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Abstract. In this paper, characterizations of the embeddings between weighted Copson
function spaces Cop,,, ., (u1,v1) and weighted Cesaro function spaces Cesp,,q, (uz2,v2) are
given. In particular, two-sided estimates of the optimal constant ¢ in the inequality

(/000 (/ot F(m)Pv2(7) dT)QQ/pZ us(t) dt)l/%
s C(/ooo (/too f(r)Pror(r) dT)(h /p1u1(t) dt)l/Ql’

where p1,p2,q1,q2 € (0,00), p2 < g2 and uq,u2,v1,ve are weights on (0, 00), are obtained.
The most innovative part consists of the fact that possibly different parameters p; and p2
and possibly different inner weights v; and wve are allowed. The proof is based on the
combination of duality techniques with estimates of optimal constants of the embeddings
between weighted Cesaro and Copson spaces and weighted Lebesgue spaces, which reduce
the problem to the solutions of iterated Hardy-type inequalities.
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1. INTRODUCTION

Many Banach spaces, which play an important role in functional analysis and its
applications, are obtained in a special way: the norms of these spaces are generated
by positive sublinear operators and by L,-norms.

In connection with Hardy and Copson operators

f(®)

i =1 [(s0a wd @@= [ oo

the classical Cesaro function space

ces) = {1 Il = ([T (2 [ 1501af aa) " <oe).

and the classical Copson function space

Cop(p) = {fi I fllcop() = (/OOO </:O @dt)p dx)l/p = 00}7

where 1 < p < oo, with the usual modifications if p = oo, are of interest.

The classical Cesaro function spaces Ces(p) have been introduced in 1970 by Shiue
in [39] and subsequently studied in [30]. These spaces have been defined analogously
to the Cesaro sequence spaces that appeared two years earlier in [38], when the
Dutch Mathematical Society posted the problem to find a representation of their
dual spaces. This problem was resolved in 1974 by Jagers who in [31] gave an
explicit isometric description of the dual of Cesaro sequence space. In [40], Sy, Zhang
and Lee gave a description of dual spaces of Ces(p) spaces based on Jagers’ result.
In 1996, a different, isomorphic description due to Bennett appeared in [12]. For
a long time, Cesaro function spaces have not attracted a lot of attention, contrary to
their sequence counterparts. In fact there is quite rich literature concerning different
topics studied in Cesaro sequence spaces, for instance, [21], [20], [17], [18], [16], [19].
However, recently in a series of papers [2]—-[9], Astashkin and Maligranda started to
study the structure of Cesaro function spaces. Among others, in [4] they investigated
dual spaces for Ces(p) for 1 < p < oo. Their description can be viewed as being
analogous to the one given for sequence spaces in [12] (for more detailed information
about the history of classical Cesaro spaces see the recent survey paper [10]).

In [12], Theorem 21.1, Bennett observes that the classical Cesaro function space
and the classical Copson function space coincide for p > 1. He also derives estimates
for the norms of the corresponding inclusion operators. The same result, with differ-
ent estimates, is due to Boas, see [14], who in fact obtained the integral analogue of
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the Askey-Boas theorem, see [13], Lemma 6.18, and [1]. These results are generalized
in [29] using the blocking technique.

Let A be any measurable subset of (0,00). By 9(A) we denote the set of all
measurable functions on A. The symbol 9" (A) stands for the collection of all
f € 9M(A) which are non-negative on A. The family of all weight functions (also
called just weights) on A, that is, measurable, positive and finite a.e. on A, is given
by W(A).

For p € (0, 00|, we define the functional |||

1/p
e ([1r@prar) itp<x.
p,A =

esssup | f(x)] if p = o0.
A

p.A on M(A) by

If w € W(A), then the weighted Lebesgue space L,(w, A) is given by
Lyp(w, A) = Lpw(A) :={f € M(A): [fllpw,a = [[fwllpa < oo},

and it is equipped with the quasi-norm |||/, 4. When A = (0, 0), we often write
simply L, . and Ly(w) instead of L, ., (A) and L,(w, A), respectively.
We adopt the following usual conventions.

Convention 1.1. (i) Throughout the paper we put 0/0 = 0, 0 - (+o00) = 0 and

1/(£o0) = 0.
(ii) We put P
— if 0<p<l,
L—p
, 00 if p=1,
p=
T, 1<p<oo,
p—1
1 if p=o0.

(iii) If I = (a,b) € R and g is a monotone function on I, then by g(a) and g(b) we
mean the limits lim g(x) and lim g(x), respectively.
r—a+ T—b—

To state our results we use the notation p — ¢ for 0 < p, ¢ < co defined by

1

1
p—q q

1 if ¢ < p,
p
and p — ¢ = 0o if ¢ > p (see, for instance, [29], page 30).

Throughout the paper, we always denote by ¢ and C' a positive constant which
is independent of main parameters but it may vary from line to line. However,
a constant with subscript or superscript such as c¢; does not change in different
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occurrences. By a < b (b 2 a) we mean that a < Ab, where A > 0 depends on
inessential parameters. If a < b and b < a, we write a = b and say that a and b are
equivalent. We will denote by 1 the function 1(x) =1, € R. Since the expressions
in our main results are too long, to make the formulas simpler we sometimes omit
the differential element dz.

Given two quasi-normed vector spaces X and Y, we write X =Y if X and Y are
equal in the algebraic and the topological sense (their quasi-norms are equivalent).
The symbol X — Y (Y <= X) means that X C Y and the natural embedding I of
X in Y is continuous, that is, there exists a constant ¢ > 0 such that ||z|ly < c||z||x
for all z € X.

The weighted Cesaro and Copson function spaces are defined as follows:

Definition 1.2. Let 0 < p,q < oo, u € MT(0,00), v € W(0,00). The weighted
Cesaro and Copson spaces are defined by

Cesy.q(u, v) == {f € M (0,00): [|llces,,,(uv) = Il ]

p:0,(0.) [ u,(0,00) < 20},
and
Cop, 4 (u,v) := {f € M (0,00): [[fllcop, ,uv) = I1flp,0,¢.00 lgu,0,00) < 00},
respectively.

