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Abstract. Let L := —A + V be a Schrédinger operator on R” with n > 3 and V > 0
satisfying A~V € L%(R™). Assume that ¢: R™ x [0,00) — [0, 00) is a function such that
¢(x, ) is an Orlicz function, ¢(+,t) € Ao (R™) (the class of uniformly Muckenhoupt weights).
Let w be an L-harmonic function on R” with 0 < C; < w < Cq, where C;7 and Cs are
positive constants. In this article, the author proves that the mapping H%L([R”) S f—
wf € Hy(R™) is an isomorphism from the Musielak-Orlicz-Hardy space associated with
L, H, ,(R™), to the Musielak-Orlicz-Hardy space Hy(R™) under some assumptions on .
As applications, the author further obtains the atomic and molecular characterizations of
the space H, 1,(R™) associated with w, and proves that the operator (fA)_l/QLl/2 is an
isomorphism of the spaces H,, 1(R") and H,(R™). All these results are new even when
oz, t) :=tP, for all x € R™ and ¢ € [0, 00), with p € (n/(n + 10),1) and some pg € (0, 1].

Keywords: Musielak-Orlicz-Hardy space; Schrodinger operator; L-harmonic function;
isomorphism of Hardy space; atom; molecule
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1. INTRODUCTION

Let n > 3. Denote by W12(R™) the usual Sobolev space on the Euclidean space
R™ equipped with the norm (||f||2L2([R") + HVfHQLQ(Rn))l/Q, where Vf denotes the
distributional gradient of f. Let 0 <V € L{ (R") and

loc

W2 (R™) = {u e WH2(R™): / lu(z)]?V (z) dz < oo}.

n
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Denote by L the mazimal-accretive operator (see [23], page 23, Definition 1.46) on
L?(R™) with largest domain D(L) C W‘l/’Q([R”) such that, for any f € D(L) and
g € Wy (R™),

Lo = [ Vi@Vt [ F@a@ Ve de

where (-,-) denotes the interior product in L?(R™). In this sense, for all f € D(L)

we write
(1.1) Lf:=-Af+Vf.

Denote by {K:}t~o and {P.};>0 the integral kernel of the heat semigroups
{e7*£}4oo and {e'®}, respectively, generated by —L and the Laplace operator
A on R™. Then it follows from the Feynman-Kac formula (see, for example, [26],
Chapter V) that for all ¢ € (0,00) and z,y € R™,

1 jz — yl?
: < ) < - : - .
(1.2) 0 < Ki(z,y) < Pe(x —vy) UL exp{ ym }

We assume in this article that the potential 0 < V € Li

loc

(R™) satisfies
(13) AW = e [ V@) dy € L@,

where ¢, := T'(n/2)/(2r"/?(n — 2)) and T'(-) denotes the Gamma function. We
also remark that (1.3) is equivalent to that the heat kernels {K;}¢~o satisfy the
Gaussian lower bounds, namely, there exist positive constants ¢ and C such that for
all t € (0,00) and z,y € R™,

clz —y|?

: }éKt(xay)

C
(see, for example, [25]).
Now we recall the definition of L-harmonic functions as follows.

Definition 1.1. Let L be as in (1.1). A function w on R™ is said to be L-
harmonic, if w € D(L) and Lw = 0.

Remark 1.2. (i) We remark that a function w is L-harmonic if and only if
e~y = w for all t € (0,00). In fact, if w is L-harmonic, then for any ¢ € (0, c0),

t d t
e —w = (e*tL—I)w:/ —e*SLwds:—/ e *FLwds =0,
o ds 0

where I denotes the identical operator in L?*(R™), which further yields that

e thy = w.
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Conversely, if e 7"

w = w for any t € (0, 00), then by the definition of the infinites-
imal generator of the semigroup {e *};~, we see that w € D(L) and Lw = 0.

(ii) It follows from [7], Lemma 2.1, that (1.3) holds true if and only if there exists
an L-harmonic function w such that 0 < § < w < 1, where § is a positive constant.
Moreover, the function w is unique up to a multiplicative constant. Furthermore,

the function w is given for all z € R™ by

(1.5) w(x) ;== lim K(y,x)dy
t—=00 Jpn
up to a multiplicative constant.

(iii) We also point out that, if a nonnegative function V' on R™, with n > 3, satisfies
that there exists ¢ € (0, 00) such that V' € L"/275(R™)N L™/ ?+¢(R"™), then (1.3) holds
true for V (see [6] for more examples).

Let L be as in (1.1) and satisfy (1.3). Denote by Hi (R™) and H'(R"), respectively,
the Hardy space associated with L (see, for example, [11]) and the classical Hardy
space (see, for example, [8]). Assume that w is an L-harmonic function satisfying
0 < ¢ < w < C, where § and C are positive constants. It was proved in [7],
Theorem 1.1, that the mapping H} (R") > f — wf € H'(R™) is an isomorphism
from H} (R™) to H'(R™). As corollaries, the atomic and molecular characterizations
of H} (R™), associated with w, were obtained in [7], Corollary 1.2, and [6], Section 3.
Moreover, it was also proved in [6], Theorem 1.10, that the operator (—A)~'/2L~1/2
is an isomorphism of H} (R") and H*(R").

The main purpose of this article is to prove that the mapping

H,(R") > f—=wf e H,(R")

is an isomorphism from the Musielak-Orlicz-Hardy space H (R™), associated
with L, to the Musielak-Orlicz-Hardy space H,(R™) under some assumptions on
the Musielak-Orlicz function ¢. As applications, we further obtain the atomic and
molecular characterizations of the space H, (R™) associated with w, and prove
that the operator (—A)~1/2L1/2 is an isomorphism from H, 1 (R") to H,(R™). It
is worth pointing out that all these results are new even when (z,t) := t? for all
x € R™ and t € [0,00), with p € (n/(n + o), 1) and some o € (0,1].

Moreover, we remark that the Musielak-Orlicz-Hardy space is a function space of
Hardy-type which unifies the classical Hardy space, the weighted Hardy space, the
Orlicz-Hardy space and the weighted Orlicz-Hardy space, in which the spatial and
the time variables may not be separable (see [8], [15], [27], [22], [24], [28], [31] for
more details on the developments of Hardy-type spaces and Musielak-Orlicz spaces).
Furthermore, the Musielak-Orlicz-Hardy space appears naturally in many applica-
tions (see, for example, [1], [2], [21], [19]). This kind of Musielak-Orlicz-Hardy spaces
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associated with operators generalizes the (Orlicz-)Hardy space and the (weighted)
Hardy space associated with operators, which has attracted great interests in re-
cent years. Such function spaces associated with operators play important roles in
the study for the boundedness of singular integrals associated with some differential
operators, which may not fall within the scope of the classical Calderén-Zygmund
theory (see, for example, [3], [5], [11], [12], [13], [17], [16], [18], [29], [30]).

Moreover, denote by {I?t}t>0 the integral kernels of the semigroup {e*t‘/f}bo.
Then K, has the following property, which is just [7], Corollary 3.2.

Lemma 1.3. Let L be as in (1.1). Assume that the potential V satisfies (1.3) and
w is an L-harmonic function with 0 < Cy < w < Cy, where C and Cy are constants.
Then there exists positive constants C > 0 and o € (0, 1] such that for all t € (0, 00)
and z,y,z € R"™ with t > |y — z|,

Ki(z,y) w(y)‘ < C[Iy—zq“f{
t

Let the Musielak-Orlicz function ¢, the Musielak-Orlicz-Hardy spaces H, 1,(R™)
and H,(R™) be, respectively, as in Definitions 2.4, 2.6 and 2.7 below. Now we give
the first main result of this article.

