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Abstract. We consider a single-species stochastic logistic model with the population’s
nonlinear diffusion between two patches. We prove the system is stochastically permanent
and persistent in mean, and then we obtain sufficient conditions for stationary distribution
and extinction. Finally, we illustrate our conclusions through numerical simulation.

Keywords: stochastic permanence; persistent in mean; extinction; stationary distribution

MSC 2010: 34F05, 92D25

1. INTRODUCTION

Dispersal is a life history trait that has profound effects on both the species persis-
tence and evolution. There are two typical equations to model the diffusion process.
One is semilinear parabolic equations (i.e., reaction-diffusion systems) where the pop-
ulations are continuously spread out in space, like oceanic plankton (see Okubo [20]).
The other is discrete diffusion systems where several species are distributed over
an interconnected network of multiple patches and there are population migrations
among patches. The types of discrete diffusion mechanisms are referred to as linear
diffusion, biased diffusion and directed diffusion. Allen in [1] studied the effects of
the three different dispersal mechanisms on species survival, and investigated the
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logistic nonlinear directed diffusion model

(L1) { @1 (t) = x1(t) (a1 — braa () + dia(23(t) — araai(t)),
‘ da(t) = wo(t)(ag — bawa(t)) + dar (23 (t) — ama3(t)),

where x;(t), i = 1,2 denotes the density dependent growth rate in patch 4 at time ¢.
The constant d;;, 3,7 = 1,2, j # ¢ is the dispersal rate from the jth patch to the
ith patch, and the nonnegative constant c;; can be selected to represent different
boundary conditions in the continuous diffusion case, see [16]. Allen proved that ini-
tial value problems (1.1) have unique positive solutions. In [16], the authors extended
Allen’s results and obtained the following necessary and sufficient conditions:

(i) The system (1.1) possesses a globally stable positive equilibrium point (x3, x3),
if the largest eigenvalue of matrix A is less than 0.

(ii) Every solution of the system is unbounded, if the above condition does not
hold. Here A = (asj)2x2, and a;; = di; for i # j, a1 = —b1 — dis2cu2,
a2 = —by —day 1. That is to say, if (b1 4+ di2an2) (b2 +d2121) > diadar, then
system (1.1) has a globally stable positive equilibrium point.

However, system (1.1) is a deterministic model, which has some limitations in
mathematical modeling of ecological systems and does not incorporate the effect of
a fluctuating environment. In fact, a real system will not persist at such steady-state
values, since population dynamics is inevitably affected by environmental white noise
which is an important factor in an ecosystem. Therefore, the deterministic models
are often subject to stochastic perturbations, and it is useful to reveal how the noise
affects the population system. There are many papers which study differential equa-
tions with stochastic perturbations (see [8], [10], [11], [15], [13], [19]). Liu and Wang
in [15] studied the stochastic non-autonomous logistic equation. Li et al. in [13] in-
vestigated the stochastic logistic populations under regime switching. Mao et al. in
[19] revealed the effects of environmental noise on the delay Lotka-Volterra model.
Jiang et al. in [10], [11] investigated the logistic equation with random perturbation
and obtained many results, for example on global stability and stochastic perma-
nence. Ji et al. in [8] studied the Lotka-Volterra mutualism system for two species
and established that if the strength of the white noise is small, the system has a sta-
tionary distribution and is ergodic. More investigations and improvements of these
stochastic models can be found in [8], [9], [18] and the references therein. There is
very little known on the dynamic behavior in the single-species dispersal system with
stochastic perturbation and the study of diffusion phenomena and the white noise
impact on population is of significance.
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Now we consider system (1.1) and we take into account the effect of randomly
fluctuating, i.e., we stochastically perturb the intrinsic growth rate a;. Suppose

a; — ar + 0131(75)7 as — az + 0232(75)7

where B;(t) are mutually independent Brownian motions, o; are positive constants
and o? represent the intensity of the white noise. Then the stochastic system takes
the form

(1 2) { dxl(t) = (xl(t)(al — blxl(t)) + d12($%(t) — algx%(t))) dt + lel(t) dBl(t),
’ d(EQ(f) = (xg(t)(ag — b2$2(t)) + dgl(xf(t) - aglxg(t))) dt + UQ(EQ(t) dBQ(t)

For convenience, let b1 = by + diacvia, ba = by + da1 o1, and we have

(1 3) { dx, (t) = (331 (t)(a1 — 61$1(ﬁ)) + dlg.lﬁg (t)) dt + O'1$1(lf) dB; (t),
’ d:L'Q (t) = (CL'Q (t) (ag - 5211:2 (t)) + d21£[:% (t)) dt + 02%9 (t) dB2 (t)

In this paper, we assume dy2, d21 and «o;; are nonnegative constants, the parame-
ters a;, b; are positive constants and so by > 0, by > 0.