Definition 1.3. Let 0 < ¢ < co. We denote by 2, the set of all functions
u € M (0, 00) such that

0 < [lullg,t,00) <00, >0,
and by ch the set of all functions u € MM (0, 00) such that
0 < |Jullg, 0,0 < o0, t>0.

Let v € W(0,00). It is easy to see that Ces, ,(u,v) and Cop, ,(u,v) are quasi-
normed vector spaces when u € Q,; and u € CQq, respectively.

Many function spaces from the literature, in particular from harmonic analysis,
are covered by the spaces Ces 4(u,v) and Cop, ,(u,v). Let us only mention the
Beurling algebras AP and A*, see [23], [32], [11].

Note that the function spaces C' and D defined by Grosse-Erdmann in [29] are
related with our definition in the following way:

Cespﬂ(uv U) = C(pv q, u)v and Copp,q(uv U) = D(pv q, u)v~
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We use the notations Ces,(u) := Cesy p(u,1) and Cop,(u) := Cop; ,(u,1). Ob-
viously, Ces(p) = Cesp(z~") and Cop(p) = Cop,(z~!). In [33], Kaminska and
Kubiak computed the dual norm of the Cesaro function space Cesp(u) generated
by 1 < p < oo and an arbitrary positive weight u. A description presented in [33]
resembles the approach of Jagers in [31] for sequence spaces.

Our principal goal in this paper is to investigate the embeddings between weighted
Copson and Cesaro function spaces and vice versa, that is, the embeddings

(1.1) Cop,, 4, (u1,v1) = Cesyp, 4, (u2,v2),

(1.2) Cesp, g, (u1,v1) = Cop,, ,, (U2, v2).

We develop an approach consisting of a duality argument combined with estimates
of optimal constants of the embeddings between weighted Cesaro and Copson spaces
and weighted Lebesgue spaces, that is,

AA/_\A
T WU N
—~— ~— ~— ~—

which reduce the problem to the solutions of the iterated Hardy-type inequalities

|1

where 0 < p,q < 00, 1 < 8 < co. There exist different solutions of these inequal-

< | fllow,0,00,  f € IMT(0,00),

q,w,(0,00)

o |

P,u,(0,)

ities (for more detailed information see, for instance, [25] and [24]). We will use
characterizations from [26] and [27].

In order to characterize embeddings (1.3)—(1.6), we are going to use the direct
and reverse Hardy-type inequalities. Note that embeddings (1.1)—(1.2) contain
embeddings (1.3)—(1.6) as a special case. Indeed, for instance, if p = ¢ and
v(z) = w(@)/[|ullp,(z,00), then Cespq4(u,v) = Lp(w). Similarly, if p = ¢ and
v(z) = w(x)/||ullp,(0,2), then Cop, ,(u,v) = L,(w). Moreover, by the change of
variables © = 1/t it is easy to see that (1.2) is equivalent to the embedding

Copy, q, (U1, 1) = Cesp, g, (T2, U2),

where ;(t) = t_Q/Qiui(l/t), i(t) = t=/Piy;(1/t), i = 1,2, t > 0. This note allows
us to concentrate our attention on the characterization of (1.1). Uniformly, we have
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to admit that the duality approach works only in the case when, in (1.1)—(1.2), one
has ps < ¢2. In the case when ps > g2 the characterization of these embeddings
remains open.

It should be noted that none of the above would ever have existed if it wasn’t
for the (now classical) well-known characterizations of weights for which the Hardy
inequality holds. This subject, which is, incidentally, exactly one hundred years
old, is absolutely indispensable in this part of mathematics (cf. [37], [35], [34]).
In our proof below such results will be heavily used, as well as some more recent
characterizations of the weighted reverse inequalities (cf. [22] and [36]).

It is mentioned in [29], page 30, that multipliers between Cesaro and Copson spaces
are more difficult to treat. It is worth mentioning that by using characterizations
of (1.1)—(1.2) it is possible to give the solution to the multiplier problem between
weighted Cesaro and Copson function spaces, and we are going to present it in
a future paper.

In particular, we obtain two-sided estimates of the optimal constant ¢ in the in-
equality

(1.8) ( /O N ( /0 ¥ (T)P2 s (7) dT>Q2/p2 us(t) dt)” *
<o([7([ serum df)q”mul@) dt)l/

where p1, p2, q1, 2 € (0,00), p2 < min{p1, g2} and u1, ua, v1,ve are weights on (0, 0o)
(it is shown in Lemma 4.1 that inequality (1.8) holds true only for trivial functions f
when p; < po for any ¢1, g2 € (0,00]). The most innovative part consists of the fact
that possibly different parameters p; and ps and possibly different inner weights vy
and v, are allowed. Note that (1.8) was characterized in the particular cases when
pr=p2=1q =q =p>1 u(t) = t°Pr71 uy(t) = t7°P71 vy (t) = t7F71,
vo(t) = t*71 ¢ > 0, where @ > 0 and 8 > 0, in [14], page 61, and when p; = py = 1,
@ =p, g =q ui(t) = v(t), uz(t) = t~%w(t), v1(t) = 1, va(t) = 1, t > 0, where
0<p<oo,1<¢g< ooand v, ware weight functions on (0, 00), in [15], Theorem 2.3.
The paper is organized as follows. We start with formulations of our main results
in Section 2. Some properties of weighted Cesaro and Copson spaces are proved in
Section 3. Finally, the proofs of the main results are presented in Section 4.
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2. STATEMENT OF THE MAIN RESULTS

Our main results are the following theorems.
Throughout the paper we will denote

V(z) = V7 "v2llpyspas0,e)  and  V(t,z) = AT t>0, z>0.

