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Abstract. The generalized Riemann integral of Pfeffer (1991) is defined on all bounded
BV subsets of R™, but it is additive only with respect to pairs of disjoint sets whose closures
intersect in a set of o-finite Hausdorff measure of codimension one. Imposing a stronger
regularity condition on partitions of BV sets, we define a Riemann-type integral which
satisfies the usual additivity condition and extends the integral of Pfeffer. The new integral
is lipeomorphism-invariant and closed with respect to the formation of improper integrals.
Its definition in R coincides with the Henstock-Kurzweil definition of the Denjoy-Perron
integral.
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1. INTRODUCTION

More than a century ago, independently and by different means, Denjoy in [1] and
Perron in [12] defined an extension of the Lebesgue integral that satisfies the funda-
mental theorem of calculus for each differentiable function in an interval. While the
usefulness and aesthetic appeal of the Denjoy-Perron integral is undeniable, both of
its definitions are complicated and resistant to a usable higher-dimensional general-
ization.

In the second half of the last century, Henstock in [5], [4] and Kurzweil in [6] dis-
covered independently that the Denjoy-Perron integral can be obtained by a minor,
but ingenious, modification of the classical Riemann integral. The simplicity of the

The first author was supported in part by the grant GA CR P201/15-08218S of the Czech
Grant Agency.

DOI: 10.21136/MB.2016.16 217



Henstock-Kurzweil definition revitalized the surge for a multi-dimensional general-
ization. In spite of many attempts, it took more than twenty years before Mawhin
in [11] observed that partitioning a multi-dimensional interval A to subintervals sim-
ilar to A yields the divergence theorem for any differentiable vector field defined in
a neighborhood of A. Several improvements of Mawhin’s pioneering work followed
(see [10], [9], [18], [8], [7], [17]), but all resulting integrals were defined either on
intervals, or on sets not sufficiently general for applications.

The Riemann-type definition of an integral on the family of all bounded BV sets
in R™ is due to the second author (see [16]), and we refer to it as the R-integral
(Definition 2.8). For the descriptive definition of the R-integral and the detailed
development of its properties we refer to [15], or in a more concise form to [14]. Note
that BV sets are the most general sets for which the surface area and exterior normal
can be profitably defined. In other words, BV sets form the largest family of sets for
which the divergence theorem can be formulated.

The additivity property of the R-integral is limited. Improving it requires a trans-
finite extension akin to that of the constructive definition of the Denjoy-Perron in-
tegral. While the extended integral, i.e., the GR-integral (see [15], Section 6.3)
is finitely additive in any dimension, in the real line it is still less general than
the Denjoy-Perron integral (see [16], Example 6.9 and Proposition 10.8). The pur-
pose of this paper is to show that a stricter regularity condition on the partitioning
sets leads to a proper extension of the R-integral, called the R.-integral, which is
finitely additive in the usual sense (Theorem 3.14), shares the important proper-
ties of the R-integral, and coincides with the Denjoy-Perron integral in the real line
(Proposition 3.6). The unrestricted Gauss-Green theorem and the area theorem for
lipeomorphisms are valid for the R.-integral (Theorems 3.19 and 3.24). The area
theorem facilitates the obvious definition of the R.-integral on Lipschitz manifolds.
The R.-integral is also closed with respect to the formation of improper integrals
(Theorem 3.20), and consequently extends the GR-integral.

The main difference between the R and R.-integrals lies in the regularity condi-
tions placed on BV sets. The regularity applied in defining the R-integral relates
diameter, perimeter and volume so that regular BV sets enjoy both the reverse
isoperimetric and reverse isodiametric inequalities. If a regular BV set E of small
diameter contains a generic point of the essential interior of any BV set A, then
the intersection E N A is again regular (see [15], Lemma 2.5.2), but little can be
said about the difference £ — A. An unpleasant consequence is that there are BV
sets A C B and an R-integrable function on A whose zero extension to B is not
R-integrable (see [15], Section 6.1). To avoid this pathology we impose an additional
condition on a regular BV set E. Specifically, we require that for any BV set A the
smaller of the perimeters of £ N A and E — A is controlled by the relative perimeter
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of Ain E. Cubes in R™ satisfy this condition (Lemma 3.1), and its utility transpires
from Lemmas 3.7 and 3.8.

2. PRELIMINARIES

Finite and countably infinite sets are called countable. If A and B are sets, then
AAB = (A—B)U(B—A) is their symmetric difference. The sets of all positive inte-
gers and all real numbers are denoted by N and R, respectively. When no attributes
are added, functions are assumed to be real-valued.

