the differential equation has the generalized Hyers-Ulam
stability.

More about stability of ordinary differential equations and fractional differential
equations can be found in [7], [11], [12] and [13].

Theorem 2.2. Let A€ R,n—1 < a <n,n €N, and let f(x) be a given real
function defined on R. If a function y: (0,00) — R satisfies the inequality

(2.1) (“Dgy)(2) — Ay(z) — f(z)] <e

for all x > 0 and for some ¢ > 0, then there exists a solution y,: (0,00) — R of the
fractional differential equation

(2.2) (“Dg.y)(x) = Ay(x) = f(x)
such that
(2.3) |y — Ya| < €2%Eaa41(|A[27).
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Proof. Putting y¥)(0) = by, for k=0,1,...,n—1, and Y (z) = (°D§, y)(z) —
Ay(z) — f(z), by Lemma 1.1 we obtain

(2.4) L{Y ()} = L{UDG ) (@) — My(2) - f(2)}

|
—

=s"L{y(x)} = Y s* " e = AL{y(2)} — L{f ()}

k=0
— (" = ML) - 3 s L{f @),
k=0
nolga—k-1 x x
(25) E{y(l‘)} — Ek:O = Ek)\"" ﬁ{f( )} + ‘CS{QY_( ))\} ]
Setting
(2.6) Yo () = z_: bra® Bo g1 (Az®) + /x(a: — ) By oMz — )] f(t) dt,
k=0 0

by Lemma 1.2 and (1.5), we get

n—1

Q7 Ll = c{z b B (e}
+ ﬁ{/o (x — ) By o[Mx — )] (1) dt}
= ni b L{z" By g1 (A2} + L{z* 7 Ey o (A2} L{ f ()}
_ kzzg;é bys® Y + L{f ()}

s — A
By Lemma 1.1, (2.7) and a simple computation, one can get

n—1

(28)  L{(“Dfya)(@) = Myal)} = " Li{ya(2)} = Y * e — A{ya(@)}
k=0
= L{f(x)}.

Since £ is one-to-one, it follows that (“D§ y.)(x) — Aya(z) = f(z), s0 ya(z) is
a solution of (2.2).
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By (2.5) and (2.7), we obtain

LY ()}

s — )\

(2.9) L{y(z) — ya(r)} =

Using the convolution property and Lemma 1.2, one can get

(210) L BaaOa)) ¢ V() = £ Eaa e} £(Y () = SO0,

5% — A
By (2.9) and (2.10), we have
(2.11) y(@) = ya(@) = (2% Ba,a(A2®)) * Y (2),

therefore, from (2.1), it follows that

1) ) )] = [ B () + V()
= / (v — )a—lEa (y[)\(x — t)oz]Y(t) dt‘
akJra 1
B /0 ak;+a) “Tahra YO dt‘
- k:o/o I'(ak + ) Y(t) dt‘
— [T M (@ —p)oktet
\kz=0/0 I'(ak + @) ‘|Y )| dt
Y i ’ r — t)ekta—1
<€kz:oF(QkH-oz)/o (x—1) dt
_ (M)t
«T(ak +a+1)

=E&T Ea,a+1(|>‘|x )s

which completes the proof.

Similarly, we can prove that the fractional differential equation (2.2) is generalized

Hyers-Ulam stable.
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Corollary 2.3. Let A€ R, n—1 < a <n,n €N, and let f(x) be a given real
function defined on Ry . If a function y: (0,00) — R satisfies the inequality

(2.13) (“Dgyy) (@) = Ny(z) — f(2)| < F(x)

for all x > 0 and for some function F'(xz) > 0, then there exists a solution y,:
(0,00) = R of the fractional differential equation (2.2) such that

(2.14) ly = ya| < C(2),

where C(x) = 2 F(x)Eq,a+1(|A]2®).

3. HYERS-ULAM STABILITY OF FRACTIONAL DIFFERENTIAL EQUATION (1.2)

In this section, we will extend Theorem 2.2 and prove that fractional differential
equation (1.2) is Hyers-Ulam stable.

Theorem 3.1. Let \ e R, mneN, m<n,n—1<a<s<n m-1<g<m
0 < 8 < «, and let g(z) be a given real function defined on Ry. If a function
y: (0,00) — R satisfies the inequality

(3.1) (°Dg1y)(@) = M Dgyy)(@) — g(a)| < €

for all x > 0 and some ¢ > 0, then there exists a solution y,: (0,00) — R of the
fractional differential equation

(3.2) (“D§\y)(x) — M°Dj,y)(z) = g()
such that
(3:3) Y = Yol < €2 Ea—p, ar1(Az*77).

