Czechoslovak Mathematical Journal

Xiang Han; Jizhu Nan; Chander K. Gupta
Invariants of finite groups generated by generalized transvections in the modular case
Czechoslovak Mathematical Journal, Vol. 67 (2017), No. 3, 655-698

Persistent URL: http://dml.cz/dmlcz/146852

Terms of use:

© Institute of Mathematics AS CR, 2017

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/146852
http://dml.cz

Czechoslovak Mathematical Journal, 67 (142) (2017), 655—698

INVARIANTS OF FINITE GROUPS GENERATED BY
GENERALIZED TRANSVECTIONS IN THE MODULAR CASE

XI1ANG HAN, JizHU NAN, Dalian, T CHANDER K. GUPTA, Winnipeg

Received February 2, 2016. First published July 12, 2017.

Abstract. We investigate the invariant rings of two classes of finite groups G < GL(n, Fy)
which are generated by a number of generalized transvections with an invariant subspace H
over a finite field Fy in the modular case. We name these groups generalized transvection
groups. One class is concerned with a given invariant subspace which involves roots of
unity. Constructing quotient groups and tensors, we deduce the invariant rings and study
their Cohen-Macaulay and Gorenstein properties. The other is concerned with different
invariant subspaces which have the same dimension. We provide a explicit classification of
these groups and calculate their invariant rings.

Keywords: invariant ring; transvection; generalized transvection group

MSC 2010: 13A50, 20F55, 20F99

1. INTRODUCTION

Let F, be a finite field, where ¢ = p, v € ZT. Suppose that z1,...,2, € V = Fp
form a basis and z1,...,2, € V* form the dual basis to {z1,...,z,}. We denote by
F,[V] the graded algebra of polynomial functions on V', which is defined to be the
symmetric algebra on V*. Hence F,[V] = Fy[z1,...,2,]. If G is a finite group, and
0: G — GL(n, Fy) is a representation of G over Fy, then, via o, G acts on the left
of the vector space V' = F'. A central theme in invariant theory is the study of the
induced action on the algebra of polynomial functions F,[V] on V. This action arises
from the left action of G on V* defined by (g-2)(v) = z(o(g) ™ -v) for g € G, 2z € V'*,
and v € V, and its extensions to S™(V*), the mth symmetric power of V*, which fit
together to give a left G-action on F[V] by algebra automorphisms. By definition,
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the ring of invariants [17], denoted by F,[V]Y, is
FVI={f€F[V]: g-f=[ YgeG}.

This is a graded subalgebra of F,[V].

In this paper, we are mainly concerned with the invariant rings of two classes
of groups G < GL(n, F;;) generated by generalized transvections and some related
properties over a finite field F,. In this case, the order of group G is divisible by the
characteristic of the field Fj,. Here are the two classes of groups G < GL(n, Fy):

(1) G with a given invariant subspace and several roots of unity
(Section 2 and 3),
(2) G with different invariant subspaces which have the same dimension

(Section 4).

The definitions of the two classes of groups will be introduced in the sequel.

Nakajima in [13] introduces pseudo-reflections and transvections. In addition, he
studies finite groups G C GL(V') whose rings of invariants are polynomial in the
modular case when n = 2 (see [13]) and when G are p-groups over a prime field
F = F, (see [15]). Kemple, Malle in [11] determine finite irreducible subgroups G of
GL(V) such that F[V]% are polynomial rings in the modular case. Neusel, Smith
in [16] also study transvections. They adopt a method associated with configurations
of hyperplanes and calculate several invariant rings of groups which are polynomial
and an invariant ring of a group which is Cohen-Macaulay.

If an invariant ring fails to be polynomial, people usually study its Cohen-Macaulay
and Gorenstein properties. Hochster, Eagon in [9] show that in the non-modular case
if a finite group G acts on a Cohen-Macaulay ring R then R is Cohen-Macaulay. In
the modular case, although an invariant ring R“ in three or fewer variables is Cohen-
Macaulay (see [18]), it may fail to be Cohen-Macaulay in more variables even if R
is Cohen-Macaulay. Bertin in [2] gives such a counter-example with lowest possible
dimension, the regular representation of the group Z/4 over a field of characteristic 2.
In fact, Campbell at al. in [5] prove that a class of vector invariant rings F[@ V¥

is not Cohen-Macaulay if m > 3 for any finite p-groups P in the modular casZL. For
the sake of Gorenstein property, Bass in [1] studies and concludes several results. In
the non-modular case, Stanley in [20] and Bruns and Herzog in [4] prove that every
subgroup of the special linear group SL(n, F') is Gorenstein. In the modular case,
Braun in [3] proves that if a group G contains no pseudo-reflection, then F,[V]¢ is
Gorenstein. And we in [8] indicate that an invariant ring F, [V is Gorenstein when
the definition of the group G involves a root of unity.
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A plan of this paper follows. In the remainder of this section, we list the main
results in this paper and illustrate terminology used in the sequel. In the second
section, we study properties of i-transvections and determine the invariant rings of
groups generated by i-transvections with a given invariant subspace. Constructing
quotient groups and tensors is the key ingredient in the approach applied in this
section. In the third section, we investigate the invariant rings of groups gener-
ated by (w,i)-transvections with two roots of unity and their Cohen-Macaulay and
Gorenstein properties. Then we extend these results to a generalization in which
the groups are generated by (w,?)-transvections with several roots of unity. In the
fourth section, we consider the groups with different invariant subspaces which have
the same dimension. Before computing invariant rings, we need to figure out the
structures of these groups. Hence we provide a classification of them.

Below is a list of our main results in this paper.

Glwi,w2) of the group

(1) In Theorem 3.2, we determine the invariant ring F,[V]
G(w1,w2) where wy and wy are two roots of unity.

(2) In Proposition 3.8 and Proposition 3.11, we prove that the invariant ring
F,[V]¢@1«2) js Cohen-Macaulay, and indicate the conditions for it to be Gorenstein.

(3) In Theorem 3.14, we extend the result in Theorem 3.2 to a generalization which
involves several roots of unity.

(4) In Theorem 4.5, we consider the groups G with different invariant subspaces
which have the same dimension. We determine the structures of these groups. There
are totally four kinds of such groups up to isomorphism.

(5) In Proposition 4.9, Proposition 4.11, Proposition 4.12 and Proposition 4.15,
we calculate the invariant rings of these four kinds of groups, respectively.

(6) In Proposition 4.14, we discuss a property of the Dickson polynomials
dnos- s dnn_1: q*\l/m = di{éqil) € F,[V] but other d#{ﬁqil) ¢ F,[V] for
r=1,...,n—1.

Next, we begin with a short review of some basic definitions concerning invariant
and pseudo-reflection as a preliminary to introducing i-transvections and i-reflections
which will be needed in this paper. We adopt the definitions from [22] and [13].

Definition 1.1 ([22]). Given an element T' € GL(n, F,), we denote the dimen-
sion of the subspace Im(I —T') C V by Res(T"). Hence the dimension of the subspace
Ker(I —T) is equal to (n — Res(T)).

In a finite group G C GL(V), a pseudo-reflection T' € G satisfies equality
dim(Im(I —T)) =1 (see [13]), i.e., Res(T') = 1. A pseudo-reflection T # I is called
a transvection (see [13]) if T'|;_7yy = I, and a reflection (see [13]) if T'|(;—1yv = —1I.
Similarly, we define i-transvection and i-reflection.
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Definition 1.2. Denote the floor of a number a by [a]. Let T € GL(n, F,) satisfy
Res(T") =i where 1 < i < [n/2]. Then T is called an i-transvection if T'|;_1yy = I,
and an i-reflection if T|;_ryy = —I. A subspace H C V' = F} is called the invariant
subspace of T if H = Ker(I —T'), and the subspace L = Im(I —T) C V is called the
line subspace of T

Remark. (1) Given an i-transvection 7' with the invariant subspace H and the
line subspace L, since T'|;_r)yy = [ and (I — T)V = Im(I — T), it yields that
Im(I-T)C Ker(I —T),ie, L CH.

(2) In Lemma 2.8, after obtaining the matrix form of i-transvection, we find that
the definition of i-transvection is invalid for [n/2] < i < n—1. Hence we will extend
it to [n/2] < i < mn —1 in Definition 2.9.

Definition 1.3. We denote the group generated by all ¢-transvections with the
same invariant subspace H by G:FH The space H is called the invariant subspace
of the group G;’_’H.

Note. For convenience, G:H is briefly denoted by G;‘ in the sequel.

At the end of this section, we introduce several important invariants and propo-
sitions which will be frequently used in this paper. First, we introduce the Dickson
algebra.

Definition 1.4 ([17], Lemma 6.1.1). Let F;, be the Galois field with ¢ elements

and V = F the n-dimensional vector space over F,. Set ®,(X) = 1_‘[/ (X +2) €
zeV>

n .
F,[V][X]. Then &,(X) is g-polynomial, in the sense that ®,(X) = 3 (d,;X9).
=0
dn0y - dn.n are called the Dickson polynomials with degrees deg(d,. ;) = (¢" — ¢*)
fori=0,...,n. L= di{éq_l) is called the Euler class. The ring Fy[dy 0, .., dnn—1]

is called the Dickson algebra. Notice that d,, ,, = 1.

The formulas of the Dickson polynomials are provided in [17], Theorem 6.1.7. And
we shall make use of them in Section 4.

Next, we list the definition of the top Chern class.

Definition 1.5 ([17], page 79). Let V be a finite dimensional representation of
a finite group G and B C V an orbit. Set Ciop(B) = [] (v), which is called the top

vEB
Chern class of B.

In this paper we concentrate on a special case which has a close relation with the
Dickson polynomials. Let {z1,...,2,} be a basis for V* and G a finite group. If the
orbit of z; is {zj +Aize, +. ..+ Nize, 0 Ai,.., N € Fy} where j,tq,...,t; € {1,...,n}

658



are distinct, then its cardinality is equal to ¢*. Referring to [17], Theorem 6.1.7, its
top Chern class is

) i—1
Ctop(Zj) = Z;J + Z(di,r . Z;J )7
r=0

where d;, is the Dickson polynomial in z,...,2; with degree ¢' — ¢" for r =
0,...,i—1. Since Ciop(2;) is g-polynomial, we substitute Ci(z;) for Ciop(2;) in this
case.

A system of parameters (see [17]) for an algebra A over the field F is a finite set
of algebraically independent elements hq,...,h, in A such that the ring extension
Flhy,...,h,) C A is finite. The following proposition states a method to determine
the polynomial rings of invariants.

Proposition 1.6 ([17], Proposition 4.5.5). Let G — GL(n, F') be a representation
of a finite group G over the field F. Suppose F[V]Y contains a system of parameters
fi,--., fn such that deg(f1)...deg(fn) = |G|. Then F[V|¢ = F[f1,..., fn].

2. THE PROPERTIES OF i-TRANSVECTIONS AND INVARIANTS OF THE GROUP G

The properties of 1-transvections, i.e., transvections, are studied in [17]. In this
section, we extend the results to i-transvections for i« = 1,...,n — 1. Then we
compute the invariant ring Fq[V]G;r of the group G;r and introduce a related group
G;(w) where w is a root of unity.

