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Abstract. In this paper, we give a new approach to the study of Weyl-type theorems.
Precisely, we introduce the concepts of spectral valued and spectral partitioning functions.
Using two natural order relations on the set of spectral valued functions, we reduce the ques-
tion of relationship between Weyl-type theorems to the study of the set difference between
the parts of the spectrum that are involved. This study solves completely the question of
relationship between two spectral valued functions, comparable for one or the other order
relation. Then several known results about Weyl-type theorems become corollaries of the
results obtained.
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1. INTRODUCTION

Let X be a Banach space, and let L(X) be the Banach algebra of all bounded
linear operators acting on X. For T' € L(X), we will denote by N(T') the null space
of T, by «(T) the nullity of T, by R(T") the range of T', by 8(T) its defect and by T*
the adjoint of T. We will also denote by o(T') the spectrum of T and by 0,(T") the
approximate point spectrum of T'. If the range R(T) of T is closed and a(T) < oo
(or B(T) < 00), then T is called an upper semi-Fredholm (or a lower semi-Fredholm)
operator. If T € L(X) is either upper or lower semi-Fredholm, then T is called a
semi-Fredholm operator, and the index of T' is defined by ind(T") = o(T') — B8(T). If
both of «(T') and B(T) are finite, then T is called a Fredholm operator. An operator
T € L(X) is called a Weyl operator if it is a Fredholm operator of index zero. The
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Weyl spectrum ow(T') of T is defined by ow (T) = {A € C: T'— Al is not a Weyl
operator}.

For a bounded linear operator 1" and a nonnegative integer n, define 7T}, to be the
restriction of T' to R(T™), viewed as a map from R(T™) into R(T™) (in particular
Tig) = T'). If for some integer n, the range space R(T") is closed and Tj, is an upper
(lower) semi-Fredholm operator, then T is called an upper (lower) semi-B-Fredholm
operator. A semi-B-Fredholm operator T is an upper or a lower semi-B-Fredholm
operator, and in this case the index of T is defined as the index of the semi-Fredholm
operator T,), see [9]. Moreover, if Tj,; is a Fredholm operator, then T is called
a B-Fredholm operator, see [4]. An operator T € L(X) is said to be a B-Weyl
operator (see [5]), if it is a B-Fredholm operator of index zero. The B-Weyl spectrum
opw(T) of T' is defined by opw (T') = {A € C: T — AI is not a B-Weyl operator}.

The ascent a(T') of an operator T' is defined by a(T) = inf{n € N: N(T") =
N(T"*1)}, and the descent §(T) of T, is defined by §(T) = inf{n € N: R(T") =
R(T™1)}, with inf () = oco.

According to [17], a complex number A is a pole of the resolvent of T' if and only
if 0 < max(a(T — AI),d(T — AI)) < oo. Moreover, if this is true, then

a(T — M) = §(T — \I).

An operator T is called Drazin invertible if 0 is a pole of T. The Drazin spectrum
op(T) of T is defined by

op(T) ={A € C: T — X is not Drazin invertible}.

Define also the set LD(X) by LD(X) = {T € L(X): a(T) < co and R(T*1)+1)
is closed} and let o,p(T) = {A € C: T— Al ¢ LD(X)} be the left Drazin spectrum.
Following [8], an operator T' € L(X) is said to be left Drazin invertible if T € LD(X).
We say that A € 0,(T) is a left pole of T if T — A\I € LD(X), and that A € 04(T) is
a left pole of T' of finite rank if A is a left pole of T" and o(T' — AI) < occ.

Let SF (X)) be the class of all upper semi-Fredholm operators and SF [ (X) = {T €
SF(X): ind(T) < 0}. The upper semi-Weyl spectrum Tsp (T) of T is defined by
Tsp (T)={AeC: T— X ¢SF_(X)}. Similarly is defined the upper semi-B-Weyl
spectrum ogpp- (1) of T.

