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ASYMPTOTIC REPRESENTATIONS OF SOLUTIONS
OF THE NONAUTONOMOUS ORDINARY DIFFERENTIAL
n-TH ORDER EQUATIONS

Mousa JABER ABU ELSHOUR AND VJACHESLAV EVTUKHOV

ABSTRACT. Asymptotic representations of some classes of solutions of nonau-
tonomous ordinary differential n-th order equations which somewhat are close
to linear equations are established.

1. INTRODUCTION

We consider the differential equation

(1.1) y™ = aop(t)y|Infyl|7,

where ag € {—1,1}, 0 € R, p: [a,w] — ]0,400[ is a continuous function, —oo <
a<w< +ool.

A solution y of the equation , which is defined and which is not equal to
zero on an interval [t,,w[ C [a,w], is called a P, (Ao)-solution if it satisfies the
conditions:

(n—1) ¢ 2
(k=0,n—1), an — .
oyt ™ )y (1)
We notice that differential equation (|1.1)) is a specific case of the differential
equation of more general form

(1.3) y'" = aop(t)e(y) ,

where o and p are the same as in the equation and ¢: Ay, — ]0,+o0[ is a
continuous and regularly varying function when y — Y{, of the order ~, Y} is equal
to either zero or +o00, Ay, is some one-sided neighborhood of Y. Here, by virtue
of the definition of the properly varying function (see, for example, the monograph
of E. Seneta [6, Ch. 1]), the function ¢ has the following representation

e(y) = y|"L(y),
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We suppose that a > 1 when w = 400 and w — a < 1 when w < +oc0.

(1.2)  limy®(t) =

tTw

either 0,
or £ oo
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where L is a slowly-varying function when y — Yj. The function L(y) = |In|y||°
might be the specific case of it.

In the paper [4], for the equation the conditions for the existence and
the asymptotics when ¢ T w for all possible types of the P, (A\g)-solutions were
obtained. However, the results of that paper do not cover the situation when v =1,
particularly, the differential equation (|1.1)).

For the equation , in the paper [2], the conditions for the existence of the

P, (Xp)-solutions when Ag € R\ {O L. ”72} are established, as well as the

’ 27 P n—1
asymptotics for such solutions and their derivatives up to the order n — 1 inclusive.
Also the quantity of such solutions was established.
In specific cases, when \g = ";7:1 (i =1,n —1), by means of the results of
V.M. Evtukhov [I, Ch.3, §10, pp. 142-144], the a priori asymptotic properties of
the P, (Ao)-solutions of the equation can be obtained. In the aim of that, we

need the following notation

) t, if w=-+o0,
T, =
¢ t—w, if w<+o0o.

Lemma 1.1. 1. If n > 2, then each P, (Z—:%)—solution of the differential equation
(1.1) when t T w admits asymptotic representations

v =o( L) 5O ~ i By =2,

mw(t) [T (ﬂ]kil

2. Ifi € {2,...,n—2} and n > i+ 1, then each P, (”_i_1>—solution of the

differential equation when t T w admits asymptotic representations
(1.4)
_ L () . . Y= (¢
ywluﬂN[QQ%!y<n@)(k:L”WZ_D,ZANQZO(W(S)%
_; (k=)
(15) y®(t) ~ (1)t 22
O~ D

3. If n > 2, then each P,(0)-solution of the differential equation (1.1)) when t 1 w

admits asymptotic representations

1 [ ()" _ ST ()
y* )(t)Nmy( ) (k=1,....,n-2), y )(t)io(T(t))’

()
and in case of the existence of the limit liTm %n(t()t) (finite or equal to £00), the
tTw

y D) (k=i+1,...,n).

following representation is valid

(n=1) (¢
g™ (t) ~ @)

Tw (1)
From this lemma follows that while considering asymptotic behavior of the

P, (”;H) (i = 1,n — 1)-solutions of the equation (1.1)), we must separately

n—

when tTw.
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consider the situations when: 1) n>2and i=1 (A= 2=2);2) 1 <i<n-—1;
)y n>2andi=n—1 (A =0).

The aim of the present paper is to derive necessary and sufficient conditions for
the existence of P, (";iﬂ)—solutions of the equation wheni € {2,...,n—2}

3

and n > 7+ 1. When ¢ T w, we also establish asymptotic representations for all
such solutions and their derivatives up to the order n — 1 inclusive.

