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Abstract. For integers m > r > 0, Brietzke (2008) defined the (m,r)-central coefficients
of an infinite lower triangular matrix G = (d,h) = (dy k)n,keN a8 dppyr (m—1)ntrs With
n=0,1,2,..., and the (m,r)-central coeficient triangle of G as

G(m,r) = (dmn+r,(m71)n+k+r)n,k€N~

It is known that the (m,r)-central coefficient triangles of any Riordan array are also Rior-
dan arrays. In this paper, for a Riordan array G' = (d, h) with h(0) = 0 and d(0), h'(0) # 0,
we obtain the generating function of its (m, r)-central coefficients and give an explicit rep-

resentation for the (m,r)-central Riordan array G™") in terms of the Riordan array G.
Meanwhile, the algebraic structures of the (m,r)-central Riordan arrays are also investi-
gated, such as their decompositions, their inverses, and their recessive expressions in terms
of m and r. As applications, we determine the (m,r)-central Riordan arrays of the Pas-
cal matrix and other Riordan arrays, from which numerous identities are constructed by
a uniform approach.

Keywords: Riordan array; central coefficient; central Riordan array; generating function;
Fuss-Catalan number; Pascal matrix; Catalan matrix
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1. INTRODUCTION

The concept of a (proper) Riordan array was introduced to generalize the prop-
erties of the Pascal triangle and Catalan triangle [10], [17]-[20]. An infinite lower
triangular matrix D = (dn k)n,ken is called a Riordan array if its column k has the

o0 &)
generating function d(t)h(t)*, where d(t) = 3 d,t" and h(t) = Y h,t" are formal
n=0 n=1
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power series with dg # 0 and h; # 0. The Riordan array corresponding to the pair
d(t) and h(t) is denoted by (d(t), h(t)), and its generic entry is d,, . = [t"]d(t)h(t)¥,
where [t"] denotes the coefficient operator.

The set of all Riordan arrays forms a group under ordinary row-by-column prod-
uct with the multiplication identity (1,t). If (b,)pen is any sequence having b(t) =

o0

bnt™ as its generating function, then for every Riordan array (d(t),h(t)) =
n=0
(dn,k)n,keN we have

(1) > durbi = [t7)d(1)b(h(L)).

k=0
This is called the fundamental theorem of Riordan arrays and it can be rewritten as
(2) (d(t), h(t))b(t) = d(t)b(h(t)).
From the fundamental theorem of Riordan arrays, the multiplication rule of Riordan
arrays is
3) (d(t), h(®))(g(t), f(£)) = (d(t)g(h(t)), f (h(t)))-
The inverse of (d(t), h(t)) is

-1 1 -

@) (@0),00) ™ = (7 H0):

where h(t) is the compositional inverse of h(t), i.e., h(h(t)) = h(h(t)) = t.

A Riordan array G = (d(t),h(t)) = (dn.k)n,ken can be characterized (see [12],
[11], [14], [20]) by two sequences, the A-sequence, A = (ay)nen and the Z-sequence,
Z = (zn)nen such that

dnt1,0 = 20dn,0 + 21dn1 + 22dp 2 + . . .,

Ant1,k+1 = aodnk + a1dpy k1 + a2dp k42 + . ..

for all n,k > 0. If A(t) and Z(t) are the generating functions for the corresponding
A- and Z-sequences, respectively, then it follows that

1

Hence, a Riordan array G = (d(t), h(t)) is completely characterized by the functions
A(t) and Z(t). Furthermore, if the inverse of (d, h) is (d,h)~! = (g, f), then we have
t

(6) Al = 55 and Z(t)—lg(i)(t),
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where f = h and g = 1/d(h). For example, the Pascal matrix P = ((}))n,x>0 is the
element (1/(1 —1),¢/(1 —t)) of the Riordan group.

It is natural to ask, for a given Riordan array, is its submatrix also a Riordan
array? There are many related results that can be found from the references [3],
[4], [5], [6]. Particularly, a kind of submatrices, called the (m,r)-central coefficient
triangles, or (m,r)-central Riordan arrays for m > r > 0, of a Riordan array were
introduced by Brietzke in [5]. More precisely, we have

Definition 1.1. Let G = (dp i)n,ken be an infinite lower triangular matrix.
For integers m > r > 0, we define the (m,r)-central coefficients of G to be
Armntr,(m—1)ntr, With n = 0,1,2,.... The (m,r)-central coefficient triangle of G
is defined as the infinite lower triangular matrix G("") = (dmn-tr,(m—1)n+k-+r)n,keN-
If G is a Riordan array, then G(™") is called the (m,r)-central array.

