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Abstract. We consider a phase-field system of Caginalp type perturbed by the presence
of an additional maximal monotone nonlinearity. Such a system arises from a recent study
of a sliding mode control problem. We prove the existence of strong solutions. Moreover,
under further assumptions, we show the continuous dependence on the initial data and the
uniqueness of the solution.
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1. INTRODUCTION
In the present contribution, we consider the phase-field system

(W +1lp) —kAI+(=f ae in@:=(0,T)xQ,
Op —vAp + &+ 7m(p) =79 ae. in Q,
C(t) € A(W(t) + ap(t) — ™) for a.e. t € (0,T),
§ € B(p) ae in@,

L e N e N Y
— = = =
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NS NN

where (2 is the domain in which the evolution takes place, T is some final time,
1 denotes the relative temperature around some critical value that is taken to be 0
without loss of generality, and ¢ is the order parameter. Moreover, [, k, v, v, and «
are positive constants, n* is a function in H?(Q2) with null outward normal derivative
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on the boundary of Q and f is a source term. The above system is complemented
by homogeneous Neumann boundary conditions for both ¢ and ¢, that is,

(1.5) ON9 =0, Onp=0 onX:=(0,T)xT,

where I' is the boundary of 2 and Jy is the outward normal derivative, and by the
initial conditions

(L6) 9(0) =0, 9(0) =0 in

The term £ + 7(y), appearing in (1.2), represents the derivative of a double-well
potential F' defined as the sum

(1.7) F=B+7,

where

(1.8) ,73’\: R — [0, 0] is proper, l.s.c. and convex with ,79’\(0) =0,
(1.9) 7: R— R, 7 € C*(R) with 7 := 7’ Lipschitz continuous.

Since ,79’\ is proper, l.s.c. and convex, the subdifferential § := 83 is well defined and is
a maximal monotone graph. For a comprehensive discussion of the theory of maximal
monotone operators, we refer, e.g., to [1], [3], [20]. In our problem, we also consider
a maximal monotone operator

(1.10) A: H:=L*Q) — 21
such that 0 € A(0) and
(1.11) g < CA+ ||z|lg) Vxe H, ve Ax,

for some constant C' > 0.
The problem (1.1)—(1.6) under study is an interesting development of the following
simple version of the phase-field system of Caginalp type (see [5]):
(1.12) (W +1lp)—kAY=f inQ,
(1.13) O —vAp + F'(¢) =~9 in Q.

As already noticed, F/ = £ + 7 is related to a double-well potential F. Typical
examples for F are

(1.14) Freg(r) = i(rQ -1)?2, reR,
(1.15) Fiog(r) = (1 +r)In(1+7)+ (1 —r)In(1 —7)) —cor?, 7€ (~1,1),
(1.16) Fops(r) = I(r) — cor?, 1 €R,



where ¢y > 1 in (1.15) in order to produce a double well, while ¢y is an arbitrary
positive number in (1.16), and the function [ in (1.16) is the indicator function
of [-1,1], i.e., it takes the values 0 or oo according to whether or not r belongs
o [—1,1]. The potentials (1.14) and (1.15) are the usual classical regular potential
and the so-called logarithmic potential, respectively.

The well-posedness, the long-time behavior of solutions, and also the related op-
timal control problems concerning Caginalp-type systems have been widely studied
in the literature. We refer, without any sake of completeness, e.g., to [4], [12], [14],
[18], [19] and references therein for the well-posedness and long-time behavior results
and to [6], [7], [8], [15], [16] for the treatment of optimal control problems.

The paper [2] is related to control problems, but it goes in the direction of designing
sliding mode controls (SMC) for a particular phase-field system. The main objective
of the authors is to find some state-feedback control laws (¢, ¢) — u(9, ) that can,
once inserted into the equations, force the solution to reach some submanifold of the
phase space, in finite time, then slide along it. The first analytical difficulty consists
in deriving the equations governing the sliding modes and the conditions for this
motion to exist. The problem needs the development of special methods, since the
conventional theorems regarding the existence and uniqueness of solutions are not
directly applicable. Moreover, the authors need to manipulate the system through
the control in order to constrain the evolution on the desired sliding manifold.

In particular, in the paper [2] the authors consider the operator Sign: H — 24
defined as Sign(v) = v/||v||, if v # 0, and Sign(0) = B1(0), if v = 0, where B;(0)
is the closed unit ball of H. Sign is a maximal monotone operator on H and is
a nonlocal counterpart of the operator sign: R — 2% defined as sign(r) = r/|r| if
r # 0, and sign(0) = [—1,1] if r = 0. Then the authors of [2] deal with the system

(1.17) O(9+1p) — kAY = f — oo a.e. in Q,
(1.18) Op —vAp+ &+ 7m(p) =79 ae. in Q,
(1.19) o(t) € Sign(¥(t) + ap(t) —n*) for ae. t € (0,T),
(1.20) £eBlp) ae in@Q,

(1.21) ONO =0, Onp=0 on,

( ) 9(0) = Yo, d  ©(0) = g in Q,

which turns out to be a particular case of (1.1)—(1.6) with A = o Sign. The paper [2]
is mostly concerned with the sliding mode property for (1.17)—(1.22). In this con-
tribution we deal with (1.1)—(1.6), which turns out to be a particular generalization
of the problem (1.17)—(1.22), since we only require (1.10)—(1.11) for the maximal
monotone operator A. We prove the existence and regularity of the solutions for the
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problem (1.1)—(1.6), as well as the uniqueness and the continuous dependence on the
initial data in case @ = [. In order to obtain our results, we first make a change of
variable. We set:

(1.23) n="1+ap—n".
Consequently, the previous system (1.1)—(1.6) becomes

(1.24) O(n+ (I —a)p) —kAn+ kalp+ (= f— kAn* ae. in Q,
(1.25) o —vAp+E+7m(p) =v(n—ap+n") ae. in @,
(1.26) C(t) € A(n(t)) forae.te (0,T),

(1.27) ceBp) ae inQ,

( ) ONn =0, Inp=0 onX,

(1.29)

n(0) =m0, ©(0) = in .