The ambient space of this paper is R™, where n > 1 is a fixed integer. In R™ we
shall use exclusively the Euclidean norm |z| induced by the usual scalar product z-y.
For x € R™ and r > 0, we denote by U(z,r) and B(z,r) the open and closed balls
centered at x of radius r, respectively. The zero vector in R™ is denoted by 0, and
we write U(r) instead of U(0,7). The diameter and closure of a set E C R™ are
denoted by d(E) and clE, respectively. By 1r we denote the indicator of a set
E C R™. Equalities such as v = y(n), K := k(n),..., indicate that v, ,..., are
constants depending only on the dimension n.

Lebesgue measure in R™ is denoted by .#; however, for E C R", we write |E|
instead of Z(F). Throughout the paper,

aln) = L{zx e R™: |z| < 1}).

Unless specified otherwise, the words measure, measurable, and negligible as well
as the expressions almost all, almost everywhere, and absolutely continuous always
refer to Lebesgue measure .. In R™ we also use the (n — 1)-dimensional Hausdorff
measure, denoted by 7.

Let A C R™ be a measurable set. We let int, A and ext, A be the sets of all density
points of A and R™ — A, respectively, and define

0:A=R" — (int, AUext,A) and cl,A=int,AUO3I.A4;

we call these sets the essential interior, essential exterior, essential boundary, and
essential closure of A, respectively. We say that A is an admissible set if

int,AC AcCcl,A

and 0A is compact. Note that the complement R™ — A of an admissible set A is also
admissible. The relative perimeter of a measurable set F/ in A is the number

P(E,inA) = (0. F Nint,A).
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The (absolute) perimeter of a measurable set E is the number
P(E)=P(E,inR") = #(0.E).

A measurable set A C R™ such that P(A,in E) < oo for each bounded measurable
set F is called a locally BV set; if |[A| + P(A) < oo, then A is called a BV set. Note
that R™ is a locally BV set, and that the intersection of a BV set and a locally BV
set is a BV set. If A is an admissible locally BV set, then so is R” — A. The families
of all BV sets, all bounded BV sets, and all locally BV sets are denoted by BV, BY.,
and BV, respectively. By ABVY and ABV),. we denote, respectively, the families
of all admissible sets in BY and BVi,.. Note that ABY C BY..

Lemma 2.1. If A and F are BV sets, then P(E,in A) = P(AN E,in A) and

P(E,in A) = %[P(E NA)+ P(A— E) — P(A)] = P(A - E,in A).

Proof. The first equality follows from [13], Corollary 4.2.5. It shows that the
remaining equalities do not change when FE is replaced by £ N A. Thus it suffices to
prove them for £ C A. In this case [13], Proposition 6.6.3 implies

P(E) + P(A - E) — P(A)

2P(E) — 2(0,E N 0, A)

20(0,E Nint, A) + #(0,E N0, A)] — 20, E NI, A)
2P(E,in A)

and consequently

2P(A— E,in A) = P[(A— E)N A + P[A— (A — E)] — P(A)
= P(A—E)+ P(ENA) — P(A) = 2P(E,in A).

O

If A is a BV set, then for 57 almost all x € 0, A there exists a unique unit exterior
normal v4(x) such that the Gauss-Green formula

/ v-VAd%:/divvdf
DA A

for each v € C1(R™; R™); see [13], Section 6.5.
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Definition 2.2. A finitely additive function F’ defined on BV, is called a charge
if for each € > 0 there is § > 0 such that

[F(B)| < 0| B| +¢[P(B) + 1]

for each BV set B C U(1/e).

We say that a sequence {Ay} in BV, converges to a set A, and write A, — A,
if there is a compact set K C R™ containing each Ay, sup P(Ag) < oo, and
lim|A A Ag| = 0.

The following characterization of charges is proved in [15], Section 2.2.

Proposition 2.3. A finitely additive function F' defined on BV, is a charge if and
only if F' satisfies the following condition: F(A) = lim F'(Ay) for each sequence { Ay}
in BY. converging to A.

If F' is a charge and A is a locally BV set, then
FLA: B~ F(AnB):BV.— R.

is also a charge. We say that F' is a charge in A when F' = F'L_ A; note, however,
that a charge in A is still defined on the whole of BY.. The linear space of all charges
in a locally bounded BV set A is denoted by CH(A).

Lemma 2.4. Let F be a charge. If F(C) > 0 for each cube C C R™, then F > 0.

The lemma is a direct consequence of [13], Proposition 6.7.3.

Lemma 2.5. Let F' be a charge and £ > 0. There is an absolutely continuous
Radon measure p in R™ such that for each BV set B C U(1/e),

|F(B)| < w(B) +eP(B).

Proof. By [2], Theorem 6.2, there are f € L{ (R™) and v € C(R";R") such
that

F(B):/deéf—i—/a*Bv-VBd%”

for each B € BV.. As by [15], Proposition 2.1.7 and Remark 2.1.8, there is § > 0
such that
/ v-vpd < 0|B|+eP(B)
0. B

for every BV set B C U(1/e), it suffices to let u = [(f +0)d.Z. O

221



Remark 2.6. The word “charge” has been used in the literature to describe
several distinct concepts. For instance, our notion of charge, which was introduced
in [15], Section 2.1, differs from that given in [13], Section 10.1.

