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Abstract.  MV-algebras were introduced by Chang to prove the completeness of
the infinite-valued Lukasiewicz propositional calculus. Recently, algebraic theory of
MV-algebras has been intensively studied. Wajsberg algebras are just a reformulation
of Chang MV-algebras where implication is used instead of disjunction. Using these equiv-
alence, in this paper we provide conditions for the existence of an epimorphism between
two finite MV-algebras A and B. Specifically, we define the mv-functions with domain in
the ordered set of prime elements of B and with range in the ordered set of prime elements
of A, and prove that every epimorphism from A to B can be uniquely constructed from an
mv-function.
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1. PRELIMINARIES AND NECESSARY PROPERTIES

MV-algebras were originally defined by Chang [4], [5] as algebraic models of
Lukasiewicz infinite-valued (also finite-valued) propositional calculi. However, let
us recall that Lukasiewicz [13], [14] considered as the main propositional connectives
implication — and negation ~. Algebras introduced by Chang, instead, contain
other operations which do not correspond, for example, to logical connectives MV-
conjunction or MV-disjunction, to mention some.

Algebraic counterparts of Lukasiewicz propositional calculi (infinite or finite-
valued), all of them polynomially equivalent, were originally defined by Komori [12],
[11] under the name CN-algebras, and by Rodriguez [17] under the name Wajsberg
algebras (see [10], [18] too). In this paper we will adopt the language of Wajsberg
algebras (or W-algebras) to describe MV-algebras.

In [16] Luiz Monteiro determined the number of epimorphisms between finite
Lukasiewicz algebras (see [3]). It is known that every finite W-algebra is a direct

DOI: 10.21136/MB.2017.0077-14 345



product of finite chains. In this work, we use this fact to find the number of epi-
morphisms between finite W-algebras. This representation for finite W-algebras is
also used in [2] to find the structure and cardinality of finitely generated algebras in
varieties of k-potent hoop residuation algebras.

In this section we review some definitions and properties necessary for what fol-
lows (see, for example, [6], [9], [10], [17]). In Section 2 we define the mv-functions
between the ordered sets of prime elements of finite MV-algebras and prove that
every epimorphism can be uniquely constructed from an mv-function. This results
can be also obtained from the duality given by Martinez in [15]. More details on
MV-algebras can be found in two very interesting papers [7] and [8].

Let us recall that a W-algebra A = (A, —, ~, 1) is an algebra of type (2,1, 0) such
that the following identities are satisfied:

(W1) 1 -z =z,
W2) (z=y) = ((y—=2) = (x—=2) =1,
(W3) (z=y)=y=(y—2z) =z
(W4) (~y = ~z) = (2 —y) = 1.
The unit real interval [0, 1] endowed with the operations  — y := min{1,1 — z + y}
and ~x := 1 — z is a Wajsberg algebra. For each integer n > 1, we denote by L, 1
the subalgebra of [0, 1] with the universe {0,1/n,2/n,...,(n —1)/n,1}.
In every W-algebra A = (4, —, ~, 1) the following terms can be defined:

(i) 0:=~1,

(if) aVb:=(a—b) =0,
(iii) a Ab:= ~(~aV ~b),
(iv) a®b:=~b— aq,

(v) 0-a:=0,(n+1) -a:=n-ada, for every nonnegative integer n.

Then (A4, ®, ~,0) is an MV-algebra and (A4, V, A, ~,0,1) is a Kleene algebra. The

following properties hold in every W-algebra A, for all nonnegative integers n,m

(see [10], [17]):

(W5) e <yifandonlyif z —» y =1,

(W6) =z — 0= ~uz,

(W7) 280 =z,

(W8) z@y=you,

(W10) 2 < y implies c® 2 <y P z,

(W1l) 2@ (yVz)=(zDy) V(z® 2),

W12) Vz;® V yn=V V (2 ®yn),
i=1 h=1 i=1 h=1

(W13) (n+m)-z=n-z®m-zx,



(W14) (nm)-xz=n-(m-x),
(W15) = < y impliesn-x < n-y,
(W16) n < m implies n-z < m - z.