From now on, we refer to the initial and boundary value problem (1.24)—(1.29) as
problem (P). In order to prove the existence of solutions, we first consider the ap-
proximating problem (P.) obtained from problem (P) by approximating A and S
by their Yosida regularizations. Then we construct a further approximating prob-
lem (P. ), obtained from (P.) by a Faedo-Galerkin scheme based on a system of
eigenfunctions {v,} C W, where

(1.30) W = {uc H*(Q): Oyu=0on 9N}.

Then, we prove the existence of a local solution for (P, ,) and, passing to the limit
as n — oo, we infer that the limit of some subsequence of solutions for (P ,) yields
a solution of (P.). Finally, we pass to the limit as £ \, 0 and show that some limit
of a subsequence yields a solution of (P).

Next, we let o = | and write problem (P) for two different sets of initial data f;, n,
Mo, and @o,, ¢ = 1,2. By performing suitable contracting estimates for the difference
of the corresponding solutions, we deduce the continuous dependence result, whence
the uniqueness property is also achieved.

The paper is organized as follows. In the next section, we list our assumptions,
state the problem in a precise form and present our results. The next two sections are
devoted to the corresponding proofs: Section 3 deals with existence and regularity,
while uniqueness and continuous dependence are proved in Section 4.
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2. MAIN RESULTS

2.1. Preliminary assumptions. We assume ) C R? to be a bounded domain
of class C! and we write (| for its Lebesgue measure. Moreover, I' and dy stand for
the boundary of €2 and the outward normal derivative, respectively. Given a finite
final time T > 0, for every ¢ € (0, T] we set

(21) Qt = (Oat) X Qa Q = QT7
(2.2) S, = (0.6)xT, ©=%r.

In the following, we set for brevity

(2.3) H=1*Q), V=HY), V,=HQ),
(2.4) W ={uec H*Q): Oyu=0 on 00},
with usual norms ||-|| g, ||||v and inner products (-, )m, (-, )y, respectively. Now we

describe the problem under consideration. We assume that

(2.5) la,k,v,v € (0,00),
(2.6) fer*Q),
(2.7) n*ew,

(2.8) Mo, @o €V,
(2.9) Blpo) € L'().

We introduce the double-well potential F' as the sum

(2.10) F=3+T7,

where

(2.11) B: R — [0, 00] is proper, l.s.c. and convex with B(O) =0,
(2.12) 7: R — R, 7 € C'(R) with 7 := 7" Lipschitz continuous.

Since B is proper, lower semicontinuous and convex, the subdifferential 5 := 5‘3 is well
defined. We denote by D(3) and D(B\) the effective domains of 3 and 3, respectively.
Thanks to these assumptions, 3 is a maximal monotone graph. Moreover, as ,79’\ takes
on its minimum in 0, we have that 0 € 5(0).
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Remark 2.1. We introduce the operator B induced by 3 on L?(Q) in the fol-
lowing way:

(2.13) B: L*(Q) — L*(Q),
(2.14) £ e B(yp) = &(x,t) € Bo(x,t)) for a.e. (z,t) € Q.

We notice that

(2.15) B=0B, B=0od,
where
(2.16) ®: L*(Q) — (—o0, 00],

B(u) ifue L2(Q) and B(u) € LY(Q),
(2.17) B(u) = Jo Bu) (@) (u) € L(Q)

00 elsewhere, with u € L?(Q).
The maximal monotone operator A. In our problem a maximal monotone

operator
(2.18) A:H—H

also appears. We assume that

(2.19) 0 € A(0)

and that there exists a constant C' > 0 such that

(2.20) [ola <CA+nlla) YneH, ve An.

Remark 2.2. We introduce the operator A induced by A on L?(0,T; H) in the
following way:

(2.21) A: L*(0,T; H) — L*(0,T; H),
(2.22) e A(n) < ((t) € A(n(t)) for a.e. t € (0,T).

We notice that A is a maximal monotone operator.

2.2. Examples of operators A. Now, we provide some examples of maximal
monotone operators fulfilling our assumptions.
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Example 1. We consider the operator

(2.23) sign: R — 2%,
) . if r # 0,
(2.24) sign(r) = ¢ |7
[-1,1] ifr=0.

Notice that sign induces a maximal monotone operator on H.

Example 2. We define the operator Sign as the nonlocal counterpart of the
operator sign (see (2.23)-(2.24)):

(2.25) Sign: H — 27,

— ifv#£0,
(2.26) Sign(v) = ¢ [vll

Bl(O) ifv= 0,

where B;(0) is the closed unit ball of H. Sign is the subdifferential of the map
|| -]l: H— R and is a maximal monotone operator on H which satisfies (2.19)-
(2.20).

Example 3. We consider the operator

(2.27) A R =R,
arr ifr <0,
(2.28) Ai(r)=<0 ifo<r <1,

agr ifr>1,

where o and as are positive coefficients. We observe that A; is a maximal monotone
operator on R, whose graph consists of a horizontal line segment and two rays of
slope aq, as. Moreover, 0 € A;(0) and

(2.29) o] KC(1+|r|]) forallreR, ve Ai(r),

with C = max (a1, az). Then A; satisfies (2.19)—(2.20). We notice that A; corre-
sponds to the graph which correlates the enthalpy to the temperature in the Stefan
problem (see, e.g., [9], [11], [13]).