The regularity of a bounded BV set £ C R™ is defined by

E| :
B >0,
)= | amp@E
0 if |[E| = 0.
Note that r(E) = 1/(2n\/n) when E is a cube. The isoperimetric inequality
(2.1) n"a(n)|E|""t < P(E)"

relates the regularity of F to the common concept of shape:

E
(2.2) n"a(n)r(E)" < d(|E|)"
The critical boundary of a locally BV set A is the set
P[A,inB
(2.3) 0. A = {x € R™: limsup [,m—l(x,r)] > 0},
r—0 -

and the sets int.A = int, A — 0.4 and ext.A = ext, A — 0.A are called the critical
interior and critical exterior of A, respectively. It is clear that

0A C O.A,  extcA=int.(R" —A), R"=int.AUext.AUOI.A,

and it follows from [13], Section 7.3 that J#(9.A — 0. A) = 0.
A gage on a set A C R™ is a nonnegative function defined on A whose null set
{d = 0} is of o-finite measure #. A partition is a finite, possibly empty, collection

P={(Ey,z1),...,(Ep,p)},

where Ei,...,E, are disjoint bounded BV sets. The body of P is the union
P
[P] = U E;. Given > 0 and a gage d on a set A, we say that P is

i=1
(i) n-regular if r(E; U{x;}) >nfori=1,...,p;
(ii) o-fine if E; C U(w;,d(x;)) for i =1,...,p.
Note that if P is n-regular and dé-fine, then each z; is in A — {§ = 0}. The following
useful fact about partitions is established in [15], Lemma 2.6.6.

Lemma 2.7. Let A € ABV)oc and € > n > 0. There is a gage 6 on A with the
following property: if {(E1,z1),...,(Ep,xp)} is an e-regular §-fine partition, then
{(ANEy,z1),...,(ANEy,x,)} is an n-regular 0-fine partition.
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The next definition originates from [16], Proposition 7.7.

Definition 2.8. A function f defined on a set A € ABYV is called R integrable if
there is a charge F' in A that satisfies the following condition: given £ > 0, we can
find a gage § on A so that

p

S F)|Ai] - F(4)] < e

i=1
for each e-regular §-fine partition P = {(A1,21),..., (4p, zp)} with [P] C A.

The charge F' in Definition 2.8, which is uniquely determined by f, is called the
indefinite R-integral of f, denoted by (R) [ f. By R(A) we denote the linear space of
all R-integrable functions on A. The number (R) [, f = F(A) is called the R-integral
of f on A.

The R-integral has many useful properties, including the area theorem for local
lipeomorphisms and the Gauss-Green theorem for pointwise Lipschitz vector fields;
see [16], or [15], [14], where the R-integral is studied from the descriptive point of
view. At the same time, the additive property of the R-integral is deficient, see [15],
Proposition 5.1.8 and Section 6.1. Moreover, [16], Example 6.9 shows that if n = 1,
then the R-integral is less general then the Denjoy-Perron integral.

3. R.-INTEGRAL
Given € > 0, a set E € BV, is called e-isoperimetric if for each T' € BV,
1
min{P(ENT),P(E-T)} < =P(T,inE).
€

According to Lemma 2.1, in testing for the e-isoperimetric property of F it suffices
to consider only BV sets T' C E.

Lemma 3.1. Every cube C C R™ is k-isoperimetric for a constant k = k(n).
Making r smaller, we assume throughout that k < 1/(2n+/n).

Proof. Choose a BV set T C C and assume |T| < |C|/2. Then [13], Corol-
lary 4.2.5 and Lemma 6.7.2 show that there is § = 5(n) > 0 such that

P(T)< P(intCNoT)+ POCNIT) < (1+B)P(T,inC).
If |T| > |C|/2 then |C — T| < |C|/2, and we obtain
PC-T)=P[CNn(C-T)]<(1+pB)P(C—-T,inC)=(14p)P(T,inC)
by the first part of the proof and Lemma 2.1. O

223



Observation 3.2. Let E C R be a BV set that is e-isoperimetric for some
€ > 0. Then FE is equivalent to a closed interval I and cl,F = I.

Proof. Let E = AUB where A and B are BV sets of positive measure such that
clANnclB =0, andlet T = A. Then P(T,in E) = 0 while P(ENT) = P(A) > 0 and
P(E —-T)= P(B) > 0, a contradiction. Thus F is equivalent to a closed interval I,
and the equality cl,E = I is obvious. O

An e-regular partition P = {(E1,x1),...,(Ep,zp)} is called strongly e-regular if
each F; is e-isoperimetric and x; € cl,E; fori =1,...,p. If each E; is a cube, then P
is strongly k-regular, since r(E;) =1/(2ny/n) >k fori=1,...,p.

