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Norm inequalities in weighted amalgam

SUKET KUMAR

Abstract. Hardy inequalities for the Hardy-type operators are characterized in
the amalgam space which involves Banach function space and sequence space.
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1. Introduction

Amalgam space had been introduced by N. Wiener in [11]. For the study of
the amalgam space, we refer to [4]. For the study of the Hardy inequality in the
amalgam space, we refer to [3], [5], [6], [10]. Banach function space (BFS) had
been introduced by W. A.J. Luxemburg in [9]. For the study of the BFS we refer
to [1].

In [3], pair of weights have been characterized for the boundedness of the
Hardy operator between two suitable weighted amalgam spaces, both involve
weighted Lebesgue space and sequence space. Motivated by this, in this paper,
we characterize the boundedness of the Hardy operator between two suitable
weighted amalgam spaces, both involve weighted BFS and sequence space. We
denote the amalgam space which involves weighted BFS and sequence space as
19(X ). Norm of 19(X,,) is defined as

1/q
1l = (Z Ifxnw||3<) |

nez

In Section 2 of this paper, we give the necessary and sufficient conditions for
the boundedness of the Hardy operator (H f)(x f f(t)dt and its adjoint

*

operator ( = [ f(t) dt between amalgam spaces 19(X,,) and I"(Y,) for
the cases 1 < r S g <o and 1l < g <r < oo. Boundedness of the operators
H and H* between two weighted amalgam spaces, one weighted amalgam space
made of weighted Lebesgue space and sequence space and the other weighted
amalgam space made of weighted BFS and sequence space has been considered in
[6] for certain ranges of indices. Precisely, in this paper, we have given answer to
the problem mentioned in [6, Remark 8]. In Section 3, we give the corresponding
results, as in the Section 2 for the sum of the two Hardy-type operators.
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We say that BFS X and Y satisfy [-condition, if X is l-concave and Y is
I-convex simultaneously for a Banach sequence space (BSS) [, see [2]. If a BFS X
is l-concave (I-convex) and w is a weight function, then the weighted BFS X, is
also [-concave (I-convex). The boundedness of the Hardy-type operators between
two BFS X and Y is shown in [§].

Throughout the paper, © and v are weight functions, that is, a measurable
function positive almost everywhere in the appropriate interval, xn = X[n,ny1]
is the characteristic function defined on [n,n + 1], f is a measurable function,
1<p,q,p,d<oo,p =p/(p—1)is the conjugate to p and the same is true for the
other indices. The set of integers is denoted by Z. For a BFS X, X' is its adjoint
space. Throughout the paper, we assume that X, and Y, satisfy the [-condition.

2. Boundedness of the Hardy operator

The following result yields the necessary and sufficient condition for the bound-
edness of H: I"(Y,) — 19(X,) for the case 1 <r < ¢ < oc:

Theorem 2.1. Suppose u,v are weight functions, X, and Y, are weighted BFS
and 1 < r < g < oco. There exists a constant C' > 0 such that the inequality

(2.1) 1 H flliax,) < C|lf

m(Yy)

holds for all f € 1"(Y,) if and only if max(Cy,Cs) < oo, where

1/q m—1 L 1/’
clsup(2|xnu|x) (3 i)

n=—oo

Cz = sup sup HX[t,m+1]U||X||X[m,t]U_1HY'-
meZ m<t<m—+1

PROOF: Sufficiency. Since |H f| < H(|f]), we assume without the loss of gener-
ality that f > 0. Suppose max(Cy,Cs) < co. We have

1 F)xalx, = H(/ f+/zf)xn

< Xn
I(x [.)
Therefore,

| H flliax,) < ( < Z / )‘1|Xn”g(u>1/q+ (Z

neZ nez
(2.2) =Ji + Jo.