Brietzke in [5] presented that if a lower triangular matrix G = (d,, 1) is a Riordan
array, then its (m,r)-central triangle G(™") is also a Riordan array. More precisely,
we cite Theorem 2.1 of [5] below.

Theorem 1.2 ([5]). For a given Riordan array G = (dp i)n.ken, and for any
integers m > 2 and r > 0,

G = (dy 1) k0 = (dimn s (m—1)mtr ) k>0

defines a new Riordan array, called the (m,r)-central Riordan array. Moreover, the
generating function of the A-sequence of the new array is (A(t))™, where A(t) is the
generating function of the A-sequence of the given Riordan array G.

The central coefficients of many Riordan arrays play an important role in com-
binatorics. It is interesting therefore to be able to give the generating functions of
such central terms in a systematic way. In two recent papers [3], [13], it has been
shown how to find the generating function of the central elements of the Bell sub-
group of the Riordan group. Barry in [4] uses the Lagrange inversion theorem to
characterize the generating function of the central coefficients of a Riordan array.
In [5], the (m,r)-central Riordan arrays of some Riordan arrays are used to give
a simple approach to constructing known or new identities.
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2. THE (m,r)-CENTRAL COEFFICIENTS AND (m,7)-CENTRAL
RIORDAN ARRAYS OF A RIORDAN ARRAY

2.1. The (m,r)-central coeflicients. In this subsection, we will give a char-
acterization for the central coeflicients of a Riordan array. Our proof will heavily
depend on the Lagrange inversion formula (LIF), which we give in the following form
and whose proof may be found in several papers, for example, [15], [21]:

Lemma 2.1 (LIF). Suppose that a formal power series w = w(t) is implicitly
defined by a functional equation w = to(w), where (t) is a formal power series such
that ©(0) # 0. Let F(t) be any formal power series. Then we have

@ [ (6) = BF ()" (p(6) — 1! (1),
Q (e =~ Fp(r)"

Theorem 2.2. Let G = (d(t), h(t)) = (dn,k)n k>0 be a Riordan array, and let m
and r be positive integers with m > r > 0. Suppose that f(t) is the generating func-
tion defined by the functional equation f(t) = t(h(f(t))/f(t))™ !, or equivalently,
fm™ =t(ho f)™ !, Then the generating function for the (m,r)-central coefficients of
G is given by

1

m—r

(9) c(mﬂ") (t) — (fm—r)/(d o f)(h o f)r—m—i-l.

Proof. Since f™ =t(ho f)™ !, we have

(ho fym!
m T = tm = 1)(ho [y 2 (W o )

f=
Substituting into the above equation

fm

e

we obtain
(ho f)m

= Fo i tmtho )~ fm = Do 7))

Hence, we have

Ly (e f)(ho £y = (7] (d o £) (ho /)"

S P Frm(ho )= f(m =)W o )
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Applying Lemma 2.1 (7) and substituting into it ¢ = (t) = (h(t)/t)™ ! and

m—2

tmfl

o(t) —te'(t) = (mh —t(m — 1)h'),

we obtain

hr+1
tr(mh — t(m — Vi) ”
hrt1 h(mfl)(nfl) hm—2

[tn]d (m—l)(n—l)(

© —ty')

= [t"] fr pm—1)(n—1) gm—1

hmnfnJrr
=[t"]d

_ [tanrr]dh(mfl)nJrr,

tmn—n-{-r

which is the entry dp,;ir (m—1)n4r Of the Riordan array (d,h) = (dn x)n k>0. This
completes the proof. O

By virtue this theorem, the generating function for the central coefficients of G =
(p(t), ta(2)), P(0) # 0, 4(0) # 0, is given by d(t) = £ (B)p(f(t))/f(¢), where F(t) is
the generating function defined by the functional equation f(t) = tq(f(¢)). This is
the main result of [4].

Example 2.3. Let d(t) = 1/(1—t) and h(t) = (t+t*)/(1—t). Then G =
d(t),h(t)) = (1/(1—1),(t+t*)/(1—1)) is the Delannoy matrix [2], [8], [22].
If m=2, then f(t) = t(1+ f(t))/(1— f(t)), which implies f(t) = 3(1 — ¢ —
V1 =6t +12). Therefore, ¢20(t) = f/()d(f(t))(R(ft)/f)~" = 1/vV1—6t+12,

the generating function of central Delannoy numbers.