Definition 3.3. Let G be a charge. A function f: R™ — R is called R.-
integrable with respect to G if there is a charge F' that satisfies the following condi-
tion: given £ > 0, we can find a gage § on R™ so that

P

S @)G(E) - F(E)| <«

=1

for each strongly e-regular o-fine partition {(E1,z1),...,(Ep,xp)}. The charge F
is unique by the next proposition. It is called the indefinite R.-integral of f with
respect to G and denoted by (R.)[ fdG. If G = £, we usually drop the reference
to .Z and call F' the indefinite R.-integral of f.

Proposition 3.4. If f: R™ — R is R.-integrable with respect to a charge G, then
the indefinite R.-integral of f is unique.

Proof. Let F} and F, be indefinite R,-integrals of f with respect to the
charge G, and let H = |F; — F»|. Choose a cube C' C R™ and 0 < € < k, and find
a gage J corresponding to € and both Fy and Fs. It follows from [15], Lemma 2.6.4
that there is a strongly e-regular §-fine partition P = {(E1,z1),..., (Ep,xp)} such
that [P] C C and H(C — [P]) < e. Thus

H(O) < H(K - [P)+ HP) << + [SIA (8) - Fa5:)]
=1

e+t Z [P (E) — f(2i)G(Eq)| + Z |f(z:)G(E;) — Fa(E;)| < 3e.
i=1 1=1

As ¢ is arbitrary, H(C) = 0 and the proposition follows from Lemma 2.4. O
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Let G be a charge. It is clear that the set R.(R™, G) of all functions f: R™ — R
that are R,-integrable with respect to G is a linear space, and that

f (R*)/fdG: R.(R",G) — CH(R")

is a linear map. An argument similar to the proof of Proposition 3.4 shows that if
G >0 and f € R.(R",G) is nonnegative, then so is (R,) [ fdG. If G = .Z, we write
R.(R™) and (R.) /[ f instead of R,(R™,.%) and (R.)[ f d.Z, respectively.

Proofs analogous to those of [16], Section 5 establish the next proposition.

Proposition 3.5. Each R.-integrable function is measurable, L, (R™) C R.(R")
and (R.) [ f = [ fd& for every f € L{ (R™). In addition,

loc

Lioe(R™) = {f € R.(R"): |f] € R.(R™)}.

An immediate consequence of Proposition 3.4 is that neither the R.-integrability
of f: R™ — R, nor (R.)[ f, depends on the values of f on a negligible set.

Proposition 3.6. A function f defined on R is R.-integrable if and only if it is
Denjoy-Perron integrable on each compact interval A C R. If F = (R,)[ f, then
F(A) equals the Denjoy-Perron integral of f on A.

Proof. We prove the proposition using the Henstock-Kurzweil definition of the
Denjoy-Perron integral, see [3], Definition 9.3. Let f be Denjoy-Perron integrable on
each compact subinterval of R. It follows from [3], Theorem 9.12 that the indefinite
Denjoy-Perron integral is a charge, and the Henstock lemma ([3], Lemma 9.11),
combined with Observation 3.2, shows that f is R.-integrable.

Conversely, let f be R,-integrable and F = (R,)[ f. Choose a compact interval
A C R and € > 0. There is a gage 6 on R such that

p

> | f@)|Ei| = F(E)| < e
i=1
for each ¢-fine partition {(E1,x1),..., (Ep, xp)}, where every E; is a closed interval

containing z;. Enumerate the countable set {0 = 0} as {z1, 22,...}, and without
loss of generality assume that f(zp) =0 for k = 1,2,... There are r; > 0 such that
|F(J)| < e27* for every interval J C A with |J| < 2ry. Let

{5(35) if §(z) > 0,

0r(x) =
+(@) T if x = 2,
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and select a 04 -fine partition P = {(A1,21),..., (Ap,xp)} so that each A; is a closed
interval containing x; and [P] = A. Then P is the disjoint union of partitions @
and S such that @ is é-fine and S = {(4;,, 2k, ), .., (Ai,, 2k, )}. Hence

p

S Fla)lAd - \ Z\f ) Ail - F(AD)|
=1
=Y Al - F( \+Z|F Ol < 2.

(Aizi)€EQ

It follows that the Denjoy-Perron integral of f on A exists and equals F'(A). O

Lemma 3.7. Let A € BV\o. and € > 0. For each x € ext.A, there is 6 > 0 such
that every strongly e-regular set E with x € cl,E and d(FE) < ¢ satisfies

P(ENA) < P(E - A).