2. AUXILIARY NOTATION

Besides the first statement of the Lemmal[T.T] we also require one known result for
the system of quasilinear differential equations about the existence of the solutions
that tend to zero when t T w

v, = h(t) {fk(tavla”'avn) + i Ckivi] (k=1n-1),

=1

o= HO[faltvn, - vn) + 3 o]

=1

(2.1)

where cx; € R (k,i=1,n), h, H: [to,w] — R\ {0} are continuously differentiable
functions, fi: [to,w[ X R™ (k = 1,n) are continuous functions that satisfy the
conditions

(2.2) ltle fe(t,v1,...,v,) =0 uniformly in  (vy,...,v,) € R’; ,

where

1 .
t={ ) ER s u < 5 (=Tm)}.

2

By virtue of the Theorem 2.6 from the paper of V.M. Evtukhov and A.M. Sa-
moilenko [3], the following statement is valid for the system of equations ([2.1]).

Lemma 2.1. Let functions h and H satisfy the conditions

CHEY) _ m L (HW0Y_
(2.3) %IBW—O, /H(T)dT—:I:oo, %:%BH(t)(h(t)) =0

Moreover, let for the matrizes C,, = (Cki)z,i:1 and Cp_1 = (cki)Z’;il, det C,, # 0,
and Cp_1 does not have eigenvalues with zero real part. Then the system of diffe-
rential equations has at least one solution (vy)p_: [t1,w] — R% (t1 € [to,w])
that tends to zero when t T w. Moreover, if inequality H(t) (det Cy,) (det Cp—1) >0
is valid in the interval [to,w|, there exists m-parametric family of such solutions if
among the eigenvalues of the matriz C,_1, there exists m eigenvalues (with regard
of multiplicities) whose real parts have sign opposite to the sign of the function
h(t); if opposite inequality is valid, there exists m + 1-parametric family.
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3. MAIN RESULTS

In order to formulate the main result, let us introduce auxiliary functions

Ta(t) = /A p()m=2 () o (O dr, I(t) = / Ja(r)dr,

where
w

a, if [ p(r)me()|" 72 |y (7)]|7 dr = +oo,
A= a
w, it [p(r)|me(T)" 72 I fr (7)]|7 dr < +oo.

Theorem 3.1. Leti € {2,...,n—2} (n>1i+1>3). Then, for the existence of
P, (”;H) -solutions of the differential equation (1.1)), it is necessary and sufficient

that the following conditions are valid
m(0)J4(0) . |
3.1 lim ———= =—1, limI(t)=Z4oc0, limm,(t)Ja(t)=0.
( ) tTw JA(t) tTw ( ) tTw ( ) A( )
Moreover, when t T w, each solution of that kind admits the asymptotic representa-
tions

(k—1) i—k
y () [ (t)] —
3.2 . = 1 1 k=1,i—1),
82 Y = oo (k=17
ap(=1)" 1) = 1J°
(i —Dl(n—1)!
(k) _1\n—k-—1 —_aA\lli _1lo

y(t) _ ao(-1) (k=) =117 Ja(t)
(3.4) O = T =i Lt o(l)]

yi=b(t) (i = Dln —d)! w5 ()

(k=1i,n—1).

Moreover, if the conditions (3.1) are valid, for the differential equation (1.1) in
case w = 400, there exists i-parametric family of solutions that admit asymptotic
representations (3.2)—(3.4) as t T w, and in case w < +oo, there exists (n — i +
1)-parametric family of solutions with such representations.

(3-3) Iy ()] = I(#)[1 + o(1)]

Proof of the Theorem 3.1. Necessity. Let y: [ty,w[ — R be an arbitrary
P, (”%H)—solution of the equation (|1.1)). Then, by virtue of the definition of

—1
P,,(Xo)-solution, there exists to € [t,,w[ so that In|y(t)| # 0 in the interval [to,w],
and, by virtue of the second statement of the Lemma the asymptotic repre-

sentations (|1.4)), (1.5)) are valid. According to the first asymptotic representations
from (|1.4))
7T'7

y(t) ~ (;“’_S)!y(”)(t), Yy (t) ~ ZJ_ ét))!y(il)(t) as tlw.

This implies that

as tTw,
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and therefore
In|y(t)|~ (i —1)n|r,(t)] as tTw.
By virtue of the asymptotic representations from (1.1}), we have

(3.5)
y(")(t)=%p(t) ) 16— Dnlm, |7y V() 1+ 0(1)] as tTw.

In its turn, according to asymptotic representations (1.5

(n—1) .. . (%)
36 y0~ 0 Ty, 0~ Ll s v,
Thus, from follows that
G
67 g =
S MO 16 - DI (07 [ o(1)] e t1
and
y(”l)(t) B
(38) e =
ao(_l)n—i—l

mp(t)ﬂﬁ‘z(t) i = DInfr, @7 [ +o(1)] as ¢Tw.