Example 2.4. We consider the (2,7)-central coefficients of the Riordan ar-
ray G = (1/(1—(z+1)t),t/(1 —t)), where = is a parameter. In this case,
dit) = 1/(1—(z+1)t) and h(t) = t/(1—t). Let f(t)*> = th(f(t)), that is,
f(t) = t/(1=f(t), then f(t) = $(1 — VI—4t) = tC(t). Thus, >"(t) =
FOAFOIRF)/ 7 = BOCH /(1L (1+2)tC(1), where C(t) = 1(1 -
V/1 — 4t)/t is the generating function for the Catalan numbers and B(t) = 1//1 — 4t
is the generating function for the central coefficient numbers.

2.2. The (m,r)-central Riordan arrays. Brietzke in [5] described a recursive
approach to obtaining the entries of the (m,r)-central Riordan arrays from a given
Riordan array. In the next theorem, we give the expression of (m, r)-central Riordan
arrays explicitly.
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Theorem 2.5. Let G = (d(t), h(t)) = (dn,k)n.ken be a Riordan array. If f(t) is
the generating function defined by the functional equation

ro = () e = e gy

then the (m,r)-central Riordan arrays for m > r > 0 of G = (d(t), h(t)) are given
by
1

m—-r

(10) G = (—— (") (do (ko £y " ho f).
Proof. From the proof of Theorem 2.2, we may evaluate the entries of G("") =
(dgmr))n,k% form>r>0as

A7 = [ (7Y (o f) (o £ (o ) = [ dRm e,

which is the entry dp;4r (m—1)ntr+x Of the Riordan array (d,h) = (dn,k)n,k>0. This
completes the proof of Theorem 2.3. 0

Theorem 2.5 gives an easy way how to find the generating function for the A-
sequence of (m,r)-central Riordan arrays.

Theorem 2.6. Let G = (d(t),h(t)) be a Riordan array, and let A(t) be the
generating function for the A-sequence of G. Then the generating function for the
A-sequence of G™") is A™(t).

Proof. Since f satisfies f™ = t(ho f)™ 1, let A(t) be the generating function
of the A-sequence of G. Then h = tA(h), which gives ho f = fA(h o f). Hence,
(ho f)™ = fmA(ho f)™ =t(ho f)™ tA(ho f)™, and ho f = tA(ho f)™ follows,
which indicate that A™ is the generating function of the A-sequence of G, [

It is obvious that the key to constructing (m, r)-central Riordan arrays from a given
Riordan array (d,h) is to find f from f™ = t(ho f)™~!. Since the solutions of the
equation depend on m, we denote f = f,,,. We have the following results concern-
ing f, which will be used in the remaining part of the paper.

Theorem 2.7. Let f(t) and h(t) be the functions satisfying f™ = t(h o f)m~1.
Then the compositional inverse of f(t) is

(11) f:t(%)mfl.
Further, f satisfies
(12) f(hof)=h,

where h o f and h are the compositional inverses of ho f and h, respectively.
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Proof. Since h satisfies h(0) = 0 and /4/(0) # 0 we have f(0) = 0 and f/(0) #0
Hence f has its compositional inverse f. In

h [e) f m—1

F=t( ; )
we substitute t = f and obtain ¢t = f(¢)(h(t)/t)™ !, which can be written as (11).
From (ho fo(ho f))(t) =t = (ho h)(t), we have (12) immediately. O

Theorem 2.8. Let G = (d(t), h(t)) be a Riordan array, and let A = A(t) be the
generating function for the A-sequence of G. Then the inverse of the (m,r)-central
coefficient triangle of G can be written as

m,r)\—1 __ A(t)_mtA,(t) t
(13) (Gom) ™t = (ﬁ/(t)(doﬁ)(t)A(tw?’ A(t>m)’

where h is the compositional inverse of h.

Proof. From Theorems 2.2 and 2.7 and noting that f(ho f) = h (see (12))
implies f'(ho f) = h'/(ho f)', we have

(m,r)\—=1 _ ____ _ 1 ____ ____ 7o f
= i e e (Fs Ik e Gae )
_ (7 (hof) t )
RO () (d o B) (B A
(oA ‘)
R ()(d o h)(D)(t/h)y 1 A
_ ( A(t) — mtA'(¢) t )
W (t)(do h)(#)A(t)+2" At)™ /)
which implies (13). O

Remark. Note that (G(™))~1 £ (G=1)(™7) in general because ho f # ho f,
where f satisfies f™ = t(ho f)™ 1.