An operator T' € L(X) is called upper semi-Browder if it is an upper semi-
Fredholm operator of finite ascent, and is called Browder if it is a Fredholm operator
of finite ascent and descent. The upper semi-Browder spectrum o,p(7T) of T is de-
fined by ous(T) = {\ € C: T — Al is not upper semi-Browder}, and the Browder
spectrum op(T") of T is defined by op(T) = {A € C: T — AI is not Browder}.
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Below, we give a list of symbols and notations we will use:

E(T): eigenvalues of T that are isolated in the spectrum o(T") of T,
E°(T): eigenvalues of T of finite multiplicity that are isolated in the spectrum
o(T) of T,
E.(T): eigenvalues of T that are isolated in the approximate point spectrum
0qa(T) of T,
EY(T): eigenvalues of T of finite multiplicity that are isolated in the approximate
point spectrum o, (T) of T,

II(T'): poles of T,
°(T): poles of T of finite rank,
I1,(T): left poles of T,
Y(T): left poles of T of finite rank,
op(T): Browder spectrum of T,
op(T): Drazin spectrum of T',
OLD (T): left Drazin spectrum of T,
oup(T): upper semi-Browder spectrum of T,
opw (T'): B-Weyl spectrum of T,
ow (T): Weyl spectrum of T,
ogp- (T): upper semi-Weyl spectrum of T,

OSBF (T'): upper semi-B-Weyl spectrum of T

Hereafter, the symbol LI stands for disjoint union, while iso(A4) and acc(A) mean,
respectively, isolated points and accumulation points of a given subset A of C.

The paper is organised as follows: In Section 2 we define the concepts of spectral
valued functions and spectral partitioning functions. They are functions defined on
the Banach algebra L(X) and valued in P(C) x P(C), where P(C) is the set of the
subsets of C. A spectral valued function ® = (@, P,) is a spectral partitioning (a
spectral a-partitioning) function for an operator T € L(X) if o(T) = ®1(T) U ®2(T)
(if 04(T) = @1(T) U P2(T)). Recall that from [19], if T is a normal operator acting
on a Hilbert space, then o(T) = ow (T') U E(T'). Thus a spectral valued function
® = (P, Py) can be considered an “abstract Weyl-type theorem”, and an operator
T € L(X) satisfies the abstract Weyl-type theorem ®, if ® is a spectral partitioning
or a-partitioning function for T'.

Our main goal here is the study of abstract Weyl-type theorems and their relation-
ships. By the study of relationship between two given abstract Weyl-type theorems ®
and ¥ we mean the answer to the following question: If an operator T' € L(X) sat-
isfies one of the two abstract Weyl-type theorems ® and ¥, does T satisfy also the
other one? Two abstract Weyl-type theorems ® and ¥ are said to be equivalent
it T e L(X) satisfies one of ® and W if and only if T satisfies the other one. To
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study the relationship between abstract Weyl-type theorems, we introduce two order
relations < and C on the set of spectral valued functions. Then the question of rela-
tionship between two comparable spectral valued functions for the order < is solved
in terms of set difference between parts of the spectrum that are involved. In Sec-
tion 3, following the same steps as in Section 2, we consider spectral a-partitioning
functions and we obtain similar results to those of Section 2.

In Section 4, we give some crossed results by considering two spectral valued
functions comparable for the order <, one partitioning the spectrum and the other
one partitioning the approximate point spectrum. We obtain a new kind of results,
where the set difference o(T")\ 0,(T) plays a crucial role. At the end of Section 4, we
study the case of two comparable spectral valued functions for the order relation C,
and we answer in Theorem 4.8 and Theorem 4.9 the question of relationship between
the two spectral valued functions.

Globally, this study solves completely the question of relationship between two
comparable spectral valued functions, and several known results about Weyl-type
theorems appearing in recent literature become corollaries of the results obtained.
To illustrate this, we give several examples of the application of the results obtained,
linking them to original references where they have been first established.

As mentioned before, the original idea leading to a partition of the spectrum goes
back to the famous paper by Weyl [19]. More recently, several authors worldwide
have worked in this direction, see for example [1], [8], [12], [13]-][16] and [18].

2. PARTITIONING FUNCTIONS FOR THE SPECTRUM

In this section we study the relationship between two comparable spectral valued
functions, when one of them is spectral partitioning and we state the conditions when
the other one is also spectral partitioning.

Definition 2.1. A spectral valued function is a function ® = (®1,®3): L(X) —
P(C) x P(C) such that for all T' € L(X), ®(T) C o(T) x o(T'), where P(C) is the
set of the subsets of C.

Definition 2.2. Let ® be a spectral valued function. We say that ® = ($1, P2)
is a spectral partitioning function for an operator T' € L(X), if o(T) = &1 (T)UP(T).

A spectral valued function ® = (@, ) can be considered an “abstract Weyl-type
theorem”. An operator T' € L(X) satisfies the abstract Weyl-type theorem ® if  is
a spectral partitioning function for T'.
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Example 2.3.