Theorem 1.4. Let L and ¢ be, respectively, as in (1.1) and Definition 2.4 be-
low. Assume that n + o > nq(p)/i(e) with uo, q(p) and i(p), respectively, as in
Lemma 1.3, (2.2) and (2.1) below, the potential V satisfies (1.3) and w is an L-
harmonic function with 0 < C7 < w < Co, where C1 and Cy are constants. Then
the mapping

Hon(R") 3 [ wf

is an isomorphism from the spaces H, (R™) onto H,(R™). Namely, there exist
positive constants Cs, Cy such that for all f € H, 1(R™),

Csllwflla, @) < [1flla, Ln) < Callwf| g, @ny-

By using the atomic characterization of H, r(R™) obtained in [3], Theorem 5.4
(see also Lemma 3.2 below), the molecular characterization of H,(R™) established
n [14], Theorem 4.13 (see also Lemma 3.4 below), the definitions of L-harmonic
functions, the radial maximal function characterization of H,, 1 (R™) associated with
the Poisson semigroup {e~*V%},~ ¢ obtained in [3], Theorem 8.3 (see also Lemma 3.6
below) and Lemma 1.3, we complete the proof of Theorem 1.4.
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As a corollary of Theorem 1.6, we can obtain a kind of atomic and molecular
characterizations for the space H, r(R™). We first begin with the definitions of
(¢, g, w)-atoms and (p, ¢, w, £)-molecules. In what follows, for any measurable subset
E CR™andt € [0,00), let 9(E,t) := [, ¢(x,t)dx.

Definition 1.5. Let L and ¢ be, respectively, as in (1.1) and Definition 2.4
below. Assume that ¢ € (1,00), w is an L-harmonic function and B C R™ is a ball.
(I) A function « € L?(R™) is called a (¢, ¢, w)-atom associated with B, if
(i) supp(e) C B;
(i) [l cagrmy < [BIM9xBN2e @y

(ili) [pn a(z)w(z)dz = 0.
(I) For f € L3(R™),

(1'6) f = Z)\jaj

is called an atomic (p, g, w)-representation of f if, for all j, a; is a (¢, ¢, w)-atom
associated with the ball B; C R™, the summation (1.6) converges in L?(R™) and
{A\;}; C C satisfies ;go(Bj, |>\j|HXBjHZ;([R")) < oco. Let

Hg’at([R") = {f € L*(R™): f has an atomic (i, ¢, w)-representation}

with the quasi-norm
£l g = int {A({Ajaj}»: " Ajay is a (¢, g, w)-representation of f},
J

where the infimum is taken over all atomic (¢, ¢, w)-representations of f as
above and

(1.7) A Njay);) = mf{)\ € (0,0): Y o (Bj, ﬁ) < 1}.

. AxB; e ®n)

The atomic Musielak-Orlicz-Hardy space H g’ at(R™) is then defined as the com-
pletion of the set Hg’at([R”) with respect to the quasi-norm |- ||Hq v (jn)-
(III) Lete € (0,00). A function b € LI(R™) is called a (¢, ¢, w, €)- molecule associated
with B, if
(@) 116l zags; By < 277127 B9 x B4 (gny> Where So(B) := 2B and Sj(B) :=
2/t1B \ 2jB for j € N;
(ii) e b( x)dz = 0.
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Moreover, the molecular Musielak-Orlicz-Hardy space HZT%(R™) is defined via

replacing (i, ¢, w)-atoms by (¢, q,w,e)-molecules in the definition of the space

HLY (R™).
Now we describe the atomic and molecular characterizations of H, (R™) associ-

ated with an L-harmonic function w.

Theorem 1.6. Let L, ¢ and w be as in Theorem 1.4. Assume that q €
(@(@)r(P)00) and e € (nq()/i(g),00), where q(p), r(p) and i(g) are, re-
spectively, as in (2.2), (2.3) and (2.1) below, and [r(y)]’ denotes the conjugate
exponent of 7(). Then the spaces H, (R"), H 4 (R") and HJ % (R™) coincide
with equivalent quasi-norms.

Via Theorem 1.4 and the atomic and molecular characterizations of H,(R™), re-
spectively, obtained in [19], Theorem 1.1, and [14], Theorem 4.13 (see also Lemma 3.4
below), we prove Theorem 1.6.

Now we state another main result of this article.

Theorem 1.7. Let L, ¢ and w be as in Theorem 1.4. Assume further that
n+1>nq(p)/i(e) and q(¢)[r(¢)]" <n/(ng(e)/i(p) —1). Then the mapping

Ho (R") 3 f s (=A)V2L7V3(f)

is an isomorphism from H, 1, (R™) onto H,(R™). Namely, there exists a positive
constant C such that for all f € H, (R™),

(1.8) (=) 2L (F) g, ey < ClFll, L2
and
(1.9) ILY2 (=) 2 (g, L@y < ClF i @e-

By applying the atomic and molecular characterizations of H, 1, (R™) established in
Theorem 1.6, the atomic characterization of H, r(R™) obtained in [3], Theorem 5.4
(see also Lemma 3.2 below), the molecular characterizations of H,(R™) obtained
n [14], Theorem 4.13 (see also Lemma 3.4 below) and [6], Lemmas 2.11 and 2.13
(see also Lemma 4.1 below), we prove Theorem 1.7.

Remark 1.8. Let L and ¢ be as in Theorem 1.4. Assume that g(y), r(¢) and
i(yp) are, respectively, as in (2.2), (2.3) and (2.1) below.
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(i) When ¢(z,t) := t for all x € R™ and ¢ € [0,00), then i(p) = 1, q(p) =1
and 7(¢) = co. It is easy to see that the assumptions in Theorems 1.4 through 1.7
on ¢ automatically hold true in this case. Then Theorems 1.4 through 1.7 are just,
respectively, [7], Theorem 1.1 and Corollary 1.1, and [6], Theorem 1.10, in this case.

(ii) Let uo be as in Lemma 1.3. When ¢(z,t) := t? for all z € R™ and ¢ € [0, 00),
with p € (n/(n + po), 1], i(¢) = p, then ¢(¢) =1 and r(p) = co. In this case, we can
verify that the assumptions in Theorems 1.4 through 1.7 on ¢ hold true. Moreover,
it is worth pointing out that Theorems 1.4 through 1.7 are new in this case.

(iii) Let ¢ be as in (2.4) below. Then i(p) = 1, g(¢) = 1 and r(¢) = oo (see, for
example, [4], Remark 1 (v)), which further implies that the assumptions in Theo-
rems 1.4 through 1.7 on ¢ hold true in this case. Thus, Theorems 1.4 through 1.7 hold
true for the spaces H, (R™) and H,(R") associated with ¢ (see [4], Remark 1 (v),
for more examples of ¢ satisfying the assumptions in Theorems 1.4 through 1.7).

The layout of this article is as follows. In Section 2, we first describe the growth
function considered in this article; then we recall the definitions of Musielak-Orlicz-
Hardy spaces H,, ,(R") and H,(R"); finally we introduce some conventions on no-
tation. In Section 3, we give the proofs of Theorems 1.4 and 1.6. Then, in Section 4,
we present the proof of Theorem 1.7.

2. PRELIMINARIES

2.1. Musielak-Orlicz functions. In this subsection, we describe the growth
function considered in this article. First we recall the definition of Orlicz functions
(see, for example, [22], [24]).

Definition 2.1. A function ®: [0,00) — [0,00) is called an Orlicz function if it
is nondecreasing, ®(0) = 0, ®(¢) > 0 for any ¢ € (0,00) and tli}m D(t) = 0.
o0

We point out that, unlike the classical definition of Orlicz functions, the Orlicz
functions in this article need not be conver.

Now we recall the definition of upper (lower, respectively) type of functions as
follows.

Definition 2.2. (i) An Orlicz function @ is said to be of upper (lower) type p
for some p € [0, 00), if there exists a positive constant C' such that, for all s € [1, 00)
(s € [0, 1], respectively) and t € [0, 00), ®(st) < CsPD(t).

(ii) For a given function ¢: R™ x [0,00) — [0,00) such that, for any z € R",
(x,-) is an Orlicz function, ¢ is said to be of uniformly upper (lower) type p for
some p € (0,00), if there exists a positive constant C' such that, for all z € R",
t €[0,00) and s € [1,00) (s € [0, 1], respectively), ¢(z, st) < CsPo(z,1).
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Let
(2.1) i(p) :=sup{p € (0,00): ¢ is of uniformly lower type p}.

Observe that i(¢) need not be attainable, namely, ¢ need not be of uniformly lower
type i(p) (see, for example, [3], [4], [30]).

