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Abstract. This paper is mainly devoted to establishing an atomic decomposition of a pre-
dictable martingale Hardy space with variable exponents defined on probability spaces.
More precisely, let (©2, F, P) be a probability space and p(:): © — (0, 00) be a F-measurable
function such that 0 < infycqp(x) < sup,cqp(x) < co. It is proved that a predictable
martingale Hardy space Pp(,) has an atomic decomposition by some key observations and
new techniques. As an application, we obtain the boundedness of fractional integrals on
the predictable martingale Hardy space with variable exponents when the stochastic basis
is regular.
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1. INTRODUCTION

Let P = P(Q) denote the collection of all F-measurable functions p(-): Q —
(0,00) such that 0 < inép(x) < supp(z) < oo; such a function is called a variable
ze TEQ

exponent. The space L,.)(€2), the Lebesgue space with variable exponent p(-), is
defined as the set of all F-measurable functions f such that for some A > 0

[

|f|p(.)zinf{/\>0: /Q(L;”)')p(w)dum@}.
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Then (L, (), [||lp¢)) is a quasi-normed space. When 2 = R", the space (Ly.)(£2),
lI-lp(.y) is reduced to (Ly.)(R™),[|][p)). It should be mentioned that (L, (R™),
I-lp)) was introduced by Orlicz [20] in 1931 and studied by Kovacik and Rakos-
nik [14], Fan and Zhao [8] and others. Heavily basing on the so-called log-Holder
continuity conditions in [6], namely,

a
e+ 1/lx—yl)’

lp(z) —p(y)| < Toal z,y € R,

harmonic analysis with variable exponents has got an increasing development in the
past years; see [2]-[7], [10], [18], [19], [22] and so on. Especially, in [5], [18], [22], the
atomic decompositions of Hardy spaces with variable exponents defined on R™ were
established under the so-called log-Hélder continuity conditions.

In this paper, we establish the atomic decomposition of predictable martingale
Hardy spaces with variable exponents defined in a probability space. Given a prob-
ability space (Q, F,P), let (F,)n>0 be an increasing filtration of o-algebras of F
such that F = o(J,, Fn) and let (Ez, )n>0 denote the corresponding family of con-
ditional expectations. A sequence of measurable functions f = (fn)n>0 C L1(Q) is
called a martingale with respect to (F,) if Ex, (fnt1) = fn for every n > 0. For
a martingale relative to (Q, F,P; (Fpn)n>0), define the maximal function of f as

My f = sup |fnl, Mf =sup|fal
n<m n
Definition 1.1 (p(-)-atom). Given p(-) € P, a measurable function a is called
a p(-)-atom if there exists a stopping time 7 such that
(1) Ex,(a) =0, for all n < 7,
(2) [IMalloe < Ixgr<ootllydy:

We note that the definition above coincides with the classical one if p(-) = p; we
refer to [23] for the classical atomic decompositions and martingale theory. We now
define the atomic spaces with variable exponents.

Definition 1.2. Given p(:) € P, let us denote by H;‘(t.) the space of those mar-
tingales f for which there exist a sequence (a*)rez of p(-)-atoms and a sequence
(k)kez of nonnegative real numbers such that

(1.1) f= Z,ukak a.e.,

kez

and
Kk X {1, <oo}

AR < oo,
=3 IxXtri<ootllne)

p(+)
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Let
A({p} {a"}, {m}) =

Z _HEX{rp<o0}
|

kez X{rr<oo} HP( )

»()
where 7, is the stopping time with respect to the atom a*. We define

1 iy = inf A, {0}, (7)),

where the infimum is taken over all decompositions of the form (1.1). In Section 3,
we prove that

_ at
Py = Hp(~)
with equivalent norms. See Section 2 for the notation Py.).

As an application, we prove the boundedness of fractional integrals on predictable
martingale Hardy spaces with variable exponents defined on probability spaces.
Compared with the Euclidean space R™, the probability space {2 has no natural
metric structure. The main difficulty is how to overcome the log-Hélder continuity
of p(z) defined on (Q, F,P). It was pointed out in [13] and [24] that the following
condition may replace the so-called log-Holder continuity in some sense. That is,
there exists an absolute constant /K,.y > 1 depending only on p(-) such that

(1.2) P(AP-D=r+ ) < Ky, A€,

where

p+(A) = sup p(w), p_(A) 2;2219( w).

We often denote K.y simply by K if there is no confusion. Under the condition (1.2),
we prove that the fractional integral operator is bounded on the predictable mar-
tingale Hardy spaces with variable exponents by using the atomic decomposition
established in Section 3, which can be regarded as the probability version of the
result in [22].