> Let @y (T) = (ow (T), E°(T)) for all T € L(X). From [19] it follows that ®y is
a partitioning function for each normal operator acting on a Hilbert space.

> Let ®pw(T) = (opw(T), E(T)) for all T € L(X). From [6] it follows that ®pyy is
a partitioning function for each normal operator acting on a Hilbert space.

Definition 2.4. Let ¥ and ® be two spectral valued functions. We say that
U < O, if for all T € L(X), we have ®1(T) C U1(T') and ¥o(T) C Do(T'). We say
that ¥ C @, if for all T' € L(X), we have ¥1(T) C ®1(T) and Uo(T) C Po(T).

It is easily seen that both < and C are order relations on the set of spectral valued

functions.

Theorem 2.5. Let T € L(X) and let ® be a spectral partitioning function for T.
If U is a spectral valued function such that ¥ < ®, then V is a spectral partitioning
function for T if and only if ¥1(T)\ ®1(T) = ®o(T) \ Uo(T).

Proof. Assume that ¥ is a spectral partitioning function for 7', then o(T) =
U (T)U o (T) = &1(T) U @o(T). Hence U1 (T)\ ©1(T) = ©o(T) \ ¥o(T).

Conversely, assume that ¥1(T") \ ®1(T) = ®o(T) \ o(T). Since D is a spectral
partitioning function for T, we have o(T) = ®1(T) U ®2(T). As ¥ < P, we have
®1(T) C U1 (T) and so o(T) = U1(T) U Do(T) = U1 (T) U (Do(T) \ Uo(T)) U Wo(T).
As U (T) \ @1(T) = Po(T) \ Yo(T), we have Oo(T) \ ¥o(T) C ¥4(T). Hence
o(T) C ¥1(T) U Uy(T). As we have always Uy (T) U ¥o(T) C o(T), we conclude
that o(T) = U1 (T)U Yo (T). Moreover, we have U1 (T)NUy(T) = (21 (T)U (1 (T)\
D1(T))) N (T) = (21(T)NW(T)) U((W1(T)\ @1(T)) N (T)) = ($1(T)NWo(T))U
((P2(T) \ Uo(T)) NWo(T)) = 0. Hence o(T) = ¥1(T) U Wo(T) and ¥ is a spectral
partitioning function for 7. ([

In the following corollary, as an application of Theorem 2.5, we give a direct proof
of [8], Theorem 3.9.

Corollary 2.6. If $pw is a spectral partitioning function for T, then ®v is also
a spectral partitioning function for T'.

Proof. Observe first that ®w < Ppw. Then if Ppw is a spectral partitioning
function for T, it is easily seen that ow(T) \ opw(T) = E(T) \ E°(T). From Theo-
rem 2.5 it follows that ®w is also a spectral partitioning function for 7. O

Similarly to Theorem 2.5, we have the following theorem, which we give without
proof.
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Theorem 2.7. Let T € L(X) and let ¥ be a spectral partitioning function for T.

If ® is a spectral valued function such that ¥ < ®, then ® is a spectral partitioning
function for T if and only if U1(T)\ ©1(T) = D2(T) \ ¥2(T).

Remark 2.8 ([8], Example 3.12). There exist operators T' € L(X) such that &y
is a spectral partitioning function for 7" but ®gw is not a spectral partitioning
function for T'. Indeed, let us consider the operator @ defined for each z = (&;) € I by

Q61,862,835+, &ky - -) = (0,01, 28, -y a1, - - ),

o0
where () is a sequence of complex numbers such that 0 < |a;| < 1and Y |oy| < oo.
i=1

We observe that

R(Q") #R(@Q"), n=12,...
Indeed, for a given n € N let a:;") =(1,...,1,0,0,...) (with n + k times 1). Then
the limit y(™ = klim Q"mfﬂn) exists and lies in R(Q™). However, there is no element
— 00

(" e [ satisfying the equation Q"z(™ = y(™ as the algebraic solution to this
equation is (1,1,1,...) & I'.

Define Ton X = ' @' by T = Q ® 0. Then N(T) = {0} @ I, o(T) = {0},
E(T) = {0}, Eo(T) = 0. Since R(T™) = R(Q™) ® {0}, R(T™) is not closed for any
n € N; so T is not a B-Weyl operator, and opw(7T") = {0}. Furthermore, T is not a
Fredholm operator and ow(T") = {0}.