Example 4. We consider the operator

(2.30) Ay: H — H,
(2.31) As(v) = alv]T v,
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where 0 < ¢ < 1 and « is a function in L>®°(Q) with a(z) > 0 for a.e. z € . We
observe that A induces a (nonlocal) multivalued maximal monotone operator on H,
with 0 € A2(0). Moreover, Ay can be considered a weighted perturbation of the
operator appearing in the porous media equation and in the fast diffusion equation
(see, e.g., [10], [17], [22]).

2.3. Setting of the problem and results. Now, we state the problem under
consideration. We look for a pair (7, @) satisfying at least the regularity requirements

(2.32) n, ¢ € H'(0,T; H)N L>(0,T;V) N L*0,T; W)

and solving the problem (P):

(2.33) h(n+ (I —a)p) —kAn+ kaAp+ (= f—EkAn* a.e.in Q,
(2.34) O —vAp+E&+7(p) =v(n—ap +n*) ae inQ,
(2.35) ¢(t) € A(n(t)) fora.e.te (0,T),

(2.36) &€ ply) ae in @,

(2.37) ONY =0, Onp=0 onX,

(2.38) n(0) =m0, ¢(0) =¢o in Q.

We notice that the homogeneous Neumann boundary conditions for both 7 and ¢
required by (2.37) follow from (2.32), due to the definition of W (see (2.4)).

Theorem 2.3 (Existence). Assume (2.5)—(2.9), (2.11)—(2.12), and (2.18)—(2.20).
Then problem (P) (see (2.33)—(2.38)) has at least a solution (1, ) satisfying the
regularity requirements (2.32).

Theorem 2.4 (Uniqueness and continuous dependence). Assume (2.5)—(2.9),
(2.11)—(2.12), and (2.18)—(2.20). If o = I, the solution (p,n) of problem (P) (see
(2.33)—(2.38)) is unique. Moreover, if f;, n¥, no,, po,, ¢ = 1,2, are given as in
(2.6)—(2.8) and (v;,m;), i = 1,2, are the corresponding solutions, then the estimate

(2.39)  lm — 2|l m;m)nL20,1:v) + |91 — @2l Lo 0,1 )N L2 (0,13v)

< C(|lf1 = fallez@) + Iny = nsllw + [Imo, — m0a 12 + [0, — wo,lla)

holds true for some constant C' that depends only on (), T, and the parameters [, a,
k, v, .
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3. PROOF OF THE EXISTENCE THEOREM
This section is devoted to the proof of Theorem 2.3.
3.1. The approximating problem (P.).

Yosida regularization of A. We introduce the Yosida regularization of A. For
€ > 0 we define

I—(I+eA) !

)

(3.1) Ac: H— H, A.= .

where I denotes the identity operator. Note that A, is Lipschitz continuous (with
Lipschitz constant %), maximal monotone, and satisfies the following properties.
Denoting by J. = (I +cA)~! the resolvent operator, for all § > 0 we have that

) AEn S A(an)7
) (Ae)é = Ae+67
) Al < A%l
)

(

(

(
. _ 0

( tim || Azl = | A%,

2
3
4
.5

w w w w

where A% is the element of the image of A having minimal norm.

Remark 3.1. We point out a key property of A., which is a consequence of
(2.20). There exists a positive constant C, independent of &, such that

(3.6) Az < CA+ |Inllg) forallne H, ve An.

Indeed, notice that 0 € A(0) and 0 € I(0): consequently, for every ¢ > 0, 0 €
(I +eA)(0). This fact implies that J.(0) = 0. Moreover, since A is maximal mono-
tone, Je is a contraction. Then, from (2.20) and (3.2), it follows that

SO Jenlla +1)
< C([Jen = JOlla + (170l e + 1)
< C(lnlla +1)

[ Aen|| &

Yosida regularization of 3. We introduce the Yosida regularization of 3. For
€ > 0 we define

(3.7) B.: R R, @:Li%?@:.
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We remark that 3. is Lipschitz continuous (with Lipschitz constant é) and satisfies
the following properties. Denoting by R. = (I +¢/3)~! the resolvent operator, for all
d > 0 and for every ¢ € D(3) we have that

(3.8) Be(p) € B(Rewp),
(3.9) (Be)s = Betss
(3.10) 1B=(2)] < 18°()l,
(3.11) lim S () = B%(¢),

where 3°(¢) is the element of the image of 3 having minimal modulus.

Regularization of B We introduce the Moreau-Yosida regularization of B For
€ > 0 we define

(3.12) Be: R— (0,00, B.= %
We recall that
(3.13) Be(p) < B(yp) for every ¢ € D(B).

-~

We also observe that (. is the Fréchet derivative of ,73’\5. Then, for every @1, 2 € D(8),
we have that

$2

(3.14) Be(2) =35(<p1)+/ Be(s)ds
%)

1

Approximating problem (P.). We denote by f. a regularization of f con-
structed in such a way that

(3.15) f- € CH[0,T); H) foralle >0, 111% I.fe = fllz2(0,7:) = 0.
e—

Then, we look for a pair (7., p.) satisfying at least the regularity requirements

(3.16) Ne, we € HY(0,T; H)NL>®(0,T;V) N L*0,T; W)

and solving the approximating problem (P.):

(3.17)  9(n- + (I — a)p) — kAN + kalp, + (. = f- —kAn* ae. in Q,

( ) Oppe — VAP + & + 77(505) =v(Me — ape + 77*) a.e. in @,

(3.19) C(t) = Acne(t) for a.e. t € (0,T),

(3.20)

(3.21)

(3.22)

€ = Be(pe) a.e.in Q,
8Nn€ = 0, 8Ng05 =0 on E,

N:(0) =m0, ¢(0) =¢o in



where A, and (. are the Yosida regularizations of A and § defined in (3.1) and
(3.7), respectively. We notice that the homogeneous Neumann boundary conditions
for both n. and ¢, required by (3.21) follow from (3.16) due to the definition of W
(see (2.4)).
Remark 3.2. We can define f. as the regularization of f obtained by solving
—efl'(t) + fo(t) = f(t), te(0,T),
(3.23) { C(t) + fe(t) = f(#) (0,T)
f-(0) = f(T) =0.