Definition 2.3. Let ¢: R™ x [0,00) — [0,00) satisfy that ¢(-,t) is measurable
for all t € [0,00). The function ¢ is said to satisfy the uniformly Muckenhoupt
condition for some q € [1,00), denoted by ¢ € A,(R™), if, when ¢ € (1, c0),

o [eenad [woral <o

Ag(p) == sup sup
te(0,00) BCR™

or, when g =1,

Ai(p):= sup sup / x,t) dx esssup[go(y,t)]*l) < 00.
te(0,00) BeR | B] yeB

Here the first suprema are taken over all ¢ € (0, 00) and the other ones over all balls
B C R™

The function ¢ is said to satisfy the uniformly reverse Holder condition for some
€ (1, 00], denoted by ¢ € RH,(R™), if, when ¢ € (1, 00),

1 1/q 1 -1
RH4(p) :== sup sup {—/[ap(m,t)]qu} {—/ go(x,t)dx} < 00
te(0,00) Bcrn Bl JB |B| Jg

or, when g = o0,

RHuo(p) := sup sup {esssupgp(y,t)}{ﬁ/}ggo(x,t) da:}_l < 0.

te(0,00) BCR™ yEB

Here the first suprema are taken over all ¢ € (0, 00) and the other ones over all balls
B C R™

Recall that, in Definition 2.3, A,(R™), with p € [1,00), and RH,(R™), with ¢ €
(1, 0], were introduced, respectively, in [20] and [30].

Let A(R™) := U A (R™). It is well known that
q€[1,00)

M= U RH(RY),

q€(1,00]
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AL(R™) C Ag(R™) for 1 < p < ¢ < 00, and RH,(R™) C RH (R™) for 1 < ¢ < p < 0
(see, for example, [14], Lemma 2.4, or Lemma 2.5 below). Thus, we can introduce
the critical indices for ¢ € A, (R™) as follows:

(2.2) q(¢p) :=inf{g € [1,00): ¢ € Ag(R™)}
and
(2.3) r(p) :=sup{q € (1,00]: ¢ € RH,(R"™)}.

Now we recall the notion of growth functions from Ky [20].

Definition 2.4. A function ¢: R™ x [0,00) — [0, 00) is called a growth function
if the following conditions hold:
(i) ¢ is a Musielak-Orlicz function, namely,
(a) p(z,-): [0,00) — [0,00) is an Orlicz function for all x € R™;
(b) ©(+,t) is a measurable function for all ¢ € [0, c0).
(ii) ¢(-,t) € Ax(R™) for any t € (0, 00).
(iii) The function ¢ is of uniformly lower type p for some p € (0, 1] and upper type 1.

Clearly, p(x,t) := w(z)®P(t) is a growth function if w € A (R™) and ® is an Orlicz
function of lower type p for some p € (0, 1] and of upper type 1. Here, A,(R™) with
q € [1,00] denotes the class of Muckenhoupt weights (see, for example, [9], [10]).
A typical example of such Orlicz function ® is ®(t) := ¢?, with p € (0,1], for all
t € [0,00) (see, for example, [31], [30] for more examples of such ®). Another typical
example of a growth function is

t
In(e + |x]) + In(e + t)

(2.4) o) =

for all x € R™ and t € [0, 00).

Moreover, we need some properties of ¢ in Definition 2.4, which are useful in the
proof of Theorems 1.4, 1.6 and 1.7. Then we have the following properties for ¢
from [3], Lemma 2.5, based on the corresponding results of [20], [9], [10].

Lemma 2.5. Let the function ¢ be as in Definition 2.4.
(i) There exists a positive constant C such that, for all (z,t;) € R™ x [0, 00) with

. o0 &)
JEN ¢(2, 2 4) <O Y platy).
j=1 j=1
(if) A1(R™) C A,(R™) C Ay(R™) for 1 < p < ¢ < 0.
(i) RH(R™) C RHL(R™) € RH,(R™) for 1 < ¢ < p < 0.
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(iv) A(R™) = U A,R") = U RHg([R™).
pE[1,00) q€(1,00]
(v) If p € Ay(R™) with p € [1,00), then there exists a positive constant C' such

that, for all balls By, By C R™ with By C B andt € (0,00), ¢(Ba,t)/¢(B1,t) <
Cl|Bz|/|B1]]P

2.2. Musielak-Orlicz-Hardy spaces. In this subsection, we recall the defini-
tions of Musielak-Orlicz-Hardy spaces H,(R™), introduced in [20], and Musielak-
Orlicz-Hardy spaces H, 1,(R™) associated with Schrédinger operators L, introduced
in [3], [30].

Recall that for a function ¢ as in Definition 2.4, a measurable function f on R" is
said to be in the Musielak-Orlicz space L¥(R™) if [, o(z, |f(z)]) dz < co. Moreover,
for any f € LY(R™), define

I fll Lo (rny = inf{/\ € (0,00): / go(a:, @) dz < 1}.

Let L and ¢ be, respectively, as in (1.3) and Definition 2.4. We remark that
L is a nonnegative self-adjoint operator in L?(R™). Moreover, the Gaussian upper
bound estimate for the kernels of the semigroup {e *£};~( further implies that the
semigroup {e *'};~¢ satisfies the reinforced (1,00, 1) off-diagonal estimates (see [3],
Assumption (B), for the details). Thus, L is a nonnegative self-adjoint operator on
L?(R") satisfying the reinforced (1,00, 1) off-diagonal estimates. Now we recall the
Musielak-Orlicz-Hardy space H, 1, (R™) associated with L introduced in [3].

Definition 2.6. For f € L?(R") and x € R", the Lusin area function Si,(f)(z)
associated with L is defined by

. 1/2
s = { [ erenures )

where I'(z) := {(y,t) € R® x (0,00): |y — z| < t}. A function f € L?(R") is said
to be in the set H, (R") if SL(f) € L¥(R™); moreover, we define || f|z, ,(wn) =
[SL(P e @n)-

The Musielak-Orlicz-Hardy space H, 1 (R™) is defined to be the completion of
ﬁ%L(R") with respect to the quasi-norm |||z, , (rn)-

Now we recall the definition of the Musielak-Orlicz-Hardy space H,(R™) intro-
duced in [20]. We first introduce some notions. In what follows, we denote by
S(R™) the space of all Schwartz functions and by S'(R™) its dual space (namely,
the space of all tempered distributions). Let N := {1,...} and Z4 := {0} UN. For
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any 6 := (01,...,0,) € Z%, let |6 :== 61 + ...+ 0, and 09 := 91°1/9x% ... 9xl». For
m € N, we define

Su®") = {peSED: sp  sup (14 )R o) < 1),
xER"ﬂEZi,m\ngrl

Then, for all f € S'(R™) and = € R™, the non-tangential grand mazimal function f,
of f is defined by setting,

fm(x) = sup sup |f e (y)],
PESH (R™) |ly—z|<t,t€(0,00)

where for all t € (0,00), ¢i(+) :==t~™¢(-/t). When m(p) := |n[q(¢)/i(¢)—1]], where
q(p) and i(p) are, respectively, as in (2.2) and (2.1), and |s] for s € R denotes the
mazimal integer k such that k < s, we denote f;L(w) simply by f*.

Definition 2.7. Let ¢ be as in Definition 2.4. The Musielak-Orlicz-Hardy space
H,(R™) is defined to be the space of all f € §’(R™) such that f* € L¥(R™), with

the quasi-norm || f||z,®n) = |f*|Le®n)-

It is worth noting that for such ¢ as in (2.4), the corresponding Musielak-
Orlicz-Hardy space H,(R™) or H, 1.(R™), associated with the Schrodinger operator
L:=—A+YV on R", appears naturally when studying the products of functions
in H'(R") and BMO(R™), the endpoint estimates for the div-curl lemma and the
endpoint estimates for commutators of singular integrals related to the Schrédinger
operator L (see [1], [2], [21], [19] for the details).