Hence @y is a spectral partitioning function for 7' but ®gw is not a spectral
partitioning function for 7.

Definition 2.9. The Drazin spectral valued function ®p and the Browder spec-
tral valued function ®p are defined by:

©p(T) = (opw(T),1(T)), @5(T)= (ow(T),1I°(T)), T € L(X).

Theorem 2.10. Let T € L(X). Then the Drazin spectral valued function ®p
is a spectral partitioning function for T if and only if the Browder spectral valued
function ®p is a spectral partitioning function for T .

Proof. Observe first that &g < ®p. If @p is a spectral partitioning function
for T, then ow (T)\opw(T) = IL(T)\I1I°(T). From Theorem 2.5, we conclude that ® 5
is a spectral partitioning function for 7. Conversely, assume that ®p is a spectral
partitioning function for T'. Let us show that ow (T)\ ogw(T) = II(T) \T°(T). The
inclusion II(T) \ TI°(T) C ow (T) \ opw(T) is obvious. For the reverse inclusion, let
A€ ow(T)\ opw (7). Then from [9], Corollary 3.2, A is isolated in ow (T'). As ®p
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is a spectral partitioning function for T', we have o(T) = ow (T) UTI(T). Hence \ is
isolated in o(T'). As A ¢ opw(T'), we have from [5], Theorem 2.3, A € II(T) \ IIo(7T).
From Theorem 2.7 it follows that ®p is a spectral partitioning function for 7.  [J

The direct implication of Theorem 2.10 was proved in [8], Theorem 3.15, while
the reverse implication was posed as a question in [8], page 374, and answered in [2],
Theorem 2.1.

Remark 2.11. If the Drazin spectral valued function ®p is a spectral partition-
ing function for T' € L(X), then opw(T') = op(T) and ow (T') = op(T).

Examples 2.12. The following table summarizes some spectral valued functions
considered recently as partitioning functions.

Py (T) = (ow(T), E°(T)) Qp(T) =
Qe (T) = (opw (T ) E(T))  @4p(T) = (oBw(
@BWf (opw(T), E ( ) (
aw(T) = (ow(T), EQ(T)) Pap(T) = (ow(T), 119(T))
gaw(T) (oW (T), Eo(T))  Pgan(T) = (o8w(T)
Ppaw (1) = (0w (T), EY(T))  ®pan(T) = (oBw (T),115(T))

Table 1. Spectral valued functions.

Among the spectral valued functions listed in Table 1, we consider the following
cases to illustrate the use of Theorem 2.5 and Theorem 2.7:

> It is shown in [11], Theorem 3.5, that if ®ga, is a spectral partitioning function
for T' € L(X), then ®gap, is also a partitioning function for T. As ®gap < Pgaw,
to prove this result using Theorem 2.5, it is enough to prove that () = opw(T) \
opw (T) = E,(T) \ I, (T), which is the case from [8], Theorem 2.8.

> It is shown in [7], Theorem 2.9, that if ®w is a spectral partitioning function for
T € L(X), then ®,w is a partitioning function for T if and only if E(T) = II(T).
As Ow < Pgw, to prove this result using Theorem 2.7, it is enough to prove that
0 =ow(T)\ ow(T)= E(T)\II(T), which is the case from [5], Corollary 2.6.

> It is shown in [3], Corollary 5, that if ®w is a spectral partitioning function for
T € L(X), then ®p is also a spectral partitioning function for 7. To see this
using Theorem 2.5, as P < P, it is enough to prove that ) = ow (T) \ ow (T) =
E°(T) \ TI°(T), which is the case from [5], Theorem 4.2.
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3. PARTITIONING FUNCTIONS FOR THE APPROXIMATE SPECTRUM

In this section we study the relationship between two comparable spectral valued
functions, when one of them is spectral a-partitioning and we state the conditions
when the other one is also spectral a-partitioning.

Definition 3.1. Let ® be a spectral valued function and let T € L(X). We say
that @ is a spectral a-partitioning function for T if o, (T) = ®1(T) U ®o(T).

Example 3.2.

> Let ®ow(T) = (USFl (T), E9(T)) for all T € L(X). From [18] it follows that ®,w
is a spectral a-partitioning function for each normal operator acting on a Hilbert
space.