Theorem 2.1. Let 0 < g = p2 < p1 = q1 < 00, v1,v2 € W(0,00), u1 € Cqu and
up € §g,. Then

—1
||:[||C(3pplyq1 (U1,1)1)—>Cesp2,q2 (UQ,UQ) ~ ||||u1||pl,(07.)||u2||p2,(',00)||p14)p27v1_1v2’(0100)'

Theorem 2.2. Let 0 < p1,p2,q1,q2 < 00 and g2 # pa < p1 = q1. Let vy,v9 €
W(0,00), u1 € Cqu and us € §g,.
(i) If p1 < g2, then

- —1
L R L1 =y PR 2 P
,

(ii) If g2 < p1, then

HIHCOPPI,LI1 (u1,v1)—Cespy gy (u2,v2)

0o 1/(p1—q2)
N -1 — —
= (Ml 1 o Tl )

Theorem 2.3. Let 0 < p1,p2,q1,q2 < 00 and g2 = pa < p1 # q1. Let vy,v9 €
W(0,00), u1 € Cqu and us € Q.
(i) If 1 < p2, then
—1
||I||00Ppl,q1 (ulxvl)ﬁcespz,qz (u2:")2) ~ tes(l(;llio) ||U'1||q17(0,t)|| ||u2||;027('700)||p1—>p27vflvg,(0,t)'

(ii) If p2 < q1, then

HIHCor)p1 say (u1,v1)—>Cespy gy (u2,v2)

o0
~ - N
- <A || ||U2||p27(.7oo)| ;]7114)11)7271}1_11}27(0:” d(_||U1| quQtZ)b)

—1
+ ||’LL1 ||q1,(0,oo) || ||u2||;02,(',00) ||p1—>p2,1}1_11)2,(07oo)'

>1/(<11 —p2)
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To state further results we need the following definitions.

Definition 2.4. Let U be a continuous, strictly increasing function on [0, 00)
such that U(0) = 0 and tlim U(t) = co. Then we say that U is admissible.
— 00

Let U be an admissible function. We say that a function ¢ is U-quasi-concave if ¢
is equivalent to an increasing function on (0, co) and /U is equivalent to a decreasing
function on (0, 00). We say that a U-quasi-concave function ¢ is nondegenerate if

lim o(t) = lim 1 lim et = lim v =
t—0+ t—oo p(t) t—oo U(t)  t—0+ o(t)

The family of nondegenerate U-quasi-concave functions is denoted by Q.

Definition 2.5. Let U be an admissible function, and let w be a non-negative
measurable function on (0, 00). We say that the function ¢, defined by

w(r)dr

o(1) ZU(t)/Oooma t € (0, 00),

is a fundamental function of w with respect to U. We also say that w(7)dr is
a representation measure of ¢ with respect to U.

Remark 2.6. Let ¢ be the fundamental function of w with respect to U. Assume

that
* w(r)dr Lw(r)dr Y B
/O m < 00, t> 07 /0 U(’T) = /1 'LU(T) dr = oo.

Then ¢ € Q.

Remark 2.7. Suppose that p(z) < co for all z € (0,00), where ¢ is defined by

(x) = esssup U (t) ess sup w(r) .
te(0,z) TE(t,00) (1)
If
1 Ul(t t
lim sup w(t) = lim sup —— = lim sup v = lim sup w(t) =0,
0+ tooo W(t) o+ w(t) t—oo U(t)
then ¢ € Qu.

Theorem 2.8. Let 0 < p1,p2,q1,q2 < o0, p2 < p1, 1 < p2 < q2. Let v1,v2 €
W(0,00), u1 € chl and ug € g,. Assume that V is admissible and

p1(@) 1= esssup V(OV(@, )01l 0. € Qpnsosomn-
te(0,00) ’
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(1) If p1 < g2, then

|| ||Copp1 @ (u1,v1)—=Cespy, g (uz,v2) ~ IES(ISIZO) @1( ) tes(l(i}zo) V(t; l‘)H’U,Qqu,(t,oo).

(ii) If g2 < p1, then

”I”Coppl,ql('u,l,'ul)—>Cesp2 as (u2,v2)

~ s oo ( / Vit 2)" e (a2 %)

1/(p1—4q2)
z€(0,00) )

Theorem 2.9. Let 0 < p1,p2,q1,q2 < 00, p2 < p1 and py < min{qi,q2}. Let
v1,v9 € W(0,00), us € Q,, and ug € Q,,. Assume that V is admissible and

1/(q1—p2)
) € Qp1/ (1 —p2) -

(o)
pa(r) := (/0 V(z, )V ()] 7P d(—||u1||q_1‘fz(?t’)’2)
(1) If max{p1,q1} < g2, then
HIHCopm,q1 (u1,v1)—=Cespy,qq (ua,v2) =~ SUP 302(33) sup V(tvx)HUQqu,(t,oo)
z€(0,00) te (0,00

+ ||U1||q1 (0,00) SUP V(t)HuQ”qz,(t,OO)'
t€(0,00)
(ii) If p1 < g2 < q1, then

”I”C()pp1 .qq (u1,01)—>Cespy gy (u2,02)

~ (/OO s02(m)(tll—><12ql—>;02)/(<12—>I)2)‘7'(m)<11—>;02
0

q1—q2 1/(q1—q2)
—
(o Vel ) ATl
t€(0,00) '
+ ||Ufl||q1 (0,00) S(UP )V( )||u2||q2,(t100)'
(111) If q1 < g2 < p1, then
”I”Coppl,ql(Ulavl)ﬁcespgym("%U?)
oo 1/(p1—q2)
= s g [ Ve aclags,)
z€(0,00)
1/(p1—q2)
—
il ([ @R A7)
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(iv) If g2 <min{p1,q1}, then

HIHCOPPI,Q1 (u1,v1)—=Cespy g5 (U2,v2)

~ </Oo 802(x)(lh‘>q2q1‘>p2)/(Q2‘>p2)‘7(x)q1‘>P2
0

o . (1 —q2)/(P1—2)
—
< ([ Ve ac iz,

1/(q1—q2)
—q1—
<l 2)

) S 1/(p1—q2)
_ —
+llwally, 0,00) </0 V()i d(—||“2||§§,<t?§o>)>

Theorem 2.10. Let 0 < ¢ < p = p1 = p2 < g2 < oo. Assume that vi,ve €
W(0,00), u1 € Qg and ug € Q,,. Then

||I||Copp1s‘11 (u1,v1)—>Cespy, g (u2,v2) ~ Slolp )HHU,1||;117(0»')”‘X’a“fl“?v(o’t)HuQqu’(t’oo).
,00

Theorem 2.11. Let 0 < ¢1,q2 < 00, and 0 < p = p1 = p2 < min{q1,q2}. Let
v1,v2 € W(0,00), u1 € Q,, and uz € Q,,. Assume that v 'vy € W(0,00) N C(0,00)
and 0 < ||u2_1||q2_,p7(x7oo) < o0, x> 0.