Xu

AL

XU

q \l/q
o)

([ 1)
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For U, = ||xnllx., ax = fkk_l f and using [3, Corollary 1.3 (i)], we find C; < oo
such that

n q 1/q 1/r
(2.3) J = (Z ( > ak) Ug) < C(Zagnxn_lu—luyf) .
n€e”Z N k=—o0 ne”L
Using the Holder’s inequality, we find
ay, < [|foxn-1ll¥ o™ xn-1llf-

Substituting the above estimate of a] in the right hand side of the inequality
(2.3), we find

1/r
(2. < Tlfonaly ) =Clfllec.
nez

Since Cy < oo, we find, using an application of [8, Theorem 4], that

(o)

(2.5) J2 <Ol flhay,y < CIIf

< Cllfxnlly, -
Xu

Therefore, we have

Ir(Yy)

because for r < ¢, I"(Y,) C 19(Y,) which yields || flliav,) < [|fllinev,), see [4].
Sufficiency assertions now follow from (2.2), (2.4) and (2.5).
Necessity. For any non-negative sequence {a;} € I"(Y,), we define

(2.6) f= Zak071X[k,k+1]-

keZ

For A, = aj_1 f:ﬁl v~! and n <z < n+ 1, we have
n
> )

p@i=| [ s+ [z (2

I e = (3 ( 3 Ak)quxn&u)l/q.

nezZ ~k=—oc

which yields

Also, for f defined as (2.6), we have

1/r
v = (Z Azl nli?)

neZ

I1f
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Consequently, the inequality (2.1) implies
n q 1/q ) 1/r
(X a)iolt) se( Sa by
n€Z ~k=—o0 nez

for {Ar} € I”. Therefore an application of [3, Corollary 1.3 (i)] yields Cy < oco.
For g > 0 and m € Z fixed, we define

(27) f = gX[m,nH—l]-

For f defined as (2.7),

HHle"(Xu) = H(/ f)Xn > H(/ g)Xm
—o0 X, m X,
and
Clif vy = Cllglly, -
Therefore the inequality (2.1) implies
I([ o)w| =cta
m Xu

for all m € Z with C independent of m. Therefore an application of [8, Theorem 4]
implies Cs < oco. This completes the necessity. (I

Next, we will consider the boundedness of H: {"(Y,) — [9(X,) for the case
1<g<r<oo.

Theorem 2.2. Suppose u,v are weight functions, X,,Y, are weights BFS, 1 <
g<r<ooandl/s=1/q—1/r. Define

0o s/q k . , s/q’ . y 1/s
Oy = [Z{ ||xnu|§} { S o xnlna} o~ xnln;]
k

keZ ~ n= n=—oo
Dn = sup HX[t,nJrl]uHXHX[n,t]U_IHY’-
n<t<n+1

There exists a constant C > 0 such that the inequality (2.1) holds if C5 < oo and
{D,} €l*.
Conversely C3 < 0o and sup,,c;, Dy, < 00 are necessary for the inequality (2.1).

PRrROOF: Sufficiency. We assume f > 0 without the loss of generality. Making
argument similar to the proof of Theorem 2.1, we obtain

|H flliacx,) < 1+ Ja.
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Since ¢ < r, [3, Corollary 1.3 (ii)] yields
1/r
28) A
neL

if and only if C3 < co. For the same reason given in the proof of Theorem 2.1, the
right hand side of (2.8) is dominated by C|| f||;~(v,). The sufficiency of C3 < oo
follows.

By an application of [8, Theorem 4]

()

if K, ~ D,,. Using Holder’s inequality with the index a = r/q, we find

1/q 1/qa’
Jgs(ZDzufxnn;z) SA(ZD;?) T,

nez nez

< K"HfX’rLHY'U
Xu

Since qo/ = s and {D,,} € I*® the sufficiency assertions follow.
Necessity. The necessity of C's < oo can be established by making argument
similar to the proof of the necessity of C; < 0o as given in Theorem 2.1.

To prove the necessity of sup,,c; D, < 0o, we note that if the inequality (2.1)
holds for all f € I"(Y,), then the inequality holds in particular for all f in the
subspace 19(Y,) of I"(Y,) for g < r.

Theorem 2.1 is therefore applicable with » = ¢ and the necessity is established.