Throughout this paper, Z, N and C denote the integer set, nonnegative integer
set and complex numbers set, respectively. We denote by C an absolute positive
constant, which can vary from line to line, and denote a constant depending only on
p(-) by Cp(.y. The symbol A < B stands for the inequality A < OB or A < Cp()B.
If we write A = B, then it stands for A < B < A.
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2. PRELIMINARIES

In this section, we give some preliminaries necessary to the whole paper. Given
p(+) € P, for a measurable set A C ) we always denote

p+(A) = sup p(w), p_(A)= quelgp(w)

and
p+ =p+(Q), p-=p-(Q), p=min{p_,1}.

The space L,y = Lpy.)(2) is the collection of all measurable functions f defined on
(Q, F,P) such that for some A > 0,

g(f/A)—/Q(M)p(w)dP<oo.

This becomes a quasi-Banach function space when equipped with the quasi-norm

Il fllpcy = inf{X > 0: o(f/X) <1}

The following facts are well known; see for example [18].

(1) (Positivity) |[fllpc) = 0; [|fllp) =0 f=0.
(2) (Homogeneity) [|cfllp.y = || - || fllp(.) for c € C.
(3) (The p-triangle inequality) || f + gH%(.) < ||f||§(.) + H9||§(.)~

We collect some basic lemmas, which will be used in the paper.

Lemma 2.1 (see [3]). Given p(-) € P, then for all f € Ly.y and || fl|,.) # 0 we

have
/.

Lemma 2.2 (see [3]). Given p(-) € P and f € Ly.), then we have
(1) I fllpey <1 (=1, >1)ifand only if o(f) <1 (=1, >1);
(2) if [|fllp() > 1, then o(f)/P+ < [Ifllpcy < o(f)/7=;
(3) if 0 < [|f]lpcy <1, then o(F)'/P= < [ fllpy < o(F)/P+.

p(w)

f(w)
I £1lp¢)
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Lemma 2.3 (see [3], Holder’s inequality). Given p(-), q(-), () € P, such that
1 1 1

pw)  qw) " r(w)’

Then there exists a constant C,(.y such that for all f € Ly, g € Ly(.), and fg € L,
1£9llpey < Coey Lf lgy gl

Now we introduce the predictable martingale Hardy space. Let M be the set of all
martingales f = (fn)n>0 relative to {F,}n>0 such that fo = 0. For f € M, denote
its martingale difference by d,,f = f, — fn—1 (n > 0, with convention dof = 0). If
in addition f, € Ly, f is called an L, -martingale with respect to (F,). In this

case we set

[fllp¢) = sup [ fallpc)-
n>=0

If || fllp(.y < oo, fis called a bounded L,.)-martingale and denoted by f € Ly.). The
stochastic basis {F, }n>0 is said to be regular if there exists an absolute constant
R > 0 such that

(2.1) Jn < Rfn-1

holds for all nonnegative martingales f = (fn)n>0-
Let T" be the class of nonnegative, non-decreasing and adapted sequences A =
(An)n>0 with respect to {Fp}n>0 and Ao = lim A,. Then we define the predictable

n— oo
variable Hardy martingale spaces Py as

Ppiy = {f = (fu)nzo: H A} €T, such that |fn| < An—1, ae, Ao € Ly}
equipped with the (quasi)-norm
1£1P,, = {)\gl}ferH)‘OOHp()'

If we consider the special case p(-) = p, then we obtain the classical predictable
martingale Hardy spaces P,,.

3. ATOMIC DECOMPOSITIONS

In this section we construct the atomic decomposition of the martingale Hardy
space with variable exponent. We refer to [11], [12], [13], [15], [16], [23], [25] for more

information on the classical atomic decompositions.
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Theorem 3.1. If p(-) € P, then the atomic space H;‘(t.) is equivalent to pre-
dictable spaces Pp(.y by their norms. More precisely, if f = (fn)nz0 € Pp( is
a martingale, then there exist a sequence (a*)rcz of p(-)-atoms and a sequence
1 = (pk)kez of nonnegative real numbers such that for alln € N

(3.1) fo = mEr,(a*)

kez

and

HfHHgg_) S ||f||79,,<.)~

Conversely, if a martingale f = (fn)n>0 has a decomposition (3.1), then f € Py,
and | flp,0, S Il

Proof. Assume that f € Pp.). Let us consider the stopping times for all k € 7
7, = inf{n € N: A, > 2"}, inf = oo,

where (A )n>0 is an adapted, non-decreasing sequence such that |f,,| < A,—1 holds
almost everywhere and Ao € Ly(.). For each stopping time 7, denote f; = fuar. It
is easy to see that

Fo =D (e = f70).

kez

Let

Tk+1 Tk
k n — fn

Kk = 3- 2k||X{‘rk<oo}||p(-) and ap = m

If i, = 0 then let a¥ =0 for all k € Z, n € N. Then (a%),,>0 is a martingale for each
fixed k € Z. Since M f™ < A\, 1 < 28, we get

Mf7k+1 + Mka

Mal <
i

Hence it is easy to check that (a¥),>o is a bounded Li-martingale. Consequently,
there exists an element a* € L, such that Ex, ak = a’fL. If n < 7, then a’fL =0, and
Ma¥ < || X {rp<oo} H;(%). Thus we conclude that a* is really a p(-)-atom.

