Kybernetika

Piotr Nowak; Olgierd Hryniewicz
Generalized versions of MV-algebraic central limit theorems
Kybernetika, Vol. 51 (2015), No. 5, 765-783

Persistent URL: http://dml.cz/dmlcz/144742

Terms of use:

© Institute of Information Theory and Automation AS CR, 2015

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://dml.cz


http://dml.cz/dmlcz/144742
http://dml.cz

KYBERNETIKA — VOLUME 51 (2015), NUMBER 5, PAGES 765-783

GENERALIZED VERSIONS OF MV-ALGEBRAIC CENTRAL
LIMIT THEOREMS

P10TR NOWAK AND OLGIERD HRYNIEWICZ

MV-algebras can be treated as non-commutative generalizations of boolean algebras. The
probability theory of MV-algebras was developed as a generalization of the boolean algebraic
probability theory. For both theories the notions of state and observable were introduced by
abstracting the properties of the Kolmogorov’s probability measure and the classical random
variable. Similarly, as in the case of the classical Kolmogorov’s probability, the notion of
independence is considered. In the framework of the MV-algebraic probability theory many
important theorems (as the individual ergodic theorem and the laws of large numbers for
observables) were proved. In particular, the central limit theorem (CLT) for sequences of
independent and identically distributed observables was considered. In this paper, for triangular
arrays of independent, not necessarily identically distributed observables of MV-algebras, we
have proved the Lindeberg and the Lyapunov central limit theorems, and the Feller theorem.
To show that the generalization proposed by us is essential, we discuss examples of applications
of the proved MV-algebraic versions of theorems.

Keywords: MV-algebra, MV-algebraic probability, central limit theorem
Classification: 06D35, 60B15

1. INTRODUCTION

Introduction of the notion of MV-algebras by Chang in [5] was an important contri-
bution to the theory of algebraic systems, especially to the Nyp-valued propositional
calculus developed in [I0] and [30]. MV-algebras can be considered as non-commutative
generalizations of boolean algebras. The literature concerning the general theory of MV-
algebras is very rich and it contains many interesting results (see e. g., [7] and references
therein). Special cases of the general MV-algebras are the MV-algebras of fuzzy sets.
Fundamentals of the boolean algebraic probability theory were created by Carathéodory

and von Neumann. In [4] Carathéodory presented basic notions of point-free probability.
The author replaced probability measures on o-algebras, considered in the classical Kol-
mogorov theory, by strictly positive probability measures defined on o-complete boolean
algebras. In contradistinction to classical random variables, which are measurable real-
valued functions defined on the event space 2, their algebraic counterparts are functions
from the borelian o-algebra B(R) into the o-boolean algebra of events. In turn, Birkhoff
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and von Neumann in [3] identified properties of a quantum system S with projections in
the algebra B(H) of continuous linear operators on the Hilbert space H of the system S
(or equivalently with elements of the space L3 of closed linear subspaces of H). In the
Birkhoff-von Neumann approach, observables of S were built of the projections and a
state (corresponding to the ”physical state” of S) was defined as a map m : Ly — [0, 1]
satisfying the following conditions: (i) m(H) = 1; (ii) if (A,) C Ly and A,, are pairwise
orthogonal, then

m (\/ An> = Zm(An),
n=1 n=1

where \/. 2| A, is the closed linear subspace of H generated by the union J -, A,.

However, for systems with infinitely many degrees of freedom (e. g., occurring in quan-
tum statistical mechanics and quantum field theory) the Hilbert space representation is
not unique (see [28]). On the other hand, when quantum mechanical events are described
only vaguely, a fuzzy approach should be incorporated to the model (see [§]). Therefore
besides quantum logics considered in [9} 18] 29, [31] as orthomodular posets, fuzzy models
of quantum mechanics were studied in many papers. Piasecki in [I7] introduced the no-
tion of P-measure defined on a family of fuzzy subsets of a given set. Riecan in [22] used
this fuzzy measure for building the theory of F-quantum spaces. The mentioned theory
was further developed by many authors (e.g., Chovanec, Dvurecenskij, and Mesiar in
[8, T1]). In the fuzzy quantum logic model the Zadeh connectives, used in F-quantum
spaces, were replaced by their Lukasiewicz counterparts (see [20 2I]). Riecan in [23]
introduced the notion of observables to the model. For details concerning the theories of
F-quantum spaces and fuzzy quantum logics, we refer the reader to [29] and references
therein.