Let T' € GL(n, F,) be an i-transvection and z1,...,2; € Im(I — T) linearly inde-
pendent vectors. So 1, ...,xz; form a basis of Im(/ — T"). Then

TV >V
vov+e1(v)xr .+ i(v) -y,

where
0: V- F}
v = (p1(v),...,0i(v)).

The linearity of T entails the linearity of ¢. Notice that Ker(¢) = Ker(I — T).

The following lemma is simple but important.
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Lemma 2.1. Let T be an i-transvection, {z1,...,2;} a basis of the subspace

Im(I —=T) CcV, and ¢ = (¢1,...,¢:): V — F! a nonzero linear map associated
with T as defined above. If v =Y (kjx;) € Im(I — T, where k1, ..., k; € F,, then
j=1
p1(v) =...=p;(v) =0.
i
Proof. Since T is an i-transvection, T|;_pyy = I. Since v = ) (kjz;) €
j=1
Im(I -T)= (I —-T)V, it follows that
i i
D (k) =v=T() =v+ Y (21(v) - x),
j=1 =1
ie.,
> (@) -a) = 0.
=1
Since z1, ..., z; are linearly independent, the result follows. ([
Definition 2.2. Let x1,...,x; be vectors (not required to be linearly indepen-

dent), and ¢ = (¢1,...,¥;) a nonzero linear map from V to F} with ¢;(x;) = 0 for
all 1 <1, j <i. Define a linear transformation

tlo,x1,...,x5): V>V
v=o>v+e1(v) -z 4.+ ei(v) -

Notice ¢(¢,0,...,0) = 1.

Lemma 2.3. Let ¢ = (p1,...,9;): V — F! be a nonzero linear map with
Ker(p) = H.

(1) If T is an i-transvection with the invariant subspace H = Ker(I —T') and the
line subspace L =Im(I —T') C H, then there exists a unique basis {z1,...,2;} of L
such that T = t(p,21,...,2;) with ¢;(z;) =0 forall 1 <1, j <.

(2) If {x1,...,2;} is a basis of some i-dimensional subspace L C H, then there
exist a unique i-transvection T with the invariant subspace H = Ker(I — T) and the
line subspace L = Im(I — T') such that T = t(p,z1,...,x;) with ¢;(z;) = 0 for all
1<, <.

Proof. (1) Since ¢ = (p1,...,¢:): V — F} is a linear map with Ker(p) =
H =Ker(I —T), there exists a basis {x1,...,2;} of L =Im(I — T) such that

T(v) = v+ 3 (@uv) - m0) = tp,or, .., 2:)(v),
=1

660



where ¢;(x;) = 0 for all 1 < I, j < i by the definition of 7', Lemma 2.1 and
Definition 2.2. Suppose that zy,...,2,_; span H and z1,...,z, span V. Then

Zj ifj<n—1i,
T(xj) = T + Z (lexl) if j >n—1.
1<I<i
The matrix C' = (cj1)ix; is invertible since H = Ker(I — T). Similarly, the re-
striction of ¢ to the span of x,_;41,...,2, gives another invertible matrix B =

(e(Tn—i+1),---,¢(xn))t. This implies a unique basis B~1C(z1,...,z;)! satisfying
the result.

(2) It is straightforward to check that T = t(p,x1,...,x;) is the unique -
transvection with the invariant subspace H = Ker(I — T') and the line subspace
L=Tm(l —T). O

Recall that L =Im(I —T) C H = Ker(I —T') for an i-transvection T'. According
to Lemma 2.3, we can see that if a nonzero linear map ¢ = (¢1,...,¢;) is given
with Ker(p) = H, then an i-transvection T with this invariant subspace H is in one-
to-one correspondence to a basis {z1,...,2;} of a subspace of H. Since the group
G;" is generated by all ¢-transvections with the same invariant subspace H, it is

sufficient to study bases of subspaces of H instead of i-transvections when we study
the generators of G;. Before the study of generators, we collect some elementary

properties of i-transvections and the construction of t(p, 1, ..., x;).
Lemma 2.4. Let p: V — F; be a nonzero linear map, Ty = t(p,x1,...,2;)
and Ty = t(p,y1,...,y;) two i-transvections with the same invariant subspace

H = Ker(y). Suppose that {x1,...,x;} is a basis of the line subspace of T; and
{y1,...,yi} is a basis of the line subspace of T» with ¢;(xz;) = ¢i(y;) = 0 for all
1<, j<i. Then

o, 21,y mi) (o, Y1y ¥i) = (o, 1 F Y1y, T+ i)
=t(e, 1, ¥) o T, ),
ie, T'Ta(v) = ToTi(v) for allv € V.
Proof. According to Definition 2.2, we derive

t(@a Tly---, a?z)(t(% Y1, .- ayi)(v))

_ t(w,xl,...,xg(wém(v) - yn)

= <v + jz:(gpj(v) xj)> +§; <<pl(v) . (yl + zi:(sﬁj(yl) . x])))

Jj=1
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- ( + D (5(0) ~xj>) +2 (@) )
j=1 =1
=0+ 3 (00 (@5 + 1) = Hpam + 3+ 3)(0).
Jj=1 0

Lemma 2.5. Let ¢ = (¢1,...,¢;): V — F! be a nonzero linear map, T =
t(p,x1,...,x;) an i-transvection with the invariant subspace H = Ker(p) and
@i(r;) =0 for all 1 <1, j <i. Denote by Fy = I, \ {0} the multiplication group of
the field F,;. Then

tlap,z1,..., 7)) = t(p,ar1,...,ax;), a€kF,.

Proof. According to Definition 2.2, the formula follows from the following
computation:

tlap,x1,...,2;)(v) =v+ Z(agpl(v) )
=1

=v+ Z(@l(v) : Cll‘l) = t(307 ALYy -y a‘xi)(v)'
=1
(]

We emphasize that two i-transvections with the same invariant subspace H may
generate a k-transvection for some k < i. For example, let ¢ = (p1,92): V — Fq2
be a nonzero linear map, 71 = t(p,x,y1) and Ts = t(p, —x,y2) two 2-transvections
where y1 + y2 # 0. Notice that they have the same invariant subspace H = Ker(y).
However, T1T5> = t(p,0,y1 + y2), which is a 1-transvection. Besides, the invariant
subspace H' of T1Te> = t(¢,0,y1 + y2) contains the common invariant subspace H
of Ty and T». In fact, t(p,0,y1 + y2) = t(¢’,y1 + y2) where ¢’ = po: V — [, is
a nonzero linear map. Hence Ker(p) C Ker(y'), i.e., H C H'.

Recall that the group G;-" with an invariant subspace H are generated by all -
transvections with the same invariant subspace H in Definition 1.3. The preceding
discussion can be generalized in the following lemma.

Lemma 2.6. Let ¢ = (p1,...,p:): V — F; be a nonzero linear map, and
H = Ker(p) a subspace of V. If a k-transvection T' = t(p,z},...,x}) with an
invariant subspace H' is an element in the group G;‘ with the invariant subspace H
for some 0 < k < 1, then
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(1) HC H';
(2) the vectors x,...,z; € H;
(3) and T'~! = t(p, —at,...,—x%).
Proof. Suppose that 7' =T;...T; € G, where Tj = t(gp,x{,...,mf) € Gl,
is an i-transvection with the invariant subspace H for j = 1,...,[. It follows that
z, .. ,xi € H for all j =1,...,1. According to Lemma 2.4, T’ = t(p,x},...,2;) =

» g

o L L i
J J 3 A J I J ! /
t(@,le,...,in),l.e., xp = Y x1,...,x; = > xj. Hence z},...,2, € H.
J=1 J=1 Jj=1

j=1

Since z,...,2; span a k-dimensional subspace for some 0 < k < 4, it follows that
HCH' If 1Ty = t(,0,...,0) = I, then T, ' = Ty = t(p, —a}, ..., —x}) according
to Definition 2.2. O

Remark. (1) It is easily seen that Lemma 2.4 and Lemma 2.5 both hold for all
elements in the group G; .

(2) A basis {1, ..., x;} of the line subspace L is ordered, i.e., the bases {z1,...,z;}
and {4(1), ..., To(;)} are not the same if 1 # o € S; where S; is the symmetric group
on 7 letters, since

t(sovxla s ,l’i)(’l)) =v+ Z(Sﬁl(”) : xl))
=1
# v+ Z(Sﬁl(”) ' xa(l))) = t(wvxa(l)a cee 7xa(i))(v)'
=1

A basis {z1,...,2;} of a subspace of H is in a one-to-one correspondence to an
i-transvection T with the invariant subspace H if ¢ = (p1,...,¢;) is given with
Ker(¢) = H by Lemma 2.3. Therefore we can derive the following conclusion.

Proposition 2.7. Let F; be a finite field, ¢ = p*, v € Z*, V = F} a linear
space, H C V a subspace with dim H = (n — 1), and ¢ = (p1,...,¢i): V — F;
a given nonzero linear map with Ker(¢) = H. If the group G;r is generated by all
i-transvections with the invariant subspace H, then the map

7o Hx...x H—Gf
————
1 copies

(@1, x5) = t(o,x1, ... x;)

is an isomorphism of groups. Therefore, G;‘ is an elementary abelian p-subgroup of
the special linear group SL(n, F,) and the order |G | = (¢"~%)" = g,
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Proof. The map 7 is bijective by Lemma 2.3 and Lemma 2.6, and a homo-
morphism of groups by Lemma 2.4. Since Fj is a finite additive group with order
q=p”, HCV = F} is an elementary abelian p-group, so is Gj.

Since dim H = (n — i), we have |H| = ¢" % and |G} | = (¢"~%)" = g,

Let Det: G;r — F; be the determinant homomorphism of groups. We denote by
|Det(G;")| the order of Det(G;), then [Det(G;)| divides |G| = g,

If ¢ = p = 2, it follows that Det(G}") = {1}, so G} is a subgroup of SL(n, F,).

In the other cases, we suppose that Gj” ¢ SL(n, F,), so |Det(G;)| > 1. Since
[Det(G;)| divides |F;| = ¢ — 1, it means that |[Det(G;)| is a nontrivial factor of
(¢ — 1), which is a contradiction to that |Det(G)| divides |G;7| = ¢, Hence
G} c SL(n, F,). 0

Given an element z € V*, we denote a subspace W = {v € V: z-v =0} CV
by Ker(z). In this section, we fix H = Ker({z,—it1,...,2n). Before turning to the
invariant ring Fq[V]G?r of the group G}, we must emphasize that F, [V]G:r is relevant
to the invariant subspace H. In fact, it depends only on H according to Definition 2.9
and Proposition 2.10. We will introduce the groups in Section 4 when H is unfixed.

In order to determine the structure of the invariant ring Fq[V]GT, let us consider
the matrix forms of elements in the group G;r.

Lemma 2.8. Let H = Ker(z,_;it1,...,2,) be the invariant subspace of the
group G . Suppose that 1 < i < [n/2]. We denote by Mat,,_; ;(F,) the vector space
of (n — i) x i matrices over F,;. Then the matrices of elements in the group G; are

of the form
In—i *
0 I;

where x € Mat,,—; ;(F,). Besides, all such matrices of elements are included in the
group G .