Proof. Putting y® () = by, € R for k = 0,1,...,n — 1, and Y(z) =
(“Dg,y)(z) — A( D0+y)( x) — g(x) for each z > 0, by Lemma 1.1 we have
(34) L{Y(2)} = L{(“Dg.y)(z) - A Dy y)(w) — g(x)}
= L{(°Dgyy)(2)} = MA(“Doy)(@)} — L{g()}
n—1
=Ly} - Yo - ALl - Zsﬁ i
— L{g(x)}

n—1 m—1
= (s = AN L{y(2)} = Y s e+ A Y P — £{g(a)}.
k=0 k=0

=~
Il
=]
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By (3.4), it follows that

35)  Liy(a)) - oo AT # e Lo(e)) | LV

Put
(3.6) Ya(z) = i bryk(z) + /E(x — 1) ' Eap.a[Az —1)*Plg(t) dt,
k=0 0

where

(3.7) yp(z) = 28 Eq_p g1 (Az*P)
— A$a7ﬁ+kEa_57a_5+k+1()\xaiﬁ), k=0,1,...,m—1,
(3.8)  yr(x) =2"Eq_prii(Me*P), k=m,...,n—1.

By Lemma 1.2 and (1.5), we get
(3.9)

L{ya(x {Z bry(z } + c{;bwk(x)}

+ ﬁ{/ (x =) Ea gz — 1) Plg(t) dt}
0
—1
b L{2" Eq_ppi1 (A7) = A PTHEq 5 0 panpr(Aa® 7))

S

W‘

=0
n—1

+ Z bkﬁ{l‘kE(y_@k_H(/\l‘aiﬂ)}

k=m

+ L{z* "Eo- B,a(AT )}E{g( )}
S bk Az;"olb P Lo}

— AsP
By (3.9), one can get
(3.10) L{(Dg 1 ya)(x) = NODgya) (2)} = L{g(2)},
80 yq(x) is a solution of (3.2).
Using (3.5) and (3.9), we obtain
(3.11) £{y(a) —yula)} = 2ED
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By (1.5) and Lemma 1.2, we have

(3.12) E{[xa_lEa_gﬂ(/\a:"_ﬁ)] *Y(x)} = E[xa_lEa_ﬁ,a(Axa_ﬁ)]E{Y(a:)}
_ L{Y(2))

—AsP’
Using (3.11) and (3.12), we see that

(3.13) Y(x) = Yo (@) = [#°7 Eap.a(Mx*7)] % Y (2).

Therefore, from (3.1), it follows that
(3.14) y(x) = ya(2)] = |[#* " Earpa(A*P)] # Y (2)]

(x — 1) Ey_palMx — )PV (1) dt‘

T O )\k ak Bk+a—1
/0 [( a—ﬂ)k‘—i—a] (t)dt‘
|/\|k ‘ T — ak—pBk+a—1

/O (x—1) Y () dt‘

IMla - Ak +

L ! T — ak—Bk+a—1
I )k+aL/( ) at

_av |>\|$a )k
e kzzor Bk +a+1]

=ex“Fa—p,at+1(| Az ﬂ),

which completes the proof. ([

Remark 32. If 3 = 0 and f(z) = g(z), then the equation (“D§,y)(z) —
A( D0+y)( z) = g(x) coincides with (°Dg, y)(z) — Ay(z) = f(z), and €2 Ea_pg at+1
(|A\|z~#) coincides with ex*Ey o+1(|A|2%), so Theorem 3.1 generalizes Theorem 2.2.

Corollary 3.3. Let \e R, myneN, m<n,n—1<a<s<n m-1<p<m
0 < B < «, and let g(x) be a given real function defined on Ry. If a function
y: (0,00) — R satisfies the inequality

(3.15) (“Dgy)(x) = A(°Dgyy) (@) — g(x)| < F(x)

for all x > 0 and some function F'(x) > 0, then there exists a solution y,: (0,00) — R
of the fractional differential equation (3.2) such that

(3.16) 1Y = Yl < F(2)2°Eap, at1(|A77).
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4. AN EXAMPLE

Consider the fractional differential equation
1 3 7 z
(a.1) CPhi)e) - 3 En@) = 5 -2, [%,

Wherea:2,ﬂz%,A:%,g(x):%—Q x /7.
For e = %, it is easy to check that the function y(z) = 22 satisfies

1

42 (D3 yu)e) — 3 D)) - £+ 22| < .

and initial values of y;(z) are y1(0) =0, y1(0) = 0.
From (3.6) and the initial values of y1 (), we get an exact solution of equation (4.1)

(G2

By Theorem 3.1, the control function of y;(z) is %x2E1/2’3(%m1/2), thus

1

(1) i) = [ w-0By s[5 -0

(NI

1 1
(4.4) 12(2) = ya(@)| < 50° By 52"/2),

and the error of the approximate solution y;(z) can be estimated.
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