> Let ®paw (T) = (O'SBF: (T), Eo(T)) for all T € L(X). In the case of a normal oper-
ator T' acting on a Hilbert space, we have 0(T') = 04 (T') and Pgaw (T') = Ppw (T).
From [6], Theorem 4.5, it follows that ®g.w is a spectral a-partitioning function
for T.

Theorem 3.3. Let T € L(X) and let ® be a spectral a-partitioning function
for T. If W is a spectral valued function such that ¥V < ®, then ¥ is a spectral
a-partitioning function for T' if and only if VU1 (T)\ ©1(T) = ®o(T) \ Vo(T).

Proof. Assume that ¥ is a spectral a-partitioning function for T', then o,(T) =
() U W (T) = B, (T) U Bs(T). Hence Wy(T)\ ,(T) = &(T) \ Ua(T),

Conversely, if ® is a spectral a-partitioning function for 7" and ¥+ (T) \ ®1(T) =

Do (T)\ Uo(T), then ¥(T) C Ua( )and Uy (T') C 04(T). As 04(T) = &1(T )U(I)Q(T)
and ¥ < @, we have ®1(7T") C ¥(T) and so 0,(T) = ¥1(T) U <I>2(T) = v (T)u
(22(T) \ Wa(T)) UWo(T) = W1 (T) U (Uo(T) \ ©1(T)) U ¥o(T) = Wy(T) U ‘1’2(T)
Moreover, we have Uy (T)NUo(T) = (P1(T)U (U1 (T)\ ©1(T))) N To(T) = (21(T) N
W (T)) V(W1 (T)\@1(T))NW2(T)) = (@1 (T)N(T))U((R2(T)\Wo(T)NW5(T)) = 0.

Hence 0,(T) = U1(T) U Uo(T) and ¥ is a spectral a-partitioning function for 7. O
In the following corollary, as an application of Theorem 3.3, we give a direct proof
of [8], Theorem 3.11.
Corollary 3.4. If ®q,w is a spectral a-partitioning function for T', then ®,w is

also a spectral a-partitioning function for T'.

Proof. If ®g,w is a spectral a-partitioning function for 7', then it is easily seen
that Tsp (T)\ TSBE; (T) = Eo(T)\ E%(T). From Theorem 3.3, it follows that ®,vw
is also a spectral a-partitioning function for T'. (I
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Similarly to Theorem 3.3, we have the following theorem, which we give without
proof.

Theorem 3.5. Let T € L(X) and let U be a spectral a-partitioning function
for T. If ® is a spectral valued function such that ¥ < ®, then ® is a spectral
a-partitioning function for T' if and only if W1 (T)\ ©1(T) = ®o(T) \ Vo(T).

Remark 3.6. The spectral valued function ®,w is a spectral a-partitioning
function for the operator 1" considered in Remark 2.8, but ®4,w is not a spectral
a-partitioning function for 7.

Definition 3.7. The left Drazin spectral valued function W,,p is defined by:
Vgan(T) = (USBF; (1), (T)), VT e L(X),
while the upper Browder spectral valued function ¥, is defined on L(X) by:
Vo (T) = (ogp (T),105(T)), VT € L(X).

Theorem 3.8. LetT € L(X). Then the left Drazin spectral valued function Vg,p
is a spectral a-partitioning function for T if and only if the upper Browder spectral
valued function V,p is a spectral a-partitioning function for T .

Proof. Observe first that U.p < Wgap. If Weap is a spectral a-partitioning
function for T, then Tsr (T)\ TsBR; (T) = U, (T) \ IY(T). From Theorem 3.3, we
conclude that W, is a spectral a-partitioning function for 7. Conversely, assume
that U,p is a spectral a-partitioning function for 7. Let us show that Ogr; (T)\
TSBE; (T) = U, (T) \ TI2(T). The inclusion II,(T) \ OY(T) C Tspy (T)\ OSBF (T)
is obvious. For the reverse inclusion, let A € Tsp (T)\ ISBF (T'). From [9], Corol-
lary 3.2, A is isolated in Tsp- (T). As ¥,p is a spectral partitioning function for 7', we
have 0, (T) = Osr; (T)UTIY(T). Hence A is isolated in o, (T"). From [8], Theorem 2.8,
it follows that A € IL,(T) \ (7). O

The direct implication of Theorem 3.8 was proved in [8], Theorem 3.8, while the
reverse implication was posed as a question in [8], page 374, and answered in [12],
Theorem 1.3, and [2], Theorem 2.2.