Proof. As the case n = 1 is trivial, assume n > 2. Let § = n"a(n) be the
isoperimetric constant of (2.1). Choose 0 < 7 < €™6/2 and find 6 > 0 so that

(3.1) |AN B(z,d)| < nd™ and P[A,in B(x,d)] < nd" "

whenever d < 4. Select a strongly e-regular set E with z € cl,F and d = d(F) < §.
Then |E| > 6(ed)" by inequality (2.2). Seeking a contradiction, assume that

P(E—A)<P(ENA).
Since F is strongly e-regular, the isoperimetric inequality (2.1) and (3.1) imply

< PIA,in B(z,d)] < nd"' < Se"0d" !

and hence 1
|E— Al <27V Dg(ed)” < 0Ed)".

On the other hand, (3.1) shows that

|E — A > |E| - |AN B(z,d)| > 0(cd)™ — nd" > ~0(cd)".

N | =

Combining the last two inequalities yields a contradiction. O
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Lemma 3.8. Let F' be a charge, and A € ABV),.. Given € > 0, there is a gage §
on R™ such that

Y IF(ANE)|<e and > |F(E;i—A)<e
I’L'%A ;€A

for each strongly e-regular §-fine partition {(E1,x1),...,(Ep,xp)}.

Proof. Choose € > 0 so that the compact set DA is contained in U = U(1/¢2).
By Lemma 2.5, there is an absolutely continuous Radon measure y in R™ such that

\F(E)| < u(E) + £2P(E)
for each BV set £ C U. There is a compact set K C U N A such that
wWUNA—-K) <e.
Using Lemma 3.7, for each x € U Next.A find é, > 0 so that B(x,d,) C U, and
(3.2) P(ENA)<PE-A)

for each strongly e-regular set F with = € cl.E and d(E) < 0,. Making ¢, smaller,
we may assume that K N B(z,d,;) = 0. As A is an admissible set, int.A C A and
AnNext.A = 0. Hence we can define a gage § on R" by letting

1 if x € int A,
0 ifx € 0.A,
d(x) =
Ox ifx € UNext.A,

dist(xz,0A) if z € ext,A —U.

Let P = {(E1,x1),...,(Ep,zp)} be a strongly e-regular §-fine partition. From the
definition of §, inequality (3.2), and the strong e-regularity of E;, we obtain
(i) ;¢ 0. Afori=1,...,p;
(i) ANE; CUNA— K when z; € UNext.A;
(iii) AN E; =0 when z; € ext.A — U;
(iv) P(ANE;) < (1/e)P(A,in E;) when z; € U Next A.

Consequently,
S FANE)= Y IFAnE)= Y [FANE)
z; ¢A z;&int. A x;,€UNext. A
< ). [WMANE)+e*P(ANE))
z;€UNext. A
<uUNA-K)+e > P(AinE)<el+PA),
z;eUNext. A
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which proves the first desired inequality. Since R™ — A is in ABV)oc, the lemma
follows by symmetry. O

Proposition 3.9. Let G be a charge, f € R.(R",G), and F = (R,)[ fdG. If
A€ ABVioc, then 14f € R.(R",G) and (R.)[14fdG = FL A.

Proof. Choose ¢ > 0. By the definition of R.-integrability and Lemma 3.8,
there is a gage  on R™ such that

Z |F(E;) — f(z:)G(E;)| <e,
=1

Y IF(ANE)|<e and > |F(Ei—A)<e
I’i¢A ;€A

for each strongly e-regular §-fine partition P = {(E1,x1), ..., (Ep,zp)}. Thus

P

D IFELA)E) — La(w:) f(ai)G(E)]

i=1

= > (FLANE:) - f(2)G(E)| + Y [(FLA)(E)

;€A z;EA

< D NFLA)E) - F(E) + Y |F(B:) = f(e:)G(E)| +¢
;€A ;€A

< Y |F(E; - A)| + 2 < 3e.
T, €A

O

Corollary 3.10. Let G be a charge, f € R.(R",G), and F = (R,)[ fdG. If
A,B e ABY and f =0 on R" — (AN B), then F(A) = F(B).

Proof. The assumption f =0 on R™ — (AN B) implies that f14 = f1p. Thus,
by Proposition 3.9, FFLL A= FL B and

F(A)=FLA(AUB) = FLB(AUB) = F(B).

The zero extension of a function f defined on any set A C R™ is given by

f(z) ifxe A,
(x)—{ e
0 if x € R — A.
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Definition 3.11. Let G be a charge, and A C R™. A function f: A - R
is called R,-integrable with respect to G if f € R.(R",G). The unique charge
F= (R*)ffdG is called the indefinite R.-integral of f with respect to G, denoted
by (R.)[ fdG. If A€ ABV, then the number

(R*)/A FdG = F(A)

is called the definite R.-integral of f over A with respect to G.

For A € ABV)., the linear space of all functions f: A — R that are R.-integrable
with respect to G is denoted by R.(A,G). The symbols R,(A) and (R.)[, f stand
for R.(A,Z) and (R.) [, f dZ, respectively.