2.3. Notation. In this subsection, we make some conventions on notation.
Throughout the article, we denote by C' a positive constant which is independent of
the main parameters, but may vary from line to line. We also use C, g, . to de-
note a positive constant depending on the indicated parameters v, 3, ... The symbol
A < B means that A < CB. If A < B and B < A, then we write A ~ B. For any
given (quasi-)normed spaces A and B with the corresponding norms ||-||4 and |||z,
the symbol A C B means that for all f € A, we have f € B and ||f||g < || f|la. For
any measurable subset F of R™, we denote by x g its characteristic function and by
EC the set R™\ E. We also set N := {1,...} and Z, := {0} UN. Moreover, for each
ball B C R", let So(B) := 2B and S;(B) := 2/7'B\ 2/B for j € N. Finally, for
q € [1,00] we denote by ¢’ the conjugate exponent of q, namely, 1/q¢+1/¢ = 1.
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3. PROOFS OF THEOREMS 1.4 AND 1.6

In this section we give the proofs of Theorems 1.4 and 1.6. We begin with some
useful auxiliary conclusions.
We first recall the definitions of (¢, ¢, M )-atoms and the atomic Musielak-Orlicz-

Hardy space Hff’at(ﬂ%”) introduced in [3], Definitions 5.2 and 5.3.

Definition 3.1. Let L and ¢ be, respectively, as in (1.1) and Definition 2.4.
Assume that ¢ € (1,00), M € N and B C R” is a ball. Let D(L™) be the domain
of LM. A function o € LI(R™) is called a (¢, q, M) -atom associated with the ball
B, if there exists a function b € D(L) such that

(i) o= LM
(i) for all j € {0,1,..., M}, supp(L’b) C B;
(iii) [[(r5L)7 b paqrny < T%M|B|1/q||XB||Z;(R,,L), where rp denotes the radius of B and
je{0,1,...,M)}.

The atomic Musielak-Orlicz-Hardy space H g{ ’L‘{at([R") is defined via replacing
(¢, ¢, w)-atoms by (¢, q, M)z-atoms in the definition of the space HJ . (R") (see
Definition 1.5 (II) above).

Then we have the following atomic characterization of the space H, r,(R™), which

is just [3], Theorem 5.4.

Lemma 3.2. Let L and ¢ be, respectively, as in (1.1) and Definition 2.4. Assume
that M € N satisfies M > nq(v)/(2i(¢)) and q € ([r(p)]’,00), where q(p), i(p) and
r(p) are, respectively, as in (2.2), (2.1) and (2.3). Then the spaces H, 1 (R™) and

M . ; ; .
Hw_i7at(R”) coincide with equivalent quasi-norms.

Moreover, to prove Theorem 1.4, we need the atomic and molecular characteriza-
tions of H,(R™) established in [20], Theorem 1.1, and [14], Theorem 4.13. To state
the atomic and molecular characterizations of the space H,(R™), we first recall the
definitions of (¢, 0o, s)-atoms, (¢, ¢, s, £)-molecules and Hardy-type spaces defined by
these atoms and molecules.

Definition 3.3. Let ¢ be as in Definition 2.4, ¢ € (1,00), s € Z4, € € (0,00)
and let B C R” be a ball.
(I) A function « € L(R™) is called a (¢, g, s,€)-molecule associated with B, if
(i) for each j € Z, ||| pacs;(my) < 277512 BIY x5l L5 @ny:
(i) [pn (z)a? dz =0 for all B € 77 with |8] < s.
(II) The molecular Musielak-Orlicz-Hardy space HY*° (R™) is defined to be the

@, mol

space of all f € §'(R™) satisfying that f = > \ja; in S'(R™), where {);}; C C,
J
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{a;}; is a sequence of (y, g, s, ¢)-molecules associated with the balls {B;};, and

S 0By Nl 17 ) < oo
J

Moreover, we define

Nl oo (Rn) = inf{A({A\ja}5)}

w,mol

where the infimum is taken over all the decompositions of f as above and
A({Nja;};) is asin (1.7).
(III) Let s € Z satisfy that s > [n[g(v)/i(¢) — 1]]. A function a on R™ is said to
be a (g, 00, s)-atom, if there exists a ball B C R™ such that
(i) supp(a) C B;
(i) llall=cmy < IXBILA @
(iil) [pn a(z)z®dz =0 for all o € 77 with |o] < s.
The atomic Musielak-Orlicz-Hardy space H¥°°(R™) is defined via replacing
(p, q, s,€)-molecules by (¢, 00, s)-atoms in the definition of the space H%% (R™).

@, mol

Then we have the following conclusion, which is just a corollary of [20], Theo-
rem 1.1, and [14], Theorem 4.13.

Lemma 3.4. Let ¢ be as in Definition 2.4. Assume that s € Z, with s >
[n(a(@)/i(p) =1)], € € (max{n+s,nq(¢)/i(p)}, 00) and p € (q()[r(¢)]', 00), where
i(¢), q(p) and r(p) are, respectively, as in (2.1), (2.2) and (2.3). Then the spaces

Hy(R™), H#>*(R™) and H) 30 (R") coincide with equivalent quasi-norms.

Remark 3.5. (i) Let H, .(R™) and Hg’[’Lq’at(R”) be as in Lemma 3.2. By the proof
of [3], Theorem 5.4, we know that, if f € H, ,(R")NL?*(R™), then the decomposition

f = Y \ja; holds true in L*(R™), where {)\;}; C C and {o;}; is a sequence of
J

(¢, q, M) p-atoms.

(ii) Let H,(R™) and H¥°*(R™) be as in Lemma 3.4. Then from the proof of [20],
Theorem 5.2, it follows that, if f € H,(R™) N L*(R™), then the decomposition f =
>~ Ajaj holds true in L?(R™), where {);}; C C and {a;}, is a sequence of (p, 0o, s)-
J

atoms.

To prove Theorem 1.4, we need the following maximal function characterization
of H, 1 (R™). We first recall the definition of maximal functions.

For f € L?(R") and x € R", define the radial mazimal function of f, associated
with the semigroup {e_t‘/z}t>0 generated by —vV/L, by setting

Ne(f) (@)= sup |e"VE(f)()].

t€(0,00)
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Let
Honp(R™) = {f € L*(R"): Np(f) € LP(R™)}
with || f[| g, y, &) = INP(f)llLe(rn). Then the space Hy n(R") is defined as the

completion of the set ﬁ%Np(R") with respect to the quasi-norm ||-[| s, ., (r")-

Then we have the following conclusion, which is just [3], Theorem 8.3.

Lemma 3.6. Let L and ¢ be, respectively, as in (1.1) and Definition 2.4. Then
the spaces H, ,(R™) and Hy, a7, (R™) coincide with equivalent quasi-norms.

Now we give the proof of Theorem 1.4 by applying Lemmas 3.4 through 2.5 and
Lemma 1.3.

Proof of Theorem 1.4. To prove Theorem 1.4, it suffices to show that

(3.1) Il e, ony ~ llwflla, @y

holds true for all f € H, 1(R™).

First let f € ﬁ%L([R"), q € (¢(p)r(v)],0) and let M € N satisfy M >
nq(¢)/(2i(p)). By this, Lemma 3.2 and Remark 3.5 (i), we see that there exist
{A;}; € C and a sequence {c;}; of (¢,q, M)r-atoms, associated with the balls

{B,}; such that
(3.2) F=2 Naj in LX(R™) and | flla, @) ~ A{Aa5)5).
J

Moreover, from the definition of (¢, q, M)-atoms, we deduce that, for any
(p,q, M)-atom « associated with the ball B, there exists b € D(L) such that
«a = Lb, which, combined with the fact that w is an L-harmonic function and L is
a self-adjoint operator on L?(R"), further implies that

(3.3) /n a(x)w(z)dr = /n Lb(z)w(z)dz = / b(x)Lw(z)dx = 0.