The rest of the paper is arranged as follows. In Section 2, we show that there
exists a unique positive global solution with any positive initial condition. In the
study of a population system, permanence is a very important and interesting topic
regarding the survival of populations in an ecological system. In Section 3, we in-
vestigate sufficient conditions for stochastic permanence and persistence in mean. In
a deterministic system, the global attractivity of the positive equilibrium is studied,
but, as mentioned above, it is impossible to expect system (1.3) to tend to a steady
state. So we attempt to investigate the stationary distribution of this system by the
Lyapunov functional technique. This can be viewed as weak stability, which appears
as the solution is fluctuating in a neighborhood of the point. In Section 4, we will
show if the intensity of the white noise is small, there is a stationary distribution
of (1.3) and it has an ergodic property. Existing results on dynamics in a patchy
environment have largely been restricted to extinction analysis, which means that
the population system will survive or die out in the future due to the increased com-
plexity of global analysis. In Section 5, we give sufficient conditions for extinction. In
Sections 6 and 7, we make numerical simulation to confirm our analytical results and
give a conclusion. Finally, for the completeness of the article, we give an Appendix
containing some results which will be used in other sections. Note the key method
used in this paper is the analysis of Lyapunov functions [8], [9], [10], [11], [19].

Throughout this paper, unless otherwise specified, let (2, {.%;}1>0, P) be a com-
plete probability space with a filtration {.% }+>¢ satisfying the usual conditions (i.e. it
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is right continuous and %, contains all P-null sets). Let Rﬁ_ denote the positive cone
of R?, namely R? = {(z1,z2) € R?: z; > 0, i = 1,2}. For convenience and sim-
plicity in the forthcoming discussion, denote x(t) = (z1(t), z2(t)). If A is a vector or
matrix, its transpose is denoted by AT. If A is a matrix, its trace norm is denoted
by |A| = y/trace(AT A). We impose the following assumptions:

Assumption 1. biby > diada.

Assumption 2. a; — %0’% >0,i=1,2.

2. POSITIVE AND GLOBAL SOLUTIONS

Since x1(t), x2(t) in stochastic differential equation (SDE) (1.3) are population
densities at time ¢, we are only interested in positive solutions. Moreover, in order
for a SDE to have a unique global (i.e. no explosion in a finite time) solution for any
given initial value, the coefficients of the equation are generally required to satisfy
a linear growth condition and a local Lipschitz condition (cf. Mao [17]). However,
the coefficients of SDE (1.3) do not satisfy the linear growth condition, though they
are locally Lipschitz continuous. In this section, we will use a method similar to
Theorem 2.1 in Mao [19] to prove the solution of (1.3) is nonnegative and global.

Theorem 2.1. Let Assumption 1 hold. For any given initial value xz(0) € [Ri,
there is a unique positive solution x(t) of system (1.3), and the solution will remain
in Rﬁ_ with probability 1.

Proof. Define a C*-function V: RY — R, by
(2.1) V(z(t)) = c1(z1(t) — 1 = log 1 (t)) + ca(z2(t) — 1 — log x2(t)),

where ¢; and co are positive constants to be determined. The nonnegativity of this
function can be observed from a — 1 —loga > 0 on a > 0 with equality holding if an
only if a = 1. For x € [Ri, applying It6’s formula, we have

(22)  dV(z(?))
dei(t)  (dzy(1))?

= cl(dxl(t) — xll(t) 222(1) ) + co (dxg(t) _
) _

< ((—011_?1 + codor )z (t) + (—caby + c1dya)zi(t)

d{EQ (d:L‘g(t))Q
() | 222(1) )

+ci(ar + 61)331(1?) + co(ag + 62)332(0 + %% + U_j) dt
+ c1o1(x1(t) — 1) dB1(t) 4 caoa(z2(t) — 1) dBa(t))

= LV(:L‘(t)) dt + C101 (:L'l (t) — 1) dBl (t) + CQUQ((EQ(t) — ].) dBQ(t),
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where

LV(:L‘(t)) = (—011_71 + nggl)xf (t) + (—021_72 + Cldlg)xg (t)

7 7 of | 03
+ c1(ar + b1)x1(t) + ca(az + ba)za(t) + 5 + >

In fact, in order to ensure LV is bounded, we only need

(2.3) —6161 + codoy < 0, —6262 + c1d1 < 0,
that is
(2'4) C{m C1 ba

by o dig’
and by Assumption 1 we are able to find positive constants ¢, co satisfying the

inequality (2.4). The coefficient of the quadratic term of LV is negative, so we can
find a positive constant number K satisfying

LV <K

and K is independent of x1(t), x2(t) and t. The rest of the proof is similar to
Theorem 2.1 in [19] so we omit it. d

Remark 2.2. Theorem 2.1 shows that there exists a unique positive solution
x(t) of SDE (1.3) and a positive constant K independent of x;(t), z2(¢) and ¢, such
that

LV < K.
Now let V =V + K, so
LV LV,
and then
Vr= inf V(z)— o0 as m — 0o,

z€RI\ D,

where D,,, = (1/m,m) x (1/m,m). From V =V + K we have that

Ve= inf V(z)— as m — 0o.
zERI\ D,

Hence from Remark 2 of [12], Theorem 4.1, page 86, one obtains that the solution
#(t) is a time-homogeneous Markov process in R? (see Remark 8.1 for the definition
of time-homogeneous Markov process).
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3. STOCHASTIC PERMANENCE AND PERSISTENCE IN MEAN

In this section, we will investigate the persistence under two different meanings:
stochastic permanence and persistence in mean.