(i) If ¢1 < qo, then

||I||00pp1,ql(ul,vl)HCespz,qz(uzﬁvz) ~ xes(légo) p2(x) tES(IOI,lZO)V(t,JJ) ||U2||q2,(t,oo)

+ ||U1||;11,(0,00) sup V(t)”uQ”qm(tOO)'
te(0,00)
(ii) If g2 < q1, then

”IHCOppl,q1 (u1,v1)—=Cespy g5 (u2,v2)

~ </OO @2(x)(lhquthﬁp)/(qzﬁp)v(x)qlﬁp
0

q1—q2 1/(q1—q2)

—q1—

< (s Vealulom) ATl )
te(0,00)

il o0, 302 V2l oo
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3. SOME AUXILIARY RESULTS
We need the following auxiliary results.
Lemma 3.1. Let 0 < p, ¢ < 00, v € W(0,00) and let u € M+ (0,00). Cesy, 4(u,v)

and Cop,, ,(u,v) are nontrivial, i.e., they consist not only of functions equivalent to 0
n (0, 00), if and only if

llullg,(t,00) < 00 for some t >0,

and

llullg, 0,y < o0 for some t >0,
respectively.

Proof. Sufficiency. Let u € MT (0, 00) be such that [|u|4, ) = oo for all t > 0.
Assume that f # 0 a.e. Then || f||, 4, 0,t,) > 0 for some o > 0

11l cesp.q ) Z 1 Fllp,0,0,)lg,uto,00) Z 1L gy, (t0,00) 1 1p,0,(0,80)

= llllg,t0,00) | Fllp,0,(0,10)

Hence | f||ces, ., (u,v) = 00- Consequently, if || f|lces, , (u,0) < 00, then f =0 a.e., that
is, Cesp 4(u,v) = {0}.

Necessity. Assume that ||ul|q ) < 0o for some t > 0. If f € L,(v) such that
supp f C (7,00) for some 7 > t, then f € Ces, 4(u,v). Indeed:

I fllcesp.q (o) = M FlIpo,0,) gy, (ry00) < Nl g,us(ri00) 1 f 1 p,0,(0,00)

= [[ullg,(r,00) 1 fllp,v,0,00) < 00-
The same conclusion can be deduced for the Copson spaces. ([
Lemma 3.2. If ||u||q «,,00) = 00 for some t; > 0, then
f € Cespq(u,v) = f=0 ae on (0,t).
If |lullg,0,t5) = 00 for some ty > 0, then

f€Cop,,(u,v)=f=0 ae on (tz,00).
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Proof. Assume that ||ullg ¢, ) = 00 for some ¢; > 0 and let f € Ces, 4(u,v).
Then

[ fllcesy.q () Z 1LF 10,0, lgyutr,o0) Z 1tllq 0001 fllp,0,0,60)-

Therefore, || f||,,v,(0,t) = 0. Hence, f =0 a.e. on (0,1).
Assume now that ||ul|g,(0,,) = co for some t; > 0 and let f € Cop,, ,(u,v). Then

Hf”Copp,q(u,v) 2 HHf”p,v,(-,OO)Hq,u,(O,tz) =2 Hqu,(O,tz)Hf”p,v,(tz,OO)'

Consequently, || f||p,v,(ts,00) = 0. This yields that f = 0 a.e. on (t2,00). O

Remark 3.3. In view of Lemmas 3.1 and 3.2, it is enough to take u € 9T (0, c0)
such that ||ul|q, ) < oo for all £ > 0, when considering Ces, ,(u,v) spaces. Simi-
larly, it is enough to take u € 9™ (0, 00) such that |[ul|, ) < oo for all t > 0, when
considering Cop,, ,(u,v) spaces.

Note that Ces, ,(u,v) and Cop, ,(u,v) coincide with some weighted Lebesgue

spaces.

Lemma 3.4. Let 0 < p < 00, u € Q, and v € W(0,00). Then Ces, p(u,v) =
L,(w), where

(3.1) w(z) = v(@)[ullp ey > 0.

Proof. Assume first that p < co. Applying Fubini’s theorem, we have

S t 1/p
”f”Cesp,p(u,v) = (/0 Up(t)/o f(T)p’U(T)p det>

= ( /0 ey /T Sy dth)l/p

= I/

p,w,(0,00)s

where w is defined by (3.1). If p = oo, by exchanging suprema, we have

11| Cesae oo (u,0) = ess supu(t) esssup f(7)v(7)
te(0,00)  TE(OLL)

= esssup f(t)v(t) esssup u(r)
te(0,00) TE(t,00)

= HfHOO,w,(0,00)'

1116



Lemma 3.5. Let 0 < p < o0, u € Q, and v € W(0,00). Then Cop,, ,(u,v) =
L,(w), where

(3.2) w(x) == v(@)|ullp,0,2), z>0.
Proof. This follows by the same method as in Lemma 3.4. (]
Denote

)0 = [ e, (00 /Oof@c)dx, FeMH(0,00), £ 30,
0 t
and

(SF)(t) :==esssup f(x), (S*f)(t) :=esssup f(z), f€M(0,00), t=>0.
z€(0,t) z€(t,00)

Let A, B be some sets and ¢, be non-negative functions defined on A x B (it
may happen that p(a, 8) = oo or ¢¥(a, ) = oo for some o € A, § € B). We say
that ¢ is dominated by ¢ (or ¢ dominates ) on A x B uniformly in o € A and write

o(a, 8) S ¥(a,B) uniformly in o € A,
or

(e, B) Z (o, B)  uniformly in « € A,
if for each § € B there exists C(f) > 0 such that

p(a, B) < C(B)Y(a, B)

for all &« € A. We also say that ¢ is equivalent to ¢ on A X B uniformly in o € A
and write
ola, B) = (e, f) uniformly in o € A,
if ¢ and 1 dominate each other on A x B uniformly in a € A.
Now we characterize (1.3) and (1.4).