The fuzzy quantum logic of all measurable functions with values in the interval [0, 1]
can be considered as a prototype of a general MV-algebra. The possibilities of application
of MV-algebras for the description of quantum mechanical systems with infinitely many
degrees of freedom were discussed in [28]. In the probability theory of MV-algebras, being
a generalization of the boolean algebraic probability theory, the notions of state and
observable were introduced, similarly to the algebraic probability case, by abstracting
the properties of probability measure and classical random variable. In the literature
two notions of a state of an MV-algebra M are considered. The first one, introduced
in [14], is a normalized additive functional s : M — [0, 1], for which o-additivity is not
assumed. However, the g-additivity of s is recovered via the Kroupa-Panti theorem (see
e.g., [15]) and Riesz representation. The second notion of state is used in the present
paper, similarly as in [28], and it corresponds to o-states in von Neumann algebras. In
this case a state s : M — [0, 1] is assumed to be a normalized o-additive functional.
A probability MV-algebra is a pair (M, m), where M is a o-complete MV-algebra and
m: M — [0,1] is a faithful state on M. Then for each observable = : B(R) — M, the
composite map m, : B(R) — [0, 1], defined by the equality m,, (A) = m (x (A4)) for each
A € B(R), is a probability measure.

The most essential results in the MV-algebraic probability theory were obtained by
Riecan. Onme of the most important theorems of the probability theory is the central
limit theorem. The authors in [29] considered a probability MV-algebra (M, m) and
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a sequence of independent observables of M with the same distribution, such that their
expected value and variance were equal to a € R and 02 > 0, respectively. They proved
that, for all t € R,

lim m
n—oo

T+ X2+ + Ty —Na
(5
where ® is the cumulative distribution function of the standard normal distribution.
Summarization of main results of the MV-algebraic probability theory, including the
mentioned above version of the central limit theorem, the laws of large numbers, and the
individual ergodic theorem one can find in [27, 28] 29]. In [24] the central limit theorem
(CLT) for independent, identically distributed observables was proved in a more general
setting. A variant of the martingale convergence theorem for MV-algebras of fuzzy
sets was proved in [25]. The existing MV-algebraic probability theory was also applied
in the Atanassov’s IFS setting (see e.g., [26]), which shows the possibility of further
development of this theory. There are also many interesting results of other authors
concerning (o-additive) states and observables of MV-algebras (see e.g., Chovanec [6],
Mesiar [12], and Pulmannové [19]).

In this paper we consider limit behavior of the row sums of triangular arrays of
independent MV-observables. The aim of the paper is to prove general versions of the
central limit theorem for MV-observables, i.e., the Lindeberg CLT and the Lyapounov
CLT. Moreover, we prove an MV-algebraic version of the Feller theorem, which is a
converse of the Lindeberg CLT for null arrays of observables. Considering different
distributions in the central limit theorem is important from the application’s point of
view (see e. g., [16]). To illustrate the fact that our generalization is essential, we present
two examples of the application of the Lindeberg and the Lyapounov CLT for sequences
of observables with convergent scaled sums. The first example concerns a sequence
of observables with discrete distributions, satisfying the Lyapounov condition. In the
second one, the distributions of observables are continuous, the Lindeberg condition
holds and simultaneously the Lyapounov condition fails. To our best knowledge such
an example has been never proposed, even in the classical probability theory. In both
cases observables have different distributions.

The paper is organized as follows. Section 2 contains preliminaries from the classical
probability theory and the theory of MV-algebras. Main results are included in Section
3, where the MV-algebraic versions of the Lindeberg CLT, Lyapounov’s CLT, and the
Feller theorem are proved. Examples of applications of the limit theorems are presented
in Section 4. Section 5 contains conclusions.

(~50.0)) =20).

2. PRELIMINARIES
2.1. The classical central limit theorems

We introduce a necessary theoretical base of our further considerations.

We denote by N the set of all positive integers.

Let X be a non-empty set. A class X of subsets of X is called a o-algebra if it contains
X itself and is closed under the formation of complements and countable unions, i. e.,
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(i) X e x;
(ii) A € X implies A° € X;
(iii) Ay, As,... € X implies A3 UA; U... € X.

