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Abstract. On complete pseudoconvex Reinhardt domains in C2, we show that there
is no nonzero Hankel operator with anti-holomorphic symbol that is Hilbert-Schmidt. In
the proof, we explicitly use the pseudoconvexity property of the domain. We also present
two examples of unbounded non-pseudoconvex domains in C? that admit nonzero Hilbert-
Schmidt Hankel operators with anti-holomorphic symbols. In the first example the Bergman
space is finite dimensional. However, in the second example the Bergman space is infinite
dimensional and the Hankel operator Hz,z, is Hilbert-Schmidt.

Keywords: canonical solution operator for O-problem; Hankel operator; Hilbert-Schmidt
operator
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1. INTRODUCTION

1.1. Setup and problem. For a domain 2 in C", we denote the space of square
integrable functions and the space of square integrable holomorphic functions on 2 by
L2(92) and A?(Q) (the Bergman space of ), respectively. The Bergman projection
operator, P, is the orthogonal projection from L?(Q2) onto A%(£2). It is an integral
operator with the kernel called the Bergman kernel, which is denoted by Bq(z,w).
Moreover, if {e,(2)}5%, is an orthonormal basis for A%(Q) then the Bergman kernel
can be represented as

Ba(z,w) = Z en(2)en(w).
n=0

On complete Reinhardt domains the monomials {z7},en» (or a subset of them)
constitute an orthogonal basis for A%((2).
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For f € A%(Q), the Hankel operator with the anti-holomorphic symbol f is for-
mally defined on A2%(Q) by

Hy(g) = (I = P)(f9g).

Note that this (possibly unbounded) operator is densely defined on A2((2).
For a multi-index v = (71, ...,7) € N™, we set

(1) 63=A|ZV|2dV(z).

Then on complete Reinhardt domains the set {27/cy},en» gives a complete or-
thonormal basis for A2(Q2). Each f € A?(Q) can be written in the form f(z) =

> f427/c, where the sum converges in A%({2), but also uniformly on compact
~ENn
subsets of ). For the coefficients f.,, we have f, = (f(2),27/cy)q.

Definition 1. A linear bounded operator 7" on a Hilbert space H is called
a Hilbert-Schmidt operator if there is an orthonormal basis {{;} for H such that

the sum Y [|T(&;)||? is finite.
j=1

The sum does not depend on the choice of the orthonormal basis {{;}. For more
on Hilbert-Schmidt operators see [10], Section X.

In this paper, we investigate the following problem. On a given Reinhardt domain
in C", characterize the symbols for which the corresponding Hankel operators are
Hilbert-Schmidt. This question was first studied in C on the unit disc in [2]. The
problem was studied on higher dimensional domains in [13], Theorem at page 2,
where the author showed that when n > 2, on an n-dimensional complex ball there
are no nonzero Hilbert-Schmidt Hankel operators (with anti-holomorphic symbols)
on the Bergman space. The result was revisited in [11] with a more robust approach.
On more general domains in higher dimensions, the problem was explored in [6], The-
orem 1.1, where the authors extended the result [13], Theorem at page 2, to bounded
pseudoconvex domains of finite type in C? with smooth boundary. Moreover, the
authors of the current article studied the same problem on complex ellipsoids [3], in
C? with not necessarily smooth boundary.

The same question was investigated on Cartan domains of tube type in [1], Sec-
tion 2, and on strongly psuedoconvex domains in [8], [9]. Arazy studied the natural
generalization of Hankel operators on Cartan domains (circular, convex, irreducible
bounded symmetric domains in C™) of tube type and rank » > 1 in C™ for which
n/r is an integer. He showed that there is no non-trivial Hilbert-Schmidt Hankel
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operator with anti-holomorphic symbols on those type of domains. Li and Peloso,
independently, obtained the same result on strongly pseudoconvex domains with
smooth boundary.

1.2. Results. Let
Q=1{(z21,20) €C%: 2z, €D and |z| < e ¥}

(¢p(z1) = ¢(|z1])) be a complete pseudoconvex Reinhardt domain where monomials
{22} (or a subset of monomials) form a complete system for A%(£2). In this paper,
we show that on complete pseudoconvex Reinhardt domains in C2? there are no
nonzero Hilbert-Schmidt Hankel operator with anti-holomorphic symbols. Moreover,
we also present examples of unbounded non-pseudoconvex domains on which there
are nonzero Hilbert-Schmidt Hankel operators with anti-holomorphic symbols.

Theorem 1. Let Q be as above and f € A?(Q). If the Hankel operator Hy is
Hilbert-Schmidt on A?(Q) then f is constant.