Thanks to Sobolev immersions and elliptic regularity, we obtain that
(3.24) f-€CY([0,T];H) and ilg% Ilfe = fllz20,136) = 0.

3.2. The approximating problem (P, ,). Now, we apply the Faedo-Galerkin
method to the approximating problem (P.). We consider the orthonormal basis
{vi}{iz1y of V formed by the normalized eigenfunctions of the Laplace operator with
homogeneous Neumann boundary condition, that is,

(3.25)

—Avi = )\i’l)i in Q,
8Nvi =0 on 0f).

Note that, owing to the regularity of 2, v; € W for all 4 > 1. Then, for any integer
n > 1, we denote by V;, the n-dimentional subspace of V' spanned by {v1,...,v,}.
o0

Hence, {V,,} is a sequence of finite-dimensional subspaces such that |J V,, is dense

n=1
inVand V, CV, for all £ < n.

Definition of the approximating problem (P, ,). We first approximate the
initial data 7y and pg. We set

(3.26) Mon = Pv,m0,  Po.n = Pv, o
We notice that
(3.27) lim |70, —nollv =0 and  lim |l@on — wolv = 0.

Note that the convergence provided by (3.27) ensures that g, and g , are bounded
in V. Now, we introduce the new approximating problem (P.,). We look for
t, € (0,T] and a pair (9, Y:n) (in the following we will write (9, ¢,) instead of
(Me,n, Pe,n)) such that

(3.28) Mn € Cl([O,tn];Vn), “n € Cl([O,tn];Vn),
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and, for every v € V,, and for every t € [0,t,], solving the approximating prob-
lem (Pep):

(3:29)  (Oe[nn(t) + (I — ) pn(t)] — kAN (t) + kalp,(t) + Aenn(t),v)
= (fé(t) - kAU*7 U)Ha

(3'30) (8t30n (t) —vAp, (t) + B (‘Pn (t)) + W(‘Pn (t))a U)H
= (V[ (t) — apn(t) + 0"l v)m,

(3.31) ONTn =0, Onen=0 onX,

(3.32) 1(0) =0,  ©n(0) =0, in Q.

This is a Cauchy problem for a system of nonlinear ordinary differential equations.
In the next section we will show by a change of variable that this system admits
a local solution (7, ¢r ), which is of the form

(3.33) en(t) = Z ain (t)vi,
(3.34) Tn(t) =Y bin(t)vs,
i=1

for some a;y,, by, € C1([0,t,]).

Remark 3.3. We point out that

~ 1
635) [ Blonn) <C+ pllvo— vonlallioll + lennlln)
where
(3.36) C = [1B(¢0)ll -

Indeed, for every ¢ € (0, 1], thanks to the property (3.13) of B-, we have that
(3:37) 0 < B (o) < ).
Since (o) € LY(9) (see (2.9)), we obtain that

(3.38) /Q B:(0) < C,
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where C' = ||B(¢0)|\L1(Q). From (3.14), using the Lipschitz continuity of 8, we have

—~ —~ $o,n
B-(om) < Be(ip0) + / B.(s) ds
Yo

1 $o,n
(o) + 1 / 15| ds
$o

~ 1
< Be(wo) + 2—€|300 = o,n|(|¢ol + |©0.nl)-

Q)

By integrating (3.39) over 2, we obtain that

(3:9) [ Belonn) < @),
Q
where
(3.40) Qeln) = C -+ 5 lloo — pollalpolls + ool

Remark 3.4. Thanks to (3.34) and the Lipschitz continuity of A., we obtain
that

(3.41) Ac(nn) € CUH([0,n); H).

Indeed, ||vi||g < ||villv =1 for all ¢ € N. Then we choose t¢,t" € [0,t,] and we have

the following inequality:
AE <Z bin (t)vi> - AE <Z bin (t/)vi> H
i=1 i=1 H

(bin (t) = bin(t))vs

1A=t (6)) — Ao (t)) 1 = H

N

€
P H
n

Z |||U1HH— Z|bm bin(t)].

//\

Since b;;, are continuous, we obtain (3.41).

Existence of a local solution for (P.,). In order to prove the existence of
a local solution (7,,, ¢,) for the approximating problem (P. ,), we make a change of
variable. We set

(3.42) Un = Nn + (I — @)pn, Yo,n = No,n + (l— O‘)SOO,nv
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and we prove that there exists a local solution (¥, ¢,) of the problem

(3.43) (049, — kA, + klA@, + Ac (P, — (I — @) pn),v) g = (fe — kKAR*,v)m,
(Oron — VAPp + Be(pn) + m(en), v)n = (V[P — lon +10"],0)H,
@n(o) = P0,n;» ﬁn(o) = ﬁO,nv

whenever v € V,,. Re-arranging the above system in an explicit form, we have

(3.44) (040, v)g = (EAY, — klAp, — Ac(Vn, — (I — @)on) + fe — KAD*,0) 1,
(Oepn,v)m = WAPn — Be(pn) — T(pn) + V[0 — lon +0"],0) 1,
@n(o) = P0,n;» ﬁn(o) = ﬁO,nv

whenever v € V;,. Thanks to the initial hypotheses (2.5)—(2.8), (2.11)—(2.12), and
to the regularity of A, shown in (3.41), the right-hand side of (3.44) is a Lipschitz
continuous function from [0, ¢, to R™. Consequently, there exists a local solution for
the approximating problem (P, ).