Remark 3.12. If Ais a bounded set, then we can define the definite R,-integral
of f over A with respect to G as

<R*>/A fdG = F(B),

where B is an arbitrary ABV set containing A. By Corollary 3.10, this definition does
not depend on the choice of B. In addition, naturally defined improper integrals can
determine the definite R.-integral over unbounded subsets of R™ so that when applied
to integration with respect to Lebesgue measure, the following is true: (R.) [ W=
J 4 [ for each measurable set A on which the Lebesgue integral J 4 [ exists. In this
way, the definite R.-integral extends the Lebesgue integral completely. We do not
pursue the details, since only bounded sets are considered in the present paper.

Proposition 3.13. Let G be a charge, A € ABV\o., and f € R.(A,G). Then
f I B belongs to R.(B,G) for each B € ABV),. with B C A, and

(R*)/(f | B)dG = [(R*)/fdG} LB

Proof. By our assumption f € R,(R™,G). Since f | B = 1pf for each B C A,
the proposition is a direct consequence of Proposition 3.9. ([

Let G be a charge, A € ABV, and f € R.(4,G). If B € ABV is a subset of A, we
usually skip the restriction symbol f | A, and write f € R.(B,G) and (R.) [, fdG.

Theorem 3.14. Let G be a charge, and let A, B € ABY be such that AN B is
of o-finite measure €. If f: AUB — R satisfies f | A € R.(A,G) and f | B €
R.(B,QG), then f € R.(AU B,G) and

(3.3) (R*)/AUdeG: (R*)AfdG+(R*)[3fdG.
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Proof. Since integration does not depend on the values of f on sets of o-finite
measure .7, we may assume that AN B = (). By our assumptions, f14 and flp
belong to R.(R",G), and by linearity so does f1,p, and

(3.4) (R*)/TlAUB dG = (R*)/TlA dG + (R*)/Tlg dG.

By Corollary 3.10,

[ /flAdG](AUB [ /flAdG] (R*)/AfdG

and similarly

* f A - * f - * .
(&) [ Froa6|aus) = (1) [ Fraac|m) = ) [ fac
Therefore, the formula (3.3) follows by evaluating (3.4) on AU B. O

Proposition 3.15. Let G be a charge, and let f: R™ — R be such that f | B
belongs to R.(B,G) for each closed ball B C R"™. Then f € R.(R",G).

Proof. Choose e >0, and let By =0, and for k =1,2, ...,
B.=BO.K), 9.~TTB. B =(R)[0.dc.

Since Fy, = Fj,+1L By by Proposition 3.13, letting F'(A) = Fj(A) for each A in ABY
with A C By defines a charge F' such that F'LL By = Fy for £k = 1,2,... There are
gages 0 in R™ such that

(3.5) Z'gk J)z Fk( 1)| < 2k

for each strongly e-regular dx-fine partition {(E1,x1),..., (Ep,zp)}. The formula
min{d; (z), dist(z,0B1)} if x € int By,
§(z) = min{dy(z), dist(z, 0B UOB;_1)} if k> 2 and x € int By — Bg_1,
[ee]
k=1
defines a gage 6 on R™. If {(E1,z1),...,(Ep,2p)} is a strongly e-regular d-fine
partition, let I = {1 < i < p: x; € int By — Bx—_1}. By (3.5),

p

D 1 (@)G(E; |—Z > k(@) G(E:) — Fy(By)| < e

i=1 k=1xz;€l}

and we see that f € R.(R",G) and (R,)[ fdG = F. O
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Proposition 3.16. Let G be a charge, and A € ABV)o.. Then
R.(A,G) =R.(A,GLA) and /fdG *)/fd(GI_A)

is a charge in A for each f € R.(A,G).

Proof. Select f: A— Randlet g= f. Choose ¢ > 0, and for k =1,2,.., let
B ={zeR": k—1<|f(x)|] < k}. By Lemma 3.8, there are gages o3, k =1,2,...,
on R™ such that

3 IG(E - 4)| < %2*’“

T, €A
for each strongly e-regular d-fine partition {(E1,z1),...,(Ep,xp)}. Define a gage
d on R™ by letting §(x) = dx(z) for € By, and select a strongly e-regular J-fine
partition {(E1,z1),..., (Ep,xp)}. Now for any charge F,

OLANEN - - IF(E) stz
< g(a)l|G(E:) — (G L A)(E;))|
=1
=Y lg@)l|G(E - A<D k> |GE - A)| <e.
=1 k=1 z;€EANBy

Thus f belongs to R.(A, G) if and only if it belongs to R.(A4, GL_A), and the common
indefinite R,-integral F' is a charge in A by Proposition 3.13. ([

Theorem 3.17. Let G be a charge, A € ABVi, and f: A — R. Then f
belongs to R.(A,G) if and only if there is a charge F' in A that satisfies the following
condition: given ¢ > 0, we can find a gage 6 on A so that

(3.6) £ @) (CLANE) - F(B)| <<
or equivalently
(3.7) > If(@i)G(E:) — F(E)| <e,

i=1

for each strongly e-regular -fine partition {(E1,z1),..., (Ep, xp)}. In either case