Proof. Since H = Ker(zp,_it1,...,2n), it is straightforward by Definition 1.2
and Proposition 2.7. (]

Remark. The definition of the group G is invalid for [n/2] < i < n —1 by
Lemma 2.8 since the definition of Res(T') = ¢ is invalid for [n/2] < i < n — 1.
Nevertheless, we find that if H = Ker(z,,...,z2,) is the invariant subspace of an
i-transvection T', then i = [ by Proposition 2.7. Hence we can extend the definitions
of Res(T') and i-transvection as follows.

Definition 2.9. Let an element 7" € GL(n, Fy;) be isomorphic to the matrix form

I,. A
0 I
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where A€ Mat,,_; ;(Fy) is of full column rank. Then Ker(/—T)=Ker(zp_it1,- .., 2n)-
We denote the number ¢ by Res(T"). T is called an i-transvection and the subspace
H =XKer{zy—_it1,---,2n) is called the invariant subspace of T.

One can easily check that Res(T') is the same as in Definition 1.1 for 1 < i < [n/2]
and it is valid for [n/2] <i<n—1.

According to Definition 2.9, we conclude that the elements in the group G;-" are
all of the forms in Lemma 2.8 for all 1 < ¢ < n — 1. Furthermore, the invariant ring
is well defined for all 1 < ¢ < n — 1 since it only depends on the matrix forms in the
group G .

Now we are in a position to compute the invariant ring Fj [V]GT.

Proposition 2.10. Let Cyi(z;) be the top Chern class of zj for j =1,...,n — 1,
which is defined in Definition 1.5. Then

+
Fq [V]GL = Fq[qu (2’1), ey qu (Zn—i)7 Zn—itly---> Zn]

It is a polynomial algebra.
Proof. Referring to the matrix in Lemma 2.8, the top Chern class of z;j,

1<j<n—1,is

an‘, (Zj) = H (Zj + Alzn,iﬂ + ...+ )\12”)
ALy A EF,

) i—1
=2 +) (dir-2]),
r=0

where d; . is the Dickson polynomial in z,—;41,...,2, with degree ¢' — ¢" for r =
0,...,i—1. Since Cyi(21),...,Cyi (2n—i)s Zn—i41,- - -, 2n form a system of parameters
of Fq[V]GT’ and deg(Cyi(z;)) = ¢' for all 1 < j < n — i, we have

GH =g = [[deg(Cyi(z;)) - ] des(z0).
j=1

t=n—1i+1
The result follows from Proposition 1.6. O

Remark. The invariant ring Fq[V]Gi+ is also given by Neusel, Smith in [16]
and Nakajima in [13]. Neusel, Smith take an arrangement of hyperplanes, see [16],
i.e., a set of hyperplanes {Hi,..., H;}, and consider the invariants of the stabilizer
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and hyperplanewise stabilizer subgroup which is an isomorphic to the group G;-".
Nakajima directly considers a group, see [13],

o= {(% ) ettt}

which is an isomorphic to the group GZF. The work we present here is to show the
properties of i-transvection.

Next, we consider a generalization of the results of Neusel, Smith and Nakajima.

Definition 2.11. Let T' € GL(n, Fy) satisfy Res(T) = i where 1 < i < n — L.
Then T is called an (w, )-transvection if T'|(;_ryy = wl, where w € F} is a kth root
of unity. A subspace H C V is called the invariant subspace of T if H = Ker(I —T)
and the subspace L = Im(I — T) C V is called the line subspace of T.

Notice that an (w,i)-transvection is an i-transvection if w = 1, and an i-reflection
if w = —1 according to Definition 1.2. Since T'|;_7)y = wl, certainly the line
subspace L = Im(I — T') is expanded w-fold by T'. We now indicate the matrix form
of T

Proposition 2.12. Let T € GL(n, F;) be an (w, i)-transvection with the invariant
subspace Ker(I —T') = H = Ker{zp—_it1, ..., 2n) C V. Then the matrix form of T is

I,_, A
0 wIi

where A € Mat,,_; ;(Fy). Besides, if w =1, then A is of full column rank.
Proof. Since Res(T) =i and H = Ker(zp—i11,...,2n), the matrix form of T
(% 5)
0 B
where A € Mat,,_; ;(Fy) and B € GL(i, Fy).

In addition, since T'|(;_7yy = wl, it is easy enough to figure out that B = wl;.
If w =1, the result follows from Definition 2.9. O

is

Remark. If w # 1, then T is indeed an (w,i)-transvection for any A €
Matn,i,i(Fq).

In [8], we calculate the invariant ring of a group generated by all these elements
provided in Proposition 2.12. Here is the result.

666



Proposition 2.13 ([8], Theorem 3.2). Let w € F, be a kth root of unity. We
define a group

Gilw) = <<I’” * ) v e Matn_i7i(Fq)>.

WI,L'
Then

i(k—1)

m=0 li4..+l;=m
klm o<y, Ll <k—1

where M = Fy[Cyi(21),...,Cyi(2n—i), 2h_i1q,..., 2]

We also present some properties of this invariant ring Fq[V]Gi(“) in the same
article.

Proposition 2.14 ([8], Section 3). The invariant ring F,[V]%(“) satisfies the
following conditions.
(1) It is Cohen-Macaulay.
(2) It is Gorenstein if and only if i =1 or k | i.
(3) It is a complete intersection if and only if (i) i =1 or (ii) i =2 and k =1, 2.

3. GROUPS GENERATED BY (w,)-TRANSVECTIONS WITH TWO ROOTS OF UNITY

In this section, we shall calculate the invariant rings of groups generated by (w, 7)-
transvections with two roots of unity. After that, we extend the result to a general-

ization.

Definition 3.1. Let w;, wy € Fj be two roots of unity with orders k; and ko,
respectively. Let

wil, *
Aty (wr) = {< 10 ! I > % € Maty, n, (Fy)
na

|
}

I, *
Ag py (we) = {< 01 wsl > : % € Matp, n, (F)
na

be two sets. Define a group Gp, n,(wi,w2) = (T: T € Ay p, (w1) U Az p,(we)) C
GL(n, F;). One can easily check that its order is |Gy, n, (w1, w2)| = k1 - k2 - ¢"™2.

Note. For convenience, Gy, n,(w1,ws) is briefly denoted by G(wy,ws).
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Referring to the matrices in the generating set Ay ,, (w1)UAg p, (w2) of the group
G(w1,w2), we can observe that the element T' € G(w1,w2) is of the form

w{l (T)In1 *
0 w2, )

where j1(T'),j2(T) € Z are irrelevant to each other and * € Mat,,, n,(Fy).
Before computing the invariants, we introduce a notation for convenience. Let
X1,...,X; be finite sets. Define a new set

t
X1 X... XX, = {Hmi: a:iEXi}.
=1

¢

Hence the cardinality of this set is equal to [] Card(X;) where Card(X;) denotes
i=1

the cardinality of the set X; fori=1,...,t

Now we calculate the invariant ring of the group G(wy,ws).

Theorem 3.2. The invariant ring of the group G(wy,ws) is

Fq[ G(wl,wZ) @b M
beK

where
M = F,[Cynz (21)™ Cyns (20, )k, 272 P
ql~q 1 sy g2 \Fny s Pn1+10 s Pnytng Dy

and

ni(k1—1)
K= { U { U {Cq"2 (Zl)ll .. an2 (Zm )l,,,1 }} }

m1=0 it +lny=ma
k1lma 0<l1, iyl <h1—1

na(ka—1)
{ U{ U . z;;;m}}}.

mo=0 Jit.ting=ma2
k2lmz 01, fng <ka—1

ny M271

In the formulas, Cyn2 (z;) = z? + Z (dnsr- 2] Yforj=1,...,n1, and dp, r Is the

Dickson polynomial in zp, 41, .. Zm+nz with degree q¢"? — ¢" forr =0,...,n9 — 1.

Before embarking upon the proof of this theorem, we require a preliminary result.

668



Lemma 3.3. Let J be a group generated by

wlfnl 0 and In1 0 :
0 In2 O W2In2

where w1, we € F, are two roots of unity with orders ki and k2, respectively. Then

T=po-N,

belL
where
_ k1 k1 ko ko

N = F,[~ ,...,znl,znlJrl,...,znlJrnz],

and
nl(klfl)
U U e
m1=0 it tlpy =ma
kimi o<yl <hi—1

na(ka—1)
X { U { U {anJrl ijinz}}}

ma=0 Jit..ting=m2
kalma 01, sing <ha—1

Proof. Every element T € J is of the form

Tl (T) Inl O
0 w M )

where hi(T), ho(T) € Z are irrelevant to each other.

k1 k2 k2
ni? Zm+1’ ce s Zn4ng

and form a system of parameters of F,[V]7. We now computer other invariants.

It is easy enough to check that zfl, cey 2 are all invariants

Since every element T' € J is a diagonal matrix the action of T' on Fy[V] sends

Iny _j1 Ing . : :
monomials to monomials. Suppose that f = 2! ... 2" Zp 1 i, 1S an invari-
ant but does not belong to F, [z}, ... zki,szlﬂ, cees fn+n2]' This yields that

o (A )R (T (Gitetdng )R (T) 1y lny _j1 Jng
f=T f=w Wy 21 2y 21 s

Hence

w§ll+~~~+ln1)hl(T)w§j1+~~+jn2)h2(T) —1l¢ Fq,

where 0 < M (T) < k1 — 1 and 0 < ho(T) < ko — 1. Since this equation
holds for every T' € J, on the one hand, setting hi(7") = 0 and ho(T) = 1,
we deduce that ko | j1 + ... + jn,; on the other hand, setting hi(7T) = 1 and
ho(T) = 0, we have that k1 | Iy + ... 4+ l,,,. Therefore, if f is an invariant and
f§§F[21 b ki,szf_‘_l,...,zs?_,_m],thenk:1 [li4 ...+ 1n, and k2 | j1 4+ ... + Jn,-
The result follows. O
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Reasoning as above, we now come to the proof of Theorem 3.2.

Proof of Theorem 3.2. Referring to Definition 1.3 and Lemma 2.8, the group

I, *
Gr=((" ) e e Mt ()
na

is generated by all ny-transvections with the same invariant subspace H = Ker(zy,, 11,
vvvyZni4ns). In addition, it is a normal subgroup of the group G(wi,ws) and
G(wi,w2)/G;, = J, where the quotient group .J is defined in Lemma 3.3. Con-
sequently,

F [V]Ge) = (jpwq[V]Giz)G(wuwz)/Gi2

= FQ[Cq"? (21); sy Cq"2 (z’ﬂl)a Ani4ls--+s Z’ﬂ1+n2]J

=P M,

where M and K are defined in Theorem 3.2. The second equation holds by Propo-
sition 2.10 and the last equation holds by Lemma 3.3. (]

Remark. If GG is an abelian group which is generated by pseudo-reflections and
Syl,(G) is its p-Sylow subgroup, Nakajima in [14] proves that F}, [V]€ is polynomial
if and only if F,[V]%¥%(%) is polynomial. This is no longer the case when G is non-

abelian. For example, G, is the p-Sylow subgroup of the group G(wi,ws), and

n2
F, [V]G% is polynomial by Proposition 2.10 but F,[V]¢(“1%2) is not polynomial by
Theorem 3.2.

Here we give an example to show what we have done.