Remark 1. Theorem 1 generalizes Zhu’s result on the unit ball in C", see [13],
Schnider’s result on the unit ball in C™ and its variations, see [11]. Theorem 1 also
generalizes the result in [6], Theorem 1.1, by dropping the finite type condition on
complete pseudoconvex Reinhardt domains.

Remark 2. The new ingredient in the proof of Theorem 1 is the explicit use of
the pseudoconvexity property of the domain €, see the assumption made at (6) and
how it is used at (10). Additionally, we employ the key estimate (4) proven in [3].

Remark 3. After completing this note, the authors have learned that by using the
estimate (4), Le obtained the same result on bounded complete Reinhardt domains
without the pseudoconvexity assumption, see [7]. Although our statement requires
pseudoconvexity, it also works on unbounded domains. The complex function theory
on unbounded domains (and its relation to pseudoconvexity) has been investigated
recently in [4], [5] and new phenomenas have been observed.

Wiegerinck in [12] constructed Reinhardt domains (unbounded but with finite
volume) in C? for which the Bergman spaces are k-dimensional. In fact, for these
domains the Bergman spaces are spanned by monomials of the form {(z22)’ ;“;11
Therefore, Hankel operators with nontrivial anti-holomorphic symbols are Hilbert-
Schmidt. We revisit these and similar domains in the last section to present ex-
amples of domains that admit nonzero Hilbert-Schmidt Hankel operators with anti-

holomorphic symbols.
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2. AN IDENTITY AND AN ESTIMATE ON REINHARDT DOMAINS

The set {z7/cy}yenn is an orthonormal basis for A%(Q). In order to prove Theo-
rem 1, we will look at the sum

) Sl E) - Sier s (G- )

2
Y—o

for f € A%(Q2). For detailed computation of (2) and of the later estimate (4) we refer
to [3].
The term Y (2, /c¢2 — 2 /c2_,) in the identity (2) plays an essential role in the
B

rest of the proof, and we label it as,

Cta G
3) Sa 1= Z ( 2 ¢
’y ’y

).

Note that the Cauchy-Schwarz inequality guarantees that cgy tof cgy — cgy / cgy_ o = 0 for

2
Y-

all o and ~.

The computations above hold on any domains where the monomials (or a subset
of monomials) form an orthonormal basis for the Bergman space.

Now, we estimate the term S, on complete pseudoconvex Reinhardt domains.
Our goal is to show that S, diverges for all nonzero « on these domains. By (2),
this will be sufficient to conclude Theorem 1.

In earlier results, S,’s were computed explicitly to obtain the divergence. Here we
obtain the divergence by using the estimate (4):

For any sufficiently large N, we have

(4) Saz D, 3¢

for any nonzero «, see [3].

3. COMPUTATIONS ON COMPLETE PSEUDOCONVEX REINHARDT DOMAINS,
PROOF OF THEOREM 1

Let ¢(r) € C2([0,1)), define the complete Reinhardt domain
Q={(21,22) €C?: z1 €D and |z] <e PV}
Note that ¢(z1) = ¢(]21])-
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If limsup () is finite then there exists ¢ > 0 such that for any z; € D the fiber
r—1—
in the zo direction contains a disc of radius c¢. Hence, €2 contains a polydisc D x ¢ D.

This indicates that there are no nonzero Hilbert-Schmidt Hankel operators with anti-
holomorphic symbols on 2. This also indicates that there are no compact Hankel
operators with anti-holomorphic symbols.

Therefore, from this point we assume

lim sup p(r) = oco.
r—1-

In fact, the later assumption (6) made on the domain forces () not to oscillate, so

Wwe can assume

(5) lim o(r) = oo.

r—1-
On the other hand, € is pseudoconvex if and only if z; — ¢(|z1|) is a subharmonic
function on D. A simple calculation gives Ap(z1) = ¢ (r) + ¢'(r)/r. We assume
is pseudoconvex hence we have

(© #'(r)+ 30 (r) 20 on (0,1)

Our goal is to show that the sum | ‘Z:N c?/ ta/ 03 diverges for any nonzero « on
A=
a complete pseudoconvex Reinhardt domain 2. We start with computing c,’s.