~ (&) [ fac.
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Proof. Let F be a charge in A that satisfies condition (3.6), and let g = f.
Choose € > 0 and find a gage d on A corresponding to F' and & according to our
assumption. By Lemma 3.8, there is a gage ¢ on R™ such that

> |F(AnE)|<e

for each strongly e-regular o-fine partition {(E1,z1),..., (Ep,zp)}. The formula

Alx) = {min{5(x),0(x)} %f re A;
o(x) FreR"— A

defines a gage A on R”, and if {(E1,z1),...,(Ep,xp)} is a A-fine partition, then
{(Es,z;): z; € A} is a d-fine partition. Since F' = FL_ A,

P
D IF(E) = g(z:)(GLA)(E)| = > |F(E; z)(GLA)E) + Y |F(E
i=1 r;EA T, ¢A

p
<e+ Y |F(ANE)| <2

and we see that g € R,(R™,GL A). By definition f belongs to R.(A,GL A), and
hence to R.(A, G) according to Proposition 3.16. In addition,

/fd GL A) /fdG

Conversely, let f € R.(A,G). Then there is a gage § on R™ such that

D 1 (@)G(E) - F(E;)| = Z lg(z:)G(Ei) — F(E;)| <e

for each strongly e-regular (6 [ A)-fine partition P = {(E1,z1),. .., (Ep, xp)}, since
such P is also d-fine. Thus F satisfies condition (3.7), and we infer that condi-
tions (3.6) and (3.7) are equivalent. O

Corollary 3.18. Let A € ABV. Then R(A) C R.(A) and for each f € R(A),
Ry [ 1=
A A
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Proof. Let F = (R)[ f, and choose ¢ > n > 0. There is a gage § on A such
that

p

Z |f($z')|14i| - F(Ai)‘ <n

i=1
for each n-regular d-fine partition P = {(A1,x1),...,(Ap,zp)} with [P] C A. Mak-
ing 0 smaller, we may assume that if {(E1,x1),...,(Ep,xp)} is an e-regular d-fine

partition, then {(AN E,z;): i = 1,...,p} is an n-regular d-fine partition, see [15],
Lemma 2.6.6. Thus if {(E1,z1),..., (Ep, xp)} is a strongly e-regular d-fine partition,
then

P P
S Of@)ANE]| - F(E)| =Y |f(z:)|ANE| - F(ANE;)| <n<e
i=1 =1
and the corollary follows from Theorem 3.17. O
The following divergence theorem is an immediate consequence of Corollary 2.13

and [16], Theorem 5.19.

Theorem 3.19 (Gauss-Green). Let A € ABV, let v be a continuous vector field
defined on cl A, and let S C A be a set of o-finite measure ¢. If v is pointwise
Lipschitz in A — S, then divv belongs to R.(A) and

(R*)/ divvd.f:/ v-vadA.
A 8. A

Theorem 3.20. Let G be a charge, and let f be a function defined on A € ABV.
Suppose there are a charge F' in A and a sequence {Ay} in ABYV such that

Ay C A, f S R*(Ak,G), FL A= (R*)/(f fAk) dG
fork=1,2,... If Ay, — A, then f € R.(A,G) and

(R*)/A FdG = F(A).

oo
Proof. It follows from [15], Corollary 6.2.7 that the set C' = A — |J Ay has
k=1
o-finite measure 7. Choose € > 0, and find gages d; on R™ so that

(3.8) > |f(@)G(E:) — F(AyNE;)| <e27F and Y |F(E; — Ay)| <e27*

;€A ;€A
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for each strongly e-regular dy-fine partition {(F1,x1), ..., (Ep, zp)}; see Theorem 3.17

and Lemma 3.8. For each z € A — C let ky = min{k € N: = € A}, and define

a gage 6 on A by letting 6(x) = §p, (x) if 1 € A—C, and §(z) =0 if z € C. Given

a o0-fine partition {(E1,z1),..., (Ep,xp)}, let Iy = {i: ky; = k} and observe that
q

{1,...,p} = U I, where ¢ = maxk,, and some I}, may be empty. Now
k=1 v

Z |f(@)G(E) = F(E)| = > |f(2)G(E) — F(Ey)],

k=1 i€l

D @)GE) = F(E) = ) |f(w:) G(E) — F(Ax N Ey)|

i€l ;€A

+ > |F(E — Ap)| < e27M,
T €Ak

where the inequality follows from (3.8). Consequently,
P
Z |f(2:)G(E;) — F(E;)| < 2e
i=1
and the theorem follows from Theorem 3.17. O

Remark 3.21. Corollary 3.18 and Theorem 3.20 show that the R.-integral ex-
tends the GR-integral defined in [15], Section 6.3. The extension is proper, since the
R-integral and GR-integral coincide in dimension one; see [16], Corollary 9.12, where
the GR-integral is called the continuous integral.

