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Statistical convergence of sequences

of functions with values in semi-uniform spaces

DiMiTRIOS N. GEORGIOU*, ATHANASIOS C. MEGARITIS, SELMA Ongc”;

Abstract. We study several kinds of statistical convergence of sequences of func-
tions with values in semi-uniform spaces. Particularly, we generalize to statistical
convergence the classical results of C. Arzela, Dini and P. S. Alexandroff, as well
as their statistical versions studied in [Caserta A., Di Maio G., Koé¢inac L. D.R.,
Statistical convergence in function spaces,. Abstr. Appl. Anal. 2011, Art. ID
420419, 11 pp.] and [Caserta A., Kocinac L. D. R., On statistical ezhaustiveness,
Appl. Math. Lett. 25 (2012), no. 10, 1447-1451].

Keywords: statistical convergence; semi-uniform space; sequence; function; con-
tinuity
Classification: 54E15, 54A20, 40A30, 40A35

1. Introduction

In [17] Morita defines a generalization for uniform structures using the covering
concept of Tukey [22]. Subsequently many researchers have dealt with this issue.
On the other hand, classical results about sequences and nets of functions have
been extended from metric to uniform and generalized uniform spaces (see, for
example, [4], [10], [13], [15]).

The concept of convergence of a sequence has been extended to statistical
convergence by Fast [11], Fridy [12], Salat [19], Schoenberg [20], Steinhaus [21],
and Zygmund [23]. This convergence has many applications in mathematical
analysis (see, for instance, [14]). In recent years, a lot of papers have been written
on sequences of real functions and functions between metric spaces by using the
idea of statistical convergence (see [3], [7], [8], [16]).

In this paper, we present and investigate the quasi uniform, Alexandroff, almost
uniform and Dini statistical convergence for a sequence (f,)nen of functions of
an arbitrary topological space X into a semi-uniform space Y. Particularly, the
continuity of the limit of the sequence (f,)nen is studied. Since each uniform
space is a semi-uniform space, the results of the paper remain valid in the case
that Y is a uniform space.

The rest of this paper is organized as follows. Sections 2 and 3 contain prelim-
inaries and basic concepts, respectively. In Section 4 we give the quasi uniform
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and Alexandroff statistical convergence for sequences of functions with values
in semi-uniform spaces and we present modifications of the results of Arzela [2]
(see also [6]) and Alexandroff [1] (a survey on these results can be found in [5]).
In Section 5 we present the almost uniform statistical convergence and define the
notion of st-equicontinuous family of functions. Finally, the concept of Dini sta-
tistical convergence of a sequence of functions with values in a semi-uniform space
is investigated in Section 6.

2. Preliminaries

First, we recall some of the basic concepts related to the uniform spaces. There
are several ways to approach the theory of uniform spaces. Here we use Tukey
description of a uniform space in terms of covers [22]. For more details we refer
the reader to [9], [13], [18].

The power set of a set Y is denoted by P(Y). Let Y be a set and let y € Y,
BCY,and A, B C P(Y). We use the following terminology and notations.
(1) The family A is called a cover of Y if J{ACY: A€ A} =Y.
(2) The family A is called a refinement of B if for each A € A there exists B € B
such that A C B. In this case we write A < B.
(3) AvB={AUB: A€ A, B < B}.
(4) ANB={ANB: Ac A B < B}.
(5) St(B,A)=U{A€ A: AnNB #0}.
(6) St(y, A) =St({y}, A) =U{Ae€ Ay € A}
(7) St”“(B,.A) = St"(St(B, A),A),n=1,2,....

Let ® be a nonempty family of covers of a set Y and A, B € ®.
(1) The family B is called a star-refinement of A if {St(B,B): B € B} < A.
(2) The family B is called a local star-refinement of A in @ if for each B € B
there exist Ap € ® and A € A such that St(B, Ap) C A.

Definition 2.1 ([18]). A uniformity on a set Y is a nonempty family ® of covers
of Y satisfying the following properties.

(®1) If Ay, As € ®, then there exists B € ® such that B < A; A As.
(®2) If A € @ and B is a cover of Y such that A < B, then B € ®.
(®3) For each A € ® there exists B € ¢ which is a star-refinement of A.