Furthermore, by the assumptions 0 < C7 < w < Cy and supp(«) C B, we conclude
that supp(ow) C B and

||OéU)||Lq(Rn) S CQ”O&HL’I([RH) < CQlBll/q||XB||Z;(Rn)7

which, together with (3.3), implies that aw is a (p, ¢, 0, €)-molecule for any € € (0, 00)
up to a harmless constant multiple. From this and (3.2), it follows that, for any j,
a;w is a constant multiple of a (¢, ¢, 0, €)-molecule with any ¢ € (0, 00),

wf = Z)‘J’(O‘J’w) in LX(R™) and  [|flg, @) ~ AN e5}5) ~ A (agw)}5),
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which, together with Lemma 3.4, further implies that wf € H,(R™) and

lwflla,@ey S NFll e, L@

This, combined with the arbitrariness of f € IAi;%L([R”) and the fact that ﬁtp,L(an)
is dense in H,, 1 (R™), yields that, for any f € H, (R™), we have wf € H,(R™) and

(3.4) lwflia, @y S H, L@

Now let wf € H,(R™) N L*(R™). Then by Lemma 3.4 and Remark 3.5 (ii) we see
that there exist {\;}; C C and a sequence {a;}; of (¢, 0, 0)-atoms, supported in
the balls {B,};, such that

(3.5) wf = Zx\jaj in LQ(R”) and ||wf||H¢(Rn) ~ A{Njaj}j).
J

To prove f € H, .(R™) via Lemma 3.6, we only need to show that for any (¢, 00, 0)-
atom a supported in the ball B := B(xg,r¢), and X € C,

(36) [ elaNe(a/w)(a)) do S o(B, Ml 2 )

In fact, if (3.6) holds true, from (3.6), (3.5) and Lemma 2.5 (i) we deduce that for
any A € (0,00),

/ﬂyap(m NP dx<Z/ x./\fp Aa])(m))dx
52@(33‘7%)7

Alxs; Lo ®n)

which, together with (3.5) and Lemma 3.6, further implies that f € H, r(R™) and

£z, oy ~ INP(OllLerny S 0S|l a, R7)-

This, combined with the arbitrariness of wf € H,(R") N L*(R™) and the fact that
H,(R™) N L*(R™) is dense in H,(R"), concludes that, for any wf € H,(R™), f €
H, (R™) and

|\f|\H¢,L(R”) < ||wf||H¢(R")a

which, together with (3.4), yields that (3.1) holds true.
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Now we prove (3.6). From the assumption n + po > ng(v)/i(¢), we deduce that
there exist ¢ € (g(¢),00) and py € (0,i(p)) such that n + po > ng/po, ¢ € Az(R™)
and ¢ is of uniformly lower type py. By the well-known subordination formula

v LT L rnaw du
(3.7) e =7 ), e e i

associated with L (see, for example, [11], (4.22)), (1.2) and (1.4), we conclude that,
for all z,y € R™,

t

(3.8) Ki(x,y) ~ Tr =g

Indeed, from (3.7) and (1.2) we deduce that for all ¢t € (0,00) and z, y € R,

~ Y A du
(3.9) Kt(xay)*m o € Kt2/4u(xay)m

0o n—1)/2
</ B M Ly
0

~ tn

Nt—n/ W (n=1)/2g=(la—y2/2)u g g
0

g [1 N |z —2y|2} —(n+1)/2 /00 12 g
t 0

t
(t+ |z —y[)m+t

~

Moreover, via (3.7) and (1.4), repeating the proof of (3.9), we see that for all ¢ €
(0,00) and z,y € R™,

~ t

Ky(z,y) 2 —————

R
which, together with (3.9), implies that (3.8) holds true.
Furthermore, let x € 2B. Then by the uniformly upper type 1 property of ¢, we

know that, if Np(a/w)(x)||xB||Le®n) = 1, then

(3.10) p(z, Np(Xa/w)(z))

oz, MNP (a/w)(x))
< o, MIxsl 22 @n)lIxsl e @nNp (a/w)(@).

Similarly to the proof of (3.10), from the uniformly lower type py property of ¢ it
follows that if N'p(a/w)(z)|xBl Le®n) € (0,1), then

p(z, Np(Aa/w)(@)) S @@, MBI L @) X B Lo @) Ne(a/w) ()],
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which, combined with (3.10), implies that

(3.11) p(a, Np(Aa/w)(2)) S el MBI 72 @) ) IXE e @) NP (a/w) (2)
+ [IxsllLe@mNp(a/w) (@)}

Denote by M the Hardy-Littlewood maximal operator on R™. Then it follows,
from (3.8), that Np(a/w) < M(a/w). By this, (3.11), Holder’s inequality, LP(R™)-
boundedness of M with p € (1,00), 0 < C; < w < Cy and Lemma 2.5(v), we
conclude that

(3.12) /QBQO(J:,NP(/\a/w)(Jc))dx

< / ol NIXBIE Xl oy M) )
+ IXBIE oy M (afw) @)} de

S Ixalle@nllM(a/w)| LaerlleC N IxB e @) L @8y

XIS oy | M @/ 0) 12 5 0 IATIXE I 2 ) o0 o

< Ixsll @ lallagen) 2BI 90 (2B, Al Ixs 1 2 @)
XIS gy 2 ey |2BT 902, I8 1 )

SJ SO(Bv |)‘|||XB||ZVI=(R71))a

where ¢ € (1, 00) is large enough such that ¢ € RH, (R™).
Moreover, for z € R™ \ 2B, we consider the following two cases for ¢ € (0, c0).

Case 1: t € (0,79]. In this case, by (3.8), C1 < w < Cs and the fact that
|z —y| ~ |z — zo| for any y € B, we conclude that for all z € R™ \ 2B,

t
(t + |z —y[)m*
x — x|~ Y,

eVE(a/w)(@)] S IxBl7E e /B dy

S o Ixalze e

which implies that for all 2 € R™\ 2B,

@13)  swp e w)@)] S Il o = T,
70
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Case 2: t € (rg,00). In this case, from Lemma 1.3, [, a(x)dz = 0 and (3.8), it
follows that for all z € R™\ 2B,

le”VE (a/w)(z)| =

/ [I?t(x,y)_f?t(x,xo)
nLow(y) (o)

< [ [ R, (0, 20 atw)  dy
|

}a(y) dy}

o —1 tl—uo
ST HXB||L¢(Rn)/ Wdy

S5l ey o = ol ),

which further implies that

@ — x|~ (HHo),

— + —
sup e (a/w)(@)] S 75 lIxel L e
t€(ro,00)

By this and (3.13), we see that for all z € R™ \ 2B,

Np(ajw)(@) S 15 lIXB e gy 2 — 20|~ HH0),

which, combined with the uniformly lower type po property of ¢, Lemma 2.5 (v) and
n 4+ po > ng/po, further implies that

/ (&, Np (M) (z)) dz
R7\2B

o (n+a0)po / o, Al g gny) da
5;(B)

J

-
I
-

N A
NERINGE

g (mrho=ndlp0)ito (B, Ml xBl 12 @ny) S (B IMIXE LS (n))-

ECH
I
-

This, together with (3.12), completes the proof of (3.6) and hence of Theorem 1.4.
O

Now we give the proof of Theorem 1.6 by using Theorem 1.4.

Proof of Theorem 1.6. We first prove that the spaces H, (R™) = HZ (R")
coincide with equivalent quasi-norms. Let f € H, r(R™). Then by Theorem 1.4
we see that wf € H,(R") N L?(R™). From this, Lemma 3.4, Remark 3.5 (ii) and
Theorem 1.4 again, we deduce that there exist {A;}; C C and a sequence {a;}; of

(p, 00,0)-atoms such that

f= ZA in L*(R") and || fllu, @) ~ |lwflla, @ ~ A{Xa;}).
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It is easy to see that for any j € N, a;/w is a (¢, 0o, w)-atom and hence a (p, g, w)-

atom, up to a harmless constant multiple. Thus f € I?g’gt([R") and || f]] HEY, (R <

I flle, o @ny-

Let f € ﬁg’,gﬁ(ﬂ%"). Then there exist {)\;}; C C and a sequence {c;}; of (¢, ¢, w)-

atoms such that

F=Y Moy inL*R") and |f]gow @ ~ A{Na5)),
i

which implies that wf = Y Aj(we;) in L?*(R") and for each j € N, wa; is

j

a (p,q,0,e)-molecule with any ¢ € (0,00) up to a harmless constant multiple.
By this and Lemma 3.4 we know that wf € H,(R™) N L*(R™), which, together with
Theorem 1.4, implies that f € H, (R") and || f]|,,.(R") S ||f||H;,:t(R,,L).