Denote By, = {7, < oo} = {A > 2¥}. Recalling that 73 is non-decreasing for
each k € 7, we have By, D Bjt1. Then

23 2Ry, (), wEQ
kez
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is the sum of the geometric sequence {3 - 28xp, (w)}rez. Thus, we can claim that for
each w € ) we have

23 2 XBk 23 2 XBk\Bk+1( )

kez kez

Indeed, for each fixed wy € 2 there is kg € Z such that wg € By, but wo & Bpy+1-
Then

>3- 28y, (wo) = Z32X5kw0 Z32k—3 2’%1 °E

keZ k=—o0 k=—00
ko
=2 Y 3-2%xpm,,, (w0) =2 3-2xp,\5,,, (wo)-
k=—oc0 kez

This implies

A({p}, {a*} {m}) =

Z u’k?X{Tk<OO}
I

kez X{Tk<OO}Hp( )

p(+)

D 32" (o) >3- 250

kezZ p(-) kez p(-)
3. 2k p(w)

_ inf{)\ >0: / (Z XBk\Bk+1(w)> dP < 1}

o A

ke?
3.2k p(w)

—inf{A>0:Z/ ( ) dP<1}

kez V Bi\Brt1 A

Q

inf{A>0: /Q(%”)p(w)dn)@}.

Ak} {a"} {i7e}) S Ioollpe-

Taking the infimum over all predictable sequences (Ay)n>0, we conclude that

Therefore, we obtain

At Ad Amed) SHF e, -

To prove the converse part, let

An = bk Ma*|l X (re<ny-
kez
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Then (Ap)n>0 is a nonnegative, non-decreasing and adapted sequence with the con-

k

dition | fr41| < An. Since a” is a p(-)-atom for each k € Z, we get

3 _ X{me<oo}
Pk
= Ixgr<oot e

o A({p} {a"} {7 ),

HfH'P;,M < H)‘OOH;D() <

which implies | f]}p, ., < ||l <1117, O

4. BOUNDEDNESS OF FRACTIONAL INTEGRALS ON VARIABLE
HARDY MARTINGALE SPACES

It is well known that the fractional integrals have occupied a very important role in
the classical harmonic analysis. In martingale theory, Chao and Ombe [1] introduced
the fractional integrals for dyadic martingales. Sadasue [21] proved the boundedness
of fractional integrals on martingale Hardy spaces for 0 < p < 1. Recently, Nakai
and Sadasue [17] and Hao and Jiao [9] extended the notion of fractional integrals to
a more general setting.

In this section, we prove the boundedness of fractional integrals on variable pre-
dictable Hardy martingale spaces. We suppose that every o-algebra F,, is generated
by countable atoms, where B € F,, is called an atom provided the following implica-
tion holds: if any A C B with A € F,, satisfies P(4) < P(B), then P(A) = 0. Denote
by A(F,) the set of all atoms in F,,. Without loss of generality, we always suppose
that the constant in (2.1) satisfies R > 2.

Now we give the definition of fractional integrals; see [21].

Definition 4.1. For f = (fn)n>0 € M, o > 0, the fractional integral I, f =
((Iaf)n)n>o of f is defined by

(Iaf)n = Ui 1dif

k=1

where by is an Fi-measurable function such that for all B € A(Fy), for all w € B,
br(w) = P(B).

In order to prove the boundedness of fractional integrals, we need the following
lemma, see [24]. For convenience, we give the simple proof.
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Lemma 4.2. Let p(-),q(-) € P satisfy (1.2). Then for any set A € F we have

Ixallr¢y = lIxallpoy Ixallge)s

where
111
r() p()  a()

Proof. It is not difficult to see that () € P and
(4.1) PA)-W=+W) Ky, AeF.
Next we will show that
(4.2) P(A)YP-) ~ P(A)YP) & PP+ x| allpy, w € A
Indeed, for every w € A we have
P(A)YP-() L p(A)Y/P) L P(A)L/P+(A),
Since p(-) satisfies (1.2), we have

p(A)l/p(w)
1

(p— (A)—p(w))/p— (A)p(w) 1/p2 (@) _
play @ S PA) SKo =K

which implies P(A4)Y/P(®) < KP(A)Y/P-(4) One can check that P(A)/P-(4)
P(A)L/P(@) ~ P(A)'/P+(A) Then we arrive at

xaw) xa(w)
P(A)/p-(A) = P(A)/p(w)’

That is,

xa(w)  \P®) _ xa(w) xa(w) p(w)
([P’(A)Al/Pf(A)> > [If(A) > (Kp(f)l/mm)

Thus, we have

w p(w) w
/Q(WSP—)W) sz/QXﬂf(;)) dP =1.