Theorem 3.6. Let 0 < pa < p1 < 00, 0 < ¢ < 00, v1,v2 € W(0,00) and u € Q.
(i) If p1 < g, then

—1
HIHLm(vl)—>Cesp2,q(u,U2) ~ sup Hvl v2||p1—>;027(07t)Hu| q,(t,00)
€(0,00
uniformly in u € Q.
(ii) If q < pi, then
00 ) 1/(p1—q)
- — —

Tl L, (01)> Cespy ) = </0 llor w213, =55, 0,0 A=l 5,1@,30)))

uniformly in u € Q.
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Proof. Since

11 1lps 02,0, llg,u,0,00)
HI”Lp Cesp,.q(u, = Su ,V2,(Y, ;U (U,
RO ) T it 1 v 000
1
_( oo EUDla/ps 0.0 >/”2
g€+ 0,00) |19, o o )22, (0,00)

1/p2
(HHHLm/pz([U;1U2]7p2)_>l‘<1/p2(“p2)> ’

when py < 00, the statement follows by using the characterization of the boundedness
of the operator H in weighted Lebesgue spaces (see, for instance, [37], Section 1).
If po = p1 = o0, it is easy to see that

17l o0,0,(0,) llg,u,0,00)

|2 (01) > Ceson g (use) = SUP
(11 (v1)—CeSco,q(u,v2) FemH(0,00) ||f||oo,u1,(0,oo)

= [I1v5 Hloo,v2, (0, [lg,u,(0,00)-

The following statement can be proved analogously.

Theorem 3.7. Let 0 < py < p; < 00, 0 < ¢ < 00, v1,v2 € W(0,00) and u € (.
(i) If p1 < g, then

T2, (0n)sCopy g uwn) = SUD - [[07 02|y S (2,00) 14l 0,0)
te(0,00
uniformly in u € CQq.
(ii) If ¢ < p1, then
0o . 1/(p1—aq)
- — —
Tl Ly, (01)—Cop,, ., (ur02) = (/0 [[vg U2|Zi_>227(t,oo)d(||u|5,1(07§))>

uniformly in u € CQq.
The embeddings (1.5) and (1.6) are characterized in the following statements.

Theorem 3.8. Let 0 < p; < p2 < 00, 0 < ¢ < 00, v1,v2 € W(0,00) and u € Q.
(i) If g < p1, then

Ny —1 1
||I||Cesp2,q(u,v2)—>Lp1(vl) Nt sup Hvlvz Hp2—>p1,(t,oo)||u||q;(t700)

,00

uniformly in u € Q.
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(ii) If p1 < g, then

||I||Cesp2,q(uav2)—>Lp1 (v1)

1 1
([ o aguer ) 10102 00
- 0 192 llpy—pi,(t,00) a,(t=,00) Hqu(O o0)

uniformly in u € Q.

Proof. Since

||f||p177)1,(0 0)

||I||c , L = sup
eorza (w22 Loy () T 0.00) 1T peron(0.0) g (0.00)

( 190105 )7 |y /. (0,00) >/
s (o.00) THIGD W lamomey) )

when py < oo, and

||f||p1 v1 (0 OO)
11l Cespy g (u,v2)—L = sup —
eSpy,q(u,v2) =Ly, (v1) e+ (0,00) T ||f||p2,v2,(0,t) ”q,%(o,oo)

-1
V1V
sup gv1v5 " Ilpy ,(0,00)

gemt(0,00) 19(1gDullg,0,00)

when py = oo, it remains to apply [22], Theorems 5.1 and 5.4, and [36], Theorem 4.1.
O

The following statement can be proved analogously.

Theorem 3.9. Let 0 < p; < p2 < 00, 0 < ¢ < 00, v1,v2 € W(0,00) and u € (.
(i) If g < p1, then

HIHCOpr,q(u’vﬁ‘)Lm ('Ul) ~ tes(lglio HUlUZ_l||p24>p17(0;t)||u||;(10,t)

uniformly in u € CQq.
(ii) If p; < q then

||I||C(>pp2,q(u7v2)—>Lp1 (v1)

! —1
~ </ o103 1anp1 ||u|| P )> /(a—p1) N Hv1v2 llp2—p1,(0,00)
oo IO [l 0.0

uniformly in u € Q.
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In particular, Theorems 3.3 and 3.4 allow us to give a characterization of the
associate spaces of weighted Cesaro and Copson function spaces.

Definition 3.10. Let X be a set of functions from 9%(0,c0), endowed with
a positively homogeneous functional ||-||x, defined for every f € 9M(0,00) and such
that f € X if and only if || f||x < co. We define the associate space X’ of X as the
set of all functions f € (0, 00) such that || f||x/ < oo, where

T sup{ / @@ de: lglx < 1}.

Theorem 3.11. Assume 1 < p < 00, 0 < ¢ < 00. Let u € Q4 and v € W(0, 00).
Set
X = Cesp,q(u,v).

(i) Let 0 < ¢ < 1. Then

1l = sup 1t oo llls Ly

,00

with the positive constants in the equivalence independent of f.
(ii) Let 1 < q < co. Then

1
,(0,00)”

oo ’ ! l/q/
1l ~ ( / 2 d<||u||q,‘gt,oo>>) 1l 0,00

with the positive constants in the equivalence independent of f.

Theorem 3.12. Assume 1 < p < o0,0< g<o0o. Let u e CQq and v € W(0, 00).
Set
X = Cop,, ,(u,v).

(i) Let 0 < ¢ < 1. Then

HfHX’ ~ sup ”f“p’,v*l,(o,t)”ul ;%07,5)7

,O0

with the positive constants in the equivalence independent of f.
(ii) Let 1 < g < oco. Then

o ’ ’ l/q/
- -1
1l ~ ( / 1£19 0 o d<—|u|q,‘go,t+)>> 1l 000 01 o
with the positive constants in the equivalence independent of f.
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Finally, we prove another variant of “gluing“ lemma, which is very useful and has
independent interest (cf. [28], Theorem 3.1).