3.3. Global a priori estimates. In this section we obtain four a priori estimates
inferred from the main equations of the approximating problem (P, ,) (see (3.29)-
(3.32)).

In the remainder of the paper we often use the Holder inequality and the elemen-
tary Young inequalities in performing our a priori estimates. In particular, let us
recall that, for every a,b > 0, « € (0,1), and 6 > 0, we have that

(3.45) ab < aa'/® + (1 — )b/ (=)
1

3.46 b < da® + —b2.

( ) a a” + 15

In the following, the lowercase symbol c¢ stands for different constants which depend
only on €2, on the final time T, on the shape of the nonlinearities and on the constants
and the norms of the functions involved in the assumptions of our statements.

First a priori estimate. We add v¢,, to both sides of (3.30) and we test (3.29)
by 7, and (3.30) by Orpy,. Then we sum up and integrate over @y, t € (0,7]. We
obtain that

1
) 5 [ m®F+-a) [ otk [ VP
Q Q1 Qt

— ko Vn -V, + / Acinnn
Qt t

14 1 ~
+ / Oonl? + 2 / on (@) + 2 / Ven()? + / OB (on)
Q 2 Ja 2 Ja Q
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1 *
=5 [l +5 [1oonf+5 [ Vel + [ (fe=kanm,

+ / i+ (v — @y )pm + 1771910 — / 7(0n)Orpn.

t

To estimate the last integral on the right-hand side of (3.47), we observe that = is
a Lipschitz continuous function with Lipschitz constant C. Consequently we have
that

(3.48) [m(on)| < [m(en) —m(0)] + [x(0)]
< Cxln| + [m(0)]
<

Cl(|<,0n| + 1))

where Cy = max {Cy; |7(0)|}. Due to (3.46) and (3.48), we obtain that

(3.49) - / () Ohipn < / I 0n)Brn] < /Q Cr(|pnl + 1))0upn]

t Q¢
1
<3 [ al+2¢2 [ (gal + 1)

t t

1
= g/ |8t50n|2+4012/ |§0n|2+c'

Now, we recall that A. is a maximal monotone operator and A.(0) = 0. Hence, we
have that

(3.50) / Actian > 0,

Using (3.49)—(3.50), from (3.47) we obtain that

(3.51) /mn |2+k/ IVl + /|atson| .4 /m
/|v90n |2 /66 SOn
<c+—/ |no,n|2+—/ |soo,n|2+—/ |wo,n|2+/ﬂl<soo,n>

1
- (l_a) Orontn + ka Vn -V, + g/ |8t30n|2+4012/ |30n|2
Qt Qt Q1 Q1

4 / (fe — kAD ) + /Q Wt + (v — 09)m + 717 10epm.
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We notice that the convergence provided by (3.27) ensures that 79, and g, are
bounded in V. Consequently, thanks to (3.40), the first four integrals on the right-
hand side of (3.51) are estimated as follows:

1 v v ~
(352) 1 / nol? + 2 / ponl? + 2 / Vonl? + / Bl pom) < e+ Qe(n).
2 Jq 2 Ja 2 Ja Q

We also notice that
k
(3.53) ka/ Vo -V, = 5 (2a Ve, - Vnn>
t Qt

k 5  ka? 9
< = il
\z/tlvnnl + /Qtlvwnl

k 5  ka? v 9
§/t|V77n| +—- Q,,i'V%' :

We re-arrange the right-hand side of (3.51) using (3.46), (3.52), and (3.53). Then we
have that

1 v ~
358 g+ [ 19m 5 [ 1ol + Flea®l + [ ene)

<ot Quln) +2(1 - a>2/ 72

t

1 k ka? v
2 g 2Ll 2 _/ v 2
+8/Qt|t50n| +2/Qt|vnn| +— Qt2|V<pn|

1 s 1
5 e act [ G2 [ ig—kan g [

Ly 1
+2/ V1 + (v — ay)en + 71 |2+§/ |0 on .
+ Qt

According to (3.15), f- is bounded in L?(0,T; H) uniformly with respect to e. Con-
sequently, due to (2.6)—(2.7), the seventh integral on the right-hand side of (3.54) is
under control and similarly the third addend in the ninth integral on the right-hand
side. Then we infer that

1 v ~
(355) Llma(t)% + & / Vnal? + / Brpnl® + Lln ()2 + / B on(®))
2 Qt Qt 2 Q
1 1 ko? v
g £ 2 - 2 5 n2 a n2 - ~ n2
e+ Qum+ 2=+ ] [ il g [ e+ 5[ Sl
1 ac? / oul? + 892 / [ + 8(v — o)’ / onl?.
Q+ Q+ Q+

638



Now, we combine the constants in (3.55) and obtain that

1 v ~
356 lm®l+k [ 190P+ [ o+ Flen®l + [ Blen(®)
2 Q¢ Q1 2 Q
1 t
et Qulm) + Cag [ Il ds
0
14 t 2 1% t 2
+Cay [ 19pu@ )l ds + i [ (o)l ds,
0 0
where
1 ko 2[4C% — 2
02:2[2(1—a)2+§+872], cg,:%, Cy = [C1+8V(” )]

Consequently, from (3.56) we have that

(3.57)

where

1 v ~
SIm @k [ [9mP + [ ol + Zlen®lF + [ Blenlt)
Q+ Qt Q

1/t v [t
et QG5 [ Il ds+ 5 [ ol as)

C5 — Imax (CQ, 03, 04)

Then, from (3.57) we conclude that

(3.58)