Let A be a W-algebra. The set B(A) = {z € A: ~x — x = z} is a Boolean
algebra. Indeed, B(A) is the Boolean algebra of the complemented elements of the
bounded distributive lattice reduct of A. The elements of B(.A) are called the boolean
elements of A. For each a € B(A) the set [0,a] = {x € A: = < a} is a W-algebra
with the operations (x — y) A a and ~x A a, for all z,y € [0, a.

We will denote by At(A), X(A) and II(A) the set of atoms of A and the ordered
sets of all prime filters and prime elements with respect to the lattice structure
of A, respectively. The function ¢: X(A) — X(A), defined by p(P) = X(A) \
{~z: x € P} for each P € X(A), is an involution and a dual isomorphism.

In what follows A is a finite W-algebra.

Then, it is isomorphic to a direct product of intervals determined by atoms

of B(A), i.e.,
A~ H [0, a).

ac€At(B(A))

Moreover, if a € At(B(.A)) then [0,a] is isomorphic to L1, for some integer r > 1.
Let W: TI(A) — II(A) be the function ¥ = p~' o ¢ o u, where u is the order-
isomorphism from TI(.A) onto the dual of X' (A), which exists because A is finite.
As an immediate consequence of this representation, we have the following result
(see, for example, [17]).

Corollary 1.1. Let A be a finite W-algebra and let n =  max
a€At(B(A))

{r: [0,a] ~
L,41}. Then the following statements hold:

(i) The ordered set II(.A) is the disjoint union of t, chains with r elements, where
tp,>0andt. >0 forallr,1 <r <n.
(ii) Each element p € TI(A) can be identified with j - 1/r for some integers j, r,
j=>land1<r<n.
(iii) The atoms of B(.A) are the last elements of the chains and the cardinal number
of At(B(A)) ist; +ta+ ...+ ty.
(iv) If p; € II(A) for all 1 < j < r and p1 < p2 < ... < pr, then ¥(p;) = pr—jt1
forall j,1<j<r.
(v) If p e II(A), then k - p € TI(A) for every k > 1.
(vi) If p € TI(A) then m-p € At(B(.A)) for every integer m > n and n - p is the last
element in the chain which contains p.
(vil) Let p, g € TI(A). If p and q are comparable, then p @ q € II(A).
(viil) If p, g € TI(A) are incomparable, then p® qg=1pV q.
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Therefore, for every finite W-algebra A we will write A = Ay 4,1, to identify the
ordered set T1(.A).

Example 1.1. Let A = L1471 X Loy = {0,a,b,¢,d, 1}, where 0 = (0,0), a =
(1,0), b = (0,3), ¢ = (0,1), d = (1,4) and 1 = (1,1). It is clear that II(A4) =
{a,b,c}, with b < ¢; X(A) = {F(a), F(b), F(c)} with F(c) C F(b), where F(t) is the
lattice filter generated by ¢ € II(A) and u(t) = F(t). Moreover, ¢(F(a)) = F(a),
e(F (b)) = F(c) and ¢(F(c)) = F(b); ¥(a) = a, ¥(b) = c and ¥(c) = b. In this case
n=2rec{l,2},t1 =1, ta = 1 and we write A = Ay;.

2. mv-FUNCTIONS AND EPIMORPHISMS

Let A be a finite W-algebra. From Corollary 1.1 (i), the ordered set II(A) is
a disjoint union of finite chains; each connected component will be denoted by C.
Then, if C' C II(A) is a chain with first element pg, we will write C' = C(po).

Definition 2.1. An mv-function is a map f: II(A") — II(A) which satisfies the
following conditions for all p’ € TI(.A’):
(F1) f is injective,
(F2) f(k-p)=k-f(p/) forall k > 1,
(F3) fF(¥'(p') = U(f(')-

Properties (F1), (F2) and (F3) are independent. Indeed, let us consider the
functions fi: M(Lay1) — M(Lay1), for M(Lay1) — M(L3y1) and fa: T(LY,) —
II(L141), defined by

if v =1, i oifa=1, 1 ifx=(0,1),
xTr) = €T) =
1 ifz=1, fa(®) {1 fe—1, @0 if 7 = (1,0).