A measurable space is a pair (X, X') consisting of a non-empty set X and a o-algebra
X of subsets of X.

Let (X,X) and (X', X’) be two measurable spaces. A mapping T : X — X' is
measurable X' /X’ if T~ (A’) € X for each A" € X".

We call a set function p : X — [0,00] a measure and a triple (X, X, u) a measure
space if (X, X) is a measurable space and

(1) p(@)=0;
(2) if A1, As,...€e X and A;NA; = & for i#j, then

7 (U Ai) ZZM(Ai)~

In particular, p is a probability measure if p(X) = 1. Then (X, X, ) is a probability
space.
Let {k"}neN be a fixed sequence of positive integers such that lim,, .. k, = 00. Let

{(Q(n), S(n)s P(n)) }nEN be a sequence of probability spaces.
For each n € N and a real-valued random variable X on (Q(n),S(n)7 P(n)), we denote
by &)X the expected value of X and by D(Qn)X the variance of X with respect to F;).

Definition 2.1. Let, for each positive integer n € N, {X,1, Xpo,..., Xnk, } be a se-
quence of independent real-valued random variables on (Q(n), Sinys P(n)) . Then

{X’ﬂ] 1 < -7 < kn}nEN

is called a triangular array of independent random variables.
We present a slightly modified versions of the Lindeberg CLT, the Lyapunov CLT,

and the Feller theorem formulated in [I]. We assume more generally that expected values
of Xp;, 1 <j <k,, n €N, are not necessarily equal to zero.

Definition 2.2. Let {X,; : 1 <j <k,}, y be a triangular array of independent ran-
dom variables such that
€(n)X,2w. <o, 1<j<k,, neN;
kn
S2=> "D, Xn; € (0,00), n €N. (1)

J=1

Then {X,; :1<j < kn}neN is said to satisfy the Lindeberg condition if for each € > 0

k
1 & 2
Lo (&) = 55> € (i = € X0i) [y Xy 525, ) 752" 0- (2)
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Let {Y,} —, be a collection of random variables and let F,, denote the cumulative
distribution functions of Y,,, n > 0. Then {Yn}io=1 is said to conwverge in distribution to
Yy if for every t € C (Fp)

lim F, (1) = F (1),

n—oo
where C' (Fp) = {t € R : Fp is continuous at ¢}.
We will write V,, ;=N (0,1) in distribution if {Y,,},7 ; converge in distribution to
a random variable Yy and Yp has the standard normal distribution N (0,1).
For details concerning the convergence in distribution, we refer the reader to [I].

Theorem 2.3. (Lindeberg CLT) Let {X,;: 1 <j <k,}, o be a triangular array of
independent random variables satisfying and the Lindeberg condition . Then

kn kn
D X =Y EmyXn;
j=1 j=1

Sn

== N(0,1)
in distribution.

In the next definition we introduce the Lyapunov condition.

Definition 2.4. A triangular array {X,; : 1 < j < k"}nEN of independent random vari-
ables satisfying is said to satisfy the Lyapunov condition if there exists § > 0 such
that

k
|k
@Z%)\an — EmyXni 7T =R 0. (3)
n i—1

Theorem 2.5. (Lyapounov CLT) Let {Xm 1<j <kn},ey be a trlangular array of
independent random variables satisfying (1) and Lyapounov s condition ((3]). Then

Zan - Zg(n)an
J=1 i=1

Sn

== NV (0,1)

in distribution.
The following Feller theorem can be treated as converse of the Lindeberg CLT.

Theorem 2.6. (Feller) Let {X,,; : 1 <j < ky}, . be a triangular array of independent
random variables satisfying and such that, for each € > 0,

lim max P(|XnJ| >eSy) =

n—oo 1<j<

If
kn kn
D X =Y EmyXn;
j=1 j=1

Sn,
in distribution, then the Lindeberg condition is satisfied.

= NV (0,1)
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2.2. MV-algebras

Basic MV-algebraic notions and preliminary results concerning MV-algebras one can
find in [7] (see also [I3]). However, for benefit of the reader, we recall some of them in
this subsection. We also present basic elements of the MV-algebraic probability theory
from [28] with minor modifications.