Definition 2.2 ([18]). A semi-uniformity on a set Y is a nonempty family ®

of covers of Y satisfying conditions (®1) and (®2) from Definition 2.1 and the

following:

(®4) For each A € ® there exists B € ® which is a local star-refinement of A
in ®.

A semi-uniform space is a pair (Y, @) consisting of a set Y and a semi-uniformity
® on the set Y.
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For every semi-uniform space (Y, ®) the semi-uniform topology 74 on Y is the
family of all subsets O of Y such that for each y € O there is A € ® such that
St(y, A) C O.

A mapping f of a topological space X into a semi-uniform space (Y, @) is called
continuous at o € X if for each A € ® there exists an open neighbourhood Oy,
of zg such that f(O.,) C St(f(zg),.A). The mapping f is called continuous if it
is continuous at every point of X.

Now, we recall the notion of asymptotic density (see, for instance, [14]). By N
we denote the set of positive integers.

Let K C N. For every n € N we set §,,(K) = {k € K: k <n}. The asymptotic
density 0(K) of K is equal to

1)
n—oo n
whenever this limit exists. A set K C N is said to be statistically dense if

0(K) = 1. The family F = {K C N: 6(K) = 1} is a proper filter on N, that
is the following conditions hold.

(1) F#0.

(2) 0 ¢ F.

(3) If Ae F and A C B, then B € F.
(4) If A,B € F, then ANB € F.

The following is a summary of some properties of asymptotic density.

(1) o< 5( ) <1.

2) 6(N)

(3) For every x € [0,1] there exists a subset K of N such that §(K,) = x.
(4) If K is a finite subset of N, then §(K) =

(5) If K1 C Ko, then §(K;) < §(Ka), prov1ded that both densities exist.
(6) If §(K) exists, then §(N\ K) =1 — §(K).

(7) The even integers have asymptotic density 1/2, as do the odd integers.
(8) The prime numbers have asymptotic density 0.

3. Basic concepts

The concept of statistical convergence for sequences of functions between met-
ric spaces was investigated in [7] and [8]. Here we deal with sequences of func-
tions with values in semi-uniform spaces. In what follows we consider a sequence
(fn)nen of functions of a topological space X into a semi-uniform space (Y, ®).

Definition 3.1. The sequence (f,)nen is said to statistically converge pointwise
to f on X if for every x € X and for every A € ® there exists a statistically
dense set K C N such that for every n € K we have f,(z) € St(f(z),.A). In this

case we write (fn)nen =, f. We shall say that the sequence (f,)nen statistically
converges pointwise on X if there is a function f such that (f,)nen =, f.

105
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Definition 3.2. The sequence (f,,)nen is said to statistically converge uniformly
to f on X if for every A € ® there exists a statistically dense set K C N such
that for every € X and for every n € K we have f,(z) € St(f(z),.A). In this

case we write (fn)nen Stru, f. We shall say that the sequence (fy)nen statistically

converges uniformly on X if there is a function f such that (f,)nen Stru, I

In what follows we will use frequently the following facts:

Fact 3.3. Let (Y, ®) be a semi-uniform space and A € ®. The following state-
ments are true.

(1) If Y1 C Y, then Y; C St(Y3, A).

(2) fY; C Y2 CY, then St(Y7,.A) C St(Yg,A)

(3) If y € St(x,.A), then St(y,.A) C St*(x, A).

(4) If y € Y and B < A, then St(y, B) C St(y, A).

PROOF: (1) Let y € Y7. Since A is a cover of Y, there exists A € A such that
y € A. Hence, Y1 N A # () and, therefore, y € A C St(Y7, A).

(2) Let y € St(Y1,.A). Then, there exists A € A such that y € A and Y1NA # 0.
Since Y7 C Ya, we have Yo N A # (). Therefore, y € St(Y3, A).

(3) This follows by statement (2) for Y1 = {y} and Y5 = St(z, A).

(4) Let z € St(y,B). Then, there exists B € B such that y,z € B. Since
B < A, there exists A € A such that B C A. Therefore, y,z € A and, hence
z € St(y, A). O

Lemma 3.4. Let (Y,®) be a semi-uniform space, A € ® and yo € Y. Then,
there exists B € ® such that St*(yo, B) C St(yo, A).