We have

&= [1rave = [ap [ 2227 dA(22) dA(z1)
Q D 22| <e—# (=11

2y 2T (2vat2)e(]z) 2% [ o1~ (et 2e(r)
= {|zl| m e~ Ememaeliz }dA(zl) = e T e T EM2THRT) (e,
D 279 + 2 v +1

For sufficiently large x and y, consider the ratio

% b e et gy
T,y T

fOl rxe—y‘P(T) dr ’

and define -
rrfeYelr

Py y(r) == — _ :

Jy e ye(r) dr

Note that @, ,(0) =0, ¢, ,(1) =0, and fol Py y(r)dr =1.
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Also, define
(®) ga(r) = rere20xe (),

Note that go(r) does not vanish inside the interval (0,1), but may vanish at r = 0
and r = 1 depending on o. Now, we can rewrite the ratio R, , as

1 1
(9) Rm,y _ / (I)x7y(r)r2a1672a2tp(r) dr = / (I)Ly(r)ga (7’) dr.
0 0

Our goal is to find a sub-interval (a,b) CC (0,1) such that for sufficiently large
and y

|~

b
/ Oy y(r)dr >
a

For this purpose, we analyse @, () further on (
of @, ,(r). We have

==

, 1) and locate the local maximum

1 —1
%cpw(r) - (;c_W’(r)r)(rx—le—w0">)( / reye(r) dr) :
0

Therefore,

d
a@%y(r) =0 on (0,1) when 2 — yo'(r)r = 0.

We label f,,(r) := @ — y¢'(r)r. Note that fs,(r) controls the sign of L&, (r),
since the rest of the terms in %@I,y(r) is positive. Furthermore,

fay(0)=2 >0
and
(10) %fmy(r) = —y(@'(r) +r¢"(r)) <0 ( by the assumption (6)).

Hence, f;4(r) decreases on (0,1) and can vanish at a point. We will show that by
choosing x,y appropriately we can guarantee that f; ,(r) vanishes on (0,1). All we
need is a point s € (0,1) such that

s¢'(s) > 0.

However, this is possible by the assumption (5). If there were no such point s € (0,1),
then ¢(r) would not grow up to infinity. Moreover, if there exists s € (0,1) such
that s¢’(s) > 0 then since r¢'(r) > 0 is an increasing function we have

re'(r) >0, rels1).
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Therefore, there exists a relatively compact subinterval (a, ) of (0, 1) such that
ap'(a) >0

and hence r¢’(r) > 0 on (a,b). Moreover, by choosing = and y appropriately we can

make
fzy(a) >0 and fr4(b) <O.
That is,
r—yap'(a) >0 and x— yby (b) <O0.
Equivalently,

ay'(a) < g and g < b’ (b).

Therefore, as long as we keep
(1) ap'(a) < - < b ()

there exist a solution to z — yr¢'(r) = 0 on the interval (a,b) CC (0,1), and so we
guarantee that the function ®, ,(r) assumes its maximum somewhere inside (a, b).
Let us take the point gy, € (a,b) where @, ,(r) takes its maximum value . We have

a/2 Qzy 1 (1+b)/2
/ O, (r)dr < / o, ,(r)dr and O, (r)dr < / D, () dr.
0 a/2 (1+b)/2

Qxy

Hence, we deduce that

(1+b)/2 1 1
(12) / Dy (r)dr > / D,y (r)dr > =
a/2 0 2

as long as ay'(a) < z/y < by'(b). The inequality at (12) is the crucial step for the
rest of the proof. It guarantees that the integral of ®, ,(r) is located somewhere in
the middle, i.e. does not lean towards any of the end points.

For a multi-index v = (y1,72), let us write ®,(r) = @, -, (r). Then

(13) C’2Y+Oé _ Yo + 1 fol 7~2’Yl+201+1ef(272+2+2a2)tp(r) dr
2 ytar+l fOl r2m+le—(2v2+2)¢(r) 4y
1
Yo+ 1
= Yo +ag + 1 A ¢271+17272+2(T)ga(r) dr.
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Then

2 N 02 N 02
(14) g > Z Cyta Z at+(k,N—k) Z (k4a1,N—k+az)
“” 2 c? N c?
ly|l=N 7 k=0 (k,N—k) k=0 (k,N—Fk)
N

N—-k+1 1
B kZ:o N—k+ay+1 /0 Popt1,2(v-k)+2(r)ga(r) dr.

We want to keep
2% + 1 , ,
N 22 € (ap'(a), by’ (b)),

see (11). This is equivalent to asking k to be in the interval
2a¢’ (a) N 2a¢'(a) — 1 2by’ (b) 2bp'(b) — 1
+

<k 20/ (b) +2°

2a¢'(a) + 2 2a¢'(a) + 2 < 2by’ (b)

N
5 +

We further restrict k to the interval

[ ( 2a¢’ (a) N4 2a¢p'(a) — 1 2by'(b) n 2bp'(b) — 1
N7 \2a¢/(a) + 2 2a¢' (a) + 27 2bp! (b) + 2 20¢’ (b) + 2

) N (0, N).

Therefore, the estimate (14) can be rewritten as

N—-k+1 !
(15) So > Z N _Fta +1/ Port1,2(N—k)+2(1)ga(r) dr.
kely 2

When k € Iy we have
N—-k+1 !
N-htas il /0 a1 2(v—ky+2(r) g (1) dr

1 (1+b)/2
> P _ «(r)d
1+ ay /(1/2 2k+1,2(N k)+2(7“)9 (r)dr

1 . (1+b)/2
> 1+a2( min {ga(r)})/a Popt1,2(N—k)42(r)dr

a/2<r<(14b) /2 /2
1 1
by (12) > (, min = {ga(})5.