Definition 2.7. An MV-algebra (M,0,1,—,®,®) is a system where M is a non-empty
set, the operation @ is associative-commutative with a neutral element 0, -0 = 1, =1 = 0,
and additionally, for all z,y e M x &1 =1,

yo-(y® ) =26~ (rd y)
and for the operation ®
Oy = (-2 ® ).
In every MV-algebra (M, 0,1, -, ®,®) the relation < given by
r<yeszrz0-y=0
is a partial order. Furthermore, the operations V and A given by
rVy=-(z0Yy) By
and
T Ay = (2 V)

make M into a distributive lattice (called the underlying lattice of M) with least element
0 and greatest element 1.

Definition 2.8. An MV-algebra M is o-complete if its underlying lattice is o-complete,
i.e., every non-empty countable subset of M has the supremum in M. An MV-algebra
M is complete if every non-empty subset of M has the supremum in M.

We will use the following notations.
Let {A,},~, be a sequence of subsets of a set X. Then 4,, / Aiff {A,},7 | is monotone
(ie, 41 CAC---)and U A, =A.
For a sequence {xn}?zl of real numbers, x,, /" z iff 1 <z <--- and z = sup, z;.
Finally, for {b,} ., included in an MV-algebra M, b, / biff by < by < --- and
b = sup, b; with respect to the underlying order of M.

As noted above, in the present paper we use the o-additive states.

Definition 2.9. Let M be a o-complete MV-algebra. A state on M is a map m : M —
[0, 1] satisfying the following conditions for all a,b,c € M and {a,},;:

G) m (1) = 1
(i) ifbGc=0, then m (b®dc) =m (b) + m(c);
(iii) if a,, /" @, then m (a,) /" m(a).
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We say that m is faithful if m (x) # 0 whenever  # 0 and « € M.

Definition 2.10. A probability MV-algebra is a pair (M, m), where M is a o-complete
MV-algebra and m is a faithful state on M.

Each probability MV-algebra is complete (see [15], Theorem 13.8).
Let n € N and P be the family of bounded rectangles of the form

(al,bl] X - X (an,bn] :ai,biER, ai<bi,i:1,2,...,n.

The o-algebra B(R™) of Borel subsets of R™ is the o-algebra generated by P (i.e., the
smallest o-algebra of subsets of R™ containing P).

Definition 2.11. Let M be a o-complete MV-algebra. An n-dimensional observable of
M is a map =z : B(R"™) — M satisfying the following conditions:

(i) = ([R") =1;
(ii) whenever A,B € B(R") and AN B = &, then

z(A)©z(B)=0 and z(AUB)=z(A)®z(B);

(iii) for all A, A1, Ay, ... € B(R™),if A, / A, then x (4,) / x (A).

Theorem 2.12. Let M be a o-complete MV-algebra with an n-dimensional observable
z:B(R") — M and a state m. Then the map m, : B(R") — [0, 1] given by

ma (A4) = (mow)(4) = m(z(A)), A€ BR"),

is a probability measure on B (R™).

Proof. It suffices to prove the following two conditions for the set function m, :
BR") — [0,1] :

i) m, (R™) = 1;
ii) if A1, As,... € B(R") and A; N A; = & for i # j, then

Condition i) follows straightforwardly from the definition of state and observable.
Indeed, m, (R") =m (z (R")) =m (1) = 1.
Let Ay, As,... € B(R") and A = |J;=, 4;. To prove condition ii), we define

En:OAi7n=1,2,...
i=1
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Clearly, E,, /' A and therefore, from the definition of state and observable,
z(En) /2 (A) and mg (En) /" mg (A). (4)
Moreover, for each k > 2,
2 (Ey) =x(Er_1 UAg) =x(Ex-1) ®x(Ag) and z (Ex—1) © z (4g) = 0.
Therefore
my (Ex) =m (2 (Ex—1) ® 2 (Ax)) = m (z (Eg-1)) + m (z (Ax))
=my (Ex_1) + mgs (Ag) . (5)
Applying for k=n,n—1,...,2, we obtain the equality
My (En) = mg (En—1) + Mg (An) = my (Ep—2) + mg (An-1) + ma (An)
i=1

Finally, from formulas @ and ,

> mg (Ay) = lim mg (E,) =mg, (4),
i=1
which ends the proof of condition ii). O

Definition 2.13. Let (M, m) be a probability MV-algebra. Let x : B(R) — M be an
observable of M. Then z is said to be integrable in (M, m), and we write x € L} | if the
expectation

E(z) = /Rtmr (det)

exists. We say that x is square-integrable in (M, m), and we write € L2, if [, t*m, (dt)
exists. Then the variance of x also exists and is described by the equality

D? (z) = / g () — (E (2))? = / (t— E (2)) my (di)

More generally, we write x € L, for p > 1 if [ [t[Pm, (dt) < oc.