Now, considering the second relation from (|1.4)) and the second relation from (3.6)),
we obtain

( SO (1) ),_ y(7+1)(t) - [y ) ]
S (D) D)Ly )y (1)
_ y(z+1)(t) [1 _ T (8)y 9 () y D (t) } ~ S as tlw.

Sy LT 0wty @) Ty
Consequently, asymptotic representation (3.8) can be written in the form

) ! o) n—i-l _ . -
(yﬁ.lﬁ?t)) o _(1)12n_2),p<t>ws 2(1) (i — D) n Jro ()| [140()] as t1w.

By integrating this relation in the interval from ¢y to t, we obtain

(4) n—i—1 t
¥ (1) ap(—1) / n=2(y|(; o
gy~ 0T p(r)m ™ (7) (6 = D) In[m (T)[|7 [1 + o(1)] dr
yi=h(t) (i =D =) Jy,

where ¢g is some real constant. Or, by means of choosing the integration limit A in
the function J g4,

yO) o= i 1)

chJr (= Di(n—3)! Jat)[1+0(1)] as tTw,

_1\n—1t 1717 o A
o= a+ Ut [ ) i (I 11+ o0
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When A = a, the integral from the right part of the relation tends to 0o when
tTw, (3.9) can be written in the form

YO _ ap(=1)" i - 1
y(=1(t) (i — 1)l(n —1)!
Let us show that in case A = w, when integral from the right part of the relation

(13.9) tends to zero as t T w, the representation (3.10) is also valid, i.e. ¢ = 0. Indeed,
if ¢ # 0, then from (3.9) follows

y @ (t)
y=(t)

This representation when w = 400, i.e. when 7, (t) = t, contradicts to the last
relation from (1.4). When w < +00, we obtain from it after integrating

(3.10) LI +o(1)] as tlw

=c+o(l) as tlw.

Injy® V()| =c14+0(1) as tTw (c1=const).
This contradicts to the first relations from (1.2) (as k =14 — 1).

Consequently, for each case from these two cases considered, the asymptotic

representation (3.10]) is valid.

From this representation, by virtue of the last relation from (1.4), we obtain the
validity of the last condition from (3.1)). Besides, from (3.10) and (3.7)), it follows
that

n—1 1 g
om0 o O

tTw JA(t) ’
i.e. the first condition from (3.1)) is valid.

By integrating (3.10) from ¢y to t, we obtain

e L [ s+ ou)ar,

where c¢ is some real constant. By virtue of the first relation from (1.2) from the
definition of P,,(\)-solution, In |y~ (¢)| — 400 as t | w. From this relation the
validity of the second relation from and the validity of follows.

When k =1,n — 1, due to the asymptotic representations from Lemma
and asymptotic representation , we obtain

W0 0 g0 k=il 0
I BT Ty R T e Oy
ao(=1)" =Lk — D)lfi = 17 Ja(t)

(1 — 1) (n—1)! ()

Consequently, when ¢ T w, the asymptotic representations (3.4) are valid. The
verity of (3.2]) follows directly from the Lemma

Infy =D (1)) = ¢+

tTw.

Sufficiency. Let i € {2,...,n — 2}, n > i+ 1 and let the conditions (3.1))
be satisfied. We will show that in this case, the differential equation (1.1f) has
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P, ("’i’l)—solu‘cions that admit asymptotic representations (3.2)—(3.4) when

n—i
t T w. We will also consider the question about the quantity of solutions with such
representations.

Since (O4(0)
T (t)Jal(t
(D) Ja(t) = I(t),
then from the conditions (3.1)) follows that
(1) Ja(t)

11 lim —————= =0.
(3.11) tlTrB I(t) 0
Besides, by virtue of the I’'Hospital rule

) 1(t) )

12 lim ———— =1 =0.

(3.12) lim BN tlTIBWw(t)JA(t) 0

By introducing the transformation to the equation (1.1)

(k—1) - i—k -
yy(i—l)((:)) = [ (L:(_t)}g), 1+ v (t)] (k=1,i—1),

y ) ao =D k=i =17 Ta)
(3.13) y@=0(t) (i — D)l(n—)! 20 [1+vk(t)]

(k=i,n—-1),

. an(—1 n—i—li_la
1n|y(1 1)(t)| _ O( ) | |

I +vn (D],

(i — 1Dl(n—1)!
we obtain the system of differential equations
, i—k RN 1 G O L A 1 ’
L A e o o TR LA SR G
(k=T,i-2),
;o v ao(=D)" i) , ,
1 B s T AL GRS NG OR
k+1—i k—i T (1)
p_ kT l—t _Ja
U = ﬂ_w(t) (1+vk+1)+’ﬂ'w(t)(1+vk) JA(t) (1+Uk>)
(’L*l)'(’ﬂ*l)' JA(t)(1+vk)(1+U2) (k_717n 2)7
, _ n—i—1 B Jh(t)
e = T M) T ey