Lemma 3.13. Let 8 be a positive number, a € W(0,c0) is non-decreasing and
g,h € MT(0,00). Denote

Ala,t) = %, x>0, t>0.
Then
/OOo (/000 Az, t)g(t) dt>ﬁ_1 (f:?osi% Alt, a:)h(t))ﬁg(a:) dz

< [T ar) (smspnn) s

+ /OOO (/;O a(r)"g(r) dT)B_l (ess sup a(t)h(t))B a(z) " g(z) dz.

te(0,z)

Proof. Denote

ao = [ a) (ssspnr) o)

Ay - —/OOO (/Oo a(T)_lg(T)dT)ﬁ1(esssupa(t)h(t))ﬁa(x)_lg(x)dx.

te(0,x)
Obviously,
00 00 B-1 B
/ </ Az, t)g(t) dt> <ess supA(t,x)h(t)) g(z)dx
0 0 te(0,00)
[eS) T [eS) B—1
~ / </ g(t)dt + a(:c)/ a(t) " g(t) dt)
0 0 T
B
X <a(x)1 esssup a(t)h(t) + esssup h(t)) g(x)dx
te(0,x) te(x,00)
~ A1+ Ay + Bi + By,
where

po= [ [ a0 dt)/“ (atar e;:ggga(t)h(t))ﬂg@) dr,

By = /OOo (/:O a(t)~1g(t) dt)ﬁ_l (a(m) ess sup h(t))ﬁa(x)_lg(x) dz.

te(x,00)

It is enough to show that B; < Ay + Ay, i =1,2.
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Let us show that By < Ay + As. We will consider the case when fooo g(t)dt < oo
(the case when fooo )dt = oo is much simpler to treat). Define a sequence
{zm}M__ such that [ g(t)dt = 2™ if —co < m < M and 2M < [[Tg(t)dt <
2M+1 Then, applying [22], Lemma 2.5, we have that

e [T [ aw dt)ﬁ_l (esssupaty) e Supa@h(t))ﬁg(@ dz

y&(z,00) te(0,y)
M B
~ Z Qmﬁ( esssup a(y) ' esssup a(t)h(t))
—_ YE(Tm,00) te(0,y)

~ f: zmﬁ( ess sup a(y)lesssupa(t)h(t)>ﬂ.

m=—oo YE(Tm Tm+1) te(0,y)

For every —oo < m < M there exists Yy, € (Zm, Tm+1) such that

esssup  a(y) tesssupa(t)h(t) < 2a(ym) " esssup a(t)h(t).

YE(Tm,Tm+1) te(0,y) t€(0,ym)
Therefore,
M B
By < Z oms (a(ym)_1 ess sup a(t)h(t))
m=—oQ tE(anM)
M B
~ Z 2m6<a(ym)_1 ess sup a(t)h(t))
m=—oo te(0,ym—2)
M 8
+ Z 2m? (a(ym)_l ess sup a(t)h(t)) =T1+1I.
m=—oQ te(y'm72;y7n)
Note that 2™ < [ g(z)dz < 2™*! and 277 < [ g(z)dr < 2", —c0 <

Ym—2

m < M. Tt yields that

= :iw: / (/ dt)ﬂlg(@ da- (“@m)_lt;@f;gg)a(t)h(t)f
ﬁw J ym RVARCEC dt)ﬁ_la(“’)_lg (e) de- <t§f§j§i) a(t)h(t))ﬁ

mim [ ([ woratwar) (cmwaonio) oo

s /ooo /:O a(m)"g(7) d7>6_1 (etsg(g};l;a(t)h(t))ﬁ a(z)g(z) do = As.
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For II we have that

Ym—2 B-1 B
/ (/ ) g(x)dx - (a(ym)l ess sup a(t)h(t))
Ym—a Ym—a tE€(Ym—2,Ym)
Ym—2 B-1 B
/ </ dt> g(z)dx - ( ess sup h(t)>
= Ym—a tE€(Ym—2,00)

M Ym—2 B-1 B

Z / </ dt> (ess sup h(t)> g(z)dz

m=—oo Y Ym—4 te(x,00)

B-1 B

< / (/ g(t )dt> (ess sup h(t)> g(z)dz = A;.

0 0 te(x,00)

Combining the previous inequalities, we get that By < Ay + As.
Now we show that By < A; + As. We will consider the case when fooo a(t)~t x

g(t)dt < oo (it is much simpler to deal with the case when [~ a(t)~'g(t) dt = c0).
Deﬁne a sequence {xm}m n such that 27 = f;: a(t)"tg(r)dr if N < m < co and

I

2/\

P}
3

— 00

N< [ a (7)dr < 27N*1. By using [22], Lemma 2.4, we find that
S 9 B-1 B
By < / </ a(t)tg(7) dT> (ess supa(y) sup h(t)> a(x) tg(z)d
0 x y€(0,z) te(y,00)

mB( sup a(y)esssuph(t))ﬂ

mzz:N y€(0,xm) tE(y,00)
= B
Z 2mﬂ< esssup  a(y) esssuph(t)> .
= IS

(ZTm—1,Tm) te(y,00)

For every m = N, N + 1,... there exists ym, € (Tm—1,Zm) such that

esssup a(y)esssup h(t) < 2U(ym) esssup h(t).
YE(Tm—1,7m) te(y,00) t€(ym,0)

Hence

B
By < Z 2- mﬂ( Ym) €sSsup h(t))

tE€(Yym,00)

B
~ 22_m6< a(ym) esssup h(t ) ZZ‘m’B( Ym) €SSsup h(t))

tE(Ym,Ym-+2) tE(Ym+2,00)

I+ 1V
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Since 27™~1 < fyoo a(t)"tg(r)dr <2 ™ and 272 < :""*2 a(t)tg(r)dr <27™,
m =N, N +1,..., we have that

< i / ym“( /x ymHalg)ﬁ_la(Jﬁ)lg(x)da:-<a(ym) ess sup h(t))ﬁ

m=N Y Ym+2 tE(Ym Ym+2)

/ ne _19)/31 (‘iiiii%’“(“h“))ﬂ a(e) g(a) da
5/0 ([ o) (cmmpatns) oo ateras = 42

Moreover,
Ym+2 @ -1 B
/ (/ a_lg> a(x) tg(z)dx - (a(ym) ess sup h(t))
Ym Ym te(ym+27oo)
Ym42 T B—1 B
/ (/ ) g(z)dx - ( ess sup h(t)>
N Y Ym m tE(Ym+2,00)
Ym+2 x /6_1 /5
/ (/ ) (ess sup h(t)) g(x) dx

Ym te(x,00)

@ B

</ g> <ess sup h(t)) g(z)dx = A;.