14 ag \a/2<r<(140)/2 2

Let A\, = (a/2<21(?+b)/2{ga(r)})/(2(1+a2)). Note that A, > 0 since g,(r) is

strictly positive on (a/2, (1 +b)/2), see (8). This gives us

2 1
Cia N—-k+1
Sa > > 12 > N—Ftorl k+a2+1/ Pop+1,2(N—k)+2(7)ga(r) dr

kelny Y keln
> E Ao = |IN|)\Q.
keln
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Note that the number of integers in Iy is comparable to N. Therefore, S, = N and
this suffices to conclude S, diverges for nonzero a.

4. EXAMPLES OF UNBOUNDED NON-PSEUDOCONVEXS DOMAIN WITH NONZERO
HILBERT-SCHMIDT HANKEL OPERATORS

In this section, we present two examples of domains that admit nonzero Hilbert-
Schmidt Hankel operators with anti-holomorphic symbols. In the first example, the
Bergman space is finite dimensional and the claim holds for trivial reasons. In the
second example, the Bergman space is infinite dimensional; however, some of the
terms S, ’s are bounded.

We start with defining the following domains from [12]:

1
X, = {(21,2'2) €C%: |z >e |2 < 7},
|21|log |21

1
X = {(21,2) € €% |zal > e, || < ——— ),
|22] log |2
X3 = {(21722) eC*: |21| <e, |22| < e}v
QO:XluXQ UX3,

1
Bm:{ 2) €C%: |zl |zl > 1, [1z] — <7},
(Zl 22) |21| |2:2| ||Zl| |22|‘ (|Zl|+|2’2|)m

Q) = Qo U Byg.

Note that g and 2 are unbounded non-pseudoconvex complete Reinhardt domains
with finite volume. The following proposition is also from [12].

Proposition 1. Let k be a positive integer.
(i) The Bergman space A%(Q,) is spanned by the monomials {(z122) ;?:0.
(ii) The Bergman space A*() is spanned by the monomials {(z122)7}32,.

Next, we look at the Hankel operators on the Bergman spaces of 2 and Q.

Example 1. We start with Q. Since A%(€)y) is finite dimensional, for any
multi-index of the form (j,j) for j = 1,...,k, the term S(; ;) is a finite sum and
consequently finite when restricted to the subspace of A%(Q;) where the multiplica-
tion operator with the symbol f is bounded. Hence, for any f € A%(€;), the Hankel
operator with the symbol f is Hilbert-Schmidt on the subspace of A%(Q) where the
operator is bounded.
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Example 2. Next, we look at )y and observe that the terms S, take a simpler
form. Namely, for a multi-index (j, j),

0 ( Crtiibt) )
Sea) =D ( — T )

2 2
k=0 = C(k.k) Clh—j.k—3)

where
k) :/Q |2122|*F AV (21, 22).
0

We will particularly compute S(; 1). A simple integration indicates

2 €4k+4
2 2

—4
o =12 (g7 + 2kt 2)2)

and by simple algebra we obtain

2 2 8k+8 (2k+2)" —(2k+4)*(2k)* 4k p1(k) (k)
Cotrht) k) _© Cearreremyt T hm T n®
2 2 = & k
(k,k) C(k—1,k—1) o8k +8 (2k)2(;k+2)2 + et ZZ&% + ﬁ;&%
where p1(k),...,ps(k) are polynomials in k. For large values of k, the first terms at

the numerator and the denominator dominate and we obtain

9 9 (2k+2)* — (2k+4)2(2k)2
Clk+1,k+1) Clkk) CROZRRZCRI2)?
c2 ) - S g2
(k,k) (k—1,k—1) (2K)Z(2k+2)2

Therefore, S(;,;) is finite and the Hankel operator Hz; is Hilbert-Schmidt on
A2(Q).

5. REMARKS

5.1. Canonical solution operator for J-problem:. The canonical solution
operator for O-problem restricted to (0, 1)-forms with holomorphic coefficients is not
a Hilbert-Schmidt operator on complete pseudoconvex Reinhardt domains because
the canonical solution operator for d-problem restricted to (0, 1)-forms with holomor-
phic coefficients is a sum of Hankel operators with {Z;}7_; as symbols (by Theorem 1
such Hankel operators are not Hilbert-Schmidt):

7Nl =0 N (S0 ) = 3t o)
j=1 j=1

for any (0, 1)-form g with holomorphic coefficients.
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