From the above argument, it follows that flgqft([R") = H, (R") with equivalent

quasi-norms, which, combined with the fact that ﬁgft(R”) and Iip, r(R™) are, re-

spectively, dense in Hg’!f:t([R") and H, r(R™), and a density argument, implies that

the spaces HJ i (R") = H, .(R™) coincide with equivalent quasi-norms.

To complete the proof of Theorem 1.6, we still need to prove that for some ¢ €

(na(p)/ip),00), HZ 5 (R™) = HI'U (R™) with equivalent quasi-norms. First, by an

obvious observation that for any (¢, ¢, w)-atom a, a is also a (¢, ¢, w, €)-molecule for
any € € (0,00), we see that H2% (R™) C H?™° (R™).

p,at @, mol
Conversely, to prove HZ''0(R™) € HZL(R™), we only need to prove that for

any (¢, q, w,e)-molecule b associated with B, with € € (ng(¢)/i(p), ), there exist
{A\;}; C C and a sequence {a;}; of (¢, q,w)-atoms, supported in the balls {B;};,

such that
b= Z )\jaj,
J

and for any A € (0, 00),

Al 1
(3.14) o (B ) S o(B ).
zj: 7 Nixs; e MIxBl Lo @n)
For k € 7, let xx = Xs,(B)>
~1

Xk = Xk

/ w(z) dz
Sk(B)

my = fSk(B) b(z)w(z) dz and My, := by — miXk. Then we have

(3.15) b= M+ miXr.
k=0 k=0
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For i€ Zy,let Ny := > mj. By [, b(z)w(x)dx =0 and (3.15), we conclude that
j=i

o0 (o) (o) o0
b= Mi+) Nept(Xns1 = Xn) = ) b+ ) bag
k=0 k=0

k=0 k=0

Then similarly to [3], Theorem 8.5 (ii), we can prove that for each k € Z,, both by 1,
and b ;, are multiples of a (p, ¢, w)-atom and (3.14) also holds true. Indeed, it is
easy to see that for all k € 7,

(3.16) supp(b1x) C 2°7'B  and / b1 k(x)w(z)dz = 0.
For any k € Z,, by Hélder’s inequality and 0 < C; < w < (s, we conclude that

/ w(z) dz
Si(B)
Sbllzacse(my) + 10l Lagse | Sk(B)M4|Se(B)| Sk (B)[

S bl pagsery S 27128 B Bl L -
(R™)

1
|Sk(B)[!/

61,6l La(rny < [[0llLacs,.(B)) + [k

Thus, there exists a positive constant Cy such that, for any k € 7,

(3.17) Ib1illzoqeny < G225 BV gl 7 g
For each k € 7, let a1, = 2b1 1||xB| Le®n)/CsllXr+18]|Lern) and A1 =
Cs||xar+18 e (k) /2" | X Bl Le®n)- Then by (3.16) and (3.17) we conclude that for
any k € Z4, b1 = M a1k and a1 is a (o, ¢, w)-atom associated with the ball
21 B,

Now we deal with by, with k € Z. From Holder’s inequality, 0 < C; < w < Cy
and € > ng(v)/i(¢) = n, we deduce that

b2,k Loy S [Nagal|Se(B)HSk(B)Y1 S > Imyl|Se(B)[ 77

Jj=k+1
S Y Ibllnacs,mylS; BV |SK(B)
j=k+1
< Z 2_j€|2jB|1/q|SJ(B)|1/ql||XBHZ};(RR) Sk(B)|—1/q/
j=k+1

S 27k(67n)|B|”XBHZ«1;(Rn)

Sk(B)| VY ~ 27525 Bll|xs]| 1 -
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which further implies that there exists a positive constant Cg such that, for any
kely,

(3.18) b2,6 | Larmy < Co2~*125F2 BV X8 15 (m

For each k € 7, let azy = 2byi||xB| Le®n)/CollXar+28]Lorn) and Ao =
CslIxar+2p e (&) /25| x B Lo ®n). Moreover, it is easy to see that for each k € 7,

supp(ba.x) C 2"2B  and / ba i (x)w(z)dz =0,

which, together with (3.18) and the definition of as i, implies that for each k € 7,
bo.x = A2.razx and ag is a (p, ¢, w)-atom associated with the ball 2*+2B.

By the assumption € > ng(y)/i(¢) we conclude that there exist ¢ € (¢(¢), o0) and
po € (0,4(p)) such that e > ng/po, ¢ € Az(R™) and ¢ is of uniformly lower type po,
which, together with the definitions of A\; ; and A2 and Lemma 2.5 (v), further
implies that for all A € (0, c0),

co 2 s
Zzw(lgm’%)

k=0 i=1 AllxB. e mn)

> Cs2 ke e Cn2—ke

< ktlp 5% k42 6

Sy e(2s, )+ e(22B, )
kzzo Allxs |l e @n) 22090 "AlxB| e ®n)
— - 1

< Sakemamig(p L)
;} A||><BHL&P([RH)
o0

TR P W VU W
k=0 >‘”XBHL“)(R") >\||XBHLso(u;en)

where, for each i € {1,2} and k € Zy, B, denotes the ball associated with the
atom a; 5. Thus, (3.14) holds true. This completes the proof of the inclusion

HLUG(R™) € HEG(R™) and hence the proof of Theorem 1.6. O

4. PROOF OF THEOREM 1.7

In this section we give the proof of Theorem 1.7. We begin with an auxiliary
conclusion, which is just [6], Lemmas 2.11 and 2.13.
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Lemma 4.1. Let L be as in (1.1) and f € L'(R™). Assume that L satisfies (1.3)
and w is as in Theorem 1.4. Then

(4.1) / (AL (@) de = [ f(e)w(z)da
n R?L

and

(4.2) /L1/2<—A>-1/2<f><x>w<x>dx=cw f(2) da,

where ¢, is a constant depending only on w.

Lemma 4.2. Let L be as in (1.1). Then there exists a positive constant C' such
that for any | € LE(R"), |[(~A)Y2LY2(f)| z2qan) < Ol fll2gan)

Proof. Let f € L?(R"). It is known that VL~'/? is bounded on L?(R") (see,
for example, [11], (8.20)) and for any u € W12(R™),
(4.3) IVull L2 ggny ~ [1(=A)"ul| L2(am),

which implies that

(=) 2L 2 ()| 2y ~ IVLTY2(P) 2wy S 1512 qen)-

This completes the proof of Lemma 4.2. O

Now we prove Theorem 1.7 via Lemmas 3.2, 3.4, 4.1 and 4.2.
Proof of Theorem 1.7. We first prove (1.8). Let f € H, 1(R") and let M € N
satisfy M > ng(y)/2i(¢) + 1/2. From the assumption that n > 3 and
n n
B < )
ng(p)/ilp) =1 " mn—1

q(@)[r(p)] <

we deduce that ¢(p)[r(¢)]’ < 2. Then by Lemma 3.2 and Remark 3.5 (i) we see that
there exist {A;} C C and a sequence {«;}; of (¢,2, M)r-atoms such that

44 =Y Nay, mLXRY) and |fllm,, @ ~ A{A ).
J

To prove (—A)Y2L=Y2(f) € H,(R"), it suffices to show that for any (p,2, M) -
atom « associated with the ball B := B(zg,79) and some ¢ € (ng(p)/i(p),c0),
(=A)'2L=12(a) is a (¢,2,0,¢)-molecule associated with B, up to a harmless
constant multiple. If this claim holds true, this, (4.4) and Lemma 4.2 yield
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that (=A)Y2L7Y2(f) = Y0 A (=A)Y2L7/2(a;) is a molecular decomposition
of (=A)Y/2L=1/2(f), which, combined with Lemma 3.4 and (4.4) again, implies that
(—A)2L(f) € Hy(R™) and (—A) 2L () gy S 1 i, o o)+ By this,
the arbitrariness of f € H, .(R™) and the fact that H, ,(R") is dense in H, 1 (R™),
we conclude that for any f € Hy, 1 (R"), (—A)Y2L71/2(f) € H,(R") and

=) 2L Y2 (D)o @my S W, m)-

Now we prove that (—A)/2L~1/2(a) is a (p,2,0,e)-molecule up to a harmless
constant multiple. Let b € D(L) be such that & = Lb. By (4.1) and the fact that L
is a self-adjoint operator on L?(R"™), we see that