Remark 3.9. If the left Drazin spectral valued function Wg,p is a spectral
a-partitioning function for T € L(X), then

ogpp+ (T') = op(T) and  ogp+ (T) = oun(T).
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Examples 3.10. The following table summarizes some spectral valued functions
considered recently as a-partitioning functions.

Vaw(T) = (ogp- (1), EQ(T))  Wan(T) = (ogp- (T), T5(T))
Vgaw (1) = (USBFjr (T), Ea(T))  Vgan(T) = (USBF (T),11a(T))
U(T) = (USFjr (T), E°(T) Uy(T) = (USF; (T),HO(T )
Vow(T) = (USBF; (T), E(T)) Ve (T) = (USBF; (T),1K(T))
Wsis(T) = (o5 (T), EXT))  Wsn(T) = (ogpe- (1), T(T)
Uspaw (1) = (JSBF;( ), E(T))  Vspab(T) = (USBF; (T), (7))

(
)
)
(

Table 2. Spectral valued functions.

Among the spectral valued functions listed in Table 2, we consider the following
cases to illustrate the use of Theorem 3.3 and Theorem 3.5:

> It is shown in [10], Theorem 2.15, that if ¥, is a spectral a-partitioning function
for T € L(X), then Wy, is also a spectral a-partitioning function for T'. Since
Uep, < gy, to prove this result using Theorem 3.3, it is enough to prove that
0= TsBR; (T)\ OSBF (T) = E(T)\II(T'), which is the case from [6], Theorem 4.2.
> It is shown in [8], Corollary 3.3, that if Wu,w is a spectral a-partitioning function
for T' € L(X), then ¥,,p is a spectral a-partitioning function for T'. Since ¥zap <
U,aw, to prove this result using Theorem 3.3, it is enough to prove that (} =
TsBE (T) \O'SBF: (T) = Eo(T) \ I1,(T), which is the case from [8], Theorem 2.8.

4. CROSSED RESULTS

In this section we consider the situation of two comparable spectral valued func-
tions. We look for the conditions, when the spectral valued function is spectral
a-partitioning if the other is spectral partitioning, and vice versa.

Theorem 4.1. Let T € L(X) and let ® be a spectral partitioning function for T.

If VU is a spectral valued function such that ¥ < ®, then V is a spectral a-partitioning
function for T if and only if ®o(T)\ Vo(T) = (V1(T)\ 1(T)) U (a(T) \ 0a(T)).

Proof. If ¥ is a spectral a-partitioning function for T', then o(T) = (¥(T) U
‘1/2( NU(a(T)\0a(T)) = (21(T)U(W1(T)\ @1(T)) UWo(T))U(o(T) \0a(T)). Hence

Po(T) \ Wo(T) = (X1 (T) \ @1(T)) U (o(T) \ a(T)).

Conversely, assume that ® is a spectral partitioning function for T and <I>2(T) \
o (T) = (U3(T)\ ©4(T)) L (0(T) \ 04(T)). Then o(T) = &1 (T) L B(T) = &4 (T) U
(©2(T) \ Wo(T)) U Wo(T) = ©4(T) U (V1(T) \ 21(T)) U (o(T) \ 0a(T)) U Wo(T) =
U (TYUU(T)U (o(T) \ 04(T)). Hence 0,(T) C U1(T) U o(T).
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Since @o(T)\ ¥o(T) = (1 (T)\P1(T))U(c(T)\0a(T)), we have ¥ (T)UWo(T) C
04(T'). Moreover, as Uy(T) C ®2(T), we have U1 (T) N Wo(T) = (P1(T) U (¥1(T) \
D1 (T)))NWo(T) = 0. Then 0,(T) = U1 (T)UTo(T) and ¥ is a spectral a-partitioning
function for T O

Corollary 4.2. Let T € L(X) and let ¥ be a spectral a-partitioning function
for T'. If ® is a spectral valued function such that ¥ < ®, then ® is a spectral parti-
tioning function for T if and only if ®2(T)\Uo(T) = (V1(T)\P1(T))U(o(T)\ou(T)).

Proof. Assume that @ is a spectral partitioning function for T'. As ¥ < &, and ¥
is a spectral a-partitioning function for 7', from Theorem 4.1 we have ®o(T)\U(T) =
(W1 (T)\ 24(T)) U (o(T) \ 0a(T)).