Definition 2.14. Let (M, m) be a probability MV-algebra. We say that observables
X1,Ta,...,%, are independent (with respect to m) if there exists an n-dimensional ob-
servable h : B(R™) — M such that
m((h(Cy x Cy x -+ xCp))=m (a1 (C1))-m(x2(Co)) - m (2, (Cr))
= Mg, (C1) Mg, (C2) -+ Mg, (Cn)

for all Cq,Cs,...,C, € B(R).

Remark 2.15. Let z1,29,...,2, : B(R) — M be independent observables in a proba-
bility MV-algebra (M, m). Let g : R™ — R be a Borel measurable function and let h :

B(R"™) — M be the joint observable of z1,zs,...,2,. Then g (z1,22,...,2,) =hog*
is an observable.
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3. CENTRAL LIMIT THEOREMS FOR OBSERVABLES OF MV-ALGEBRAS

In this section we present and prove the main theorems of this paper. At the beginning
we recall the following theorem (see [2], Theorem 16.12) concerning the change of variable
for integrals.

Let (X,X) and (X', X’) be measurable spaces. Assume that a function T : X — X’
is X/X’ measurable. For a measure y on X we define a measure p7~! on X’ by the
equality

pl (A =p(T71(4)), A e x'.

Theorem 3.1. Let f : X’ — R be an X’-measurable function. If f is non-negative,
then

[ @ = [ )t (7)
X X/

A function f (not necessarily non-negative) is integrable with respect to uT—! if and
only if fT is integrable with respect to pu, in which case and

/ F@To)u(de) = [ f()uT " (da'), A € X', (8)
T-1(A%) A

hold. Moreover, for any non-negative f, identity always holds.

The following lemma, which is a consequence of the above theorem, shows the form
of the expected value of a Borel function of an observable.

Lemma 3.2. Let ¢ be an R-valued Borel function, which domain is the whole set of
real numbers R, z : B(R) — M be an observable of a probability MV-algebra (M, m)
and y = ¢(x) = zop ™. Then E (y) exists if and only if [, |¢ () |m, (dt) < oo and then
the following equality holds

E@ZA@@%@W

Proof. We apply directly Theorem [3.1] for (X, X) = (X', &) = (R,B(R)), T = ¢,
and f (t) = t. Theorem implies that ;1 = m, is a probability measure. Moreover,
by direct computations we obtain the equality pT—' = M (z) = My, which ends the
proof. O

The above lemma gives the possibility to compute expected values of Borel functions
of observables used in MV-algebraic versions of the Lindeberg and Lyapounov condi-
tions. Furthermore, by Lemma [3.2] we obtain the following equality for variance of any
observable x € L2,

D2 (z) = E (z — E (2))? = / (t— E (2)) ma (d2).
R
Let {kn}nGN be a fixed sequence of positive integers such that lim,, .., k, = co. To
formulate general versions of central limit theorems for observables of MV-algebras we
need to introduce some additional notations and definitions.
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Let {(M(n),m(n)) }nGN be a sequence of probability MV-algebras. For each n € N
and observable z : B (R) — M), we denote by E,) (x) the expected value of z and by
D?n) (z) the variance of = with respect to m,).

Let n € N, z : B(R) — M, be an observable of M, and x € Lfn( ,,- Then for each

s > 0, the following R-valued function is well-defined (see Lemma

z 2
ln (€> S) = E(n)((x - IE(n) ("T)) I\ac—]E(n)(ac)|>ss)'

Definition 3.3. Let, for each positive integer n € N, {xn1,Zn2,...,Tnk, } be a se-
quence of independent (with respect to m,,)) observables of the MV-algebra M. Then
{2,;:1<5< k”}neN is called a triangular array of independent observables.