Example 3.4. Let p = 5 and ¢ = p? = 25. Suppose that {z1,..., 25} is a basis
for V.= Fj5 and {21,...,25} is a dual basis for V* to {z1,...,2z5}. Let wi, wa, ws
€ Fy5 be three roots of unity with order 2, 3 and 4, respectively. We construct two
groups as follows:

o.)1]2 * I2 *
= : Mats 3 ( F:
G(wr,w2) << 0 I3> ; ( 0 w2I3> * € Mato 3( 25)>,
wsly I *
= : Mats 3 ( F: .
G(ws,w2) << 0 I3> ; ( 0 w2I3> * € Mato 3( 25)>

Notice that ny = 2 and no = 3. Then referring to Theorem 3.2, we conclude that

F25[V]G(“1’“2) = @ b-M,
beK
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where
M = FQS[C253 (Zl)Qa C253 (22)27 Zga Zza Zg]v

K = {1,055 (21)Cass(22)} x {1, 2224, 2525, 2323, 232425, 2325, 2325, 24720, 252522 }

and
F25[ G(w;,wz) @ b/ M/
VeK’

where

M = Fo5[Cass (21)4; Coss (32)4a Z??,’a Zia Zg]v
K' = {1, Cas3 (31)3C253 (22), Cs3 (21)20253 (22)2; Cos3(21)Cas3 (22)3}

2, 2 2 2 2 2 2.2 2
X {1, 2524, 2525, 2325, 232425, 2325 , 2425, 2475, 325 25 } -

Since we have already got the invariant ring F,[V]%(“1«2)  what increases the
interest in, and the importance of our results, is the Cohen-Macaulay and Gorenstein
properties. Next, we discuss these properties.

First of all, we prove that Fj, [V]¢(@1.@2) is Cohen-Macaulay. We need some pre-
liminaries before stating a lemma used in the proof of Cohen-Macaulay property.

Definition 3.5 ([6], Definition 2.4.6). Let F be a field and G a finite group. If
fi,---, fr € F[V]% is a homogeneous system of parameters, then f; is called primary
invariant. Therefore the invariant ring F[V]% is a finite F[fy, ..., f.]-module, say

FIV]® = Mg, + Mgy + ...+ Mgy,

where M = F[fi,...,f;] and g1,...,9s € F[V]% are homogeneous. The invariants
g1, --.,9gs are called secondary invariants.

According to Definition 3.5, all primary invariants form a system of parameters
for F,[V]¢

The next lemma allows us to determine whether an invariant ring is Cohen-
Macaulay if we have known the primary and secondary invariants, even in the mod-
ular case.

Lemma 3.6 ([6], Theorem 3.7.1). Let F' be a field and G a finite group. Assume
that the action of G on V is faithful. Let fi,..., f, € F[V]% be primary invariants

of degrees dy, . ..,dy, and let g1, . .., g, be a minimal system of secondary invariants.

Then
di...dy,

G|
with equality if and only if F[V]% is Cohen-Macaulay.

m =
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Lemma 3.6 reduces the problem of proving Cohen-Macaulay properties to that of
computing the degrees of primary invariants and counting the cardinality of a mini-
mal system of secondary invariants.

Lemma 3.7. In the invariant ring F,[V]¢@12),
k
C "2 (Zl)kla ) Cq"2 (Zm)kl ) Zn?Jrlv ] n1+nz eM

are primary invariants and

ni(k1—1)
K = { U { U {Cyra (1)1 ... Cyna (2, )l”l}}}

m1=0 Lt +lny=ma
kilmi 0y, <ki—1

na(ka—1)
{ U{ U 2 i’;1n2}}}

m2=0 Jit..ting=ma2
k2lmz 01, fng <ha—1

is a minimal system of secondary invariants where M and K are defined in Theo-

rem 3.2.
Proof. It is a direct conclusion by Theorem 3.2 and Definition 3.5. O
Now we come to the Cohen-Macaulay property.
Proposition 3.8. With the preceding hypotheses and notation, Fj [V]G(wrw2) jg
Cohen-Macaulay.

Proof. Cyna(21)*, ... Cyra (20, )5, E?H, cee Zstrnz are all primary invari-
ants by Lemma 3.7. Moreover, deg(Cyns (2;)%) = ki1g™ for all 1 < j < ni, and
deg(zfz) = kg for all ny +1 < 7 < ny + no. To complete the proof, it is suffi-
cient to count the cardinality of the minimal system of secondary invariants K. For
convenience, we introduce sets

ni(k1—1)
Ii+..

m1=0 Al =ma
kilmi 0gly,.lp, ki —1

nz(szl)
_ an
B = U U {an—i-l n1+n2} .
m2=0 Jit.ting=ma2
k2lmz 01, fng <ha—1
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So K = A x B for short. We first count the cardinality of the set A. There exist
k7 elements Cynz (21)1 ... Cyna (2, )"t where 0 < Iy, ..., 1, < k1 — 1. In addition,
it requires that

li+...4+1lp, =m1 =0 (mod ky),

hence Card(4) = k‘?l_l according to number theory. A similar argument applies to
the set B for counting the cardinality, so Card(B) = k'grl. Therefore

Card(K) = Card(A) - Card(B) = k"~ - kh2 1,

With the preceding argument, this induces

- A
Card(i) = kit gt = ()"

kl . k2 . qn1n2
ni nitnsz
(1T deg(Cyr (z))) - (' T1 deg(=}))
_ =1 i=ni+1
|G (w1, wo)|
The result follows from Lemma 3.6. O

Remark. Hochster and Eagon in [9] show that in the non-modular case if a finite
group G acts on a Cohen-Macaulay ring R then R® is Cohen-Macaulay. In this paper,
Proposition 3.8 proves that in the modular case, the invariant ring F, [V]C(wiw2) ig
also Cohen-Macaulay.

Next, we discuss the Gorenstein property of Fj [V]G(“’l""?). If A is a Noetherian
ring, a parameter ideal, see [17], for A is an ideal generated by a system of parameters
for A. A commutative graded connected Noetherian algebra over a field is called
Gorenstein, see [17], if it is Cohen-Macaulay and every parameter ideal is irreducible.
We prove that it only depends on the numbers k1, k2, n1 and ng. To begin we need
the following characterization of Gorenstein algebra.

Definition 3.9 ([17], page 124). A commutative graded connected algebra A
over a field F is called a Poincaré duality algebra of dimension d if
(i) A; =0 fori>d,
(i) dimp(Aq) =1,
(iii) the pairing A, ® p Aq—; — Aq given by multiplication is nonsingular. A nonzero
element [A] of A, is referred to as a fundamental class for A.
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Lemma 3.10 ([17], Corollary 5.7.4). Let A be a Noetherian commutative graded
connected Cohen-Macaulay algebra of Krull dimension d and let I C A be a param-
eter ideal. Then the following conditions are equivalent.

(i) A is Gorenstein.
(ii) A/I is a Poincaré duality algebra.

Remark. If R = F[z1,...,x,] is a polynomial ring, then it is Gorenstein since
taking I = (x1,...,2,) as a parameter ideal we deduce that R/I is a field, so
a Poincaré duality algebra.

Grw2) | suppose wi, wo € Fy are

Proposition 3.11. For the invariant ring F,[V]
two roots of unity with orders ki and ko, respectively, and n (= n1 + ns) is the size
of matrix which is defined in Definition 3.1. Then the invariant ring Fy, [V]G(“’l""Q) is

Gorenstein if and only if n; =1 or k;|n; for j =1, 2.

Proof. (1) Suppose ny =mny = 1. Then
Fy [V]G(wl’w) = Fy[Cy (Zl)kl ) 252]

is a polynomial ring by Theorem 3.2. Hence F, [V]G(““""?) is certainly Gorenstein.

(2) Suppose n; # 1 = ny. To work with the Gorenstein property of F,[V]¢(@1w2)
it will suffice to obtain the information about the Poincaré duality algebra. So we
take

I= <Cq(zl)klv ) CQ(an)kl’Zrli?+l>

as a parameter ideal. We may therefore compute the fundamental class [A] of A =
Fy[V]Gren 1.

Let F,[V]¢12) be Gorenstein. According to Definition 3.9, [A] is a highest
graded element in the Poincaré duality algebra A. And there exists no monomial
f € A such that f and [A] have the same grade and are Fj-linearly independent.

Notice that [A] is of the form Cy(z1)" ...Cy(2pn, )", If l1,...,1,, are not all
equal, without loss of generality, let I; > l5. Then (Cy(21)")(Cy(22)2)(Cy(23)5) . ..
(Cy(2ny)tm1) and (Cy(21)2)(Cy(22))(Cy(23)2) ... (Cy(2n, )!m1) are F,-linearly inde-
pendent with the same grade. So there exist two different fundamental classes, which
is a contradiction. Hence I} = ... =1[,,.

Furthermore, since [A] is the highest graded secondary invariant and 0 <
liy .oy lny, < ki —1, we conclude that Iy = ... =1,, = k; — 1 and that deg([4]) =
% (l;-q) = n1- (k1 —1)-q. Since [A] € A, it follows that ki|deg([4]), i.e.,

i=1
k1|(n1- (k1 —1)-q). Notice that wy € Fy is a kith root of unity and k;|(¢ — 1), hence

we obtain k1|ni. And the conclusion follows.
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(3) Suppose n1 = 1 # ns. Then we take
I={(Cyn (zl)k1 , 252, ce, zfim)

as a parameter ideal, it yields that k2|ng by an argument similar to Case (2).
(4) Finally, suppose n1 # 1 # na. We take

k ko Lk k

I= <Cq"2 (21) la ey Cq"2 (an) ! ) znf—i—la ceey Zn§+n2>
as a parameter ideal, it yields that ki|n; and ko|ne by an argument similar to
Case (2). Notice that the polynomial Cyns (21)1 71 ... Cyna (znl)kl_lzﬁﬁﬁ . zsjjrilz

is the fundamental class of the Poincaré duality algebra A = F,[V]¢(wi.w2) /T,
Conversely, suppose 1y # 1 # ny. We take

I = (Cyqra ()™, ..., Coma (2ny)F1, 282 1, 2200

as a parameter ideal. It is easy enough to verify that A = F,[V]¢@iw2)/T is

a Poincaré duality algebra according to Definition 3.9. Hence Fj [V]¢(@w2) is Goren-
stein.
The other cases are similar and thus omitted. O

Remark. In the non-modular case, Stanley in [20] and Bruns and Herzog in [4]
prove that if G C SL(n, F,), then F[V]% is Gorenstein. In Proposition 3.11, if k;|ny
and kz|ng, then G C SL(n, F,;). Hence we have proved a special case of their result
in the modular case.

In view of the preceding discussion, we present an example with these properties.

Example 3.12. We continue to discuss Example 3.4.

Glwiw2)  gnd

(1) According to Proposition 3.8, the invariant rings Fas[V]
Fo5[V]¢@s:w2) are both Cohen-Macaulay.

(2) Since k1 = ny = 2 and ko = ny = 3, it follows that k1|ny and k2|na. Hence
the invariant ring F [V]G(‘*’l"”) is Gorenstein by Proposition 3.11. However, the
invariant ring F,[V]%3«2) is not Gorenstein since k3 = 4 does not divide n; = 2.