Conversely, assume that U is a spectral a-partitioning function for T and ®2(T') \
Wa(T) = (U1(T)\ ®1(T)) U (0(T) \ 0a(T)). Then o(T) = (¥1(T) U W3(T)) U (o(T) \
0a(T)) = (®1(T) U (¥1(T) \ &,(T)) U Wa(T)) U (o(T) \ 04(T)) = &1(T) U (®5(T) \
U (T)) U W(T) = &1(T) U Po(T).

As ®1(T) C U4(T), we have &1 (T)NP2(T) = &1 (T
1(T) N (T2 (T) \ 21(T)) U (a(T) \ 0a(T)) UWa(T))

)
®5(T) and P is a spectral partitioning function for 7.

N((P2(T)\U2(T))UW(T)) =
(). Therefore o(T) = ®1(T)

0 cC

Similarly to Theorem 4.1 and Corollary 4.2 we have the following two results.

Theorem 4.3. Let T € L(X) and let ® be a spectral a-partitioning function for T'.
If U is a spectral valued function such that ¥ < ®, then V is a spectral partitioning
function for T if and only if U1(T)\ ©1(T) = (P2(T)\ Vo(T)) U (a(T) \ 0a(T)).

Proof. If ¥ is a spectral partitioning function for T, then o(T) = ¥4(T) U
Vo (T) = @1(T) U (U1 (T) \ @1(T)) U ¥o(T). Hence U1(T) \ ©1(T) = (92(T) \
Wo(T)) U (o(T) \ 0a(T)).

Conversely, assume that ® is a spectral a-partitioning function for 7" and ¥, (7T)
&,(T) = (@3(T) \ U2(T)) U (o(T) \ 5a(T)). Then o(T) = &;(T) U 5(T) U (o(T)
) = ®4(T) U (82(T) \ Wa(T)) U Wa(T) U (o(T) \ 04(T)) = 4(T) U (¥4(T)
)) U Wy(T). Hence o(T) = ¥1(T) U Uo(T). Since ¥1(T) \ 1(T) = (P2(T)
U (o(T)\ 0q(T)) and Uo(T) C Po(T'), we have Uy (T) N Uo(T) = (P1(T) U
(T1(T)\ ©1(T7))) N Wo(T) = 0. Hence o(T) = U1(T) U ¥o(T) and ¥ is a spectral
partitioning function for 7. O

\

\
oa(T \
(T \
Uy (T

Corollary 4.4. Let T € L(X) and let ¥ be a spectral partitioning function for T

If ® is a spectral valued function such that ¥ < ®, then ® is a spectral a-partitioning
function for T if and only if ¥1(T)\ ®1(T) = (P2(T) \ Y2(T)) U (o(T) \ 0.(T)).
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Proof. Assume that ® is a spectral a-partitioning function for 7. As ¥ < &,
and ¥ is a spectral partitioning function for 7', from Theorem 4.3 we have ¥1(T') \
B1(T) = (@5(T) \ Uo(T)) U (o(T) \ 0(T)).

Conversely, assume that ¥ is a spectral partitioning function for 7' and ¥4 (T") \
D1 (T) = (P2(T)\ V2(T)) U (o(T)\ 04(T)). Then o(T) = VU1 (T)UVo(T) = &1(T) U
(W3(T) \ D1(T)) U s(T) = B1(T) U (0(T) \ W2(T)) U (o(T) \ 0a(T)) U ¥s(T)
D1(T) U (T) U (o(T) \ 0a(T)).

Hence 0,(T) C @1 (T)UPo(T). Since U1(T)\ @1(T) = (P2(T) \ Yo(T)) U (a(T) \
04(T)) and Uo(T) N ¥1(T) = (), we have ®1(T) U Po(T) C 04(T). Moreover, we
have @1 (T)N P (T) = &1 (T)N((P2(T) \ V2(T))UPo(T)) and since &1 (T) C ¥4(T),
we have @1 (T) N ®o(T) = . Therefore o,(T) = ®1(T) U ®2(T) and P is a spectral
a-partitioning function for 7. O

Among the spectral valued functions listed in Table 1 and Table 2, we consider
the following case to illustrate the use of Theorem 4.1 and Theorem 4.3.