—
=
—
8
N~—
I
—N—
win

It is easy to see that f; satisfies (F1) and (F2) but not (F3), f2 satisfies (F1) and
(F3) but not (F2) and f3 satisfies (F2) and (F3) but not (F1).

Lemma 2.1. Let f: II(A") — II(A) be an mv-function. Then, for all p',q" €
I1(A"), the following properties hold:
(F4) p’ < ¢ implies f(p') < f(¢').
(F5) Let C" C II(A"). If f’ is the restriction of f to C' and f'(C") C C C II(A),
then f'(C") = C.
(F6) f(p') < f(q') implies p" < ¢'.
(F7) If p’ and ¢’ are comparable then f(p' ® ¢') = f(p') @ f(¢').
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Proof. Let p/,q € TI(A").

(F4) Suppose that p’ < ¢'. Let C’'(py) C II(A’) be a chain which contains p/
and ¢’. By Corollary 1.1 (ii) there exist integers j,¢ > 1 such that p’ = j - p, and
¢ =t-pjy. If j >t, then from (W16) it is clear that j - p} = ¢ - pf, i.e., p’ > ¢’. Thus
p’ = ¢ and then f(p’) = f(¢’). Let us suppose now that j < ¢. Then from (F2) we
have that f(p') = f(j-pp) = j - f(po) and f(q') = f(t-py) =t f(pp). Hence, from
(W16) we obtain f(p') < f(¢').

(F5) Let C'(p}) C II(A’). Then from (F4) we have that f(C’(pj)) € C(po) for
some chain C(pg) C II(A). Let f’ be the restriction of f to C’(pj).

Let p} and p; be the last elements of C’(p{,) and C(py), respectively. From Corol-
lary 1.1 (vi) and (F2) we have that p1 = n- f(p}) = f(n-p}) = f(p}). So, by (F3)
we obtain f(p}) = po.

Let p € C(po). So, p = j - po for some integer j > 1. Thus, p=75-po =7 f(pj) =
7 ph) = £, with p' € C'(pp). Hence, Clpo) C F(C"(p)).

(F6) Suppose that f(p') < f(¢'). Let C(py) C II(A) be such that f(p'), f(¢') €
C(po). If we suppose that p’ and ¢’ belong to different connected components, let us
say p’ € C1(pp), ¢ € C3(qp), then by applying (F5) we obtain f(py) = f(q5) = po
which is a contradiction because f is injective. Thus, let C'(p}) C II(A’) be such
that p’,q" € C’(p}). Then there exist integers j,t > 1 such that f(p’) = j - po and
J(@) =t po. T >t then f(&) > f(¢), 50 [(0') = f(¢’) and we have §f = ¢’
because f is injective. Let us suppose now j < ¢t. From (F2) and (F5) we have
f) =3 -po=3j-floo) =f(-pp) and f(¢') =t -po=1t-f(py) = f(t py). Then
p =7 -pyand ¢’ =t-p}, because f is injective. Hence, p’ < ¢’ follows from (W16).

(F7) Suppose that p’ and ¢’ are comparable. Let C'(py) C II(A’) be such that
p',q¢ € C'(p;). From Corollary 1.1 (vii) and (ii) it is clear that p’ @ ¢’ € C'(pf),
p = j-p, and ¢ =t pj, for some integers j,t > 1. Then by applying (W13)
and (F2) we get f(p' @ q') = f(j-po @t -pp) = f((G+1) o) = (G +1)- flpo) =
J-fwo) @t flpy) =) @ f(d). O

Notice that by (F5) in Lemma 2.1 there exists an mv-function between II(L,41)
and II(Ly,+1) (the identity function) if and only if m = n.