1 v ~
SIm @k [ [9mP [ ol + Zlen®lF + [ Blente)
Q+ Qt Q

1 [t 9 v [t 9
See| b5 [ lm)lEds+5 [ len(s)llids ).
0 0

Now, we apply the Gronwall lemma to (3.58) and infer that

1 v ~
359 3@l +k [ 1902+ [ 18al? + Slon®lf + [ Bulon(®) <o
Q1 Q1 Q

As (3.59) holds true for any ¢ € [0,t,), we conclude that

(3.60)
(3.61)
(3.62)

||SOnHH1(o,t,,L;H)mLoo(o,tn;V) < Cey
10l Lo (0,4, )N L2 (0,t05v) < Ce,

”ﬂE(SDn)||L°°(O,tn;L1(Q)) < Ce
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Second a priori estimate. First of all, we notice that 7(p,) is bounded in
L?(0,t,; H) owing to (2.12) and (3.60). Thanks to (3.60)—(3.62), we can rewrite
(3.30) as

(3.63) (—vAppn + B:(on),v) g = (g1,v)g  for all v € V,,,

with [[g1]|z2(0,¢,;5) < ce. The choice of the basis v; as in (3.25) allows us to test
(3.63) by —Agp,,. Integrating over (0,t), we obtain that

(3.69) v [ 1aeaP s [ Ven Vo == [ nten,
Q1 Q1 Q:
Using inequalities (3.45)—(3.46), from (3.64) we have that
v Ao, |2 ' 2 1 2
(3.65) U [l + [ Beael < = [l
Qt Qt viJQ.
Due to (3.60) and the monotonicity of 3., from (3.65) we obtain that

(3.66) [A@n | L2(0.6:0) < e

We observe that (3.66) holds true for any ¢ € [0,¢,). Then, using elliptic regularity,
from (3.60) and (3.66) we infer that

(3.67) lenllL2.tnm) < e

Third a priori estimate. Thanks to the previous a priori estimates, from (3.29)
it follows that

(3.68) (O — kA, + Ay, v)g = (92,v)g for all v € V,,

with ||g2(|£2(0,t,: 1) < ce. We test (3.68) by 9;n, and integrate over (0,1); we obtain
that

k k
(3.69) / Oumnl® + / Vin(0)? + / Actdinn = & / Vronl? + / 5200
Q 2 Jo Q: 2 Jo Q:
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Then, using the property (3.6) of A. and inequalities (3.45)—(3.46), from (3.69) we
infer that

(3.70) /Q Oal? + 2 / V(1)

1
<5 L iwmal s [ Amomd 2 [ g [ o
/an +2/ Aol + /|amn|2+2/ ool + /Q|amn|2
_k / Vrioal? +2 / | At ()| ds + + / O ? + 2 / 9ol
2 Ja 0 4 Jq, Q

k K 1
<5 [ 9mal <2 [1CUn@la+ 0 s+ [ om+2 [ ol

k ‘ 1
ety [IVmaP4ac? [n@lds+ g [ P2 [ o
2 0 0 2 Q+ Qt

Due to (2.8), the first integral on the right-hand side of (3.70) is under control. Then,
from (3.70) we infer that

1 k t
37y L / Oal? + 2 / V()] < ¢+ 4C? / ()13 ds + 2 / lgal?.
2 Qt 2 Q 0 Q:

We observe that (3.71) holds true for any ¢ € [0,t,), Then, due to the previous
estimates (3.60)—(3.61), we conclude that

(3-72) ||77n||H1(0,t,,L;H)mL°°(O,tn;v) < e

Fourth a priori estimate. Due to the previous estimates (3.60)—(3.62), (3.67),
and (3.72), by comparison to (3.68), we infer that

(3.73) | A% L2 0,6050) < Ce

Consequently, we conclude that

(3.74) 7l 22 (0,0w) < €2

Summary of the a priori estimates. Since the constants appearing in the
a priori estimates are all independent of ¢,, the local solution can be extended to
a solution defined on the whole interval [0, T, i.e., we can assume ¢, = T for any n.
Hence, due to (3.60)—(3.62), (3.67), (3.72) and (3.74), we conclude that

(3.75) lonll z1 (0,755 Lo (0,73 )" L2(0, ;W) < Ce,

<
(3.76) 10| 21 (0,75 )" 2> (0,75v) L2 (0,73W) < Ce
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3.4. Passage to the limit as n — oo. Now, we let n — oo and show that the
limit of some subsequences of solutions for (P, ) (see (3.29)—-(3.32)) yields a solution
of (P.) (see (3.17)—(3.22)). Estimates (3.75)—(3.76) for ¢,, and 7,, and the well-known
weak or weak* compactness results ensure the existence of a pair (¢, 7.) such that,
at least for a subsequence,

(3.77) on — e in H'(0,T5H) N L*(0,T; W),
(3.78) on =" e in L=(0,T;V),
(3.79) N — e in HY0,T; H) N L*(0,T; W),
(3.80) N =" 1 in L(0,T;V),

as n — oo. We notice that W, V| H are Banach spaces and W C V' C H with dense
and compact embeddings. Then, we are under the assumptions of [21], Prop. 4,
Sec. 8 and this fact implies the following strong convergences:

(3.81) on — @ in CY[0,T]; H)N L*(0,T; V),
(3.82) N — M- in C°([0,T]; H) N L*(0,T; V),

as n — o0o. Since 7, A, and . are Lipschitz continuous, we infer that

() — m(0e)| < Crlon — | ae. in @,
1 .
(3.83) [ Acnn — Aenellnr < g”nn —Nellg  ae.in [0,T7],

18:0n) = Bel22)] < Zlion — | ae.in Q.