In the remainder of this section, we consider the invariant ring of a group generated
by (w,%)-transvections with several roots of unity. The result is a straightforward
extension of our previous result to the invariant ring of G(w;,wsz) and thus presented
without proof.
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Definition 3.13. Let wy,...,wi,01,...,0x € Fy be | + k roots of unity with

orders ai,...,a, by,..., by, respectively. Define sets of matrices
I, . 0
WtIit *
Ay, (wi) = ’ : * € Mat, ,(F,)

0 . 1;,

1;, 0
0 : :

0 L,

fort=1,...,[, and

L, ... 0
: : *
0 I
I . 0
Atsj, (0s) = . : x € Mat, ,(Fy)
0 0s1;,
0 e I;,

for s = 1,...,k, where + = i1 + ...+ 4 and 3 = j1 + ... + jix. Let the group
G, (w1, ... ,wi, 01,...,0r) be generated by the matrices in the union of sets

ALil (wl) U...u Al,il (o.)l) U Al+1,j1 (Ql) U...uU AlJrk;’jk (Qk)~

Then the order of the group G, ;(wi,...,w,01,...,0k) is equal to g% - (H at) .

(1)

Note. For convenience, G, (w1, ...,ws, 01, .., 0k) is briefly denoted by G(w, 0).

Next, we determine the invariant ring of the group G(w, o). Let
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fort =1,...,%, where d, , is the Dickson polynomial in 2,41, ..., 2,4, with degree ¢’ —
q" for r =0,...,7— 1. Since the invariant ring Fq[V]G(ﬂ’g) has a tremendously long
formula, we prefer to list the primary invariants and a minimal system of secondary
invariants.

Theorem 3.14. Letws,...,w, 01,...,0k € F; be l+k roots of unity with orders
ai,...,a;,bi,..., by, respectively. The group G(w, o) is defined in Definition 3.13.
Denote v =41 +...+4; and ) = j1 +...+ ji. Then in the invariant ring F, V]G«

M = {CQJ (Zl)ala c qu (Zil )a1 ) qu (Zi1+1)a27 sy

a; b1 by ba by
Cyp(z) ,zHl,...,zz+j1,zz+jl+1,...,zz+3}

is a set of primary invariants and

1—1 ((dr+1(aty1—1)
K= H{ U { U {qu(zio+...+it+1)cl~~~Cqﬂ(zio+...+it+1)c”+1}}}
t=0

m¢=0 Cit.tcip g =me
Gtt1imy 0<cerysCiy g Sarp1—1

k—1 (Js+1(bst1—1)
X H{ U { U {Zetgottinr)™ o (Frtjotoo it ) ot }}}
s=0

ms=0 dit..4d;, , =ms

bstilms  0<dy,....dj,y <bay1—1

Js+1

is a minimal system of secondary invariants where ig = jo = 0. The primary and sec-
ondary invariants yield a direct sum decomposition of the invariant ring F,[V]%&9).

Applying a method similar to Proposition 3.8, we can deduce the following result.

Proposition 3.15. The invariant ring F,[V]%©9) is Cohen-Macaulay.

Finally, we come to the Gorenstein property.

Proposition 3.16. The invariant ring F,[V]9“9 is Gorenstein if and only if
the following two conditions both hold: (i) iy = 1 or a4|iy for allt = 1,...,1; and
(ii) js = 1 or bs|js for all s =1,... k.
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4. GROUPS WITH INVARIANT SUBSPACES WHICH HAVE THE SAME DIMENSION

In Section 2, we have discussed the groups generated by i-transvections with
a given invariant subspace H. For instance, the group G;r with H = Ker(z,,—i11,. ..,
zn) is studied in Proposition 2.10. In this section, we focus on the groups generated
by i-transvections with several invariant subspaces which have the same dimension.
Before computing the invariant rings, we need to determine the structures of these
groups. By calculating the fixed vectors in the vector spaces V and V* under the
action of a group G, we prove that there are totally four kinds of groups. After that,
we calculate the invariant rings of each kind of groups separately.

We denote a subspace W = {k-x € V: k € F;} CV by Spanp, (z) and a subspace
W'={k-z€V*: k€ F;} CV* by Spang, (). Let A be aset, B C A asubset. We
define the set A\ B = {z: x € A,z ¢ B}. A linear transform T' € GL(n, F}) is said
to fix a space W, if Tv=wv for all v € W.

Lemma 2.8 tells us the matrix form of an element in the group generated
by all i-transvections with the invariant subspace H = Ker{z,_ijt1,...,2n) =
SpanFq (1,...,Tp—q). Similarly, we can obtain the matrix form with other invariant
subspaces. Lemmas 4.1-4.3 follow directly from Lemma 2.8 by permuting the basis
{z1,...,2,} of F, and thus they are presented without proof.

Lemma 4.1. If a subspace H = Ker(z,,...,z,) = Spang (Th,,...,Th, ;)
where the set {h1,...,hn—i} = {1,...,n} \ {l1,...,l;}, then the matrix form
(@ap)nxn Of an element T in the group generated by all i-transvections with this
invariant subspace H satisfies:

(1) the main diagonal entry is an, = 1 for all a € {1,...,n};
(2) aap € Fy is arbitrary for all o € {h1,...,hp—;} for all B € {l1,...,1;};
(3) and other entries are all zero.

Conversely, if a matrix satisfies (1)—(3), then it is an element in the group gen-
erated by all i-transvections with the invariant subspace H = Ker(z,,...,z;,) =

Spang, (Th,, ..., Th, ), where {h1,....hp—i} ={1,....n} \ {l,....;}.

Lemma 4.2. Let r1,...,z, € V = F} form a basis and 21,...,2z, € V* a dual
basis to {x1,...,x,}. Suppose that T = (aag)nxn IS an element in the group gener-
ated by all i-transvections with the invariant subspace H .

(1) If T fixes a subspace Spang, (z,) C V for some r € {1,...,n}, then a,, =1
and aq, = 0 in the matrix form of T for all « € {1,...,n} \ {r}.

(2) If T fixes a subspace Spang, (z;) C V* for some r € {1,...,n}, then a;, =1
and arg = 0 in the matrix form of T for all § € {1,...,n}\ {r}.
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Lemma 4.3. If a subspace H = Ker(z,,...,2,) = Spang (Tp,,...,Th, ;)
is the invariant subspace of an i-transvection T, where the set {hi,... , hn_;} =
{1,...,n}\{l1,..., i}, then T fixes the subspaces Spang, (Tn,,...,Tn, ;) C V and
Spang, (21,,...,2,) C V™.

Conversely, if a linear transform 7" = (aqg)nxn fixes the above two subspaces,
then it is an i-transvection with the invariant subspace H = Ker(z,,...,2;,) =
Spang, (Thyy- -y X, _,;), where the set {h1,...,hp—i} ={1,...,n}\{l,...,l;}.

We next establish an example to show what we have done.

Example 4.4. Let F;; be a finite field where ¢ = p”, v € Z*. We set n = 4.
Then z1,...,24 € V = F; form a basis and z1,...,24 € V* form a dual basis to

{xla' o ,SC4}~

Here we offer several sets of 1-transvections, 2-transvections and 3-transvections.
In each of the following matrices, every empty entry is zero which is omitted, and
the symbols * € Fj.

I-transvections: let H; = Ker(z3) = Spany (v1,72,24) and Hy = Ker(z4) =
Spang, (21,2, 23), then

1 1

Ay = and As =

*
*
1 1
*

1

_ % ¥ ¥

are sets of 1-transvections with the same invariant subspaces H; and Hs, respectively.
It is clear that every element in the set Ay fixes Spang, (z1,22,24) and Spang, (23).

2-transvections: let Hs = Ker(zq,23) = SpanFq (x1,24), Hy = Ker(z1,24) =
Spang, (x2,x3) and Hs = Ker(zg, 24) = Spang, (x1,x3), then

1 % % 1 1 = *

1 x* 1 *
3 1 o * 1 x P8 * 1 x
* % 1 1 1

are sets of 2-transvections with the same invariant subspaces Hs, Hy and Hs, re-
spectively.

3-transvections: let Hg = Ker(z1, 22, 24) = SpanFq (x3) and H7 = Ker(z1, 23, 24) =
Spang, (z2), then

1 1
Ag = § and Ay =
1

679



are sets of 3-transvections with the same invariant subspaces Hg and H7, respectively.
We will structure several groups generated by these sets of i-transvections and
compute their invariant rings in the sequel.
Next, we concentrate on the groups generated by i-transvections with several

arbitrary invariant subspaces which have the same dimension.
Theorem 4.5. Let k > 2 and 1 < i < n — 1 be two given integers. Let

Hy =Ker(zp1, ..., 2,1) = Spang, ({z1, ... @n} \{zny, .. 2pr }),

Hy = Ker(zr, ..., zp¢) = Spang, ({21, ..., @p} \ {zps, .o, 2pe})

be different (n —i)-dimensional subspaces where zpg € {21,...,2n} forall1 <o <k
and 1 < < i. Suppose that A,, is the set of all i-transvections with the same
invariant subspace H,, for m =1,... k. Define a group G;, = (I': T € Ay U... U
Ay). Then

y — *1
o s nO ‘ - 5 ) *1 € Matn—t,t(FQ)7
ik = t—1 *o € Matl,tfl(Fq)
0 *9 SL(lan)

The integers t and [, which are irrelevant to each other, satisfy 2 <1 <t < n.
There is some preparatory work to be done before proving this theorem.

Definition 4.6. Denote by E(ij) the matrix (aag)nxn Whose
(1) main diagonal entry is anq = 1 for all @ € {1,...,n},
(2) ai; =1,
(3) and the other entries are all zero.
Denote by E(—ij) the matrix (aqg)nxn Whose
(1) main diagonal entry is anq = 1 for all @ € {1,...,n},
(2) aij = -1,
(3) and the other entries are all zero.
Denote by E(=%ij) the two matrices E(ij) and E(—ij).

Based on this notation, we derive a special case of Whitehead formula as follows.
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Lemma 4.7 ([12]).

E(il) if j=k, 1 #£1,
E(—ij) x E(—kl) x E(ij) x E(kl) =
E(-kj) if j#k i=1L
It is well known that {E(+ij): 1 < i # j < n} is the set of generators of the
special linear group SL(n, F;). Lemma 4.7 indicates several relations between these
generators in preparation for getting a simple set of generators. Now, we come to
the proof of Theorem 4.5.

Proof of Theorem 4.5. Denote the subgroup S; = (I': T € Aj) C G, for
j=1,...,k. The union of sets A; U...U Ay is a generating set of the group G,
o is the union of subgroups S; U...U Sk.

We consider the following three statements for these k different invariant subspaces
Hl, RN Hkt
> Statement (a): 37 € {1,...,n}, such that z,, € fk] H,;

m=1

k
> Statement (b): I re € {1,...,n}, such that z,, ¢ U Hm;
m=1

> Statement (c): 3 r3 € {1,...,n}, such that z,, € H,,, but z,, ¢ H,,, for some

mi, Mg € {1,...,k}.

Next, let us explicitly exploit the influence of Statements (a), (b) and (c) on the
matrix forms of elements in the group G j separately. Let T = (aag)nxn € Gikx be
an element.

Influence of Statement (a). First, we discuss the influence on the columns of matrix
forms. According to Statement (a), Spang, (,,) C Hy, for all m € {1,..., k}, hence
every i-transvection in the generating set A; U...U Ay fixes Span F, (xr, ) according
to Lemma 4.3, so does T' = (Gag)nxn € Gi k. Therefore ar,,, =1 and aq,, =0 for all
ac{l,....,n}\ {r}, in the matrix form of T'= (ang)nxn according to Lemma 4.2.