It is shown in [18], Corollary 2.5, that if U,w is a spectral a-partitioning function
for T € L(X), then ®y is a partitioning function for 7. When U, is a spectral a-
partitioning function for T', then ow (T') \ Tsr; (T) = (EY(T \ E°(T))) U (o(T) \
0a(T)). Since Pw < P,w, this result is a direct consequence of Theorem 4.3.
Moreover, combining Theorem 4.3 and Corollary 4.4, we have the following theorem,
characterizing the equivalence of the two properties.

Theorem 4.5. Let T € L(X). The spectral valued function U,w is a spectral
a-partitioning function for T if and only if ®v is a partitioning function for T and

ow (T) \ ogp- (T) = (Eo(T\ EX(T))) U (o(T) \ 0a(T))-

It is shown in [1], Theorem 2.6, that if Uy, is a spectral a-partitioning function for
T € L(X), then ®p is a spectral partitioning function for 7. When Uy, is a spectral
a-partitioning function for T, then ow (T) \ Tsry (T) = (E%(T)\ I%(T)) U (o(T) \
0a(T)). As ®p < Uy, this result is a direct consequence of Theorem 4.1. Moreover,
as in Theorem 4.5, we have the following theorem characterizing the equivalence of
the two properties.

Theorem 4.6. Let T € L(X). The spectral valued function VU, is a spectral
a-partitioning function for T if and only if ®p is a partitioning function for T" and

ow (T) \ ogp—(T) = (E°(T) \TI(T)) U (o(T) \ 0a(T))-

Example 4.7. Let us consider the operator T" of Remark 2.8, and the two
spectral valued functions defined by ®gaw () = (21(T'), P2(T)) = (0w, Eo(T)) and
Ppaw (T) = (P1(T),P5(T)) = (0w (T), EX(T)). Then Ppayw < Pgaw and Ppay is
a spectral a-partitioning function for T'. Since we have ®5(T") \ ®4(T") = {0}, and

506



(QU(T)\ 21(T)) U (a(T) \ 0a(T)) = 0, from Corollary 4.2 we have that @4y is not
a spectral partitioning function for T, which is readily verified.

For the study of spectral valued functions, we have considered comparable spectral
valued functions for the order relation <. This not always the case, as shown by the
spectral valued functions W, and ®4ap, defined by U, (1) = (USBF1 (T),I(T)) and
Ooar(T') = (oBw(T),I1o(T)) for all T € L(X). We observe that in fact ¥gp, and Pgan
are comparable for the order relation C, in the sense that TsBR; (T) C opw(T), and
II(T) C I1,(T). To deal with such cases, we have the following two results.

Theorem 4.8. Let T € L(X) and let ® be a spectral partitioning function for T.
If WV is a spectral valued function such that ¥ C ®, then V is a spectral a-partitioning
function for T if and only if (P1(T)\ ¥1(T)) U (D2(T)\ ¥2(T)) = o(T) \ 0a(T).

Proof. Since @ is a spectral partitioning function for T', we have U(T) =, (T)U
®o(T). If U is a spectral a-partitioning function for T', then o(T") = ®1(T)U P2 (T)
(W (T)UT (1)L (T)\ 00 (T)) = U4 (T)U(®4 (T)\ ¥ (T)) U3 (T) (Do (T)\ U (T)
As (®4(T)\ W1 (T) 1 (®(T)\ W3(T)) = 0, we have o(T)\0u(T) = (@1(T)\ ¥(T))
(@2(T) \ a(T)),

Conversely, assume that o(T) \ 0,(T) = (<I>1(T) \ U (7)) U (To(T) \ Uo(T)). As

IZ‘."H

o(T) = ®,(T) U ®o(T), we have O’a(T) U (T) U ¥y(T). As we have obviously
Uy (T)NWo(T) =0, then 0,(T) = ¥1(T) LU Wo(T), and ¥ is a spectral a-partitioning
function for T'. O

Similarly to Theorem 4.8, we have the following result, which we give without
proof.

Theorem 4.9. LetT € L(X) and let ¥ be a spectral a-partitioning function for T'.

If ® is a spectral valued function such that ¥ C ®, then ® is a spectral partitioning
function for T if and only if o(T)\ 04(T) = (21(T) \ V1(T)) U (®2(T) \ ¥o(T)).

We observe that in Theorem 4.9, ¢ is a spectral partitioning function for 7" if and
only if the function ® \ ¥ defined by (& \ ¥)(T) = (®1(T) \ V1 (T), Po(T) \ V2(T))
for all T € L(X) is partitioning for the complement of the approximate spectrum

o(T)\ 0o(T).
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