Consequently, we get ||xalp() = P(A)Y/?P-(4) and we get the desired result.
Combining (4.1) and (4.2) we conclude

Ixallr(y = PV = PAYPEIFVA) ~ fIx allpy Ixallgey, w € A
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Lemma 4.3. Let {F,},>0 be regular, f € M and a > 0. Let R be the constant
in (2.1). If there exists A € F such that M f < xa, then there exists a positive
constant C,, =2+ (R+1)/(1 — (1 + 1/R)*"!) independent of f and A such that

M(Inf) < CaP(A)*xa

For the proof of Lemma 4.3, see [21], Lemma 3.5. In the next lemma, we regard
a p(-)-atom a as a martingale by a = (an)n>0 = (En(a))n>0, so we can consider the
fractional integral Ina = ((Ioa)n)n>0-

Lemma 4.4. Let p(-),q(-) € P satisty (1.2) and let {F,}n>0 be regular. If
p(-) < q(-), « =1/p(-)—1/q(-) and a is a p(-)-atom as in Definition 1.1, then we have

”Iaa‘”Pq(.) S Ca,
where C\, is the same constant as in Lemma 4.3.
Proof. Let v be the stopping time associated with a. Then we have
-1
Ma < ||X{V<oo}||p(.)X{u<oo}-

This implies
M([[Xr<oo} lp()8) = IX{r<oo lp() Ma < X{v<oo)-
By Lemma 4.3, we obtain that

M(Ia(||X{u<oo}”p(~)a)) < CaP(V < OO)QX{V<OO}'

Then, by Lemma 4.2, we have

M(Iaa) < CaIP(V < Oo)a||X{V<oo}”;(%)X{V<oo} S Ca||X{u<oo}||qi(%)X{V<oo}~
Now, let
An = ||Iaa||ooX{y§n}~

Then (Ap)n>0 is a nonnegative, non-decreasing and adapted sequence with
(Ina@)n+1 < . Hence, we have

||Iaa||7’q(q < ||/\<>O||q(~) S ||X{u<oo}”q(~) = Ca.

Cpi—————
IX{r<oo}llat)

Therefore ||Inallp, ., S Cq, where Cy, is the same constant as in Lemma 4.3. O

q(-) ~
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Lemma 4.5. Given p(-) € P. Let f € H

o0y 1€ f=> uga®. If p, <1, then

we have

Z e < A({Mk}v {a’k}a {Tk})

kez

Proof. Let A= pi. By Lemma 2.1, we can obtain that
kez

p(w) p(w)
HEX {1, <o} 12253 X{rp<oo}
E _ dP > E — _— dP = 1.

7= Mxgre<ooyllne) = IX¢re<ootIp)

From the definition of A({ux}, {a*}, {7x}), we get the desired result. O

We now prove the boundedness of fractional integrals on variable Hardy martingale
spaces via atomic decomposition.

Theorem 4.6. Let p(-),q(-) € P satisfy (1.2). Suppose that (2, F, P) is a com-
plete and non-atomic probability space, and {F,}n>0 is a regular stochastic basis.
If py <1< gq- and a=1/p(-) —1/q(-), then there exists a constant C' such that

”Ioéf”"’q(q < CHfH'Pp(«)

for all f € Ppy(,y.

Proof. Let f € Py(.). According to Theorem 3.1, there exist a sequence (@) ez
of p(-)-atoms and a sequence (uy)rez of nonnegative real numbers such that for all
n >0,

Zﬂk Er,a® = fa, ae.

keZ
and

A} Aa™} ) = 1 fllp, -

Combining Lemma 4.4 and Lemma 4.5, we can prove Theorem 4.6. Indeed, since
q— > 1, we have

||IOéfH'Pq(») = Z/’Lkl@ak < Z/’I/k”Iaak”’Pq(A)
kez Pa¢y  kez
S Ca > CaAl{pi}, {a"} {m}) S Callfllm, -
kez
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Remark 4.7. In [13], the atomic decomposition of H;(') is established; but we

do not know whether there is a version similar to Lemma 4.3.
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