Due to (3.83), we conclude that

(3.84) m(n) = 7m(pe) in C°([0,T]; H),
(3.85) Acnpn — Acn. in CO([0,T); H),
(3.56) Belpn) = Belpe) in CO(0, T]; H),

as n — 0o. Now, we fix kK < n and we observe that, for every v € V}, and for every
t € [0,T1], the solution (1, ¢») of problem (P, ,) satisfies

(3'87) (8t [nn )+ (- O‘)Son (t)] — kA, (t) + kalep, (t) + Aenn(t),v)m
= (fe(t) — kAn", v)m,
(3.88) (Orion (t) =A@y (t)+Be(pn(t)) +7(on(t)), V) = (Y[ (t) —apn(t)+n"],v)H.
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If k is fixed and n — oo, we have the convergence of every term of (3.87)—(3.88) to
the corresponding one with 7., ¢ whenever v € Vj, i.e.,

(3'89) (8t [ne(t) + (- O‘)Sps (t)] — kAn. (t) + kalAp. (t) + Aene(t),v)m
(fE( ) kA?? U)Ha
(3.90) (Oppe(t) = vApe(t) + Be (e (1) + 7= (1), v)r = (V[ne(t) — ape(t) + 77|, v) 1

oo

As k is arbitrary, the limit equalities hold true for every v € |J Vi, which is dense
k=1

in V. Then the limit equalities actually hold for every v € V|, i.e.,

(3.91) O(ne + (I — a)pe) — kAN + kalAype + Acne = fo — kAn™  ae. in Q,
(3.92) Orpe — VAQ: + Be(pe) + m(we) = v(ne — ape +1*)  ace. in Q.

Now, we prove the convergence of the initial data. We recall that

(3.93) no.n = Pv,mo,  ¢on = Py, ¢o.

If € is fixed, then

(3.94) lim g, =m0 inV,
n—00

(3.95) lim @o, =¢o inV,
n—»00

and then also in H. These observations and (3.81)—(3.82) show that the weak limit
of some subsequences of solutions for (P. ) (see (3.29)—(3.32)) yields a solution for
(P.) (see (3.17)—(3.22)). We also notice that taking the limit as n — oo in (3.40)
entails that Q.(n) — C, with

(3.96) /Qﬁs(sao) <C

Then, after the first passage to the limit, we conclude that estimates (3.75)—(3.76)
still hold for the limiting functions with constants independent of ¢, i.e.,

(3.97) |l m1 0,755 Lo (07" L2 (0,75w) < €,

<
<

(3.98) ||776||Hl(o,T;H)mLoo(0,T;V)mL2(0,T;W) C.

3.5. Passage to the limit as ¢ \, 0. Now, we let € \ 0 and show that the limit
of some subsequences of solutions for (P.) (see (3.17)—(3.22)) tends to a solution of
the initial problem (P) (see (2.33)—(2.38)). First of all, due to (3.77)—(3.82), (3.86),
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and (3.96), we have that the constants in (3.97)—(3.98) do not depend on €. Moreover,
thanks to (3.97)—(3.98), by comparison to (3.92), we infer that

(3.99) 1B (we)llz2q) < c

The well-known weak or weak* compactness results and the useful theorem [21],
Prop. 4, Sec. 8, ensure the existence of a pair (¢,n) such that, at least for a subse-
quence,

( ) 0. =" @ in HY0,T; H)NL*>®(0,T; V)N L*0,T; W),
( ) ne —*n in HY(0,T; H)NL>(0,T;V)NL*(0,T; W),
(3.102) 0. = in C°([0,T); H)N L*(0,T;V),
(3.103) ne —n in CO(0,T); H) N L*(0,T; V),

as € \( 0. Now, we observe that (3.102) implies that

(3.104) e — ¢ in L*(0,T; H) = L*(Q)

as € (0. We set & = S.(¢:) and remark that

(3.105) €@y = 18 (eo) @) < e

Thus, we may suppose that, as € \ 0, at least for a subsequence,
(3.106) & —¢ in L*(Q),

for some ¢ € L?(Q). Now, we introduce the operator B. induced by . on L?(Q) in
the following way:

(3.107) B.: L*(Q) — L*(Q),
(3.108) & € Bo(p:) <= & (a,t) € Be(pe(x,t)) for ae. (x,t) € Q.

Due to (3.104) and (3.106), we have that

B:(p:) — in L2 ,
(3.109) { (pe) = ¢ | L*(Q)
P = in L*(Q),
(3.110) 1ir;1\s(1)1p /Q Lepe = /Q .
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Thanks to (3.109)—(3.110) and to the useful results proved in [1], Prop. 2.2, p. 38,
we conclude that

(3.111) €eBlp) inI2(Q),
where B is defined by (2.13)—(2.14). This is equivalent to saying that

(3.112) &€ py) ae in Q.

Moreover, we pass to the limit in A. by repeating the previous arguments and con-
clude that

(3.113) ¢€An) in L*(0,T; H),

with the obvious definition for A (see (2.21)—(2.22)), and this is equivalent to saying
that

(3.114) € A(n) a.e. in[0,7T].

Conclusion of the proof. Thanks to the previous steps, we conclude that, as
€ \( 0, the limit of some subsequences of solutions (7, ¢¢) to (P.) (see (3.17)—(3.22))
yields a solution (7, ¢) of the initial boundary value problem (P), i.e.,

(3.115) h(n+ (I —a)p) —kAn+ kaAp+ (= f—EkAn* a.e.in Q,
(3.116) dp —vAp+E+m(p) =v(n—ap+n") ae inQ,
(3.117) ¢(t) € A(n(t)) fora.e.te (0,T),

(3.118) &€ ply) ae in @,

(3.119) ONnn =0, Onp=0 on,

(3.120) n(0) =no, ¢(0)=¢o in Q.

We notice that the homogeneous Neumann boundary conditions for both n and ¢
follow from (2.32), due to the definition of W (see (2.4)).
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4. PROOF OF THE CONTINUOUS DEPENDENCE THEOREM

This section is devoted to the proof of Theorem 2.4.