Theorem 2.1. Let f: II(A’) — II(A) be an mv-function. For each x € A let
A ={p eIl(A"): f(p') < x}. If we define the function h: A — A’ by

0 if A, =0,
hiz) = \VV P’ otherwise
p' €A/
then h is an epimorphism. We will say that h is the epimorphism induced by the
mv-function f.
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Proof. Let z,y € A. To prove that & is a homomorphism it is enough to show
that h(~z) = ~h(x) and h(z ® y) = h(z) ® h(y), because x — y = ~x @ y. The
proof of the first equality is an exact analogue of that given in [1]. In order to prove
the second equality, let us suppose that = # 0 and y # 0 (the cases z =0 or y =0
are trivial). Let us consider the sets

Al ={p e I(A): f(p') <z},
Ay ={q eI(A): f(d) <y},
ALy ={r e (A : f(r') <z Dy}

Then by applying (W12) we have

(2.1) hxyohy)=\/ ve \V ¢=V V ¢aod).

pEA, qEeA, p'EA, €A,

Let By , be theset {s' € II(A"): s’ <p'@q, p' € A, ¢’ € A}, p', ¢’ comparable}.
We claim that

(2.2) Al

!
ray = Az U A; U By y.

Indeed, since
z=\/{pell(A): p<a} and y=\/{geTl(A): ¢<y},

by applying (W12) we obtainz ®dy =\ V (p @ q).
PSZ Y
Hence, if ' € A! then f(r') < z &y, so there exist p,q € H(A), p< z,q¢< y

Dy’
such that

(2.3) fr)y<p@q

There are two cases to consider:

(i) If p and g are comparable, then from Corollary 1.1 (vii), (2.3), (F5) and (F6) we
have that p & ¢ € TI(A) and there exists s’ € TI(A"), ' < s/, such that p & q = f(s),
s e I(A).

Similarly, since p,q < p @ ¢, there exist p’,¢’ € II(A’) such that p = f(p) and
q = f(q'), where p’ and ¢’ are comparable. Then f(s') = p® ¢ = f(p') & f(¢) =
f(' @¢'). Thus, s’ = p’ & ¢ because f is injective. Hence, 1’ € B, ,. Then in this
case we conclude A/ o, C By .

(ii) If p and ¢ are incomparable then p @ ¢ = p V ¢ by Corollary 1.1 (viii). So,
from (2.3) we obtain f(r') <p <@ or f(r') <g<y;ie,r € A orr’' € A
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From (i) and (ii) we have proved A’ C A} U A UB, .

Conversely, let 7' € AL UA) UB, . If " € A} then f(r') <o <x®y;sor’ € Alg,.
Analogously if 7' € Aj. If " € B, , then there exist p’ € A} and ¢’ € A, where p’
and ¢’ are comparable, such that ' < p’ @ ¢’. Hence, by applying Corollary 1.1 (vii),

(F7), (W10) and (F4) we have that

fY<f'ed)=r) e fld) <zay,

e, € Alg,.
Therefore, A}, U A} UB,, C Alg,.

Now we claim that

(2.4) V "=V V @ed.

TIEA;GBy p/EA; q/eA;

Indeed, let 7' € A}, U A} U B, .

Ifr' € Al thenr’ <@g <\ (Fod)< V  V (Fed)forevery ¢ € A,
7EA, 1 EA, g/ €A,
S0

(2.5) V<V (ed).
rEA rEAL ¢ €Al
In a similar way, if 7" € A} then
(2.6) V<)V wer)
A, pEAL TTEA,

Finally, if 7' € B, then ' < p' @® ¢/, p' € A}, ¢ € A}, hence 7' < p'® ¢ <

V V (edq) so

PEAL ¢ €A,
(2.7) V "<V V @ed).
- p'EAL ¢'EA,
Then from (2.2), (2.5), (2.6) and (2.7) we obtain
V "<V V @ed.

TIEA;GBy p/EA; q/EA;

In order to prove the other inequality, let p’ € A}, and ¢’ € Aj. If p" and ¢’ are
comparable then p’ @ ¢’ € B, ,, thus

(2.8) red< \/ < \V 7.

7'E€By,y T EALUALUB,
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If p’ and ¢ are incomparable then p’ @ ¢’ = p’ V ¢, hence

29 Ped=pvi< \/ vV di= \ < \/

pEAL q'eA, rEALUAY " EALUA,UB,

From (2.8), (2.9) and (2.2) we have

V Vwens Vo

PEA, g EA, rEALg,

Therefore, equality h(z & y) = h(z) ® h(y) follows from (2.1) and (2.4).
So it remains to prove that h is surjective. Let y € A’, y # 0. Let z € A be the
element defined by

(2.10) z=\/{f(): P <y, p e I(A)}.