3.1. Stochastic permanence. Theorem 2.1 shows that the solution of SDE (1.3)
will remain in the positive cone Ri with probability 1. This nice property provides us
with a great opportunity to discuss how the solution varies in [R%r in detail. We will
first give the definitions of the stochastically ultimate boundedness and the stochastic
permanence.

Definition 3.1. The SDE (1.3) is said to be stochastically ultimately bounded,
if for any € € (0,1) there exist positive constants x1(= x1(¢€)), x2(= x2(¢)) such
that for any initial value 2(0) € R?, the solution of the SDE (1.3) has the property
that

t—o0

limsup P{z1(t) > x1} <&, limsup P{z2(t) > x2} <e,
t—o0

where (z1(t), z2(t)) is the solution of SDE (1.3) with any initial value z(0) € R?.

Definition 3.2. The SDE (1.3) is said to be stochastically permanent, if for any
e € (0,1) there are positive constants x1(= x1(¢)), x2(= x2(¢)) and d1(= d1(¢)),
91(= 01 (g)) such that

liminf P{z1(t) < x1} = 1—¢, lminf P{x;(t) =26} >1—c¢,
t—o00 t—o00

and
liminf P{zs(t) < x2} > 1—¢, liminf P{xs(t) >0} >1—¢.
t—00 t—o0

It is clear that if the system is stochastically permanent, it must be stochastically
ultimately bounded.

Lemma 3.3. Under Assumption 1, for any given initial value x(0) € Ri there
exist positive constants c1,co and k(p) such that the solution z(t) of SDE (1.3) has
the following property:

(3.1) E(ci@(t) + caz5(t)) < k(p), 20, p>1.

Proof. From Theorem 2.1 we know that the solution x(¢) with initial value
#(0) € R% will remain in R with probability 1. For any given positive constant
p > 1 and positive constants c¢;, co to be determined, define

(3.2) V(x(t)) = cral (t) + caxh(t).
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By Ito’s formula and the Young inequality, we compute
L p p—1 P—1 p2 2
d(=af(®)) = ot () das () + E=at 2 (1) (dar (1)

p
_ (_lep“(t) + dypa? ()22 (E) + (a1 n ;1 2)x1(t)) dt
+ ‘71371( )dB1 (1)

-1 2 _
< (_b1x117+1(t)+d12(p+1€1x11)+1(t)+ +1€1 (p— 1)/2(Ep+1(t))
p

-1
+ (01 + B5—0t )t () dt + oraf (1) dBu (1)
—(p— 1)/2x12)+1(t)

€1

-1
61) erl( t) + dio

= ((—1_71 +d12 i1

+

+<a1+pglaf)x’f(t)) dt + oy 2f(t) dBi(t)

and

a(Sa8()) = a5 (1) dea(t) + Lot a2 () (A ()2

= _ -1
_ (—ng’2’+1(t) Fdagzl  ($)22 (1) + (a2 42 > ag)xg(t)) dt
+ ooah (t) dBa(t)

T -1 2 (e
< (—5233[2)+1(t) + da1 (i T 15233’2)+1 + ) T2 ® 1)/2xf+1(t)>

t (o + 220 )a <>)dt+m2<>de<>

1
162) p+1( t) + doy

6_(;0_1)/2.13?4_1 (f,)

:((—62+d21p_ b1

+ (o + 25203)050)) dt + 00 (1) dBa),

so we have

£ —(p— 1)/2>x;llJ+1 (t)

LV (z(t)) < p{ (Cl (—61 + d12§_7_ 151) + Czdzlp 1

6;(?*1)/2)1‘54-1 (t)

1)+ d
€
+12 C1a12 Pt

;10%) (t)+62(a2+ 21 g)xp(t)}.

+ (62 (—62 + d21§ —

+61(

Now, we can find €1, €2 and ¢y, ¢y such that

51) + caday _(p 1)/2 <0,

_ p—]_
—b d
Cl( 1+ 12p+1 +1

7 p—1 —(p—1)/2
co(=by +d 5)+cd e <0,
2( 2 21p+1 2 1 12p+1 1
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and noting the inequalities can be turned into

dn2(p+ )71 "V e b —du(p- D) e

= <_ ,
bi—di2(p=1)(p+1)7ler 2 dp2(p41)-le, P2
namely
do1 p digp—1 2\ —(p—1)/2
a1 B2 ey (2 Y
w by p+1 by p+1 " S VI (e182)

so taking €1 = Z_)l/dlg, €9 = Eg/dgl, by Assumption 1 the above inequality holds. Let

-1 -1
& =: max {pal + MU%W@ + p(p2 )Ug},

2
— —~1% —(p—1)/2
= (b el ) - a5 () )
= C s
B1 1 p 1 12 PR o Pt 1
2

p—1 by ¢l 1\~ (-1)/2
Pz 2 <<2 21p+1d21 c2 12p+1 d12

B =: min{p, Ba}.