Definition 3.4. Let {z,;:1<j < k"}neN be a triangular array of independent ob-
servables such that

anGL lg.jék?uTLEN;

M(n)’

Z]D2 (xn;) € (0,00), n € N. (9)

Then {z,;:1<j < k"}nEN is said to satisfy the Lindeberg condition if for each € > 0

k
1
Ly (e) = gz_:zn (&, 8n) 7==2 0. (10)
Deﬁnltlon 3.5. Let {( m(n)) }nEN be a sequence of probability MV-algebras. Let
{a:n : — M(”)}n N be a sequence of observables. The sequence {z,}, ., is con-

vergent in distm'bution to a function F': R — [0, 1] if for each t € R
kn

Definition 3.6. Let, for each n € N and C = HCj, where C; € B(R), 1 < j < ky,
j=1

the probability measure P, : B (R*») — [0,1] be defined by the equality

kn,
P(n H M ) wm )

Then {(R"'",B ( kn ) Pn) )} cn 18 & sequence of probability spaces. For each n € N
and 1 < j < k,, we define random variables ¢ and random vectors ¢} on the probability

space (RF» B (R*),P,)) by

n . ok, n _
vf t R = Ry (ur, v, ug, ) = g,

Z;-‘:Rk“ — RY, 0 (ur,ug,y .oy ug, ) = (ur,ug, .oy uy) .

In what follows we denote by E¥ and by D?P expected value and variance with
respect to P(,), respectively.
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Let, for each n € N, h, : B (Rk") — My, be the joint observable of the sequence

Tnl, Tn2, .- - 7mnkn»

fn : RF» — R be the function of the form

k’”.
tp+to+ -+ ik, — Z E(n) (a:nj)
j=1

o (t1te, o t,) =
Sn

and ¢, : B(R) — M(,) be the observable defined, according to the schema described in

Remark by the equality ¢, = hy o f, L.
We attempt to formulate an MV-algebraic version of the Lindeberg CLT. In the proof
we adopt the approach applied in [28].

Theorem 3.7. (Lindeberg CLT) Let {z,;:1<j<k,} .y be a triangular array of
independent observables satisfying @ and the Lindeberg condition . Then

Tn1 — IE(n) (xnl) + ZTpa — ]E(n) ('rnQ) + -+ Tok, — IE(n) (mnkn)
Sn

== N(0,1)
in distribution.

Proof. For each n € N, we consider the probability space (Rk", B (Rkn) ,P(n)) and
the random variable 7,, : R¥» — R defined by the equality

M = fn (L’f,ug, . ,LZ.'%) = faoty .
Then
M) © = (M), X (M), XX (M),
P o (i) = (m@w),,, for 1<j<hy; (11)
Py o (@) = mm) © ha;
Play 00yt = M) © Pn.

Our aim is to prove that, for each ¢t € R,

kn
Tpl +Tp2+---+ Tnk, — Z E(n) (xnj)
lim m(n) = (—OO,t) = (I)(t)a

n— o0 Sn

where ®(t) = % ffoo e du. Let t € R. Clearly,

kn
Tl + Tpa+ -+ Tpg, — D E(n) (ﬂﬂnj)
=1
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== m(n) (fn (xnlv Tn2y .- axnkn) (_007 t))

= M) (hn o fn_1 (—oo,t))

= ((m) % (M), %o X (mn),, ) (! (=00,8))

kn
uL +ug + - +ukn — ZE(n) (.Tn])
=Py | SueR™: - = <t
n
kn
() + o5 (u) -+ e (u) — Z:lE(n) (@n;)
=P | {ueR": - = <ts|. (12

From |i it follows that, for n € N and 1 < j < kj,, the random variables (7 are

independent, have distribution (m,)  , and
nj
k:Tl,
Pn 2 — N2Pn 2 2P
E(ny (Tnj) = E™¢ 0y, ]D)(n) (€nj) = D>"( Wiy s, = ZD (7,
j=1
Moreover,

ln ’ (E’Sn) = E" ((l’j Ere Lj) I‘L;LfE,P(”)L;‘>ESn .

Finally, Theorem [2.3| implies convergence of to @ (t) as n — oo. O

We now introduce the Lyapunov condition for observables of MV-algebras.