(4.5) /n(—A)l/QL_l/Q(a)(x)dx:/

Moreover, for k € {0,1,...,5}, it follows from Lemma 4.2 that

Lb(z)w(z)dx = / b(x)Lw(z)dz = 0.

n n

(4.6) [(=A)Y2L7Y2(@) || n2(s, () S lledlpz@n) S |B|1/2HXB||Z,}(R")~

When k € N and k > 6, let S(B) := 282 B\ 22 B. Take ¢) € C°(R™) such that
Y =1on Sk(B), 0 < v < 1, supp(v)) C Sk(B) and |V < (2%rg) L. Then by (4.3)
we see that

47 I=A)2PLT 2 0) ] s my)
< ||(_A)l/Q(wL_l/Qa)||L2(§k(3)) ~ ||V(¢L_1/204)”L2(§,€(B))
S ||VL_1/2(04)||L2(§k(B)) + (ZkTO)_l||L_1/2(O‘)||L2(§k(3))-

It follows from [30], (7.28) that for some s € (ng(y)/i(p),2M),
(13) 19272l g, o) S 2 B2l oy

For the sake of completeness, we give the proof of (4.8). By [11], Lemma 8.5, we see
that there exist two positive constants C' and ¢ such that for all closed sets E and F’
in R", ¢t € (0,00) and f € L*(E),

[dist(E, F)]?

2
(4.9) Ve L f|| 12y < cexp{— -

H1 2oy,

where dist(E, F) := inf{|z — y|: « € E,y € F}. Moreover, from the functional
calculus of L, we deduce that for all f € L?(R"™),

(4.10) VL V2f = LT Ve tbf dt
: xl/2 o /2"
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By the definition of a (p,2, M) -atom, we know that there exists b € D(LM)
such that a = LMb, supp(b) C B and [|b]|12(p) < T§M|B|1/2||XBHZ;(R,,). Then
from (4.10), the change of variables and Minkowski’s inequality, it follows that for
each k € N with k£ > 6,

(4.11) IVL™2(@) 125, ()

oo , 1/2
< / {/ |Ve™ La(x)|2dx} d¢
0 Sk(B)
o , 1/2
~ / {/ [tVe™ " La(z))? dx} dt
0 Sk(B) t

> 27 \M —t>L 2 1z di
+/ {/~ [tV (t“L)" e " “b(x)] dx} e
To

Sk(B)
=: Hk71 =+ Hkyg.

For Hy 1, by (4.9) we conclude that

70 2]{77,. 2 dt
(4.12) Hy1 < / eXp{_( ;)) }Ha||L2(B)_
o ct t

N e —(eM—1)k
SV, @ gl ~ 2 el 22

5 2_(2M_1)k|B|1/2HXB”qu:([Rn)-

Furthermore, similarly to (4.12), we see that

o (2F7g)? dt
Hy2 S / exp{— o2 }||b||L2(B)tQM—+1
To

- oo t(2M71) dt
~ Jry (2krg) @M=D) t2M+1HbHL2(B)

N 2_(2M_1)k|B|1/2||XB||Z4/1’([R")7

which, together with (4.11) and (4.12), implies that for all k¥ € N with k > 6,

VL= 2@ a5,y S 27 VHIBI Dl 2 -

~

From this and the assumption that M > nq(p)/2i(p) + 1/2 we deduce that (4.8)
holds true.
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Moreover, by L~1/2 = n=1/2 [ e~tL¢=1/2 dt, Minkowski’s inequality and Holder’s
inequality, we conclude that for each k € N with k& > 6,

Tg 1/2 dt
4.13 L7Y2()] 23 S/ {/ |etLC¥($)|2dx} e
1) I e S [ -

dt

0o 1/2
M —tL 2
+[2 {/gk(B)KtL) e p(z)| da:} Py

[¢]

=11 + i 2.

From Minkowski’s inequality, (1.2), Holder’s inequality and the fact that for all
x € Sp(B)and y € B, |[vr—y| > 28"2rg —rg > 231y, we deduce that for each k € N
with k > 6,

1/2
(4.14) ||e—tLa||L2(§k(B))</3|a(y)|{/§(B)IKt(rc,y)Ide} dy
k

_ok—3
S HOéHLl(B tn/2 (2 "%rg)? /4t|S ( )|1/2

n 1 ok 3,02 . _
o2 L gy

~ tn/2
which further implies that
kn/2| 1(3/2 -1 i 1 —(2%3r0)2 /4t
(4.15) Tea S 27 PIBP2 Il ooy | germze® dt
2
T 1 t M+n/4
< okn/2|p|3/2 -1 ’ [ }
~ 2 |B| ||XBHL47([RR)/O H(n+1)/2 (rio)2 de

oM _
<2725 B2 xs 7 -

To estimate Ij 2, we recall that for any m € N there exists a positive constant c,,
such that for all ¢ € (0,00) and z,y € R™,

efley|2/cmt

‘8’”1(}(:6, Y) < 1
otm ~ n/24+m

(see, for example, [23], Theorem 6.17). By this, similarly to (4.14), we see that

tMOM Ky (a,y v
‘I MeitLb . </ b Yy {/ ‘—t‘ dz } dy
[ (tL) I L2508y B' W) 5.(B) ot

< gkn/2 1/2 o (257 0r0)? fent 20 | py3/2

m HXBHZ}»(W)?
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which implies that

o
1 k=3, \2
k M -1 —
tio S 272 B2y [ e @
To

oo 1 t M+n/4
kn/2, 2M|R|3/2 -1
S2 o | Bl HXBHUP(R")/z M+ (n+1)/2 {(2197,0)2} dt
"o

N 2_2M7”0|B|1/2HXB||Zv1»(Rn)-
This, (4.13), (4.15) and s < 2M yield that

(ZkTO)_l |‘L_1/2(04)||L2(§,€(B)) S 2_(2M+1)k|B|1/2 ||XB||Z4/1’([R”)

—sk||1/2 —1
<27 Bl / ”XBHL«;([R?L)’
where s is as in (4.8), which, combined with (4.7) and (4.8), implies that

I(=A)2L7 ()| L2 gs(my) S 27 MBIV IxBI L8 @
By this inequality, (4.5) and (4.6), we see that (—A)Y/2L71/2(a) is a (p,2,0, s)-
molecule up to a harmless constant multiple. Thus, the claim holds true.

Now we prove (1.9). By the assumption that ¢(¢)[r(¢)]’ < n/(nq(e)/i(¢) — 1) we
know that there exist ¢ € (1,00) and v € (0, 1) such that

n

a(@)lr(p)] <q< a2 /i(0) —v

)

which further implies that v + n/q¢ > ng(¢)/i(¢). Due to this, Lemma 3.4 and
Theorem 1.6, similarly to the proof of (1.8), it suffices to prove that for any (¢, co, 0)-
atom a supported in the ball B := B(zg,70), L'/?(=A)~Y2(a) is a (@, ¢, w, v +n/q)-
molecule associated with B, up to a harmless constant multiple.