PrRoOOF: Let A;, As, and A3z be local star-refinements of A, A;, and Az in @,
respectively. Since Ajz is a cover of Y, there exists A3z € As such that yy € As.
We have successively:
(i) There exist Bz € ® and Az € Ay such that St(A4s,B3) C As. Hence,
Yo S A2.
(ii) There exist Bo € ® and A; € A; such that St(A4s,B2) C A;. Hence,
Yo € Ai.

(iii) There exist By € ® and A € A such that St(Ay,B1) C A. Hence, yo € A.
Let By € ® such that By < By A By and let B € ® such that B < By A Bs.
Therefore, B < By A By A Bs. We prove that St®(yo, B) C St(yo, A).

First, we prove that

St3(yo, B) C St(St(St(As, Bs), Bs), By),
where
St(St(St(As, Bs), Ba), B1) = | J{B1 € Bi: By N St(St(As, Bs), By) # 0}
= | J{B1 € Bi: BiN By # () for some B, € By with By N St(As, Bs) # 0}.
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Let us have

y € 8% (yo, B) = St(St(St(vo, B). B), B) = | J{B € B: BNSt(St(vo, B). B) # 0}
= U{B € B: BN B’ # () for some B’ € B with B’ N St(yo, B) # 0}.

Then, there exists B € B such that y € B and BN B’ # ) for some B’ € B
with B’ N St(yo, B) # 0. Therefore, there exists B” € B such that yg € B” and
B'NB" # (. Since B < By ABy ABs, there exist By, B}, By € By, By, By, BY € Bo,
Bs, B3, By € B3 such that

BCBiNB:NBs, B CB NB,NB, B'"CB/'NB)NBY.

Since y € B, we have y € B;. Moreover, By N B, # (. Tt suffices to prove
that Bj N St(As,Bs) # 0. Indeed, we have yo € BY and yo € As. Hence,
BY C St(As,Bs). Since By N BY # 0, we have B) N St(As,Bs) # 0. Thus,
Yy € St(St(St(Ag, 83)782), Bl)

Now, we prove that St*(yo, B) C St(yo,.A). Indeed, we have

St*(yo, B) C St(St(St(As, Bs), B2), B1) C St(St(As, Ba), B1) C St(A1, B1) C A.
Since y € A, we have A C St(yo,.A). Therefore, St*(yo, B) C St(yo,.A). O

Proposition 3.5. If (fn)nen st f and the functions f,, n € N are continuous,
then the function f is continuous.

PROOF: Suppose that (fn)nen St f and let xg € X. We prove that f is
continuous at xg. Let A € ®. By Lemma 3.4 there exists B € ® such that

SE%(f(20). B) € St(f (o), A).

Since (fn)nen LialN f, there exists a statistically dense set K C N such that for

every x € X and for every n € K we have f,(z) € St(f(z),B). Let ng € K.
Then,

(1) fno (1‘0) € St(f(l‘o),B)

Since fy, is continuous at xg, there exists an open neighbourhood O, of zo such
that fn,(z) € St(fn,(x0), B), for every = € Oy,. Let x € Oy,. Then,

(2) Jfro (@) € St(fny(20), B)

(3) oo () € St(f (2), B)-
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Therefore, using successively the relations (1), (2), and (3), we have

)
f(:L‘) € St(fno(l'),B) < St(St(fno(xO)vB)ﬂB)
C St(St(St(f (x0), B), B), B)

- Stg(f(xO)vB)
and the continuity of f is proved. O

4. Quasi uniform and Alexandroff statistical convergence

In this section we introduce the notions of quasi uniform and Alexandroff sta-
tistical convergence for sequences of functions with values in semi-uniform spaces
and then we generalize the classical theorems of C. Arzela [2] (see also [6]) and
P.S. Alexandroff [1].

In [7], a statistical version of the quasi uniform convergence of sequences of
functions between metric spaces was defined. An analogous definition can be
given for sequences of functions with values in semi-uniform spaces.