Next, we study the influence on the rows of matrix forms. Without loss of general-
k k
ity, we suppose that z1,...,2n—t € (| Hm, but ©p_ty1,...,2, ¢ (| Hy, for some
m=1

m=1

k
integer 2 <t < n. Notice 2 < k, s02 < t. Ift =n, then (| H, = 0. Referring to
m=1
the previous discussion, we indicate that the first (n —¢) columns of the matrix form

of T' agree with the first (n —t) columns of the identity matrix I € GL(n, Fy).
Now, we come to the first n — ¢t rows of the matrix form of 7. Since for all

k
ge{n—t+1,....,n}, x5 ¢ (| Hp, there exists an integer ¢ € {1,...,k} such
m=1

that x5 ¢ H. = Ker(zpe, .. .,zhg, so B € {hf,...,h¢}. Let T, = (bag)nxn € Sec =
(T: T € A.) be an element with the invariant subspace H., then T, fixes Spang, (z8)
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according to Lemma 4.3, i.e., Ker(zg) D H.. It yields that b,s € Fj, can be an
arbitrary number for all & € {1,...,n — t}, in the matrix form of T, = (bag)nxn
according to Lemma 4.1. For every 8 € {n —t+ 1,...,n}, there exists such an -
transvection T.. Notice that T, is one generator of the group G; j, hence the matrix
form of the element T € G; i, is

) (" 5).
where * € Mat,,_; ((F,) and B € GL(¢, F).

Influence of Statement (b). For all m € {1,...,k}, since z, ¢ Hp,, Trn € Apy
cannot fix Spang, (zr,). According to Lemma 4.3, T, fixes Spang, (2,), so does
T = (aag)nxn € Gik. Therefore ar,r, =1 and a,,5 =0 forall € {1,...,n}\ {r2},
in the matrix form of T' = (ag)nxn according to Lemma 4.2.

Next, we study the influence on the columns of matrix forms. Without loss of
generality, suppose that Span F, (Zn—t+1s-+-y2n—1) C V* is the maximum subspace
fixed by every i-transvection in the generating set A; U...UAy where ¢ is the integer
presented in the influence of Statement (a) and 1 < I < ¢ for some integer [. By an
argument similar to that in the influence of Statement (a) on the rows of the matrix
form of T' = (aap)nxn, we can deduce that anpg € Fy can be an arbitrary number for
alae{l,....n—t}U{n—-I0+1,...,n}forall e {n—t+1,...,n—1}, according
to Lemma 4.1. Therefore, the matrix form of the element T" € G; ;. is

Ch *1 Cs
(2) 0 L~ 0],
C3 xo (4

C1 O
L(n — F,).
s C'4> eGL(n—t+1,F,)

Influence of Statement (c). We still adopt the previous notation, i.e., z1,...,
k
Tn—t € m Hyy Tpegyt,..o % ¢ ﬂ Hy,, and SpanF <Zn t+1s- -9 2n— l> C V*is
=1
the max1murn subspace fixed by every z -transvection in the generating set Ay U...U

where %1 € Mat,,—s—i1(Fy), *2 € Mat; —;(Fy) and (

Aj. Based on matrices (1) and (2) we conclude that the matrix form of T is

I *1 *9
(3) 0 L 0],

where %1 € Maty,_;—1(Fy), *2 € Mat,,_ ;(Fy), *3 € Mat; ,—;(F,) and A € GL(I, F)
according to the influence of Statements (a) and (b).
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Next, we will prove that the bottom right block A in matrix (3) is exactly the
special linear group SL(I, F,;) according to the influence of Statement (c). Since
{E(xap): n—14+1< a# B <n}is aset of generators of the special linear group
SL(l, Fy), it will suffice to prove that every E(af) and E(—af) for all o # g €
{n—1+1,...,n}, can be equal to a product of several i-transvections in the union
of sets Aj U...UA.

Before solving this problem, we emphasize that if T = (aag)nxn € Sm is an
element with the invariant subspace H,, = Ker(zpm, ... ,zh;n> for any 1 < m <k,
then there are totally ¢ entries in the row « and totally (n—1) entries in the column g
which can be arbitrary numbers in the matrix form of T according to Lemma 4.1,
forall € {1,...,n} \ {R}",...,h"} and for all g € {hT",..., A"}

Now, we return to discuss the influence of Statement (c). Statement (c) is: for
all r3 € {n —1+1,...,n}, there exist two integers mi,mo € {1,...,k} such that
Xpy € Hpy, but z,, ¢ Hp,. Since k > 2, Statement (c) is always true. Hence
n—I1+1<n,ie., 2 <I. Referring to Statement (c), for every ' € {n—1+1,...,n}
there exists an integer m € {1,...,k} such that zg ¢ H,,, so H, C Ker(zs)
according to Lemma 4.1. Let us fix 5’ and m. Suppose that T}, = (@ag)nxn € Sm =
(T: T € Ay,) is an element with the invariant subspace H,,, so there are totally
(n — 1) entries in the column 8’ which can be arbitrary numbers in the matrix form
of T,,. Specially,

(i) can become E(+a13'),...,E(+an—_i3’)

for some subset {aq,...,an—;} C{1,....,8/ = 1,5/+1,...,n};
T { (ii) cannot become E(+ay,_i116'), ..., E(xa,—18)
for the subset {ap—it1,...,0n_1}

={1,...,0 =1, +1,...,n}\{a1,...,an_i}.

Without loss of generality, suppose that {an—it1,...,aq} T {n—-101+1,...,n}.
Notice that E(tan—i418),...,E(faqf’) € {E(xaB): n—1+1 < a # 8 < n},
but T, can become none of them. Hence we need to prove that each of them can
be generated by T, and another element T,,, € S,y = (T': T € A,,/) with another
invariant subspace H,,.

We first consider E(ta,—i118).

Since ay—i11 € {n — 1+ 1,...,n}, there exists an integer m’ € {1,...,k} such
that xo, ,., € Hp according to Statement (c). Let Ty, = (bag)nxn € Sm =
(T: T € A,,/) be an element with the invariant subspace H,,, so there are totally 4
entries in the row a,,—;+1 which can be arbitrary numbers in the matrix form of T,
by Lemma 4.1. Hence T,/ can become F(ta,—it+171),- .-, E(Xa,—i+17;) for some
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subset {v1,...,v} C{l,...,n} \ {an—it1}. Since

Card({aq,...,an—i}) + Card({71,...,vi}) =n—i+i=n>n—1
= Card({1,...,n} \{an—it1}),

it follows that
{al,...,an,i}ﬁ {’yl,...,’yi} # 0.

We suppose that € {a1,...,a,—;}N{y1,...,7}. Referring to Lemma 4.7, it yields
that

E(an—i+18') = E(=an—it1n) - E(=nfB') - E(n—iy1m) - E(B'),
E(=an-i+18') = E(=nf') - E(=an—i+1n) - EMB') - E(an—i+1n).

Since T, can become E(+nf’) and T, can become F(ta,_i+1m), E(*a,—i+15')
can be generated by T, and T, .

Similarly, we can prove that E(fay—it28'),..., F(+asf’) can be generated by
i-transvections T),, and T, € A, for some m’ € {1,...,k}. Since g’ € {n —
l+1,...,n} is arbitrary, every element in the set of generators { E(£af): n—I1+1 <
a # B < n} of the special linear group SL(I, F;;) can be generated by several elements
in the union of subgroups S1 U ... U Sk, i.e., in the generating set A; U...U Ag.
Hence the bottom right block A in matrix (3) is precisely equal to the special linear
group SL(I, Fy,). Therefore we conclude that the matrix form of T is

I *1 *9
0 Itfl 0 )
0  # SL(LF,)

where %1 € Maty,—s—1(Fy), *2 € Mat,_. ;(Fy) and %3 € Mat; —;(Fy).
Reasoning as above, we have completed the proof. O

In order to show the connection with and difference from the existing results, we
divide the groups G; j into four kinds. Notice that Statement (c) is always true since
k>2.

(1) If only Statement (c) is true, then 2 < [ =1¢ =

n7

n—1 )

11 (¢" — ¢’) and we denote it
i=0

so the group G is the
special linear group SL(n, F,) with order 1/(¢ —1) -

by Gl.
(2) If Statements (a) and (c) are true, then 2 <1 =1t < n, so the group is

~ In—t % .
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t—1 ,
with order ¢~ /(¢ — 1) [] (¢' — ¢’) and we denote it by Go.
§=0
(3) If Statements (b) and (c) are true, then 2 <! < t = n, so the group is

Iy 0
Gi ~ : \/ n— F
- {( x  SL(I, Pq)) * € Matyn—( Q)}

-1
with order ¢! 9 /(¢ —1)- [] (¢! — ¢/) and we denote it by Gs.
=0
(4) If Statements (a), (b) and (c) are all true, then 2 <[ <t < n—1, so the group

is

y — *1
. TLO ‘ o 5 ) *1 € Matn—t,t(Fq)’
ik & t—1 " %9 € Maty i (Fy)
0 *9 SL(lv Fq)
-1 )
with order ¢~ DtHE=0 /(g — 1)- [1(¢" = ¢/) and we denote it by Gu.
j=0

We prepare for a description of Theorem 4.5 with an example. We continue to
discuss Example 4.4.

Example 4.8. As mentioned in Example 4.4, let n = 4, and let A; be a set of
i-transvections with the same invariant subspace H; for j =1,...,7.

First, we set a group J; = (T: T € AgUA,;UA5). Only Statement (c) is true for
the invariant subspaces Hs, Hy and Hs, so Jp is the special linear group SL(4, Fy)
according to Theorem 4.5. In fact, one can check that (T': T € Az U Ay UA;) =
(T: T € AsUAy).

Then we set a group Jo = (T': T € A; UAy). Since Statements (a) and (c) are
true for the invariant subspaces H; and Hs, it follows that

Jp = {(IOQ SL(; Fq)) k€ Matz,g(Fq)}.

Next, we set a group Js = (T': T € Ag U Ay). Since Statements (b) and (c) are
true for the invariant subspaces Hg and H7, it follows that

1 00 0
* *
Jz = SL(2, F,) ver, b= LR 0 . % € Matg o (F)
5 1 (T \\* SL2,F)/)" R
* *
0 00 1
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Finally, we set a group Jy = (T": T' € A3 UAj5). Since Statements (a), (b) and (c)
are all true for the invariant subspaces Hs and Hs, it follows that

1 = * *
1 0 0
Jy = 0 x Dok E Fq
SL(2, )
0 =

We next take up the investigation of the invariant rings of every kind of groups
separately.

The group G is the special linear group SL(n, Fj;) whose invariant ring is calcu-
lated by Dickson in [7]. And we list the result as follows.

Proposition 4.9 ([7]). The invariant ring of the group G1 = SL(n, Fy) is
Fy[VI® = Fyldna, .. dnn-1, Lal,

where d,, , is the Dickson polynomial in zi,...,%z, with degree ¢" — q" for r =
0,...,n—1,and L, = di{éq_l) is the Euler class.

Before computing the invariant ring of the group G, we prove a very useful lemma.