Definition 3.8. Let {x,; : 1 < j < k,}, . be a triangular array of independent observ-
ables (described by Deﬁnition), fulfilling condition @D Then the array {z,; : 1 < j < k,}
satisfies the Lyapunov condition if there exists ¢ > 0 such that

k
|k
775 2 (1ns — B (o) [777) 532 0 (13)

n j:l

Theorem 3.9. (Lyapounov CLT) Let {z,; :1<j < k"}nEN be a triangular array of
independent observables satisfying @ and Lyapounov’s condition . Then

Tnl — IE:(n) (xnl) + Zno — ]E(n) (xn2) + -+ Tok, — IE(n) (xnkn)
Sn

== N(0,1)

in distribution.
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Proof. We use the Lindeberg CLT. For each observable y : B(R) — M, y € L2,
of a probability MV-algebra (M, m) and 8 > 0, we define an observable ¢y (y) by the
formula: g (y) = y2I|y|>9. Moreover, if additionally y € L2 for 6 > 0, then, by
Lemma |3.2
2 £)t° 1 246
E (9 (v)) = /Rt I\g|>1my (dt) < /RTI\tbemy (dt) < ﬁE (|x| ) . (14)

We will show that the triangular array of observables {z,; : 1 < j < kn}n €N satisfies the
Lindeberg condition. Since, for each € > 0,

lflnj (E, Sn) = E(n)@asn (Jf'nj - IE(n) (xnj)) ’
applying the inequality , we obtain

k
L
Ly (e) = 2 E(n)@ssn (xnj - ]E(n) (mnj))
nj=1
1 &
< ———5 E) (lon; = Ew) (05) 7).

5
sy, (esn)" i1

Since the right side of the above inequality converges to 0 as n tends to infinity,
L, (¢) 7=z 0, which ends the proof. O

Similarly as the Feller theorem in the classical probability theory, its following MV-
algebraic version shows that under some conditions on a triangular array of observables,
the Lindeberg condition is necessary for the convergence of their scaled row sums to the
standard normal distribution.

Theorem 3.10. (Feller) Let {z,,; : 1 < j <k}, o be a triangular array of independent
observables satisfying @ and such that, for each ¢ > 0,

i g (). (120000 o) =0

If

Tnl — IE(rL) (znl) + Tpo — ]E(n) (xn2> + -+ Tnk, — IE(n) (xnkn)
Sn

= N (0,1)
in distribution, then the Lindeberg condition is satisfied.

Proof. We use the same notation as in the proof of Theorem |3.7l For each positive
integer n, the random variables

A Ly

175025+, kn

are independent, for each 1 < j < k;, ¢} has distribution (m(n)) and

L)
Tnj

E(n) (2n;) = BT 0}, DY) (20y) = D2P0u.
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kn
Clearly, s2 = E D?Pwm ¢7 and furthermore,
=1

Py (1651 > €s0) = (mm))
Since, for each t € R,

Tnj (=00, —esp) U (e85,,00)) .

ks
() +0f () + oot if, (0) = 3B ()
j=

Pn) u € RF» S <t

kn
Tpl + Tp2 + -+ Tpg, — Z E(n) (xnj)
j=1

= TTL(n) . (700,15) n_,og @(t),

by the classical Feller theorem, the Lindeberg condition is satisfied, i.e.,

1 il 2
— Pn) n _ EPmyn —
52 ZE ((LJ E b ) I|L;"—EP(")L;P\>Esn =3 0.

The equality

T — EPw (10 — EPoo )2
lnnJ <5>Sn) =F (([’J E Lg) I|L‘?—E7)("L>L;}‘>Esn

also implies the convergence

k
|k
Lo (€)= =Dl (¢,50) 7= 0,

which ends the proof. |

4. EXAMPLES OF APPLICATIONS

As it was shown in the proof of Theorem the Lyapunov condition implies the Lin-
deberg condition. In this section we present two examples of arrays of observables with
convergent scaled row sums. The CLT version proved in [29] cannot be applied for them,
since they are not identically distributed. In the first case the considered observables
have discrete distributions and the Lyapunov condition is satisfied. In the second case
the distributions of observables are continuous, defined by a series of functions. We show
that the Lindeberg condition is satisfied and simultaneously the Lyapounov condition
fails. In both cases we consider observables taking values in the same probability MV-
algebra (M, m), where M = [0, 1] is the real unit interval equipped with the operations
-, @, ® given by formulas:

a=1l—-a,a®b=(a+b)Al,a®b=(a+b—-1)VO

and m is the faithful state of the form m (t) = t. Moreover, we assume that z,; = z;
and k,, = n for each n € N.
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4.1. Array of observables satisfying the Lyapunov condition