Theorem 2.9. If G = (d(t),t) is an Appell Riordan array, then the corresponding
G s also an Appell Riordan array and equals G. Hence, the collection of all
these GU") forms a subgroup of the Riordan group. Furthermore, we have the
following recurrence relationship of G(™") for a Riordan array G = (d(t),h(t)) in
terms of the related Appell Riordan and Associated Riordan array:

(14) G = (1, tA(A%l(t))) Glm.r) (A(g(;)tiﬂz ntjil)(x;’(t) ).

where A is the generating function of the A-sequence of G = (d,h) and A(0) # 0
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Proof. If G = (d(t), h(t)) with h(t) = t, then f(t) = t. Hence, G/"™") = G =
(d(t), h(t)) with h(t) =t. To prove the second half of the theorem, we denote

)

g(t) = t(%)l/(m_l)

where f satisfies f™ = t(ho f)™~!. Hence, noting that t/A™ = ho f and f(t/A™) =
f(hof)=h=t/A, we have

o) )

Denote w, (t) = t/A™(t). Then the above equation can be written as g(w,,(t)) =

W41 (t). It is obvious that g and w,, have the compositional inverses g and W,y,
respectively, because of A(0) # 0. Hence, w,, = §(wy,+1), which implies

merl
AT (W 41)

__ merl __
(Wint1) A (@) (Wm+1)

w
= A(wm-i-l)wm—i-l(wm—i-l) = tA(wm—i-l)-

One may check that

A(t)—t(m+1)A’(t) o)y —1 B Am—r—1
(Cag @™ (1,9(15))*(%1,15)(m,g(wm))

(A —tm +1)A'(t) I
f< R/ (t)(d o h)(t) Ar+2 a’wm+1) = (Gm+1m)=1,

which implies (14) since § = tA(Wp41). d

Example 2.10. We consider the (2,7)-central coefficients triangles of G =
(1/(1 = (x + 1)t),t/(1 —t)), where z is a parameter. By Example 2.4, the generat-
ing function for the (2,r)-central coeflicients of G = (1/(1 — (x + 1)t),¢/(1 —t))
is given by B(t)C(t)"~!/(1 — (x + 1)tC(t)), and the solution for the equation
f&)=t/(1— f(t))is f(t) = tC(t). Thus, by Theorem 2.5, we have

n_ (_Bcw !
G0 = (= (@ + )iCQ0)’ ().

Setting © = 1, we obtain the following (2,r)-central coefficient triangles of G =

(1/(1 =2t),t/(1 = 1)):

G0 = (G tCW?). 6BV = (B C(t),

926



The general entries of G = (d,, 1) and Gmr) = (dilmkr)) are: d = Z 2 (" - 1),
A2 = z 4°((2k — 1)/(2n — 20 — 1)) (*r225 1), and d2)) = z 47(2k/(2n — 2i)) x
<2n 21)

n—i—k/ "

Theorem 2.11. Let G = (d(t),h(t)) be a Riordan array, and let f(t) be the
generating function determined by the functional equation

o =" o s —tne sy

Then the (m,r)-central coefficient triangle of G can be factorized as

(mr) _ dhrJrl
(15) = (1’f><t’“(mh o 1)th’)’h)’
(m,r) _ 1 m=r\/(h o £FYr—m
(16) G = (—— (") (ho £y~ £) G
mry _ (hof -
(17) G L( 7 ,t)G( D
(18) G = G (A(t), t).

Proof. The proofs of these formulas are straightforward from equation (3),
Theorems 2.5 and 2.8. Hence, we omit them. ([

Corollary 2.12. Let G = (d(t),h(t)) = (dn.k)nken be a Riordan array, and
denote the coefficient [t *]h(t)® by K. Then we have

(19) danrr mn+r—nm+k — Z dj kh(nm n+7").
=k

Proof. By using Lemma 2.1 argument similar to the proof of Theorem 2.5, the

(n.) entry of ((m = r) L (f" "y (ho £y, 1) i
(Y e

m
_ i (ho £ty
frim(ho f) = (m—=1)f(h" o [)
I pr+1 h(mfl)(nfl) hm—2

— [n _ _ /
= [t ]tr(mh — (m — 1)thl) fm—1)(n—1) gm—1 (mh (m 1)th)

tjhmnfnJrr

= [t"]