0 0 te(x,00)

Therefore, we obtain By < A; + As. The proof is complete. O

IV <

M8 iM8

m

A
\ I MX

4. PROOFS OF MAIN RESULTS
In this section we prove our main results.

Lemma 4.1. Let 0 < p1,p2,q1,q2 < 00 and p; < py. Assume that vi,ve €
W(0,00), u1 € Cqu and ug € Qg,. Then Cop,, ., (u1,v1) & Cesp, g, (U2, v2).

Proof. Assume that Cop, , (u1,v1) = Cesy, g4, (u2,v2) holds. Then there exists
¢ > 0 such that

Hf||Cesp2,q2(u2,vz) < CHfHCOPZ,l,q1 (u1,v1)

holds for all f € 9MM™(0,00). Let 7 € (0,00) and f =0 on (7, 00). Thus, we have

(4.1) ||f||Cesp2,q2 (uz2,v2) = ”||f||p2,v2,(0r)”qz,uz,(O,oo)

17 Wlp,02,(0,) gz 2. (r.00)

VoV

||U2||q2,(7—,oo)||f||p2,v2,(0,7-)
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and

(42) ||f||00pp11f11 (ulx'Ul) = ||||f||p1,v1,(-,oo)||q1,u1,(0,oo)
< ||||f||p17v1:(':oo)||QI:u17(0:T)
<

||u1||(]1,(077')||f||p11U17(017—)'

Combining (4.1) with (4.2), we can assert that

||U2||q2,(7—,oo)||f||p2,v2,(0,7') < C”ul”qh(O,T)”f”;m,vl,(oﬂ')'

Since u; € Qg and uy € Q,, we conclude that L, (v1) < Lp,(v2), which is
a contradiction. O

Proof of Theorem 2.1. In view of Lemmas 3.4 and 3.5, we have that

||I||Copm)ql(ul,vl)—>Cesp2,q2 (uz,v2) — ||I||L,,l(w1)—>Lp2(w2)

with wy () = vi(z)||u1llp,,0,2) and we(x) = v2(z)||uzllp,, (z,00), T > 0. O

Proof of Theorem 2.2. In view of Lemma 3.5, we have that

HIHCoppl,q1 (ul,'ul)—)Cespz,q2 (u2,v2) ||I||Lp1 (u)1)~>Cesp2,q2 (uz,v2)

with wi (x) = v1(x)||u1l|p,,(0,2), © > 0. Then the result follows from Theorem 3.1.
O

Proof of Theorem 2.3. In view of Lemma 3.4, we have that

||I||(J<)pp1ﬂ1 (u1,01)—=Cespy g5 (uz,v2) — ”IHCopphq1 (u1,v1) =Ly, (w2)

with wo(2) = v2(z)||u2p,,(z,00), © > 0. Then the result follows from Theorem 3.9.
(]

Lemma 4.2. Let 0 < p1,p2,q1,q2 < 00, p2 < p1 and py < qo. Let vi,vs €
W(0,00), u1 € Qg and ug € Q,. Then

||I||00pp1,q1 (u1,v1)—Cespy, qq (u2,v2)

P2
< ||I| COPm,ﬂ (ulvvl)"Lpz(v2H*(9)l/p2)>1/p2
= sup .

gEM+(0,00) 190, /(g2 —pe) 5 72, (0,00)
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Proof. By duality, interchanging suprema, we have that

||I||Copp11q1 (u1 ,'ul)~>Cesp2,q2 (u2,v2)

”f”CespQ,q2 (u2,v2)

= sup
FeEM+(0,00) HfHCor)m,ql(uhm)
00/ T 1/
sup L su (fo (fo fpzv§2)g(7-)d7-) "
sem+ (0,00 1 llcop,, . (ur.o) gem+@00) g/

q2/(q2—p2),uy °2,(0,00)

1 (fo (fo fr2ug?)g(r) dr) /p2.

= sup v, sup
gEM+(0,00) Hg”qu(zqupz),ugfm,(o,oo) FEM(0,00) 1fllcop,, ., (u1,00)

Applying Fubini’s theorem, we get that

(4-3) HIHCor)pl,ql(ul,vl)HCespz,qz(uz,vz)
1

1/?2
q2/(q2—p2),uy V2,(0,00)

(Jy™ F @) va(@)? ([ g) da)""™* )

sup (
g€+ (0,00) \[| g

X sup
fem+(0,00) HfHCOID,,l,ql (u1,v1)
1
= sup 1/pa ||IHCopplyq1 (u1,01) =Ly, (v2(-)H* (g)/P2)"

+(0,00
gem (0’ )”qu /(q2 pz) P2 (0 OO)

O

Proof of Theorem 2.8. By Lemma 4.2, we have that

HIHCOPPI,LI1 (u1,v1)—Cespy gy (u2,v2)
1
= sup /p2 HIHCopphq1 (u1,v1)—Lp, (v2 H*(g)/P2)"

1
gEMF (0,00) Hg”@/((n—m%u;m7(0700)

Since ¢1 < p2, applying Theorem 3.9 (i), we obtain that

HIHCOPM,Q1 (u1,v1)—>Cespy g (uz,v2)

~< sup S“pt€<0<><>>|“1|q1<0t>|H*9|m/<m—p2>,(v1lvmz,(o,t))l/’”

€M+ (0,00) 1900, /(g2—pa)ouz ™2 (0,00)

(i) If p1 < g2, then applying [26], Theorem 3.2 (i), we arrive at

||IHCopp1 a (ul,vl)HCespz a2 (uz,v2) ~ xES(léI?XJ) (,01( ) tes(lolgo) V(t, J")H’U'Q”qz,(t,oo)-
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(ii) If g2 < p1, then applying [26], Theorem 3.2 (ii), we arrive at

||I||Copp11q1 (u1 ,'ul)~>Cesp2.q2 (u2,v2)

~ sup oi(x (/ V(t,x) :01—>(I2 (_HUQHf]);Zf?;O))

1/(p1—q2)
z€(0,00) )

Remark 4.3. In view of Remark 2.7, if
timsup V (£)[|uall,} o) = lim sup V()] gr (0.0) = limsup [|us ]|, 0.4
t—0+ ’ t—0+