Let E = {ej,ea,e3}, 1 = —1,e5 =0, e3 =1, and

) 1 1 ; 1 .
p{—pé—<1j2),p§—j2,3—172,3a~~

We define the sequence of observables
zj:B(R)— M, j=12.3,...

for each A € B (R) by the formula

A= .

e;€EA

We assume that {xj}j ey are independent, and for each n € N, the joint observable
hy : B(R™) — M of {x;}"

j—17 88 the product measure, is described, for each A € B (R"),
by the formula

hn (A) = > PEDPE Pl dnyin,. .., in € {1,2,3}.
(e'il 1€ig ,~~7€7',L)EA

Then for 7 € N and § > 0,
1
E(2;) = 0 and E (22) = E (Ja; ") = 1- —.

Therefore, for n > 2,

and
1 5 n
7%+SZE (|1‘j|2+ ) < m = 0.

Finally, by Theorem [3.9}

—
[
2

Ti+Tp+- -+ Ty
Sn

== N(0,1)
in distribution.

4.2. Array of observables with not well-defined Lyapunov’s condition

Let, for each a € [ 1]

7 (¢ Z%
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where )
(26 +1)a®t7

2| t[3+1

£ = Lia (1)

for each positive integer i. Let an observable 2(*) : B(R) — M be described by the
equality

29 (A) = /A £ (t) de.

Then E (x(“)) =0, D? (x(a)) —F ((a:(“))2> — a2, 2i+1 509

() <2())+

21 2
Z;,— =E ((x(l)) ) < 00. (15)
Moreover, for each b > 1,

00
=1

oo

E ((1‘(‘1))2 Ilm(a)|>b) =a’ z; 2i; 1 (%)

1=

sl

and therefore

é]E <(x<1>)21w<1>|>b <E ((z<a>>21w<,,,)|>b) <E ((z<1>)21lx(1>>b> <oo. (16)

Let a; = % + %, j=1,2,...The sequence of observables
zj:B(R)—M,j=123,...

for each A € B(R) has the form
5 ()= [ 1) @
A
We assume that {xj}jeN are independent. For each n € N, the joint observable h,, :
B(R™) — M of {scj};l:l is, similarly as before, the product measure, and for each

AeB(R"),

By (A) = /A £ (1) £ (1) F@ (1) dtadts . .. i,

From , )
n (1) 2 (1)
4]E<(x ))<sn<n]E<(x ))

and from

n

gIE ((I<1>)2 Iz(1)|>b> <M E ((x<aj>)2 f|w<%>|>b) <nE ((zu))? le(1)>b> .

J=1
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Let € > 0 and n be large enough to fulfill the inequality €s,, > 1. Then

nlk x(l) 2 T .
lim L, (¢) < lim <( ) $(1;|>s(n>

= E<<$4(1))2) lim E ((xm)g le(1>>88n> 0

by the Dominated Convergence Theorem. By Theorem for the considered array of
observables, their scaled row sums converge to standard normal distribution. Simulta-
neously, the Lyapunov condition is not well-defined.

Indeed, for each § > 0, there exists a positive integer ¢ such that % < § and

E (|x(aﬂ')|2+5) > C’(aj,i)/ 1140 4t = o0,

aj

where C (a;, 1) is a positive constant. Thus E (|z(¢)|>¥9) does not exist.

5. CONCLUSIONS

In the paper we formulated and proved MV-algebraic versions of the Lindeberg CLT,
the Lyapunov CLT, and the Feller theorem. The mentioned theorems are essential
generalizations of the known result concerning convergence in distribution of scaled sums
of independent, identically distributed observables. In particular, the theory considered
in the paper can be used for the MV-algebras of fuzzy sets, which are special cases
of the general MV-algebras. We presented examples of applications of the obtained
by us results for not identically distributed observables. Our future work will concern
further development of MV-algebraic probability theory and studying its applicability
to Atanassov’s IF'S.

(Received September 30, 2014)
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