_ [n—j+mn—m+r mn—n+r _ pmn— n+r
=t |h ppnn

tmn—n+r

927



Hence, the (n, k) entry of G(™7) is

Ly S n 1 m—r r—m ]
A" = Ay (- tynrin = O djklt J——— (/") (ho f) TP
j=k

n
— . mn—n-+r
= g djkh,”; .
=k
(I

In order to obtain the generating functions of the (m, r)-central coefficient triangles
of the Pascal matrix, we need the concept of the m-Catalan numbers and their
generating function. For any integer m > 0, the m-Catalan numbers or Fuss-Catalan
numbers (see [7], [9]) are defined by the formula

1 mn + 1
20 com — =0,1,2,...
( ) n mn+1( n )7 n e B |

118

Their generating function By, (t) = 3 (1/(mn + 1)) (™" *')¢" satisfies the functional

n

n=0

equation

It can be shown from [9], [16] that the following identities are valid:

s > s mn+ s\ ,,
(22) B (t) :Zmn+s( )t :
n=0

B (t)s Tt = (mn+s),,
(23) 1—(m—DtB,(t)™ Z ( n )t ’

n=0

/ - B (t)erl B = (mn +m) o,
(24) Bn(t) = 1= (m — D)tBm(t)™ ;::o < >t |

(25) Bm—s(th(t)S) = Bm(t)

Theorem 2.13. The (m,r)-central coefficient triangle of the Pascal matrix P =
(1/(1 —1),t/(1 —t)) is given by

m,r) __ Bm(t)TJrl m
P = (1 —(m— 1)th,(t)m’th(t) )

and it can be factorized as

P = (g S B0 ) (T )
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and
B, (t)"

1—(m— 1)tB,(t)™’

P = (B (8),0)( Bu(0)").

Proof. For the Riordan array P = (1/(1 —¢),¢/(1 —t)) with h(t) = t/(1 — ),
f(t) is determined by f(t)™ = th(f(t))™ . Then f(t) = t/(1 — f(t))™ !, which
implies 1/(1 — f(¢t)) = 1+ ¢/(1 -, f@®)™. By (21), 1/(1 — f(t)) = Bn(t). Hence,
f(t) =tB(t)™ 1. Let P"") = (d(t), h(t)). Then

i) = =y o) ()
B Bm(t)rJrl
N (m D)tB, (t)™
m(t)"

1—m—|—mB (t)~1

and h(t) = f(t)/(1 — f(t)) = tBy(t)™. Therefore, by Theorem 2.5, the (1, r)-central
coefficient triangle of the Pascal matrix G = (1/(1 —1t),¢/(1 —t)) can be written as

B, ()"
1—m+mBy,(t)~!

PUmn) = (d(1), h(t) = ( £ B ()").

By (23), the general element of R is

d(m,r)_d B mn +r _(mn+r
nk = Gmntr(m-lntr+k = (m—1n+r+k) \n-k )

The factorizations are straightforward results of Theorem 2.9. O

Theorem 2.14. We have the following recursive relation for the (m,r)-central
binomial coefficients:

mn+r _zn: m(n—j)\mk+r mj+r
n—k 7;‘:0 n—j Jmiji+r\j—k)
Proof. By (22), the generic term of (B, ()", tBn(t)™) is

mk+r /mn+r
mn+r\n—=k /)

[tn]Bm(t)T(th(t)m)k _ [tn_k]Bm(t)mk""“ _
By considering

Bm(t)r—i_l m\ __
(1 (m—1)iBey Bt ) =

(1 — (m = 1)tB,,(t)™’

we obtain the desired result. O



Theorem 2.15. Let P = (1/(1 —t),t/(1 —t)). Then the inverse Riordan array
of P™1) js

(P(m”’))’l _ (1—(m—1)t t )

(14t " (A +6)m
Proof. Let

Bm (t)'r‘—‘rl
m — 1)tB,(t)™’

P(m,r) _ (dN(t), iL(t)) — (1 — ( th(t)m)a

then h(t) = t/(1+¢)™, and d(h(t))~! = (1 — (m — 1)t)/(1 + t)"*'. Hence the result
follows by (4). O

o]