It is clear that & > 0 and 3 > 0. Hence we can get

6( (P‘f‘l)/pxlﬂrl(t) —I—Cép+1)/p$g+1(t)) d+

dV(z(t)) < a(eraf (t) + coxh(t)) dt —
+ pero12] (t) dBi(t) + peooaxs(t) dBa(t),

and then we have

dt
< AB(e1a(t) + b () — BE(EPTV/P bt (1) 4 PP abt (1))
< aB(e1af(t) + coah(t)) — 27 VP B(E(c1af (t) + coah(t)))PT1/P

= B(eral(t) + coah (t){c — 27 VP B(E(craf (t) + a5 (1))},

N
I
—
~
~—
—
Q
|
N
—
~
s
=
I
—_
~
3
—~
~—
~—

Consider the equation
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Let y(t)

dy(t) ~ a B 1y
A Zo-1/p
i py(t)+ p 7

and

we have

u(t) - 27"
and therefore,

~

o

zZ(t) — 2(%)[) as t — oo.

Thus by the comparison argument we get

a\P
limsup z(t) < 2(7) .
t—o0
Then we have o
limsup E(c12 (t) + cozh(t)) < 2(3) =: L(p),
t—o0 ﬂ
which implies that there is a T' > 0 such that

E(cyaf(t) + caf (1)) < 2L(p),

t>1T.
In addition, E(c12Y(t) + coxb(t)) is continuous, so we have

E(c12(t) + coab(t)) < C(p), t€10,T].
Let k(p) = max{2L(p), C(p)}, then

E(c1af(t) + c225 (1)) < K(p),

t>0, p>1.
This completes the proof.

ultimately bounded.

y(t) = e fdp_ldt</ Bo-1/pefartar gy 4 C) =9 /p
p

§+Ce*é‘p_lt,

where C'is an arbitrary constant. Letting ¢ — oo on both sides of the above equation,

O
Theorem 3.4. Under Assumption 1, the solutions of SDE (1.3) are stochastically

875



The proof of Theorem 3.4 is a simple application of the Chebyshev inequality and
Lemma 3.3.

Since the solution of SDE (1.3) is positive, by the classical comparison theorem of
stochastic differential equations [7] we have the following result.

Lemma 3.5. Let Assumptions 1 and 2 hold, let x(t) € [R?ir be the solution of
SDE (1.3) with initial value z(0) € R%. Then x(t) satisfies

(3.3) z1(t) = @1(t),  @2(t) = ¢a(t),
where 1 (t) and p2(t) are the solutions of equations:

{ dpy (t) = p1(t)[(ar — brpr () dt + o1 dB1(t)],  ©1(0) = 21(0),
depa(t) = pa(t)[(az — bapa(t)) dt + o2 dBy(t)],  ©2(0) = 22(0).

In view of Lemma 3.6 in [13], one sees that, if Assumption 2 holds, there exist
positive constants Hy, Hy and 6 such that a; — %(9 +1)o? > 0, i = 1,2 satisfying
the inequalities

1
limsupE( 0) < Hy, limsupE(
t—o00 (801 (t)) t—o00

This, together with Lemma 3.5, gives

Lemma 3.6. Under Assumptions 1 and 2, the solution x(t) of SDE (1.3) with
any Initial value z(0) € R2_ satisfies

1
(3.4) 1imsupE( ) < Hy, limsupE(

< Ho,
too Nz (1))’ t—roc 9)

(w2(t)

where Hy, Hy are positive constants and 6 > 0 is such that a; — %(9 +1)o? > 0,
i=1,2.

Theorem 3.7. Under Assumptions 1 and 2, SDE (1.3) is stochastically perma-
nent.

Proof. Let z(t) be the solution of SDE (1.3) with any given positive initial value
#(0) € R%. From Lemma 3.6, we have

1 1
limsupE<79) < Hy, limsupE( ) < Hs.
t—o00 (371 (t)) t—o00
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For z(t) € R2 and for any ¢ > 0, let §; = (¢/H;)Y?, 6] = (¢/H2)'/%. Then we
derive that

1 1 E((z1(8))")
P{J)l(t)<51}zp{(x1(t))a >@}\ (51_9 Sé?leg,
and
o 1 1 B((x2))") _ oy
Plaa(t) <31} = P{—5 > G} < =y < ()" Ha ==
Hence

limsup P{z1(t) < 61} <&, limsup P{za(t) <} <e,
t—o0

t—o0

and this implies

liminf P{z1(t) > 61} =2 1 —e, litminf P{as(t) 281} =21 —e¢.
—00

t—o0

The other condition of Definition 3.2 follows from Theorem 3.4. O

3.2. Persistence in mean. Chen et al. in [3] proposed the definition of persis-
tence in mean for the deterministic system. Here, we also use this definition for the
stochastic system.