O

Now, we will state the results related to the boundedness of the adjoint operator
of H, that is H*: I"(Y,) — [9(X,) for the cases 1 < r < ¢ < oo as well as
1< g <r < oo as follows:

Theorem 2.3. Suppose u,v are weight functions, X, and Y, are weighted BFS
and 1 < r < g < co. There exists a constant C' > 0 such that the inequality

(2.9) I Flliaxny < Cllfllirv
holds for all f € 1"(Y,) if and only if max(C5,C3) < oo, where
m 1/r’

1/q , ,
ci=swp (Y lwaly) (3 boe )
me

n=—oo n=m

Cy=sup  sup |Ixpm.gulxlxpmino ™"y
mEZ m<t<m-+1
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Theorem 2.4. Suppose u, v are weight functions. The spaces X, Y, are weighted
BFS,1<g¢g<r<oo,1/s=1/q—1/r. Define

k s/q oo L s/q’ L 1/s
c; [Z{ )3 |xnu|§<} {len—w |9} T |9} 7

neZ ~ n=—o0 n=~k
D= sup |IxmaullxXpnsv v
n<t<n+1

There exists a constant C > 0 such that the inequality (2.9) holds if C% < oo and
{D:} el®.
Conversely, C§ < 0o and sup,,cy D}, < 0o are necessary for the inequality (2.9).

3. Boundedness of the generalized Hardy operator

Consider the operator

(S1)(@) = ¢ (x /wl £ dt + gala /wg £(t)dt

where ;, ©¥;, ¢ = 1,2, are nonzero measurable functions not necessarily non-

negative and f is a measurable function. In this section we give the correspond-

ing results, as in the Section 2, for the boundedness of the operator S between

two weighted amalgam spaces, both involve weighted BFS and sequence space.

Boundedness of the operators S and S* between two weighted amalgam spaces,

both involve weighted Lebesgue space and sequence space, is available in [5].
Precisely the following are the results:

Theorem 3.1. Suppose u,v are weight functions, X, and Y, are weighted BFS
and 1 < r < ¢ < oco. There exists a constant C' > 0 such that the inequality (2.1)
holds for H = S and f € 1"(Y,) if and only if max(Cy,Cs,Cs,C4) < 0o, where

m—1

/a 1/r'
sup(2|xnu|sa1|||x> (Z ||xnv1|¢1||9> ,

n=—oo

Gy

Cy = sup sup HXt7rL+1]u|901|HX||X[7rLt 1|¢1|||Y’
meZ m<t<m-+

m 1/q , 1/r’
cgsup( 3 ||xnu|so2|||§() (annw-lwzm) ,
meZ n=—oo n=m
Cy=sup sup || Xpmgulezlllx|xpmenv™ ey

meZ m<t<m—+1

PROOF: Sufficiency. Define

(S1f)(@) = pr1(z / Vi) f()dt;  (S2f)(z) = pa(z / Pt
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Then S = 51 + S2. Consequently

(3.1) 1S Flliax.) < IS1flliacxny + 1S2f 1 (x.,)-

Using an application of Theorem 2.1, we find max(Cy, C2) < oo, which implies
that the inequality (2.1) holds for H = Sy. Similarly, by an application of Theo-
rem 2.3, we find max(Cs5,Cy) < oo, which implies that the inequality (2.1) holds
for H = S3. Sufficiency assertions now follow from the inequality (3.1).
Necessity. Define f = gX(m,m+1), m € Z, such that fiy > 0. The necessity of
Cs < oo can be established by using the above defined function f in the inequality
(2.1) for H = S, using [8, Theorem 4] and making arguments similar to those used
in [7, (Chapter 2)] and [12]. Similarly the necessity of Cy < oo can be established
by using the function f1 = hX[m,m+1), M € Z, such that function fi2 > 0 in the
inequality (2.1) for H = S and using the dual result of [8, Theorem 4].

For a € Z, and {ax} € I"(Y,), we define

Z apv” oy (sgn ) X pan) (7), 7 < @
fo(x) = ¢ ken
0, T > Q.

The necessity of C; < oo, now, can be established by using the above defined
function fs in the inequality (2.1) for H = S and using [3, Corollary 3.1 (i)].
Similarly, for « € Z, and {ax} € I"(Y,), we define

Z apv” | T (sgn o) X ka1 (7), T < @,
f3(x) = ¢ ken
0, T > Q.