Since Ba(t) = C(t) = Y. (1/(n+ 1))(2:)15” is the generating function for the

Catalan numbers, by Theorems 2.13 and 2.15, we have

p<270>:( 11_4t,t0(t)2), Pl = (\/%,tc(t)Q),

sop_1 (1-t a1 [ 1—t t
(P2) _(1—+t’(1+t)2)’ (PEY) _((1+t)2’(1+t)2)'

In the next example, we will apply the (2, r)-central arrays of the Pascal matrix and
their inverse which were computed in the above to provide a simple proof of some
identities of Andrews, see [1], [5].
Example 2.16. The Fibonacci sequence {F),}52 is defined by the generating
oo
function > F,t" =t/(1 —t —t?). It is well known that
n=0

oo

> t 1—t
Fot" = — Pyt = ———
nz:% n 1—3t+¢2 7;) n+l 1—3t+¢2

Using (7), we can verify the following identities:

1—t t 11—t 1—t—3+t!
((1+t)2’(1+t)2)1—3t+t2* -t
11—t t t (-t -2+ 13)
<1+t’(1+t)2)1—3t+t2* 1—+¢5 '
1—t t 1 C1=22 4!
((1+t)2’(1+t)2)1—3t+t2_ 1t 7
1—t ¢t 1—t 1 —t2—t3 415
(1+t’(1+t)2)1—3t+t2* 11—

930



Using the inverse matrices, we have

( C(t) tc(t)Q)l—t—t3+t4_ 1—t
V1—4t’ 1—1¢5 1 —3t+t2’
( 1 tc(t)Q)t(l—t—t2+t3): t
V1—4t’ 1—1¢5 1—3t+t2’
t 1—212 4 ¢* 1
( o) ,tC(t)Q) Tt ;
VI—4t 1—1t5 1—3t+1¢2
( L, (t)Q)l—tQ—t?’-i-tE’_ 1—t
VI—=4t’ 1—1¢5 T 1—3t4+¢t2°

We can represent these matrix equations by using the identities
2n+1 2n+1 2n+1 2n+1
Z )= . — . + . = Fopt1,
= n+5j n+5j+1 n+5j+3 n+5j+4
2n 2n 2n 2n
Z . - . - . + . = F2n7
= n+5j+1 n—+55+2 n+55+3 n+55+4
2n+1 2n+1 2n+1
Z ) =2 . + . = Foy, 40,
n+5j n+55+2 n+5j5+4

50
2n 2n 2n 2n
Z . - . - . + . :F2n+17
>0 n+57 n+5j+2 n+57+3 n+95j+5

which are equivalent to (19), (20), (21) and (22) of Brietzke in [5].

3. MORE EXAMPLES

Example 3.1. Let G = (1/(1—2t),t/(1—1t)). By Example 2.10, the (2,7)-
central coefficient triangles of G' are G0 = (B(t)2/C(t),tC(t)?) and G*1 =
(B(t)%,tC(t)?). In this example, we present some identities by using these matrices.

(i) Considering the Riordan array G(>0) = (d(t), h(t)) = (B(t)?/C(t),tC(t)?), we

have
B(t)? (1 +tC?)(1 —tC?)? 1

where
4+ -t 11—t — 2
() = 1—t+¢2 1413

=1 =22 31—t =22 + 151 —t —2t%) — (1 —t — 2t*) + ...
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2n

Thus, we obtain the identity for the Riordan array entries d,, , = > (Qi"), kE<n:
i=n+k

dn,0 — 2dn2 + Z(_l)j(dn,?)j —dp3j+1 — 2dn 3512) = 3".
=1

Similarly, due to

B(t)?tC%(1 +tC?)(1 — tC?)3 t

d(t)f(n(t)) = C(t) 1 — ¢5C10 - 1—3t+t2’

where

£(t) = A+ -3 t—202 42 —t°
N 1—t5 B 1—t5

=t—22 42 — P+ 10 — 2"+ 267 — 10 .|

we have the identity
oo
> (dnsjs1 — 20 5i42 + 2dn 55404 — dnsjs) = Fan.
§=0

From the matrix identity

B(t)? (1 — t3C%) (1 + tC?)(1 — tC?)? 1t
) = G- R -
where
f = O —t3><11_+tt5><1 0’ . %?%

=1—t—t2 4+t 4265 —2° — 7 4% + 210 4 .,

we have the identities

o0
—dp,0+ dn,1 + Z(Zdn,5j —2dp 5541 — dnsjt2 + dnsjta) = Fonga,
j=0
o0
2n
> (2dn55 = 2dn 541 = dnsjr2 + dnsjes) = Fangr + < " )
=0