Proposition 3.22. Let G be a charge, h € R.(R",G), and H = (R,) [ hdG.
If A € ABVioc, then f: A — R belongs to R.(A, H) if and only if fh belongs to
R.(A,G), in which case

(R) [ ndc = (r) [ fan.

Proof. Choose ¢ > 0, and find gages d;, k = 1,2,..., on R™ so that
u €
> hwi)G(E;) — H(E;)| < %2_’“

i=1
for each strongly e-regular dx-fine partition {(E1,z1),..., (Ep,xp)}. Let
Ap={zeA: k—-1<|f(z)| <k}, k=12,...,
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and define gage ¢ on A by letting d(x) = dx(z) when x € Ay. Let f € R.(A, H) and
F = (R,)[ fdH. Theorem 3.17 shows that making § smaller, we may assume

P

Z |f(zi)H(E;) — F(E;)| <e

i=1
for each strongly e-regular §-fine partition P = {(E,z1),. .., (Ep, zp)}. For such P,

P

Do F@)h@)GE) = F(E) < Y Y 1 @o)l|h(z)G(E;) — H(Ey)|

=1 k=1xz;,€Ag

+) If(@)H(E) — F(E)| <e» 27F+e=2e.
i=1 k=1

Thus fh € R.(A,G) and (R.)[ fhdG = (R.)[ fdH according to Theorem 3.17.
Proving the converse is similar. O

Lemma 3.23. Let 2 C R™ be an open set, and let ¢: 2 — R" be a lipeomor-
phism. There is a constant v > 1, depending only on p, such that given € > 0 and
a gage 6 on (), the following is true: 6 o ¢ is a gage on {2, and if

P={(E1,z1),...,(Ep,7p)}

is a strongly e-regular (§ o )-fine partition with cl[P] C ), then

p(P) = {(p(Er), (1)), -, (p(Ep), p(p))}

is a strongly (¢/v)-regular (vd)-fine partition with [p(P)] C ¢(€2).

Proof. Lett = ¢ !and ¢ = max{1,Lip ¢, Lipt}. Clearly §o ¢ is a gage on €,
and ¢(P) is (c¢d)-fine partition with [¢(P)] C ¢(£2). By a direct calculation, ¢(P) is
(c=2mg)-regular. As cl[P] is a compact subset of 2, there is an open BV set U with
cl[P] C U and clU C Q. Thus we may assume from the onset that Q and () are
BV sets. In view of this, we can verify the isoperimetric property of A, = ¢(E;) by
considering only a BV set T' C ¢(£2). Letting S = ¢(T'), we calculate

min{P(A4;NT),P(A; — T)} = min{P[p(E; N S)], Plp(E; — S)|}
<™ tmin{P(E;NS), P(E; — S)} < ™ e P(S,in E;)
=" e (BN 0,S) = ™ e LA (A N LT
<AM Vel (AN 0, T) = A ™ Ve 1 P(T,in A;).

Now it suffices to let v = ¢—2™. O
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Theorem 3.24. Let Q) C R™ be an open nonempty set, and let ¢:  — R™ be a
lipeomorphism. If A € ABV, clA C Q, and f: ¢(A) — R, then f € R.[¢(A)] if and
only if (f o p)|det | belongs to R.(A), in which case

(3.9) w) [ f=@®) /A (f o 9)ldet g,

v (A)

Proof. Assume f € R.[¢(A)]. As clA is a compact set, there is an open set
U € ABV such that clA Cc U C Q. Note that for any charge G, the set function
E— G(p(ENU)): BY.— R is a charge as well. Define charges H and F in U by

H(E)=|p(ENU)| and F(FE)=(R) f,  where E € BY..
p(ENU)

By Proposition 3.5 and the area theorem for the Lebesgue integral,

H(E) = [p(ENU)| = (R*>/E|dew| LU

for each £ € ABY. Choose € > 0, and let v > 1 be the constant associated with ¢
according to Lemma 3.23. By Theorem 3.17, there is a gage § on ¢(A) such that

(3.10) zp:

Pyl Ail - (R*)/Aif‘ <

for each strongly (¢/)-regular (vd)-fine partition {(A1,41),-- ., (4p, yp)}. Now select
a strongly e-regular (6 o ¢)-fine partition P = {(E1,x1),..., (Ep,zp)}. Making §
smaller, we may assume that cl[P] C U. Lemma 3.23 and (3.10) imply

p

Z |[flp(ea)]H(E:) = F(Eq) =) |flp(e)]le(Ei)| - (R*)/

i=1 P(E:)

f‘<5.

Theorem 3.20 shows that fo¢ € R.(A, H) and (R.)[, fopdH = (R*)f<p(A) fs
and equality (3.9) follows from Proposition 3.22. The converse is obtained from
symmetry. U
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