- aO((l)Z)_!Z(; ‘_Z z'_)!lla Ja®) (1 +vn1)(1 + i)
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L(t) g
(BT YGRS Ak
+ JA(t) (1+'U1) | lla' ‘111|7Tw(t)||0
ao(=1)" i — 17 I(t)(1 + vn)
T D R )
,_ Ja(t) Ja(t)
" =T (1+v)— 0 (1+vy).
Assuming that
_ 1 _ JA(t)
h(t)—m, | H(t) = R
(D) = S ). ) = A0
5a(t) = ap(=1)"i i — 17 I(8) Sa(ts0n) = In (1:181

(i = Dln —0)!(i — 1) In |my, (2)]

we can rewrite this system

(1 — 1) In|m, ()]’

v, = h(t) [fu(t,v1,...,0n) — (i — k)vg + (i — k)vgy]

(k=1,1—2),
Vi = h(t) [fic1(t,v1,. . 00) —via]
(314) U;c = ( )[fk(t7vlu'~'7vn)+ (k—Z-l-]_)'Uk - (k—Z+].)'Uk+1]
(k=702

U;’l—l - h(t) [fn—l(ta V1yenvy Un) - (TL - i)vl + (n - i)vn—l] )

where
fetvr, .o yvn) =011 +ve)(1+v;) (BE=1,i—1),
fe(t v, v0) =01 (1 +vg) (1L 4+v;) — 62(t) (1 +v) (k=4,n—2),

fa—1(t o1, vn) = 61(8) (1 +vp—1) (L4 v;) — 62(¢) (1 + vp1)

o (8) 4 (1) d3(t)(1 + vn)

+(n—i)(1+wv1) |1+ Ta(t) 1+ 01 (2, 01)

|1+ 64(t,v1)|7

Here, by virtue of the conditions and (| -7
(3.15) ltle 5:i(t)=0 (i1=1,2,3)
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and
: . . 11
(3.16) ltle d4(t,v1) =0 uniformly in v; € ~35]"
Considering these relations, we select the number tg € Ja,w[ so that when ¢t € [tg,w]|
and |v1| < 1, |v,] < 1 the following inequalities are valid

1 d3(t) (1 + vn)
-1 O3(V)(L T Un)
|54(t,711)| =97 1 —|—54(t7U1)

Further, we consider the system (3.14)) on the set

1
< —.
-2

n n n | R —
Q= [to,w[xR%, where 1= {(vl,...,vn) eR™: |y < 2 z:l,n}.

On this set, the right parts of the system are continuous, functions h, H are
continuously differentiable in the interval [to,w[. Due to the conditions (3.15]),
(3-16),

liTmfk(t,vh...,vn) =0 uniformly in (vy,...,v,) € R .
tTw 2

Consequently, the system of differential equations is the system of quasilinear
differential equations of the type (2.1J).

Let us show that all conditions of the Lemma [2.1] are true for this system.

By virtue of the form of the functions I and Jyu,

t
/H(T)dT~1n|I(t)|—>+oo as tlw.
to

Moreover,
H(t) _ mu(t)Jalt) L(@)’ _ 14 Te@®Jat)  mu(t)Ja(t)
h(t) Ity 7 H(@)\h() Ja(t) I(t)

therefore, due to the validity of the first condition from (3.1) and the validity of
the condition (3.11)),

. H(®) ) 1 /H(®t)\

1 - = 5 1 7(7) =

tlw N(t) ttw H(t) \h(t)

Consequently, the conditions (2.3) of the Lemma [2.1] are true for te system (3.14).
It is also obvious that, for the system of differential equations (3.14)), the matrixes