Definition 4.1. The sequence (f,)nen is said to statistically converge quasi uni-
formly to f on X if (fn)nen LN f and for every A € ® and for every statistically

dense set K C N, there exists a finite subset {nq,...,n,} of K such that for each
x € X at least one of the following relations holds:

fri(x) € St(f(x), A), i=1,...,r
In this case we write (fn)nen Strau, f. We shall say that the sequence (fy)nen
statistically converges quasi uniformly on X if there is a function f such that

(fn)nEN St_i) f

Lemma 4.2 ([18, Proposition 1.11]). Let (Y, ®) be a semi-uniform space, A € ®,
and yo € Y. Then, there exists B € ® such that St*(yo, B) C St(yo, A).

PROOF: It is similar to the proof of Lemma 3.4. O

Lemma 4.3. Let (Y, ®) be a semi-uniform space and A € ®. Then, there exists
an open cover O of Y in the semi-uniform topology 7¢ such that O € ® and

0 <A
PROOF: We set O = {Intg(A): A € A}, where

Intg(A) = {y € Y: there exists B € ® such that St(y, B) C A}.

First, we prove that O € ®. Let B € ® be a local star-refinement of A in &.
Then, for every B € B there exist £ € ® and A € A such that St(B,£) C A. This
shows that B C Inte(A). Hence, B < O and, therefore, O € ®.

Now, we prove that O is an open cover of Y. Let A € A. We prove that
Intg(A) is an open subset of Y. Let y € Inte(A). It suffices to prove that there
exists B € ® such that St(y,B) C Ints(A). Since y € Inte(A), there exists
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B1 € ® such that St(y,B1) C A. By Lemma 4.2 there exists B € ® such that
St?(y, B) C St(y, B1). Let z € St(y, B). Then, we have

St(z,B) C St*(y, B) C St(y, B1) C A.
Hence, z € Intg(A) and, therefore, St(y, B) C Intg(A). O

Lemma 4.4. Let f and g be two continuous functions of a topological space X
into a semi-uniform space (Y, ®). The following statements are true.

(1) The function m: X — (Y x Y, 7¢ X 7¢) defined by m(z) = (f(x), g(z)), for
every x € X is continuous.

(2) If O € ® is an open cover of Y in the semi-uniform topology T¢, then the
set M ={x € X: f(x) € St(g(z),0)} is open.

PrROOF: (1) Let z € X and let St(f(x), A) x St(g(z), B), where A, B € ®, be an
open neighbourhood of m(z). Since f is continuous at x, there exists an open
neighbourhood O, of x such that

F(0.) € St(f (@), A).
Since g is continuous at z, there exists an open neighbourhood O/, of x such that
9(0;) € St(g(x), B).
We consider the open neighbourhood of z:
O’=0,n0.,.
Then, we have
m(07) € f(Ox) x 9(0;) € St(f(x), A) x St(g(), B)-

(2) Let O € ® be an open cover of Y in the semi-uniform topology 7¢. It
suffices to prove that

Mm1< U(OxO)).

0e0
Let x € M. Then, f(x) € St(g(z),O). Therefore, there exits O, € O such that
f(z),g(x) € O,. Hence,

m(z) = (f(x).9(x)) € 02 x 0. € |J (0% 0).
oeco

Thus, M Cm™ ! (Upeo(O x 0)).
Conversely, let z € m™ (Upeo (O x O)). Then,

m(z) = (f(z),9(x)) € |J (O xO0).

Oe0o

109
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Hence, there exits O, € O such that f(z),g(z) € O, which means f(z) €
St(g(z),0). Thus, z € M and m™" (Upee(O x 0)) € M. O

Lemma 4.5. Let f be a continuous function of a topological space X into a semi-
uniform space (Y, ®) and x¢ € X. The following statements are true.

(1) The function m: X — (Y XY, 74 X 79) defined by m(z) = (f(z), f(xo)), for
every ¢ € X is continuous.

(2) If O € ® is an open cover of Y in the semi-uniform topology ¢, then the
set M ={z € X: f(z) € St(f(z0),O)} is open.

PROOF: It is similar to the proof of Lemma 4.4. O

In [7] (see Theorem 3.3) and [8] (see Theorem 4.8) some characterizations of the
continuity of statistical pointwise limit for sequences of functions between metric
spaces were given. Similar results are true for sequences of functions with values
in semi-uniform spaces.