(ii) Considering the Riordan array G(>V) = (d(t), h(t)) = (B(t)?,tC(t)?), we have

A1 0(0) = BUP o =

932



where

(1—1) t+ ¢ 2, 44 45 LT .8
t) = =1- =1—-t—t t -t -t —
f() 1—t+t2 1413 T
2n+1 9 1
Thus, we have the identities for the Riordan array entries d, , = > ";r ),
i=n+k-+1
kE<n:
dn70 + Z(_l)j+1(dn,3j+1 + dn,3j+2) = 3n,
j=0
0 .
D (=1 (dnzje1 +dpzjsz) = 4" = 3"
§=0
Similarly, the matrix identity
1—tC?)%(1 - t3C°%) 1—t
=B 2 = ,
d(t)f(h(t)) (t) 1— t5010 1—3t+ 12

where

(1—1)2(1 —t3) 2t — 2 4+ 3 — 2t4
= v @ J_1-
1®) 1—1t5 1—t5

=1-2+t2—t3 42" -2+t -8+ 26— ...,

yields the identities

oo
dn,0 + Z(_2dn,5j+1 +dnsjt2 — dnsjts + 2dn s5544) = Fonyr,
=0
o0
Z(—an,5]‘+1 +dnsj+2 — dnsj+3 + 2dn 5j44) = Fonyr — 4™
=0

By using

o, (14+tC?)*(1—tC?)*  1-—t
1 —¢5C10 1 3t+t2’

d(t)f(h(t)) = B(t)

where

F(t) = (1+¢)2(1—1¢t)3 _1_t+2t2—2t3—t4
B 1—15 B 1— ¢

=1—t—2t2 4283 4+t — 0 — 2" 428 447 — ...,
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we obtain the identities

dn,o + Z(—dn,5j+1 —2dy 5542 + dnsj+3 + dnsjpa) = Fongo,

I

Il
=]

(—dnsj+1 — 2dn 5542 + dnsjts + dnsjta) = Foppo — 4",
j

Example 3.2. We consider the Riordan array G = ((1 — 2t)/(1 —t)%,t/(1 — t)).
Then, by Theorem 2.3, we obtain the (2, r)-central coeflicient triangles

G20 = (C(1),tC(1)*), G*Y = (C)* tO(t)).

(i) Denote G0 = (C(t),tC(t)*) = (dpk)nrs0- Then (GZN)~L = (1/(1+1),
t/(1+t)?). Since, (C(t),tC(t)*)(1/(1 — 3t +t2)) = 1/(C(t)(1 — 5t)), we have

n n
Y dujlojea =5" =) 5"7IC; .
j=1

Jj=0

Similarly, (C(t), tC(t)2)(1 — t)/(1 — 3t + t2) = /T — 4¢/(1 — 5¢) yields

n
Y dnjF2j =B
§=0

where {B,} is the integer sequence A046748.

(ii) Denote G>Y) = (C(t)%,tC(t)?) = (Bnk)nk>0- Then (GZV)~1 = (1/(1+1)?,
t/(1+1)?). Since (1/(1+t)%,t/(1+1)?)(1/(1 =3t +t?)) = 1 —t2)(1 +t)/(1 —15)
and

1—tH(1+t) 1+t -1t

115 N 1—t5
=14t—t2 =301 — T — B0 gt 12 3

we have

(Bn,s5j + Bnjsj+1 — Bnsj+2 — Bnsj+s) = Fonyo.

M-

<
Il
o

Similarly, from (1/(1+#)%,¢t/(1+t)?)(1 —¢)/(1 =3t +t?) = (1 —3)/(1 — °) and

1—1¢3

- =143+ 0 — B
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we obtain

Z(Bn,Bj — Br5j+3) = Fonyi,
=0
Z(Bn,5j+1 — By 5j4+2) = Fop.
=0

Furthermore, from (C(t)2,tC(t)?)(1/(1 — 3t + t?)) = 1/(1 — 5t) we have

n
Z By, jFbj10 = 5",
Jj=0

and from (C(t)%,tC()*)(1 —t)/(1 — 3t +t*) = (2 — C(t))/(1 — 5t) we obtain

n

n
> BnjFaji1=5"=)Y 5"77C;.

=0 j=1
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