Definition 3.8. SDE (1.3) is said to be persistent in mean, if

1 t
(3.5) lim inf ;/ zi(s)ds >0 as.i=1,2.
0

t—o0

From the result in [9] we know that

I a; — 307 log i (t
liminf;/ @i(s)ds=_7201, 1imM:O a.s.i=1,2.
0

t—o00 b; t—o00 t

Using the above conclusions, we can get the following theorem.

Theorem 3.9. Suppose Assumptions 1 and 2 are satisfied, then the solution x(t)
of SDE (1.3) with any initial value (0) € R? has the following properties:

Lt a; — 307 log z;(t
liminf;/ x;(s)ds > TQUZ, 1iminf0g%z() >0 as.i=1,2,
0

t—o0 i t—o0

and so system (1.3) is persistent in mean.
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4. STATIONARY DISTRIBUTION

In this section, we investigate if there is a stationary distribution for SDE (1.3)
instead of asymptotically stable equilibria. System (1.1), if Assumption 1 holds, has
a globally stable positive equilibrium point «* = (x7, %) satisfying the equations

a1z} — b’ 4 digws® =0,
(4.1)

agxh — boa3® 4 doyyai? = 0,

where x7, i = 1,2 are positive constants. We will prove SDE (1.3) is ergodic under
Assumption 1 (see Remark 8.1 for the definition of the ergodic property).

Theorem 4.1. Let Assumptions 1 hold. Let 6y = Zcioiz} + $co03w}
and let the positive constants ci, co satisfy the inequality (2.4). Assume d2 <
min{(c1b; — ng21)$>{2, (caby — cldlg)x§2}. Then there is a stationary distribution
u(-) for SDE (1.3) and it has the ergodic property.

Proof. Define V: E; = R — Ry by

(4.2) V(z(t) =1 (xl(t) T~ log x;{{t))
+c2 (xz(t) — x5 — x5 log xi—;))

By It6’s formula, we compute

(4.3) LV (2(t)) = er(z1(t) — 27) (al — bz (1) + ‘dljf(igt))
+ e (2(t) — 25)(az — Do (r) + d%(t()“)

1 2 % 1 2 %
+ 501‘71371 + 502023:2.
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Substituting (4.4) into (4.3) one sees that

(4.5) LV (z(t))

= — b (21(t) — 27)* — caba(ma(t) — 23)?
2 t t * .2 t
+ C1d12$§2<x2*(2) +1 71(t) xle(*) )
T3 1 n(t)r;
x2(t zo(t xix2(t
+ CQdQll‘TQ( 1*(2) +1- 2£) - 2 1(*)2)
x] Zg T ()7}
+ l0102913* + —cyr%xS
2 1T T g
< — by (1 (t) — 27)? — caba(wa(t) — x3)°
3 (t) z2(t)

+ cld12x§2( s +1-—-2 o )
2

x%*(? +1- 2“’1—“))

*2
+ cada1 2] ( -
.1?1 xl

1 1
+ —coixl + 50205@

= — (Cll_)l — 02d21)(x1(t) — :L'T)2 — (Cgl_)g — Cldlg)(xg(t) — (E;)2

N}

1 1
+ 5010%@ + 50205@
= —(Clbl — nggl)(ﬁil (t) — (EI)Q - (Cgbg — Cldlg)(xg(t) — (E;)Q + (52,
where 0y = 1c107a] + Sc203a3 (we use the fact a® +b® > 2ab in the first inequality).
Then

LV (x(t)) < —(c1by — cadan ) (w1 (t) — 27)? — (caba — crdia)(wa(t) — 73)* + bs.

As c1, co satisfy the inequality (2.4), the quadratic coefficients are less than zero.
The following proof of ergodicity is similar to that of Theorem 3.2 in [8]. Note that
S < min{(c1by — czdgl)mfz, (caby — C1d12)x§2}, so the ellipse

—(6161 — nggl)(ﬂﬁl (t) — J?T)Q — (6262 — Cldlg)(l‘g(t) — x;)Q + (52 =0

lies entirely in [Ri. We can take U to be a neighborhood of the ellipsoid with U C
E;, = [Ri, so for z € Rﬁ_ \U, LV < —K (K is a positive constant), which implies
the condition (B.2) in Lemma 8.2 (see the Appendix) is satisfied. Therefore, the
solution z(¢) is recurrent in the domain U. This together with Lemma 8.4 implies
z(t) is recurrent in any bounded domain D C R2. In addition, for any D we have

M = min{c?z?, o2z2: (v1,22) € D} >0
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so that
2