Cpn—1 and C,, of dimensions (n — 1) x (n — 1) and n x n (subsequently) from
Lemma [2.1] are following

det G,y = (1)1 — D)!(n —4)!, detC, = (—1)"(i — 1)!(n —i)!
and
det [Cr—1 — pEn_1] =
)" Hp+i=(p+i=2)...(p+Dp=D(p—=2)...(p—n+1i),

where E,,_; is the identity matrix of the dimension (n — 1) x (n — 1). Hence, in
particular, we obtain that the matrix C;,_1 has n — 1 non-zero real eigenvalues, and
there are (i — 1)-negative and (n — 7)-positive eigenvalues among these eigenvalues.
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Thus, all conditions of Lemma [2.1] are true for the system of differential equations
. According to this Lemma, the system of equations has at least one
solution (vg)p_, : [t1,w[ — R™ (t1 € [to,w[) that tends to zero when ¢ T w. Moreover,
according to this lemma, since there are (i — 1) negative eigenvalues and there are
(n—1) positive eigenvalues among the eigenvalues of the matrix C),_1, in case of the
validity of the inequality h(t) > 0 (h(t) < 0) in the interval [to, w[, the system of
differential equations has (i — 1)-parameter (subsequently, (n — )-parameter)
family of solutions that vanish in the point w when H(¢) < 0 in the interval [to,w],
and ¢-parameter ((n — i + 1)-parameter) family of such solutions when H(¢) > 0 in
[to, w[.

In order to finally answer the question about the quantity of solutions that
vanish when ¢ T w, it is necessary to define the signs of the functions h and H in
the interval [to, w].

Since h(t) = n;1(t), according to the form of the function m,,, we obtain

1, if w=+o00,

sign h(t) = {

-1, if w<+.

For the function H, according to the definition of the function I, we have
_Ja) _ Ja@)
IO Jo1am)ldr

Considering the obtained sign conditions for the functions h and H, we can make
the following conclusion about the quantity of solutions of the system that
tend to zero when t T w:

1) if w = 400, then the system of differential equations has i-parameter
family of vanishing solutions when ¢ T w;

2) if w < 400, then the system of differential equations has (n — ¢ +
1)-parameter family of vanishing solutions when ¢ T w.

By virtue of the transformation (3.13)), each of the vanishing solutions (vj)}_; :
[t1,w] — R™ of the system corresponds to the solution y: [t1,w[ — R of the
differential equation (I.I), that admits the asymptotic representations (3.2)-(3.4)
as t T w. Considering these representations and the conditions , it is easy to

H(t) >0 as t€ [to,w|.

ascertain that each such solution is P, (”;ﬁ’il)—solution of the differential equation
D).
Theorem is proved. 0

Remark 3.1. While establishing the validity of the conditions (3.1]), it is possible
to notice that, in virtue of the first condition, the second and the third conditions
are subsequently equivalent to the conditions

/ p(&)|mo ()" In |7y, ()]|7 dt = +o0, bim p(t)mi; (t) [In mu (]]” =0.

Remark 3.2. Notice that conditions (3.1) do not depend on the index ¢. This
indicates that when n > 4 and the conditions (3.1]) are satisfied, for each i €
{2,...,n — 2} and for w = 400, resp. for w < +oo, the differential equation (1.1))
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has i-parametric, resp. (n — i + 1)-parametric, family of P, (";ﬁ’il)—solutions that
admit the asymptotic representations f ast T w.

When o = 0, i.e. equation is linear differential equation of the type
(3.17) Y™ = agp(t)y,

where a9 € {—1;1} and p: [a,w[ — ]0,4o0[ is a continuous function, from the
Theorem [3.1] and the Remarks [3.1] and the following statement directly follows.

Corollary 3.1. If n > 4 and the following conditions are satisfied
mlOp(t)
tw f; a2 (T)p(T) dr

[ e tem) dr =400, lmat(op() = 0.

3

(3.18)

then the linear differential equation (3.17) has n—3 linearly independent P, (”_71_1> -

-solutions y;: [t1,w] — R (i = 2,n — 2) that admit asymptotic representations
when t T w
(k=1) i—k
g (1) [m(t)] -
L = [1+ 0(1)] (k=1,i—1),
ORI Gl
. _1)n—i t
In [y~ (r)] = 2o / BN r)dr[1+o(1
0l 0] = 25—y [ P ) drlt+ o),
() ao(=1)"F(k =)
yfl_l)(t) (i—1)l(n—1)!
and, moreover, equation (3.17) does not have any other P, (";H)—solutions for

n—

p(t)w"_k+i_1(t)[1 +o(1)] (k=in—-1),

w

i €{2,...,n— 2} that are different from mentioned above.

Remark 3.3. The linear independence of the solutions mentioned in the corollary
follows from the fact that the matrix of the dimension n x (n — 3) with the columns
consisting of the solutions y; (i = 2,n — 2) and their derivatives up to the order
n — 1 inclusive, contains minor of the dimension (n — 3) x (n — 3), that is different
from zero in some left neighborhood of w.

This corollary for w = 400 complements the results established in the monograph
of I.T. Kiguradze and T.A. Chanturia (see Ch.1, §6, item 6.5, pp. 184-186) for
linear differential equations with asymptotically small coefficients.
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