We claim that
(2.11) Ay ={p e II(A): p’ <y}

Indeed, if ¢ € A/, then f(q') < x. From (2.10) we have that there exists p’ € TI(A"),
p’ < ysuch that f(¢') < f(p'), because f(¢') is a prime element of A. Hence, by (F6)
we have ¢ < p' <y, le, ¢ €{p e UA): p <y}

Conversely, let ¢’ € {p’ € H(.A’) p’ < y}. Then f(q') < = which implies ¢’ € A..
From (2.11) we conclude h(z) = O

Lemma 2.2. If f is an mv-function and h is the epimorphism induced by f, then
for each p € TI(.A) we have either h(p) = 0 or h(p) =1’ € II(A"), with f(r') =p

Proof. Let p € C C II(A). If h(p) # O then Aj, # 0. Let p’ € Aj. Suppose
that p’ € ¢’ C II(A’). Since f(p') < p we have that f(p’) € C. Then, by Corol-
lary 1.1 and (F5), f(C") = C. If there exists ¢’ € A}, \ C’ then f(¢') € C, which is

a contradiction because f is injective. Thus, A}, C C'. Let v’ = \/ p’. Therefore,
p'EA],

r" € C" C A}, and h(p) = r’. To complete the proof we must show that f(r') = p.

Indeed, there exists t’ € C’ such that f(¢') = p. If f(r') < p then v/ < ¢/, which is

a contradiction because ¢’ € A, implies ¢’ < r'. Therefore f(r') = p. O

Let us denote by Epi(A,.A’) the set of all epimorphisms from A to A’.

Lemma 2.3. Let h € Epi(A,.A"). Then for each p’ € TI(A") there exists a unique
element p € II(A) such that h(p) = p'.
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Proof. Let p’ € II(A’). Suppose that h='({p'}) = {x1,72,...,2:} and let ¢ =
t
A z;. Tt is easy to see that ¢ € h™1({p'}) and ¢ # 0. Besides, ¢ € II(A) and
=1

;z_l({p'}) NTII(A) = {q}. Indeed, suppose that ¢ = a Vb for some a,b € A. Then
h(q) = h(a) V h(b) = p’. Since p’ is join-irreducible we have h(a) = p’ or h(b) = p'.
Hence, a € h™1(p') or b € h=1(p'), i.e., ¢ = a or ¢ = b, which proves ¢ € II(A). On
the other hand, let p € h=1(p’) NTI(A). Then q < p. Let C C II(A) be the chain
which contains ¢ and p and suppose that C ~ TI(L,41) for some integer r > 1. If
g < p then we can write ¢ = j - 1/r and p = k - 1/r, for some integers j, k such that
1<j<k<r Letz= ~(p—q)=(k—7) 1/r. Then h(z) = (k—j)-h(1/r). It
h(z) = 0 then h(1/r) = 0 wherefrom we have p’ = h(q) = h(j/r) = j - h(1l/r) =0,
which is a contradiction. Hence, h(z) # 0, which contradicts h(z) = ~(h(p) —
h(q)) = ~(p" = p') = 0. Therefore ¢ = p. O

The above result allows us to define, for each h € Epi(A4,A"), a function
f: (A" = T(A) by f(p') = pif only if h=1({p'}) = {p}. We will say that f is the
function induced by the epimorphism h.

Lemma 2.4. Let h € Epi(A, A"). Then the function induced by the epimor-

phism h is an mv-function.

Proof. Let h € Epi(A, A"). Let f: II(A") — II(A) be defined by f(p') = p if
and only if h=1({p'}) = {p}, for each p’ € A’. We must show that conditions (F1),
(F2) and (F3) in Definition 2.1 hold. Condition (F1) follows by definition. Let
p’ € TI(A’) and let k be an integer, k > 1. Let us consider the elements p; = f(k-p’)
and pa = f(p'). Since h(k-p2) = k- h(p2) = k-p’ = h(p1) € II(A), we conclude
p1 = k- p2 by applying Corollary 1.1 (v) and Lemma 2.3. This proves (F2). In order
to prove (F3), note that the following properties hold:

(P1) f preserves the order (it is a consequence of (F2)).