Z(zglk o )@@»—Z(a?x? 2> Mg

2,7=1 i=1

for all (z1,79) € D, ¢ € R% From Remark 8.3 we know that condition (B.1) of
Lemma 8.2 is also satisfied (see [21], page 349). Therefore, the stochastic system (1.3)
has a stationary distribution p(-), satisfies the strong law of large numbers, and it
is ergodic (see e.g. [14], Theorem 4.2 and Corollary 1 and [12], Theorem 4.2 on
page 110). O

5. EXTINCTION

We know that, if Assumptions 1 holds, the solution of ODE (1.1) converges to
a positive equilibrium point or is unbounded, so the population will not become
extinct, and by Theorem 3.7, we note that if the condition a; > %0’ ;= 1,2, is
also satisfied, then the small white noise intensity makes both species stochastlcally
permanent and persistent in mean. We will show in this section that if the noise is
sufficiently large, the solution to the associated SDE (1.3) will become extinct with

probability 1.

2

Theorem 5.1. Let Assumptions 1 hold. Let ¢ = max{ai,as}, %6
%(0;2 + 052)_1 and let the positive constants ci,cq satisfy the inequality (2.4).
For any given initial value x(0) € R, the solution of the SDE (1.3) satisfies

1 ~2
lim sup og(c1z1(t) + c22(t)) <a-— 7 a.s.

t—o0 t 2

Particularly, if G — 6% <0, then tlim z(t) =0 a.s.
—00
Proof. Define

(5.1) V(z(t)) = crz1(t) + coxa(t), t>0.
Using Itd’s formula, one can derive that
(5.2) AV (z(t)) = (—(c1by — cador)z2(t) — (caby — c1d12)T3(t) + craizy (1)

+ 02a2x2(t)) dt + 010'111:1( )dBl( ) + CQUQiL‘Q(f) dBQ(t)
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Let @ = max{ai,as}, %62 = %(01_2 + 05 %)~1. Applying the Cauchy inequality and
Assumptions 1, we compute

(5.3) dlog V(z(t)) ! ) (cra1x1(t) + coagwa(t) — (c1by — cadar )23 (t)

V(x(t))
— (c2by — crdi2)a3(t)) dt
L (20222(0) 1+ Ro222(1)) t

- 2V%(a()

1
V((E(t)) (610'13?1 (t) dB; (t) + co09219 (t) dBs (t))
1
11 (t) + CQJ?Q(t)
C (an() +an)?
20072 + 032 ) (121 (1) + cama(t))?
C10121 (t) dBl( ) + 020211:2( )dBQ(t)
c1x1(t) 4 cawa(t)
. &2 C10121 (t) dB; (t) “+ Cc202X9 (t) dBs (t)
(a a 7) di + c1z1(t) + coxa(t)

N

max{ay, as}(c1z1(t) + caxa(t)) dt

N

Integrating both sides of inequality (5.3) from 0 to t gives

(5.4) log V (x(t)) < log V(2(0) +/0 (a- ";) ds + M(1),

where M (t) is the martingale defined by

_ t c10121(s) dB1(s) 4 cao222(s) dBa(s)
M(t) = /0 c121(8) + caxa(s)

with M (0) = 0. The quadratic variation of this martingale is

t 2 2 2
(M, M), = / c1o12(s) + o3a3(s) ds < max{o?, o5 }t.
0

(c121(s) + c2w2(s))?
By the strong law of large numbers for martingales (see [9]), we have

M
lim ﬂ =0 a.s.
t—oo

881



It finally follows from (5.4) by dividing by ¢ on both sides and then letting ¢ — oo
that

~
t—o00 t—o0 t

(5.5) limsupw < lim M

1/t 52 M(t
+li?isogp¥/o (d—%)ds—i—tlinolo%
~2

Il
<
|
| Q
o
w0

By the definition of V(z(t)) = c121(t) 4+ coxa(t), t > 0, we have that

1 t t 52
Jim sup og(c1z1(t) + cawa(t)) ci-0 as
t—o0 t 2
Thus the required assertion follows. O

6. NUMERICAL SIMULATION

We assume o;; = 1, and then by = by + dy2, by = by + da1, so the SDE (1.3) can
be rewritten in the form

(6 1) { d:L'l (t) = (:L'l (t)(a1 - lel(t)) + du:[:% (t)) dt + 01$1(t) dBl (t),
’ d:L'Q (t) = (CL'Q (t) (ag - 5211:2 (t)) + d21£[:% (t)) dt + 02%9 (t) dB2 (t)

We numerically simulate the solution of (6.1). Using Milstein’s higher order
method in [6], we get the discretization equation

o1 g1 = T1g + (T1k(ar — by g) + duxi;ﬁ)ﬁt + o121,V ALE g
+ gotw k(AL ), — At),

To g1 = Tok + (T2,1 (a2 — bawa k) + d21$ik)Aﬁ + o9,V ALEy
+ 02332 k(At§2 e — At),