By (4.2) and [, a(z) dz = 0, we see that

(4.16) / LY2(=A)"Y2(a) (z)w(z) de = cw/ a(z)dz = 0.

n

For any x € R", let

(4.17) J(x) = /O(X)/Ot/n/n P_s(x—2)V(z)

~ dt
X Ko(2,9)(=8)"2a)(y) dy dzds 7.
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From the functional calculus associated with A := L or —A, we deduce that there
exists a positive constant ¢y such that, for a suitable function f on R",

o d
(1.18) A= [ ms - s,

where {H;}:~o denote the heat kernels of A. Furthermore, by the Kato-Trotter
formula, we know that for all ¢t € (0, 00) and z € R™,

Ki(z,y) = Pz —y //”Pt (@ — V() Ks(2 y) dz ds

(see, for example [6], (2.2)), which, combined with (4.18), implies that

@19) L)) = [ D-8) )
o [ (- YA )

deo [T (B D=0 @)@

= —coJ(z) + a(z).
Moreover, by the equality (—A)~1/2 = z=1/2 [*e!A171/2d¢, we see that for all

xz e R",

(4.20) A @@ =c [ 2 _g,

e [T —y|nt

with C a constant independent of a, which, together with ||al|zrn) < HXB”Z;([R”)’
implies that for any = € 2B,

(4.21) (=2)"2(@)(@)] S rollxsl b @n-

For x € R™\ 2B, from (4.20), [, a(y)dy =0, |lal|Le@n) < ”XBHZ}?(R") and the
mean value theorem, we deduce that

(=2)7 (@) ()] S

<

[ = ol = 1o = a0l aty dy\

x0|7n7

TOJFIHXBHL«;([R")

which, together with (4.21), further implies that for all 2 € R™,

_ _ r—x -n
(4.22) (~8) (@) (@) £ ol 7 e [+ 220 7"
0
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Due to (4.22), similarly to [6], (4.8), we conclude that

S IBIM Xl ze gn)

@2 oo (s =l AV [,

To

La(R™)

where J(-) is as in (4.17). Indeed,

a0 =L [ // o LI

= Ji(z) + Ja(z) + J3(z)

To obtain (4.23), we need the following basic estimates, which are established in [7],
Section 4, the details being omitted here. For x € R"™, d € (2,00) and 3,t € (0, 00),
let

g(@) =1+ 2", g(z):= ﬁ%g<tl%)

Then for any t € (0,00) and = € R™,

t —2-8
< [2—d |z|
(4.25) / @) ds S Ja 14 27
and
o0 —d+2
(4.26) / gs(x)dsgﬂ—d[1+|‘f—|} .
t2

Moreover, for any g € (1,00), v € (n/q¢’,n] and B,t € (0, 00),

=C, ﬁt(vfnJrn/q)/?’

5
(4.27) H|x|V*"[1+ﬂ} - |
La(Rn)

t1/2

and for any 0 <y < 8 < 2,2 € R" and r € (0, 0),

-y~ —n+y v+2-n—p
(4.28) / o=y |1+ M} 1+ @} dy S 72 [1+ M} .

r

Furthermore, for any z € R™, v € (0,2] and r € (0, c0),

T — —n+y -~ _
(4.20) [ v+ BT 4y o2 an Ve,

r
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Now we prove (4.22) by using (4.25) through (4.29). From (4.22) and (1.2), it
follows that for all s € (0,73) and y,z € R",

Koy, 2)[(=2)""2(a)(y)]

_ 1
< TOHXB”L}?([R") /2 °

ety 4 L= Zl}*"[ M}*
g1/2 1+ o

oy z\/SS{ |y—Z|+|y—9€0|}‘

1
<
TO”XB”L‘P([RH) n/2 To

_ 1 .2 |z — @]~
S’I"OHXB”L}:(RW,)WQ ly—=z|%/8s |:1+T:|

?

which, together with the change of variables and (4.25) (taking d = n + 1 in this
case), implies that

LMM<MMMWU///jg%w—z<>

—ly—2| /89{ +M} dy dzdsd—

o $3/2

|z — xo|777 ds
< TOHXB”Lso([Rn)/ / (x —2) )[1 + T} dz iz

- - x—z[17N z —xo|17m
S e L G I

n/2

where N € (n + v, 00) is a positive constant. Now we further see that

& — 2|77 : |z — 2|1~V
(@)l [1+ |" S rollxsllztgn [ lo =21+ =2
To Rn 70

— —n+y
L 0 q dz,

XV (2) [1 +

which, together with Minkowski’s inequality, (4.27) and (4.29), implies that

(4.30) H.]l(-)(l n ﬂ)v}

To

La(R)

- _ r— z|1-N+v
STOHXB”L“I’(R”)/R H|x_z|1 n|:1+g:| ‘

70 La(R™)

dz

y V(z){l—l— |z—x0|}*n+v

_ _ z — xo|1— Y
< 7"3 n+n/q”XBHL;(R")/[R V(z) [1 + |r70|} dz

5 |B|1/q||XB||Zq1;([Rn) A71V||L00(Rn).

To
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For J;, from (4.22), (1.2), (4.25) (taking d = n in this case) and the estimate

e —wolyr _ (#2920 = woly g el el
w3 1+ = <[] I'[1 'L ]
(4.31) + - ~ 1 + - + VE + Ve

for any t € (r2,00), we deduce that

|x—x0|]7
7o

[ o) 1+

v oo rt/2 1 e_‘x_z‘z/%
2 Rn n tn/2

z|*/4s | x0| dt
~ly==1*/ {H—} ddzdsm

_ |x
< rollxsllzh e |1+

X V(z) s"/2

1 J;O| )
S rolbxallzeen) { / /ﬂ/7z m/z° el

V) [t T L ) gy, 2

57“0 27||XB||L¢(W / / / H(27—n=3)/2 —|z—2|? /4ty ()

- —N+y — —n+y
X |z =yl 1+ ] 1+7|y Zo| dy dz dt,
t1/2 o

where N € (27, 00) is a positive constant. Letting N = 4+~ with0 <~y < g <1
and applying Minkowski’s inequality, (4.28) and (4.29), we see that

|'—x0| ¥
(432) 1220) (1 + ") " gaary
<r1 2’Y||XB||L‘P([R7L / / / 27 n— 3/2||e |-—z|? /4t||Lq([Rn)V( )
|Z y| —N+y |y—:c0|
X |z —yl*” n[1+ 72 } {1+7} dydzdt

2 I
Sro” A/”XB”L‘;, Rn) / // f@rin/a=n=3)/2y( )

t1/2 . _3 - ety
7o To 70

1-2v— —
<70 Pl gl

Zo] ] —n+24+7-p
z

X/ r§7+5+n/Q+1—nV(z) |:1 + |Z ;0

S |B|1/q||XB||Z«1;(Rn)

A71V||L00(Rn).
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For J3, it follows from (4.22), (1.2), the change of variables and (4.25) with d = n
that

ot
@) S ol it | / JR RIS

Ly M} dt
x e 1+ P dydzds 75
|z —z[1~=N
< rollxsllz! Rn)/ e B2
o—ly—z1%/2t ly $0|}’” de
x V(z ) /2 [1+7ro dy dz VEVER

where N € (n, 00) is a positive constant, which, combined with (4.31), further implies
that

)| o+ )

2 n |z — 2|7 N+7 o .
<7’o 7||><B||m Rn)/ // |2 1+ e } 1(27-3)/2

—|y z|?/4t {1_’_ |y

x V(z)—= $0|} dy dzdt.

tn/2 0

By this, Minkowski’s inequality, (4.27), (4.26) with d = 2n+1—2vy—n/q and (4.29),
we conclude that

st ( ) e

_2 ||XB||L“’([Rn)/ / / (27 +(n/g)—n— 1)/2V( )

t /26 —ly—=| /2t|: |y x0|:| dydzdt

2—2n+ _
S ol [ ]

[1 . |z — y|rv+1+(n/q) 2n{ ly —

—n+
xol} dedz

To To

|z — zo] ] 2v4+14+(n/q)—2n d

< rg_"Jr"/qHXBHZ;(R'")A V(2) [1 + z

S |B|1/q||XB||Z«1;(Rn) A

To

W Lo mny,

which, combined with (4.24), (4.30) and (4.32), implies that (4.23) holds true.
From (4.19), (4.23) and [[al| = (@n) < [IXB]L¢(gn), it follows that

(433)  |LY*(=2)"2(@)lLas) S 1 Loqasy + lallzaeny S 1BV IxBILH @n)-

T



When j € N with j > 2 by (4.19), (4.23), supp(a) C B and the fact that for any
UAS Sj(B), |z — o] ~ 2j7"o, we conclude that

||L1/2(_A)*1/2(a)HLq(sj(B)) ~ Nl zacs; 8y
L | —x0| Y
~2 "”||J(-)(1 - T) [Lacs; )
< 2_”|B|1/q|\XBHZ«1:(Rn)

- 2—(’Y+"/Q)j|2j+1B|1/q||XB||Zv1»(R")’

which, combined with (4.16) and (4.33), further implies that LY/2(—A)~/2(a) is
a (p,q,0,7+ n/qg)-molecule up to a harmless constant multiple. This completes the

pro

of of Theorem 1.7. O
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