Theorem 4.6. Let (f,)nen be a sequence of continuous functions of a topological
space X into a semi-uniform space (Y, ®). If the sequence (fn)nen statistically
converges pointwise to a continuous limit, then the statistical convergence is quasi
uniform on every compact subset of X. Conversely, if the sequence (fp,)nen Sta-
tistically converges quasi uniformly on a subset of X, then the limit is continuous
on this subset.

PROOF: Suppose that (f,)nen statistically converges pointwise to a continuous
function f. Let C' be compact subset of X, A € ®, and let K C N be a statistically
dense set. By Lemma 4.3 there exists an open cover O of Y in the semi-uniform

topology 7 such that O € ® and O < A. Let ¢ € C. Since (fn)nen LN f, there
exists a statistically dense set K. C N such that for every n € K,

fnle) € St(f(c), O).
Choose n, € K. N K and set
O.={z e X: fn.(x) € St(f(x),0)}.

Since f,. and f are continuous, by Lemma 4.4, O, is an open set containing c.
Thus, the family

{O.NC:ceC}
is an open cover of C. By compactness of C, there are c1,...,c. € C such that

CZOOCmO.

i=1

The set {n¢,,...,ne, } is a finite subset of K such that for each x € C at least
one of the following relations holds:

fn., (x) € St(f(2),0), i=1,...,m
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Since O < A, for each x € C' it holds that f,_ (x) € St(f(x), A) for at least one
i=1,...,7. Thus, (fn)nen Sa, fonC.

Conversely, suppose that (f,)nen statistically converges quasi uniformly to f
on a subset X’ of X. Let zg € X’. We prove that f is continuous at xg. Let
A € ®. By Lemma 3.4 there exists B € ® such that St*(f(zo), B) C St(f(x0),.A).
By Lemma 4.3 there exists an open cover O of Y in the semi-uniform topology
7o such that O € & and O < B. Let

Ko =A{n eN: fn(zo) € St(f(20), 0)}-

Since (fn)nen =, f, there exists a statistically dense set K C N such that for
every n € K we have

falwo) € St(f(20), O).

Hence, K C K, and, therefore Kg is a statistically dense set. By assumption,

there exists a finite subset {nq,...,n,} of Ky such that for each x € X’ at least
one of the following relations holds:

(4) fri(x) € St(f(x),0), i=1,...,r

Since {ni,...,n,} C Ky, by the definition of Ky, we have

(5) fni(x0) € St(f(20),0), i=1,...,r

Let

(6) O, ={x € X: fn,(x) €St(fn;(20),0)}, i=1,...,m

Since the functions f,,, ¢ = 1,...,r are continuous, by Lemma 4.5, the sets O;,
i=1,...,r are open in X and contain xg. We consider the set

-
Ox =X'0 (0.
i=1
Then, O,, is open in X’ and contains the point . Let € O,,. Using relations
(4), (5), and (6), for proper choice of i, we obtain

f(x) € St*(f(20), O) C St?(f(20), B) C St(f(w0), A).

Thus, f(Ogz,) C St(f(x0),.A). We conclude that f is continuous at xy completing
the proof of the theorem. O

In [8] (see also [7, Definition 3.1]), a statistical version of the Alexandroff
convergence of sequences of functions between metric spaces was defined. An
analogous definition can be given for sequences of functions with values in semi-
uniform spaces.
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Definition 4.7. The sequence ( f,,)nen is said to statistically converge Alexandroff

to f on X if (fn)nen =, f and for every A € ® and for every statistically dense
set K C N, there exist an open cover Y = {O,,: n € N} of X and an infinite set
M = {ki,ka,...,kn,...} € K such that for every n € N and for each z € O,
we have fi, (x) € St(f(x),A). In this case we write (fn)nen AL f. We shall
say that the sequence (f,)nen statistically converges Alexandroff on X if there is
a function f such that (f,)nen St-AL I

The next theorem is a generalization of [8, Theorem 4.8] to sequences of func-

tions with values in semi-uniform spaces.

Theorem 4.8. Let (f,)nen be a sequence of continuous functions of a topological
space X into a semi-uniform space (Y, ®) and suppose that (f,)nen statistically
converges pointwise to f on X. Then, the statistical convergence is Alexandroff
if and only if f is continuous.

PROOF: Suppose that f is continuous. We prove that (fn)nen StrAl, f. Let

A € ® and let K C N be a statistically dense set. By Lemma 4.3 there exists an
open cover O of Y in the semi-uniform topology 7¢ such that O € ® and O < A.