(6.2)

where the time increment is At > 0, &5 and &%, kK = 1,2,...,n are indepen-
dent Gaussian random variables with distribution N(0,1). We choose the initial
value (21(0),22(0)) = (0.58,0.60) and the parameters a; = 0.3, ag = 0.4, by = 1.2,
by = 1.1, dys = 0.6, do; = 0.5. We take At = 0.01. From Matlab, we get Figures 1-6
and we will use them to illustrate our results. Obviously, Assumptions 1 is satisfied,
so the corresponding deterministic model has a globally stable positive equilibrium
point ©* = (z7,23) = (0.5734,0.6090). According to Theorem 2.1, system (6.1) has
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Figure 1. The left subgraphs are the solutions of SDE (6.1) and the corresponding deter-
ministic system. The two curves of represent z;(¢) from the same initial point.
The middle subgraphs are the histograms of (6.1) and the right subgraphs are
normal quantile-quantile plots of 1 (¢) and x2(t), respectively. The stochastic sys-
tem is stochastically permanent and has stationary distribution. Here o1 = 0.05,

oo = 0.04.

T2
0.9

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

0

0.2

0.4

0.6

0.8

Ty

1

Figure 2. Population distribution of stochastic system (6.1) around the deterministic
model’s positive equilibrium z* = (0.5734, 0.6090). Here o1 = 0.05, o2 = 0.04.
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a unique positive solution. In Theorem 4.1 and Theorem 5.1, we need ¢; and ¢, to sat-
isfy the inequality (2.4), so we only take both numbers c¢1, ¢ equal to 1. We divide the
white noise intensity into three cases to study the impact of white noise on the system.

Case I. White noise of small intensity. In Figures 1-2, we choose o1 = 0.05,
o2 = 0.04. Obviously Assumption 2 holds and the SDE (6.1) is stochastically perma-
nent and persistent in mean. We compute 62 = %clo%m{ + %czagxg = 1.204 % 1073,
and min{(c1b; — cadar)(z})?, (c2b2 — c1di2)(x5)?} = 0.18544, so the condition 5y <
min{(c1by — caday ) (2%)?, (caby — c1di2)(x5)?} is satisfied. By virtue of Theorem 4.1,
there is a stationary distribution (see the middle histogram in Figure 1). The left
pictures in Figure 1 show that the stochastic system imitates the deterministic sys-
tem and their curves nearly coincide. The right subgraphs are the normal quantile-
quantile plots of the values of the paths z1(t) and z2(t), and they are quite similar to
straight lines. This means that the distribution is an approximately standard normal
distribution. Moreover, from Figure 2, we find that almost all population distribu-
tions lie in the neighborhood, which can be imagined as a circular or elliptic region
centered at (x7,x3) (see the scatter picture in Figure 2). Hence, although there is no
equilibrium of the stochastic system (6.1) as a deterministic system, it is stochasti-
cally permanent, persistent in mean and has ergodic property by Theorems 3.7, 3.9
and 4.1.

Case II. White noise with relatively large intensity. In Figures 3-4, we choose
01 = 0.4,09 = 0.3. The populations of x; and x5 suffer relatively large white noise.
Comparing Figures 1 and 3, we see that in Figure 3 the left curves fluctuations are
more violent, the histograms distribute in relatively large regions, and the curves of
QQ plots slightly deviate from a straight line. Comparing Figures 2 and 4, the points
distribute in larger areas in Figure 4, but we can find an ellipse to meet the condition
o = 0.073277 < min{(c1by — caday)(x})?, (c2ba — c1di2)(w5)?} = 0.18544, and from
Theorems 3.7, 3.9 and 4.1, we know that SDE (6.1) is stochastically permanent,
persistent in mean and has a stationary distribution.

In Figure 5, we select o1 = 0.01, 03 = 0.6. The conditions of Theorems 3.7, 3.9
and 4.1 are satisfied, and x5 suffers relatively large white noise. From the left pictures
in Figure 1 and Figure 5, we see that the fluctuations of the two curves are different,
and the reason is that larger white noise of x5 impacts z; in Figure 5. In other
words, due to the presence of diffusion, the relatively big white noise intensity in
the individual patches will be evenly distributed to the other patches. Therefore,
system (6.1) is stochastically permanent and has a stationary distribution.

Case III. White noise of large intensity. In comparison with small white noise
in Figures 1 and 2, we choose 01 = 0.9, 0o = 1.0 in Figure 6. Both z; and
o suffer large white noise. We find that a; < %0’?, i = 1,2, o = 0.53637 >

min{(c1by — cada1)(x3)?, (cabe — c1di2)(x5)?} = 0.18544, so the conditions of The-
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Figure 3. The subgraphs are defined in Figure 1. Here 01 = 0.4, 02 = 0.3. The stochas-
tic system is stochastically permanent, persistent in mean and has a stationary
distribution.
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Figure 4. Population distribution of stochastic system (6.1) around the deterministic
model’s positive equilibrium z* = (0.5734, 0.6090). Here o1 = 0.4, oo = 0.3.
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Figure 5. The subgraphs are defined in Figure 1. Here o1 = 0.01, o2 = 0.6. The SDE (6.1)
is stochastically permanent, persistent in mean and has a stationary distribution.