Lemma 4.10. Let w € F,; be a kth root of unity and n = ny + ny. Suppose that
G C GL(n, Fy) is a group with a set of generators

1,
{Ti = (Wom Z) % € Maty, n, (Fy), Ai € GL(ng, Fy), i € I} )

Then (1) the invariants of the group G(A) = (A;: i € I) are also the ones of the
group G;

(2) the polynomials Cynz(21)F, ..., Cyra(20,)% and Cyna (21)1 ... Cynz (20, )1,
where k|l1 + ...+ l,,, are all invariants of the group G where Cyn2(z;) is provided
in Definition 1.5 for j =1,...,n;.

Proof. (1) According to the matrix form of generator T; for all i € I, it is
easy to observe that the action of T; on Spanp, (Zni41s- -+ Zni4ny) 1S equivalent to
1G(A4)

the action of A; on the same subspace. Therefore, if f € F,lzn,41,- -, Zni+ns ,

thenTi f:At f:f7 i'e'v f EFq[Zla"'azn1+n2]G
(2) All orbits of z; are of the form

{21+ M2ng1+ o F A Zngang: 0S5 <k—1, A, A, € F,}.
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Since w? = w € Fy, it follows that

CtOD Zl H( H (wjzl +>‘12n1+1 +~~~+>\nzzn1+n2))
J=
k

Ay Ang €Fy
n k
—H(zdm, (Wiz1) ) (m)(zd)
—0 \p= r=0

If k£ is odd, then

k
Ciop(z1) =1~ (Z dny r zf ) = Cynz (21)",

which belongs to F,[V]“. If k is even, then

k
Ctop Zl = (Z dnz r Zl ) = _Cq"2 (Zl)ka

which belongs to F,[V]“. Since F,[V]¢ is an additive group, Cyns (21)* € F,[V]¢
Similarly, Cyns (22)%, ..., Cynz (20, )* € F,[V]¢
We next prove that Cyns (21) ... Cynz (20, )1 € F,[V]E, where k | 11 + ... + Ly,
To investigate this problem, we suppose that T; is a generator of the group G for all
i € I. By a simple computation,

Ti(Cqnz (21)" ... Cgna (20,)'"1) = (" - Cgna (21)1) . (@1 - Cyra (2n,)'™)
= w(ll+m+l"1) . (C ng (Zl)l . Cq"2 (an)lnl)

due to the matrix form of T;. Since k | Iy + ...+ lp,, it yields that Cyna(21)4 ...
Cynz (2, )"t is an invariant of the group G.

Reasoning as above, we deduce the results. ([

Remark. By the same method, we can extend this lemma to a generalization
which involves several roots of unity.

Referring to Lemma 4.10, we can easily determine the invariant ring of the
group Go.
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Proposition 4.11. The invariant ring of the group Gs is

Fq[V]G2 = Fq[th (Zl)v ceey th (ant)a dt,lv ceey dt,tflv Lt]v

-1 .
where Cy (z5) = z?f +§O(dt,r -z{ ) for j=1,...,n—t,dy, is the Dickson polynomial

in z,_¢11,...,2, with degree ¢ — q" forr =0,...,t — 1, and L; = dtly/o(q_l) is the
Euler class.

Proof. Sinced;,...,dti—1,Ls € Fylzn—i41,--- , 2n|SHEF0) they all are invari-
ants of F,[V]% according to Lemma 4.10. And by the same lemma, Cy(21),. ..,
Cyt(2n—t) € Fq[V]Gz. In addition, Cp(21),...,Cqt (2n—t),de1,...,des—1, Lt form
a system of parameters of F,[V]%2.

Based on Definition 1.4, deg(d;,) = ¢* — ¢" for r = 0,...,t — 1. And based on
Definition 1.5, deg(Cyt (z;)) = ¢* for all j = 1,...,n—t. Since the order of the group

t—1
Gois ¢ 1/(g = 1) T] (¢" = ¢7) and deg(L:) = (¢" — ¢°)/(q — 1), we have
j=0
t—1 n—t
|Ga| = deg(Ly) - [ [ deg(dyr) - [ ] des(Cye (7))
r=1 j=1
And the result follows from Proposition 1.6. O

Next, we are going to study the invariant ring of the group Gs. In [21], Steinberg
considers a subgroup G(n — 1) C GL(n, F;,) defined by the requirement that g €
G(n —1) if and only if the first n — [ rows of the matrix of g agree with the first
n — [ rows of the identity matrix I € GL(n, F;). He computes the invariant ring
F,[V]¢0=0 = F,[21,...,2n—1,dnn—1,- - ,dnn1]. The group Gz here is a subgroup
of G(n — 1), and the order is |G3| = 1/(q — 1)|G(n — )|, so F,[V]% > F,[V]¢n=D,
We describe F,[V]% in the following proposition.

Proposition 4.12. The invariant ring of the group Gs is
Fq[V]G3 = Fq[Zl, ce ey Rn—1, hn,n—h dn,n—l+17 sy dn,n—l]a
where d,, , is the Dickson polynomial in zi,...,%z, with degree ¢" — q" for r =

n—Il+1,...,n—1, and

1/(q—1)
I { H (Mzit. . A ZniH 1 21+ ~+u12n)} .
m

1,.-,41€Fy not all zeros,
Ay An—1E€EFy
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Before we prove this proposition, let us first make an explanation. The relationship
between the group G(n — [) and its subgroup Gj3 is similar to the one between the
group GL(n, Fy;) and its subgroup SL(n, Fy;). It is well known that

Fy[VISEOuFD) = Fyldy 0, dnts - - s i),
F‘I[V]SL(’”’FQ) = Fq [LTH dn,h ceey dn,n—l]a

where L,, = d:/ éq_l). Similarly, we wish to find a polynomial f in the set of generators
S={21,. s Zn—tydnn—ts-- - dnn_1} of F,[V]9=D_ Then we take f1/(4~1) instead
of f in the set S to form a set of generators of F,[V]. Unfortunately, it turns out
that this is misleading. We shall prove that only di/ éq_l) = L,, € F,[V] but the other
1/(q D §é F,[V]for r =1,...,n—1 in Proposition 4.14. So the previous method
used in Fq[V]SL(”’F a) cannot work. This fact forces us to seek a new invariant for
F, [V]% and it is hnn—i. In fact, hy n—; is a (¢ — 1)-root of the product of orbits of
Zn—1+1 under the action of the group G3. We first prove that hy, ,,—; € F,[V]?

Lemma 4.13. Define

hn n—l =

s

/(g—1)
(AMz14. A A iZn i+ 12141+ -+Mzzn)> )

(ul,...,mEFq not all zeros,
ALy An—1EFy

then hy, ,—; € F,[V]%

Proof. We apply induction on (n — 1) to prove that hy,n—i € Fy[V].

First, let n — [ = 1. Since )\‘11171 =1le€F,foralli=0,...,n—1, and the Euler

class is dn/(‘f 01) L, _1 € F,[V], we obtain

1/(q—1)
hn,l = ( H ()\121 + p1ze + ...+ unlzn)>
m

15 in—1€F, not all zeros,
klqu

/(a=1)
= < H (A1z1 +p1z2 + ..o+ Hn—lzn)> % dib/((f O1
yo

15 n—1€F, not all zeros,
0#N 1 EFy

n—1 f o 1/(¢—1)
:( 11 (Z(dn_u-)\‘{ e ))) X L1

0%\ EF, “r=0

n—1
= (Z(dn—l,r : Zif_l)) X Lp_1,

r=0

which belongs to Fi,[V].
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Suppose that the result is true on n—1 < k. We now come to n—1[ = k. According
to the Euler class L, _; = di/_(gjol) € F,[V], we have

hn,k = < H < H ()\121++>\ka
A1, M-

SAREFy bn—kE€Fy
not all zeros not all zeros

1/(g—1)
+p12k41 + ot %—k%))) X di/,(ZTOl)

:< 11 ( II  (Gezt .. 4 M)

A2, ALEFy vt~k EFy
not all zeros, not all zeros
A1=0

1/(g—1)
+mzee1+ ..o+ %—k%))) X Lp_p

x( I1 ( I1 Al((zl+i—izQ+...+i—’Izk)

M1y pbn—k€EFg

A2, ALEFy not all zeros 1/(g—-1)
+ %ZkJrl +...+ unk%)))
1

A1
= < H ( H (()\222 + ...+ )\kzk)
A2, 1551

sAREF s bn—k €EFg
not all zeros, not all zeros
A1=0

1/(g—1)
+ e+ .+ unkzn)>> X Ly

ek ()
" < II A _1(Z(d”—k,r : (21+/\'222+---+>‘§czk)q7_1)>> :

)\1#0, r=0
A,y AL EF
where d,,_j , is the Dickson polynomial in 2zxi1,...,2, with degree ¢"~* — ¢" for
r=0,....,n—k,and \; = \; /A for j =2,.... k.
Denote
AQ,...,AkEFq H17---7Hn7kqu
not all zeros, not all zeros
A1=0 1/(g—1)
T HLZR41 Mn—kzn)>> X Lp—g,

ek 1/(a1)
BZ( [T x ‘1(Z<dn_k,r-<zl+A;ZQ+.--+AW>“—1>)> |

A1#0, r=0
Ay A €EFy



1505 kn—k €EFy not all zeros,
kg,...,)\kEFq

1/(q—1)
A= < H (}\222 + oo+ Apze + H12k+1 + ...+ unkzn)> ,
o

we conclude A € F,[V] by induction.
In addition, since X{nik_l =1 € Fy, it follows that

n—k q—1\1/(g—1)
o << 11 (Z(dn—k,r (2 Nyza /\%Zk)q'_l))> )
A 0

by A, €Fg NT=

n—k
= JI (Z(dnk,r (21 + Myza + ..+ A;zk)(f—l))

Ay A €Fy =0

Hence B € F,[V].

Therefore h, , = A x B € Fy[V].

Since Ay n—; is a (g — 1)-root of the product of orbits of z,_;+1 under the action
of the group G3, we deduce that h,, ,—; € Fj [V]GS. O

Now, we come to the proof of Proposition 4.12.

Proof of Proposition 4.12.  Referring to Lemma 4.13, it follows that h, ,—; €
Fy[V]9 and deg(hnn—1) = ¢ (¢ = 1)/(g — 1).

To finish this proof, it will suffice to indicate that z1, ..., zn—1, hn.n—1;, dnn—i41s - -,
dp n—1 form a system of parameters for F, [V]%.

For every field extension F, D F,, we consider the linear space V = En. Since

Z1,.-.,2n— are algebraically independent, it follows that

n—I
() Ker(zj) ={(0,...,0,2n 141, -, 2n): Tn_141,.-.,Tn € Fy}.
j=1

n—1
Next, we consider () Ker(d, ;) NKer(hy n—;). Taking 21 = ... = z,_; = 0,
Jj=n—Il+1
we obtain

N/ (D)
hn,nfl = << H (MlznflJrl +...+ Mlzn)> >

W1,..., 1 € fq not all zeros

- (dm)(q"—l)/(qﬂ) _ (Ll)q"_".