(P2) Tt £(C'(9})) € Cpo) then F(ph) = po.

Indeed, let us consider the elements ¢ = f(p{,) and p € C(pg) C II(.A) such that
p < g. Then h(p) < h(q) = p{, which implies p{, = h(p). Hence, by Lemma 2.3, we
have that p = q.

(P3) If f’ is the restriction of f to C' C II(A’) and f/(C’) C C C II(A), then
f/(C") = C (this is a consequence of (P1), (F2) and (P2)).

We prove now (F3). Let p’ € C’(pj) C II(A"). Suppose that C’ ~ II(L,1;) for
some integer r > 1. Thus, there exists an integer i, 1 < ¢ < r, such that p’ =i - p}.
Then W' (p') = U'(i-py) = (r—i+1)-pj, which implies f(¥'(p')) = (r—i+1)- f(py)-
Moreover, f(p') = i- f(p() and then by applying (P2) we have that f(p) is the
first element in the chain. Then U(f(p’)) = (r —i+1) - f(p}), which completes the
proof. O
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Let Fy (A, A) denote the set of all mv-functions from II(.A’) to TI(A).

Theorem 2.2. The sets Fyy(A’, A) and Epi(A, A’) have the same cardinal num-
ber.

Proof. Let ¢: Fy(A', A) — Epi(A, A") be the map defined by ¢(f) = hy
where hy is the epimorphism induced by f, for each f € Fy, (A, A). Let
f,9 € Fuy(A, A). Suppose that f # g. Then there exists p’ € TI(A’) such
that f(p') # g(p’). Let p,q € II(A) be such that f(p') = p and g(p') = ¢. Then
g(p") # p and hy(p) = p’. Therefore hy # hgy, so ¢ is injective.

Let h € Epi(A, A"). Let f be the function induced by h, that is f(p') = p
if and only if hA(p) = p’. From Lemma 2.4 we have that f € Fy.(A,A4). We
claim hy = h, which proves that ¢ is surjective. Indeed, let p € II(A). If
h¢(p) # 0 then from Lemma 2.2 we have hy(p) = p/ € II(A’) and f(p/) = p.
Thus h(p) = p’ wherefrom we conclude hs(p) = h(p). Suppose now that hs(p) = 0,
that is, A7 = {p’ € TI(A"): f(p') <p} = 0. If h(p) # 0 then there exists an element
q' € TI(A") which satisfies ¢’ < h(p). By Lemma 2.3 there exists a unique ¢ € TI(A)
such that h(q) = ¢’. Then h(q) = ¢ = ¢’ A h(p) = h(q) A h(p) = h(g A p) which
implies ¢ = ¢ A p. Hence, we get ¢ = f(¢') < p, that is, ¢’ € A, which contradicts
AL =10. O

Suppose that A = A1, 1, and A = A

1 with n > m.

If n > m then, taking r; = 0 for all m+1 < j < n, we can write A’ = A =

T172...T"m,
A . - Thus, it is clear that Fy, (A',A) # 0 if and only if r; < ¢; for all 4,
1 < i < n. In this case, the cardinal number of F, (A", A) is V' - V2 - .- V™,
where
t;!
v — ifr; >0, t; >0,
VZ‘ = (ti - ’I“i)!

1 ifr; =0, t; > 0.

It is clear that the function induced by h € Epi(A, A’) is surjective whenever h
is injective. Conversely, if f: TI(A’) — TI(A) is a surjective mv-function then the
epimorphism induced by f is injective. Let F* (A’,.A) denote the set of all mv-
functions from II(A’) onto II(A). Then F} (A’,A) # 0 if and only if n = m and
t; = r; for all i, 1 < ¢ < n. In this case, the cardinal number of F*

mv

Corollary 2.1. If A is a finite W-algebra and A = Ay, +,, then the number of
automorphisms of A is t1!-to! - ... t,\.
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