0 50, 100

orems 3.7, 3.9 and Theorem 4.1 are not satisfied and the extinction conditions in
Theorem 5.1 are satisfied. That is, a — %62 = —0.04751 < 0, as the case in The-
orem 5.1 expected, and the species x; and x5 will become extinct although the
deterministic system is globally asymptotically stable.

7. CONCLUSION

In this paper, we study the stochastic logistic single-species model with nonlinear
directed diffusion. We divide the white noise intensity into small, medium and large
cases, and through numerical simulation, we are able to understand the important
role played by the white noise and diffusion phenomena in biological populations. In
addition, we can see from the left subgraphs in Figures 1, 3, 5, 6 that, due to the
random disturbance, the curves starting from the same initial value are not over-
lapped. From these figures, we find that when the white noise is small, system (6.1)
imitates its deterministic system and it is stochastically permanent and has a sta-
tionary distribution (see Figures 1-2). When the white noise is relatively large in
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Figure 6. The subgraphs are defined in Figure 1. Here o1 = 0.9, 02 = 1. The populations
of z1(t) and z2(t) will become extinct.

some groups, it will produce relatively large deviation (see Figure 5) but will not
produce the species extinction due to the presence of diffusion. When the noise is
sufficiently large in all the groups (see Figure 6), the species will become extinct even
if diffusion exists. In the real world, the large white noise may be bad weather or
serious epidemic, which can be considered decisive factors responsible for the extinc-
tion of populations. Therefore, our research and analysis on population has great
practical significance.

8. APPENDIX

In this section, we list some results about the stationary distribution (see [12],
page 101) which we used in the previous sections.

Let X (t) be a regular time-homogeneous Markov process in E; (E; denotes the
Euclidean I-space i.e., {(w) = (§1(w), & (w), . .., & (w)) is a vector in E;) described by
SDE

k
AX(t) =b(X)dt + Y gr(X)dB.(1).
r=1

The diffusion matrix is
k . .
Ax) = (Nij(@), Aij(@) =D gi(a)gl(x).
r=1
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Remark 8.1. We say that the Markov process X (¢) is regular if for any (s, z) €
E(E=FE xIandI=1), P**{r = oo} = 1; here P is a probability measure and
the random variable 7 is the first exit time of the sample function from every bounded
domain, or briefly the explosion time (see [12], page 75). The Markov process X ()
is called time-homogeneous if the transition probability function P(s, X,t + s, A) is
independent of s for 0 < s < ¢t and A € B (recall that B denotes the o-algebra of
Borel sets in E;) (see [12], page 68 for details of transition probability function).

Assume a Markov semigroup (P;);>¢ is strong Feller and irreducible, so then there
exists at most one invariant measure for it. An invariant measure p of Py is said to
be ergodic if

1 [T
lim f/0 P.pdt =@, ¢e L*(H,pu),

T—o0

where ¢ is the mean of ¢,

o= /H o(@)p(dr), zed,

and H is a separable Hilbert space (see [4], page 14 and [2] for more details about
the ergodic property).
Assumption B ([12]). There exists a bounded domain U C E; with regular bound-
ary I', having the following properties:
(B.1) In the domain U and some neighborhood thereof, the smallest eigenvalue of
the diffusion matrix A(z) is bounded away from zero.
(B.2) If € E; \ U, the mean time 7 (that is E,7) at which a path issuing from x

reaches the set U is finite, and sup F,7 < oo for every compact subset K C [E;.
zeK

Lemma 8.2. If Assumption B holds, then the Markov process X (t) has a station-
ary distribution . Let f(-) be a function integrable with respect to the measure p.
Then

(8.1) P{ lim 1 f(X()dt = f(x)u(dx)} =1

for all x € ;.

Remark 8.3. (i) Note (8.1) is called the strong law of large numbers. The proof
of Lemma 8.2 can be found in [12]. More precisely, the existence of a stationary
distribution with density can be found in Theorem 4.1, page 108. The weak conver-
gence and the ergodicity is obtained in Theorem 4.2 on page 110, and Corollary 4.3,
Corollary 4.4 on page 112.
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(ii) To verity (B.1), it is sufficient to show that F' is uniformly elliptical in U,
where Fu = b(z) - u, + strace(A(z)ug,), that is to say, there is a positive number M

such that
l
D i) = MIEP, zeU, Eek

ij=1

(for details we refer to [5], page 103, and Rayleigh’s principle in [21], page 349). To
verify (B.2), it suffices to prove that there exist a neighborhood U and a non-negative
C?-function V such that A(xz) is uniformly elliptical in U and for any z € E;\ U, LV
is negative (see [22], page 1163).

Lemma 8.4 ([12]). Let X (t) be a regular time-homogeneous Markov process in ;.
If X (t) is recurrent relative to some bounded domain U, then it is recurrent relative
to any nonempty domain in [E;.
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