Since (fn)neN =, f, for every x € X there exists a statistically dense set N, C N
such that for every n € N, we have f,(z) € St(f(z),0). Let N = J,cx No. We

consider the set
M=KnN ={ki,ko,....kn,...} CK.

Moreover, for each n € N we set
On ={z € X: fi,(z) € St(f(z),0)}.

Since fi, and f are continuous, by Lemma 4.4, O,, is an open set. We prove that
the family & = {O,: n € N} is an open cover of X. Indeed, let € X. Then,
there exists n € N such that k, € K N N,. Hence, fi, () € St(f(z),0) and,
therefore, x € O,,. For every n € N and for each z € O,, we have

fr. () € St(f(2),0) C St(f(z), A).

Conversely, suppose that ( f,,)nen statistically converges Alexandroff to f on X.
Let 9 € X. We prove that f is continuous at xg. Let A € ®. By Lemma 3.4
there exists B € ® such that St*(f(x0), B) € St(f(zo),.A). Let K be an arbitrary
statistically dense subset of N. By assumption, there exist an open cover

U={0,:neN}
of X and an infinite set
M = {k1,ka,...,kn,...} CK

such that for every n € N and for each = € O,, we have fi, () € St(f(x),B). Let
no € N such that zo € Oy,. Since the function fy, is continuous at zg, there
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exists an open neighbourhood O, of zy such that
frn, (%) € St(fk, (w0),B) for every z € Oy,.

We set Hy, = Oy, N Oy,. Then, the set H;, is an open neighbourhood of x5. We
prove that f(H,,) C St(f(zo),.A). For every x € H,, we have

g (x0) € SU(f(20), B),  fr,, (x) € St(f(2),B),  fr,,(x) € St(fk,, (z0), B)
and, therefore,

f(@) € St3(f(x0), B) C St(f(x0), A).

We conclude that the function f is continuous at zy completing the proof of the
theorem. 0

5. Almost uniform statistical convergence

The following definition is the statistical version of the almost uniform conver-
gence of sequences of functions with values in semi-uniform spaces (see [4], [10]).

Definition 5.1. The sequence (fn)nen is said to statistically converge almost
uniformly to f on X if for every x € X and for every A € ® there exist a statis-
tically dense set K C N and an open neighbourhood O, of x such that for every
n € K and for every t € O, we have f,(t) € St(f(t),.A). In this case we write

(fn)nen Stan, f. We shall say that the sequence (f,)nen statistically converges

almost uniformly on X if there is a function f such that (f,)nen e, g,

Theorem 5.2. Let (f,)nen be a sequence of continuous functions of a topological
space X into a semi-uniform space (Y, ®). If (fn)nen Stram, f, then the function

f is continuous.

PROOF: Suppose that (f,)nen statistically converges almost uniformly to a func-
tion f. We prove that f is continuous. Let z € X and A € ®. By Lemma 3.4
there exists B € ® such that

St*(f(2), B) C St(f (), A).
Since (fn)nen Stan, f, there exist a statistically dense set K C N and an open
neighbourhood O, of = such that for every n € K and for every t € O, we have
fn(t) € St(f(¢), B). Let ng € K. Then,

o () € St(f(2), B).

Since the function f,, is continuous at z, there exists an open neighbourhood O/,
of = such that f,,(t) € St(fn,(z), B), for all t € O. We consider the set

H,=0,n0.,.
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Then, H, is an open neighbourhood of z. For every t € H, we have

o (t) € St(f(2), B).

Therefore,
f(t) € St(fno (), B) S St(St(fn,(2), B), B)
C St(St(St(f(x),B),B), B)
= St*(f(x), B)
and the continuity of f is proved. (I

Definition 5.3. Let (f,)nen be a sequence of functions of a topological space
X into a semi-uniform space (Y,®). The family {f,: n € N} is called st-
equicontinuous at a point xo of X if for every A € ® there exists a statistically
dense set K C N and an open neighbourhood O, of z¢ such that

fu(x) € St(frn(xo), A) forall n € K and for all x € O,.

The family {f,: n € N} is called st-equicontinuous if it is equicontinuous at each
point of X.