691



In addition, we denote by dy, r|s=..=2, ,=0 the formula of the Dickson algebra d,, ,

in which z; = ... = z,_; = 0. Referring to Definition 1.4, we conclude that
dn,r|z1=...=zn,l=0 = dl,r—n-i—l forr=n—1+ L...,n—1
Since (L;)?" : ydi1, ..., dy—1 with respect to zp,_i41,...,2, are algebraically inde-

pendent, it follows that

-1
(M Ker(di;) NKer((L)?" ) = {(21, ..., 20-1,0,...,0): z1,...,00-1 € Fy}.

j=1
Moreover,
n—1 _
—1
ﬂ Ker(d, ;) NKer(hy n—1) ﬂ er{d; ;) ﬂKer((Ll) ).
j=n—Il+1 j=1
Hence
n—I n—1
<ﬂ Ker(zj>) N < N Ker(dn7j>) NKer(hn i) = {(0,...,0)}.
Jj=1 j=n—I+1
Therefore 21, ..., 2p—1, Ann—1,dnn—i+1,- - -,dnn—1 form a system of parameters for

F,[V]%s according to [17], Proposition A.3.6.
In addition, since deg(dy,») = ¢" —¢" for r =n—1+41,...,n — 1, this yields that

<hj deg(Zj)) : ( nl:[l deg(dn,r)> - deg(hn,n—1)

r=n—I+1
B B qn l. ql -1
:(qn_qn l+1).“..(qn_qn 1). ( ) |G3|
q—1
And the result follows from Proposition 1.6. O

Remark. Since the invariant ring Fq[V]G3 is polynomial, we can also compute
F,[V]%s by the gluing method in [10]. The result is presented here without compu-

tation and proof. Let d;  be the Dickson polynomial in z,—;41,..., 2, with degree
¢ —q¢*fork=0,...,1—1and Cyn—i1(2) = 11 (zt + 121+ oo+ Pn—i12n—1)
M1 fin—1 €Fy
fort =n —1+1,...,n. We denote by dii|(z,~c , _,(z), n—i+1<t<n) the formula of
t q t)s XY

the Dickson polynomial d; j in which an—l (z¢) replaces z; for alln — 1+ 1<t < n.
According to the gluing method, we calculate
Fq[V]Gs =Fylz1,. -, 2Zn—1; (dlvol(ZtHan_l (), nfl+1gt<n))1/(q_1)a

A1l i C i (22), n—t1<t<n) s -+ 5 =1 (2o C i (20), n—tt1<t<) -

692



We can prove that

hn,nfl = (dl,0|(zf,b—>Cq",l(zt), n—l+1<t§n))1/(q_1)v

dn,nflJrr 7£ dl,r|(zf,>—>0qn,l(zt), n—l+1<t<n), = ]-7 s al -1

Hence we have obtained two different systems of parameters for the invariant
ring F,[V]%s.

There are two reasons for preferring the method applied in the proof of Proposi-
tion 4.12 to the gluing method. First, the formulas of invariants in Proposition 4.12
are more explicit than the ones obtained by the gluing method. Second, Proposi-
tion 4.12 leads to an interesting property of the Dickson polynomials which we do
not find in other papers.

We now digress temporarily from studying the invariant ring, in order to deal with
the property of the Dickson polynomials.

Proposition 4.14. Let d,, denote the Dickson polynomial in z1,...,z, with
degree q" — q" for r = 0,...,n — 1, then the Euler class di{éq_l) = L, € F,[V] but
other dy/ {7 ¢ FylV]forallr=1,...,n—1.

Proof. Denote F;, = {0,a1,a2...,a,-1} where a; = 1. Since V* = F?, we
consider every element in the dual space V* as a linear form. So there are totally
(g™ — 1) linear forms except 0 and they divide into totally (¢” —1)/(g — 1) linear in-
dependent classes. Denote by {l1,...,l(gn_1)/(q—1)} @ complete set of representatives
of these (¢" — 1)/(g — 1) linear independent classes.

Referring to [17], Proposition 6.1.7, the Dickson polynomial

oo (1)
W*CVv*  \z¢w*

dim(W*)=r 2€V~"

forr=0,...,n— 1, where z € V* is a linear form.
Given a linear form I;, there are totally (¢ — 2) nonzero linear dependent forms

asly,...,aq—1l1 in the dual space V*. And their product including iy = a1l; is
q—1 q—1
[Tty =67 J[a:=-11""
i=1 i=1

according to the field theory. Notice that if p = 2, then —1 = 1.
We now prove this proposition.
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Referring to [19], it follows that the Euler class d;/ éq_l) = L, € F,[V]. In fact,

1/(g—1)
(o 5 (1)

W*CV*  \zg¢W*
dim(W*)=0 z€V*

(a"-1)/(g—1) ,q—1 1/(g—1) (@ =1)/(a—1)
_ ((—1)" I1 (H aﬂj)) =+ ]I Lerv)
i=1

j=1 j=1

Next, we prove that di{r(q_l) ¢ Fy[V]forallr=1,...,n—1.
Since the degree of d, , is ¢" —¢", this yields that d,, , is a sum of products of any
(¢" — ¢")/(q¢ — 1) linear independent classes, i.e.,

qg—1
w3 (I (Te)
dim(W=*)=r \je{l,...,(¢"—1)/(g—1)} “i=1
JEW”

= (_1)"T< > (=D (1, - ... zt,)q1>

{t1,..,tr}C{1,....(¢"=1)/(¢—1)}

where I = (¢" —q")/(¢ —1). In this formula, {¢1,...,%;} runs over all subsets of
{1,...,(¢"—1)/(¢g—1)}. Hence the coefficient of the Dickson polynomial d,, , is
always +1forr = 1,...,n—1. If we have proved |d, ,|'/(@=1) ¢ F,[V], then d}l{,(ﬂq_l) ¢
F,[V]. Therefore we omit the coefficient 1 for convenience.

We introduce the lexicographical order on {l1,...,lgn_1)/(q—1)} With [y > Iy >
o > lgn-1)/(¢q—1), and denote

o

Notice that the leading term of Sy is (I1...1)97 1.
Our goal is to prove S}/(qfl) ¢ F,[V]. Suppose that S}/(qfl) = H € F,[V].
Without loss of generality, let

(. lt,)q—l).

{1, tr1}C{1,....,(¢g"—1)/(¢—1)}

— aj,1 @j, (g™ —1)/(g—1)
H= le SELOANEY AR
J
where 0 < aj; < (¢"—1)/(g—1)forl=1,...,(¢" —1)/(¢—1).
Since St is symmetric and homogeneous, so is H, hence a;j1+...4+a; (qn—1)/(q—1) =
I =(¢"—q")/(q—1) for every j. Notice that r > 1,s0 I = (¢"—¢q")/(g—1) <
(¢" —1)/(¢g—1), which forces that there are several zeros among aj1,...,

694



aj (gn—1)/(q—1)- We consider the leading term of H, i.e., j = 1. According to the
lexicographical order, the leading term of H9~!is (7;") (17" ...l?;,;,(i;/l();fi)l))q_l

and the leading term of Sy is (Iy...1;)?"". Since H9~* = S}, it follows that
q— 1 1 Ay (qn—1)/(qg—1 -1 _ —
( ) >(z§“ B R e (N AU

Hence a;1 = ... = a1y = 1land ayry1 = ... = ay (gn_1)/(q-1) = 0. Since H is
symmetric and homogeneous, it follows that

H= > (I, - 1ey),

{1t} {1, (¢ —1)/(¢—1)}

where {¢1,...,t;} runs over all subsets of {1,...,(¢" —1)/(¢ — 1)}. Then the leading
term of H is [y ...l; and the second term is Iy ...lr—1l74+1. Since p does not divide
(qzl) = g — 1, there is a term

-1 ) o
0 # (ql )-(ll...l[)q—Q-(ll...l1_1l1+1): _1‘11 1”.131_1131 21[4—1

in H9~' which cannot be a term of S; since it is not homogeneous. Therefore
Ha 1 # Sr.

Reasoning as above, we cannot find a polynomial H € F,[V] such that H?~! = S},
therefore d#{ﬁqil) ¢ Fy[V]forallr=1,...,n—1. O

Finally, we consider the group G4. Referring to Theorem 4.5, we observe that the
matrix forms of elements in the group G4 are combined with the ones in the group
G4 and the ones in the group G3 in such a way that the invariant ring Fj, [V]%4 can
be obtained by combining the invariant rings F,[V]%2 and F,[V]%.

Proposition 4.15. The invariant ring of the group G4 is

Fq[V]G4 = Fq[th (2:1), N th (Zn—t)7 Zn—t+1ls---3”n—1I, ht,t—h dt,t—l—i—l; ce ;dt,t—l];

r

. t=1
where Ct(z;) = z?f + > (dir - 2] ) is the top Chern class for j = 1,...,n —t, dy,
r=0

is the Dickson polynomial in z, 411, .., 2, with degree ¢ —q" forr =0,...,t —1,
and
1/(g—1)
het—1 = < H (M Zn—tg1+. . FXN—1Zn—1FH 1 Zn—i41+- . --Huzn)) .
H1,-.., i €Fy not all zeros,
Ay A1 EFy
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Proof.  According to Lemma 4.10, it we have that Cy(z1),...,Cyt (2n—t),
Zm—tdly s Zn—ly Begp—ty det—i41, .. dip—1 € Fq[V]G4. With an argument similar to
that shown in the proof of Proposition 4.12, we conclude that they form a system
of parameters for the invariant ring Fq[V]G4. In addition, since the product of their

degrees is
t—1(,l t—1
¢ (¢ -1 :
gt t).%. | | (¢" — ¢%),
4 j=t—I+1

which is equal to the order of the group Gy, the result follows from Proposition 1.6.
O

Remark. Similarly to Proposition 4.12, we can also calculate another system of
parameters for the invariant ring F,[V]%4 by the gluing method [10]. We omit the
process here.

Up to now, our calculation of all invariant rings of these four kinds of groups is
complete and we utilize our results in the following example.

Example 4.16. We continue the same example discussed in Example 4.4 and
Example 4.8. Below is the list of the invariant rings of these groups.
(1) The group J; = (T': T € A3 U A4 U Ag); then

F V] = F,[Ly,dy 1, ds o, dy ),

where d4 - is the Dickson polynomial in z1, ..., z4 with degree ¢* —¢" forr = 0,...,3,
and Ly = dl/(q Y is the Euler class.
(2) The group Jo = (T': T € Ay U Ay); then

FyV]" = Fy[Cpe (21), Cga(22), L2, da 1,
1
where Cj2(z;) = z;f + > (da, - 2] ) is the top Chern class for j = 1,2, da, is the
r=0

Dickson polynomial in z3 and z4 with degree ¢> — ¢" for r = 0,1, and Ly = dl/(q D
is the Euler class.
(3) The group J3 = (T': T € Ag U A7); then

F,[V]"* = F,[21, ha2,du 3, 24],

where dy 3 is the Dickson polynomial in 21,..., 24 with degree ¢* — ¢® and
1/(g—1)
hao = < H (A1z1 + p1z2 + pozs + )\224)> .
p1,pn2€Fy not all zeros,
A1, 2€F,
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(4) The group Jy = (T': T € Az U As); then

F V)7t = F)[Cys(21), 22, ha 1, d3 o],

2 T
where Cys(z1) = 233 + > (ds, - 21 ) is the top Chern class, d3, is the Dickson
r=0

polynomial in 2o, z3 and z4 with degree ¢ — ¢" for r = 0, 1,2, and

1/(g—1)
hs1 = ( H (Mzo 4+ p123 + uzZ4)> .

p1,pu2€Fy not all zeros,
A1 EFq
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