= hmsup ||u1||q1 05 =0,

then ©1 € Qp1/4; -y -

Proof of Theorem 2.9. By Lemma 4.2, applying Theorem 3.9 (ii), we have that

HI”COpPI,q1 (u1,v1)—=Cespy g5 (u2,v2)

( IH"gll,, ), - p2>,(v11v2)p2,(0,w>>1/”2

sup
gEM*(0,00) Hg”qz/ (g2—p2),uy " 2,(0,00)

—q1p2/(q1 *pz))) (q1—p2)/q1 1

o0y rrx 1191/ (q1—p2)
+( (f() HH ngll/(pll7p22)’(v1_1v2)p27(0’t) (_||u1||q17(07t) p2

sup
gEM(0,00) ”9Hq2/<q2—p2>,u;”2,<o7oo>

=C1 + .
Note that
C I 1/p2
a0 LM s ™) Comr (e |
Assume first that p; < ¢2. Applying Theorem 3.7 (i), we arrive at

(4.4) Cr & [l .00 e )V( Muzllgs 2,000

(i) Let g1 < g2. Using [26], Theorem 3.1 (i),we obtain that

Cy~ sup pa(x) sup V(tax)HWHqg,(t,O@)'
z€(0,00) t€(0,00)

Consequently, the proof is completed in this case.
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(ii) Let g2 < ¢1. Applying [26], Theorem 3.1 (ii), we have that

Cy ~ (/oo SDQ(x)(‘h4"]2(114)172)/(‘12‘”72)‘7(1.)(]14)172
0

Y

>1/(Q1 —q2)

q1—q2

—q1—

( sup v<t,x)|m|q2,(t,oo>> A 577)
t€(0,00)

and the statement follows in this case.
Let us now assume that ga < p1. Then using Theorem 3.2 (ii), we have that

) 0 _ 1/(p1—q2)
- —
(45 Gl o (/O Py~ d(_|u2|§;(t?;o))) .

(iii) Let ¢1 < g2. Then [26], Theorem 3.1 (iii), yields that

)1/(P1 —q2)

cox s au) [TV Al

)

which completes the proof in this case.
(iv) If g2 < ¢1, then using [26], Theorem 3.1 (iv), we arrive at

Cy ~ (/oo @2(x)(<h—><I2(I1—>p2)/((12—>p2)‘7(x)m—>;02
0

A(=llunlly, o))

)

)((11—><12)/(Pl—><12) )1/((11—><I2)

(o)
: (/0 V(t )P 7% d(=lluallg 075)

and the proof follows. O

Remark 4.4. Assume that p2(z) < oo, z > 0. In view of Remark 2.3, if

1 t —q1/(q1—p2)
/ </ u‘fl) ud' (t) de
0 0
oo t —q1/(q1—p2)
:/ V(t)(Q1p2)/(Q1—p2) (/ u‘{l) ud () dt = oo,
1 0

then ¢y € Q‘71/(p1*>P2)'

Proof of Theorem 2.6. By Lemma 4.2, applying Theorem 3.4 (i), we have that

41,(0,-)’

||IH ( Hli*gHoo,(vl_lvz)p”ul”*P (0700))1/1)
G ; c ) R sup
P () s (122) geEM*(0,00) ”quz/(lM —p),uy *,(0,00)

I 1/p
(” HL<12/(<12*p)(“2_]))_>C°pl,oo((")171“2)“'"1 ”q_1p,(0w)’1)> '
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Therefore, by Theorem 3.7 (i),

HIHCOPM,“(U1,v1)HCesp2,42(u2,v2) ~ Sgp )||||u1||;117(0,.)Hoo,uflw,(o,t)||u2||q2,(t,00)'

s

O

Proof of Theorem 2.11. By Lemma 4.2, applying Theorem 3.9 (ii), we get that

HIHCOPM,Q1 (u1,v1)—=Cespy g, (u2,v2)

~ o ”H*QHOO,(v;lvz)P,(o,oo) 1/p
<l o (s o
geM*(0,00) 1191lgs/(q2—p),uz?,(0,00)
o0 x _1q1/(q1—p) —(@1p)/(q1—p)\\(@1—P) /@1
+< sup Uo” 17 9”027(7)1111)2)7’7(0,&d(_”u1||q1,(07t) ) L/p
€M+ (0,00) 191l (42) /(g2 ).z ® 0,00
= C3+ Cy.
Note that

1/p
_ —1
O = el 0,00y (WM gy 7)o (5 )

Using Theorem 3.7 (i), we have that

Ca il .y 300 VOl .0

(i) Let g1 < g2. Then [27], Theorem 4.1, yields that

0o _ N 1/(q1—p)
Cy=~ sup )(/0 V(z, )V (¢)) 7P d(_Hulquzo,t])))) llu2ll gz, (2,00)-

z€(0,00
Since 3/ Vis equivalent to a decreasing function we have that

sup SOQ(x)HUQqu,(E,OO): Sup 902(17)‘7(‘73)_1 Sup V(t)HuQ”qz,(t,OO)

z€(0,00) z€(0,00) te(0,x)
= sup @a(x) sup V(t,2)[|uzllg, (t0c), T >0.
z€(0,00) te(0,00)
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In

(ii) Let g2 < ¢1. Then [27], Theorem 4.4, yields that

) ) N (q1—q2)/(g2—p)
cox ([T atalen)
xr

. q1—q2
(g VOl ) =l 552

0<T<z

- . (¢1—q2)/(g2—p)
+(/ (/ V(t>Q1*pd(—|lu1II;?2(Tt’§>)

o \Jo /
)1/(q1%q2)

)1/((11 —q2)

X V(x)qupHquZ;z{io) d(—[[wa ||;1qéozp))

~ (/Oo o (z) (B 20 =) (@2 2P) 7 ()0 =P
0

)1/(Q1+qz)

q1—q2
—q1—
(s VDl ) Al %)
t€(0,00) ’

the last equivalence we have used Lemma 3.7 with a(z) = V(2)® 7, g(t)dt =

V(#)D =7 d(=||uall, %o 0), B = (a1 = ¢2)/(q1 — p) and h(t) = [uz]| 27

(1]

2]
3]
[4]
[5]

[6]

[7]
8]

[9]

q1,(0,t) q2,(t,00)"

It is clear that A(z,t) ~ V(x, )P, 0
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