Theorem 5.4. Let (f,)nen be a sequence of continuous functions of a topological
space X with values in a semi-uniform space (Y, ®) such that the family {f,: n €

N} is st-equicontinuous. If (fn)nen 2L, f, where f is a continuous function, then
the statistical convergence is almost uniform.

PROOF: Suppose that (f,)nen statistically converges pointwise to a continuous
function f. Let x € X and A € ®. By Lemma 3.4 there exists B € ® such that

St*(f(x), B) C St(f(x), A).
Since (fn)nen =, f, there exists a statistically dense set K, C N such that
fu(z) € St(f(z),B) for every n € K,.

By the st-equicontinuity of the family {f,: n € N} at the point x, there exist
a statistically dense set K/ and an open neighbourhood O, of x such that

fn(t) € St(fn(z),B) forall ne K, and for all ¢te€ O,.

Since the function f is continuous at z, there exists an open neighbourhood O,
of = such that

f(t) € St(f(z),B) forall te O.
We consider the set

H,=0,n0.,.
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Then, H, is an open neighbourhood of x. We set
K=K,NK,.
For every n € K and for every t € H, we have

fa(t) € St(fu(2), B) € St(St(f(z), B), B)
C St(St(St(f(t), B), B), B)

= St°(f(t), B).

Thus, the sequence (fy,)nen statistically converges almost uniformly to f. (I

6. Dini statistical convergence

In [7], a statistical version of the Dini convergence of sequences of functions
between metric spaces was defined. An analogous definition can be given for
sequences of functions with values in semi-uniform spaces.

Definition 6.1. The sequence (fy)nen is said to statistically converge Dini to
f on X if (fu)nen 2, f and for every A € ® and for every statistically dense
set K C N, there exists an infinite set M = {k;, k2,...} C K such that for each
z € X and each n € N we have fi, (x) € St(f(x),A). In this case we write
(fn)nen S-DI f. We shall say that sequence (f,)nen statistically converges Dini

on X if there is a function f such that (f,,)nen stDi, f.

The next theorem is a generalization of [7, Theorem 3.5] to sequences of func-
tions with values in semi-uniform spaces.
Theorem 6.2. Let (f,)nen be a sequence of continuous functions of a topo-
logical space X into a semi-uniform space (Y, ®). If (fn)nen StDi, f and the

functions f,, n € N are continuous, then the function f is continuous.

PROOF: Suppose that (fp)nen StDI f and let zg € X. We prove that f is
continuous at xg. Let A € ®. By Lemma 3.4 there exists B € ® such that

St*(f(0), B) C St(f(w0), A).

Since (fn)nen =, f, there exists a statistically dense set K C N such that for
every n € K we have

(7) fn(xo) € St(f(20), B)-

Since (fn)nen St-Di, f, there exists an infinite set K4 = {k1,k2,...} C K such

that for each z € X and each n € N we have fi, () € St(f(x),B). Let ng € N.
Since ky,, € K, by relation (7) we have

(8) Srny (x0) € St(f (0), B).
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Since f,,, is continuous at xo, there exists an open neighbourhood O, of zo such
that fi, (z) € St(fk,,(w0),B), for every x € O,. Let € Og,. Then,

(9)
and
(10)

The

and

rny (@) € St(fr,, (20), B)

Sy (@) € St(f (2), B).
refore, using successively the relations (8), (9), and (10), we have
f(@) € St(fr., (), B) € St(St(f,., (x0), B), B)
C St(St(St(f (o), B), B), B)
= St*(f(z0), B)

the continuity of f is proved. ([

Acknowledgment. The authors would like to thank the referee for the careful
reading of the paper and the helpful comments.

(1]

REFERENCES

Alexandroff P.S., Finfihrung in die Mengenlehre und die Theorie der reellen Funktionen,
Zweite Auflage. Ubersetzung aus dem Russischen: Manfred Peschel und Wolfgang Richter.
Hochschulbiicher fiir Mathematik, Band 23 VEB Deutscher Verlag der Wissenschaften,
Berlin, 1964 (German).

Arzela C., Intorno alla continuita della somma d’infinita di funzioni continue, Rend.
dell’Accad. di Bologna (1883-1884), 79-84 (Italian).