Assume o = 1. If f;, nf, no,, @o,, i = 1,2, are given as in (2.6)—(2.8) and (p;,n;),
i = 1,2, are the corresponding solutions, we can write problem (2.33)—(2.38) for both
(@iymi), i = 1,2, obtaining

O — kAn; + klAp; + ¢ = fi — kAn;  ae. in Q,
Opi —vAp; + & +m(pi) = v(mi — lpi +17) ae inQ,
Gi(t) € A(ni(t)) for ae. t € (0,T),

& € B(ei) ae in @,
8N7]i = 0, aNQDi =0 on E,

TN N N N N
e i
S Ut W N =
Nt NS N NN N

7:(0) = no,, ©i(0) = @o,-

First of all, we set

(4.7) Q=1 — 2, N=m—1,
f=h—fas 0" =01 —n3,

$o = ¥o, — Pozs Mo = Moy — Moy-

We write (4.1) for both (¢1,m1) and (p2,72) and we take the difference. We obtain
that

(4.10) O — kAN + klAp+ G — G = f— kAn™.

We write (4.2) for both (¢1,m1) and (p2,72) and we take the difference. We obtain
that

(4.11) O —vAp +& — & +7(p1) — 7(p2) =v(n —lp +n").

We multiply (4.10) by 1 and (4.11) by (kl?/v)¢. Then we sum up and integrate over
Q4, t € (0,T]. We have that

l2
w12) 5 [ wor+ o [1eOF [ (02 19070+ 2961

2

+/t(C1 —G@)m —m2) + %/Qt(fl — &) (p1 — ¢2)

1 k2
= 5 lmoll + ||s00||H = | [r(er) = 7w(@2)l(p1 = ¢2)

t

. vkI? kI3 ykI? N
+/(f—kAn)n+— mp——— | e+ — [ e
¢ voJao voJa. voJa.
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Since A and f are maximal monotone, we have that

(4.13) / (G = G)m —mn2) 20,
(4.14) / (&1 — &)1 — p2) 2 0.
Moreover, thanks to the Lipschitz continuity of 7, we infer that

k12 kl?
(4.15)  —— [ [m(p1) —m(p2)|(p1 —p2) < — | [7(p1) — m(p2)llp1 — 2

voJo. voJQ.

klI2C,
< |0l
veooJou

We notice that the integral involving the gradients in (4.12) is estimated from below

in this way:
410) [ (Vi - 1VeTn+ B 2 5 [ (V0 + PIVeE)
We also observe that
(4.17) —%ﬁ lol> < 0.
Qt

Then, due to (4.13)—(4.17), from (4.12) we infer that

1/|@F+@?/|@F+1/UVF+FW|%

1, .  kI2C, O
< = b
< ghwlls + 7 [l + ol
N vEI? ~kl? .
+/(f—kAn)n+— ne+-— [ n'e.
¢ voJao. v Jo,

By applying the inequality (3.45) to the last three terms of the right-hand side of
the previous equation, we obtain that

1

(4.18) l|| (®)I7 +k—l2ll ()1 +
. D) n HT 5F 12 HTY

| aval +2196p)
Q
1 2 le 2 1 2 / 2 1/ 2
<= - - 2 — kAR + =
slimll + g heoll + 5 [ w2 [ s —kanag [

~vkl?\2 1 N vkI2\2 kI2C,
w2 el g [ P ae(T) el = el
v Q: Q: v Q1 v Qt
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From (4.18) we infer that

1
5 | (Vi + 21l

Qs

(4.19) 1|| (t)|7 +k—12|\ Ol +
. 5 n HT o5 ¥ H

1
< §||770H?{ H@oIIH+4||f||L2 )+ AT (I + TH?? I

K 1
o [ (5IIU(S)II%+2—H¢(S)I?{+5 / (IWI2+12|W|2)) as
0 v Qs

where
M = max (—472“2 +2wCr l)
v "2/
From (4.19), by applying the Gronwall lemma, we conclude that
1 2 k I? 2 1 2 1? 2
(4.20) §H77(t)||H ||50( e + §||V77|\L2(o,t;H) + §|\V80||L2(o,t;H)
2 * (|12 1 * (|2 2 2
<G 4HfHL2(Q) +4RT " [ + Tl [l + Collnollzr + H<Po||H)}7
where -
1
(5 ), e
0 =max (55 - 1=e

From (4.20), we deduce that
421)  Cs(ln@l + le®l + 1VnllLz o m) + 1VEIT20.6m)

1 k2 A T 2o
EHU( e + EH@@)HH + §|\V77||L2(o,t;H) + §||V<P|\L2(o,t;H)

< CollF 172 + ™1y + llmollE )
< Col|lfllz2(@) + In*llw =+ llnoll & + llpolla)?,
where
o 1 1 k2 12
Cy = max<401;4k: TCh: —TCl;ClCO), Cy = mm( )
8 2’ 2 "2
From (4.21) we obtain that
(4.22) In@1E + leOllF + V0172000 + 1Vl 20,4

< Ca(llfllzz@) + In"llw + llmollzr + llooll)?,

where C4 = Cy/C3. From (4.22) we conclude that there exists a constant C' > 0
which depends only on 2, T" and the parameters [, «, k, v, v of the system, such
that

(4.23) I — m2llLoe (0,710 L2 0,15y + 101 — 02|l oo (0,7 1) L2 (0,7:v)
C(lfr — fa =3 llw =+ 1m0, =m0,z + llwo, — o, |l m)-
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To infer the uniqueness of the solution, we choose f1 = fa, i = 75, vo, = ©o,,

Mo,

= 1no,. Then, replacing the corresponding values in (4.23), we obtain that

(4.24) lm — m2llLee 0, 7: L2 (0,13v) + o1 — @2l 0, 7: 1) L2 (0,75v) = O-

Hence, 11 = 12 and ¢; = ¢3. Then the solution of problem (P) (see (4.1)—(4.6)) is

unique.
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