The necessity of C3 < oo, now, can be established by using the above defined
function fs in the inequality (2.1) for H = S and using the dual result of [3,
Corollary 3.1 (i)]. O

Theorem 3.2. Suppose u,v are weight functions, X, and Y, are weighted BFS
and 1 < g<r<oo,1/s=1/q—1/r. Define

oo

- (5

s/q
Ixnumll?()
keZ n==k

k ! 1/s

s/q
( 3 ||xn1v1|w1||9) |xn1v1|w1|||9> ,

n=—oo
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k s/q
o= (X ( X heally )
k€Z Nn=—o0
o) , s/q/ , 1/s
(X ool ) ool )
n=k
Dp= sup |xpnrnulenlllxlxmge™ oy,
n<t<n+1
E, = sup ||X[n,t]u|502|||X||X[t,n+1]v_1|1/}2|||Y/-
t<n+1

There exists a constant C' > 0 such that the inequality (2.1) exists for H = S if
max(Cy, Cg) < oo, {D,} €1, {E,} € I°.

Conversely, max(Cs, Cg) < 00, sup,, D, < oo and sup,, E,, < oo are necessary
for the inequality (2.1) for H = S.

PRrROOF: Sufficiency. Sufficiency can be established by extending Theorems 2.1
and 2.3 for S; and Ss, respectively, and using the inequality (3.1).

Necessity. Necessity can be established in the same way as done in the proof of
Theorem 3.1 and using arguments similar to the proof of the Theorem 2.1 and its
dual result as given in the Theorem 2.3 and also using the inequality (3.1). We
omit the details. (|

REFERENCES

[1] Bennett C., Sharpley R., Interpolation of Operators, Pure and Applied Mathematics, 129,
Academic Press, Boston, 1988.

[2] Berezhnoi E.I., Sharp estimates of operators on the cone of ideal spaces, Trudy Mat. Inst.
Steklov. 204 (1993), Issled. po Teor. Differ. Funktsii Mnogikh Peremen. i ee Prilozh. 16,
3-34 (Russian); translation in Proc. Steklov Inst. Math. 204 (1994), no. 3, 1-25.

[3] Carton-Lebrun C., Heinig H. P., Hofmann S. C., Integral operators on weighted amalgams,
Studia Math. 109 (1994), no. 2, 133-157.

[4] Fournier J.J.F., Stewart J., Amalgams of LP and 19, Bull. Amer. Math. Soc. (N.S.) 13
(1985), no. 1, 1-21.

[5] Jain P., Kumar S., Weighted inequalities of Hardy-type on amalgams, Real Anal. Exchange
34 (2008/2009), no. 2, 483-499.

[6] Jain P., Kumar S., Boundedness of Hardy operators on generalized amalgams, Math. In-
equal. Appl. 12 (2009 ), no. 3, 549-562.

[7] Kufner A., Persson L.-E., Weighted Inequalities of Hardy Type, World Scientific Publishing,
River Edge, 2003.

[8] Lomakina E., Stepanov V., On the Hardy-type integral operators in Banach function spaces,
Publ. Mat. 42 (1998), no. 1, 165-194.

[9] Luxemburg W. A.J., Banach Function Spaces, Ph.D. Thesis, Delft Institute of Technology,
Aseen, 1955.

[10] Salvador P.O., Torreblanca C. R., Hardy operators on weighted amalgams, Proc. Royal Soc.
Edinburgh, Section A 140 (2010), no. 1, 175-188.

[11] Wiener N., On the representation of functions by trigonometrical integrals, Math. Z. 24
(1926), no. 1, 575-616.



Norm inequalities in weighted amalgam

[12] Zharov P. A., On a two-weight inequality. Generalization of Hardy and Poincaré inequali-
ties, Trudy Mat. Inst. Steklov. 194 (1992), Issled. po Teor. Differ. Funktsii Mnogikh Pere-
men. i ee Prilozh. 14, 97-110 (Russian); translation in Proc. Steklov Inst. Math. 194 (1993),
no. 4, 101-114.

S. Kumar:
DEPARTMENT OF MATHEMATICS, NATIONAL INSTITUTE OF TECHNOLOGY HAMIRPUR,
CHAKMOH, GALORE, HAMIRPUR, HIMACHAL PRADESH, 177005, INDIA

E-mail: kumar.suket@gmail.com

(Received March 29, 2018, revised June 12, 2018)

325



		webmaster@dml.cz
	2018-12-07T08:50:49+0100
	CZ
	DML-CZ attests to the accuracy and integrity of this document