Balcerzak M., Dems K., Komisarski A., Statistical convergence and ideal convergence for
sequences of functions, J. Math. Anal. Appl. 328 (2007), no. 1, 715-729.

Binzar T., On some convergences for nets of functions with values in generalized uniform
spaces, Novi Sad J. Math. 39 (2009), no. 1, 69-80.

Caserta A., Di Maio G., Convergences characterizing the continuity of the limits of func-
tions: a survey from Arzeld’s theorem (1883) to the present, Proceedings ICTA2011, Is-
lamabad, Pakistan, July 4-10, 2011; Cambridge Scientific Publishers, 2012, pp. 75-103.
Caserta A., Di Maio G., Hold L’., Arzela’s theorem and strong uniform convergence on
bornologies, J. Math. Anal. Appl. 371 (2010), no. 1, 384-392.

Caserta A., Di Maio G., Ko¢inac L. D. R., Statistical convergence in function spaces,. Abstr.
Appl. Anal. 2011, Art. ID 420419, 11 pp.

Caserta A., Ko¢inac L. D.R., On statistical exhaustiveness, Appl. Math. Lett. 25 (2012),
no. 10, 1447-1451.

Engelking R., General Topology, translated from the Polish by the author, Sigma Series in
Pure Mathematics, 6, Heldermann, Berlin, 1989.

Ewert J., Generalized uniform spaces and almost uniform convergence, Bull. Math. Soc.
Sci. Math. Roumanie (N.S.) 42(90) (1999), no. 4, 315-329.

Fast H., Sur la convergence statistique, Colloquium Math. 2 (1951), 241-244 (French).
Fridy J. A., On statistical convergence, Analysis 5 (1985), no. 4, 301-313.

Kelley J. L., General Topology, reprint of the 1955 edition [Van Nostrand, Toronto, Ont.],
Graduate Texts in Mathematics, 27, Springer, New York-Berlin, 1975.

Di Maio G., Koc¢inac L.D.R., Statistical convergence in topology, Topology Appl. 156
(2008), no. 1, 28-45.



Statistical convergence of sequences of functions with values in semi-uniform spaces 117

[15] Marjanovi¢ M., A note on uniform convergence, Publ. Inst. Math. (Beograd) (N.S.) 1(15)
(1961), 109-110.

[16] Megaritis A. C., Ideal convergence of nets of functions with values in uniform spaces, Filo-
mat 31 (2017), no. 20, 6281-6292.

[17] Morita K., On the simple extension of a space with respect to a uniformity I.-IV., Proc.
Japan Acad. 27 (1951), 65-72, 130-137, 166-171, 632—636.

(18] Morita K., Nagata J. (eds.), Topics in General Topology, North-Holland Mathematical
Library, 41, North-Holland Publishing Co., Amsterdam, 1989.

[19] Saldt T., On statistically convergent sequences of real numbers, Math. Slovaca 30 (1980),
no. 2, 139-150.

[20] Schoenberg I.J., The integrability of certain functions and related summability methods,
Amer. Math. Monthly 66 (1959), 361-375.

[21] Steinhaus H., Sur la convergence ordinaire et la convergence asymptotique, Colloq. Math.
2 (1951), 73-74 (French).

[22] Tukey J. W., Convergence and Uniformity in Topology, Annals of Mathematics Studies, 2,
Princeton University Press, Princeton, N.J., 1940.

(23] Zygmund A., Trigonometric Series. Vol. I, II, Cambridge Mathematical Library, Cambridge
University Press, Cambridge, 2002.

D. N. Georgiou:

UNIVERSITY OF PATRAS, DEPARTMENT OF MATHEMATICS, PATRAS, GREECE
E-mail: georgiou@math.upatras.gr

A. C. Megaritis:

TECHNOLOGICAL EDUCATIONAL INSTITUTE OF WESTERN GREECE, MESSOLONGHI,
GREECE

E-mail: thanasismegl3@gmail.com

S. Ozgag:
DEPARTMENT OF MATHEMATICS, HACETTEPE UNIVERSITY, ANKARA, TURKEY

E-mail: sozcag@hacettepe.edu.tr

(Received June 9, 2017, revised October 5, 2017)



		webmaster@dml.cz
	2018-08-02T14:27:13+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




