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Abstract. We show that some unital complex commutative LF-algebra of c(*) N-
tempered functions on RT (M. Hemdaoui, 2017) equipped with its natural convex vector
bornology is useful for functional calculus.
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1. INTRODUCTION

Let (A, ||-||) be a unital commutative complex Banach algebra, a € A and sp(a)
be the spectrum of the element a. The positive function defined as

5(t) = { l(a=#)=H|I=" if t & sp(a),

o if t € sp(a)

is a Lipschitz function and it satisfies lim §(¢)/|¢| = 1.

t|—o0
The set {5(t)(a —t)~t; t & sp(a)} i‘s |obviously bounded in A.
More generally, Waelbroeck (see [16]) considered a unital locally convex complete
commutative complex algebra A and a positive Lipschitz function § on C satisfying
as [t| — oo,

(1.1) €<@<M,

where £ > 0, M > 0 are two positive real numbers independent of the variable ¢.
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Let a € A satisfy the following conditions:

> sp(a) = 0~ {0};
> The set {d(t)(a —t)~1; t € 571{0}} is bounded in A.

Sp(a) is obviously compact. Waelbroeck in [16] showed that the closed subalgebra
generated by a and its resolvent function (a —¢)~!, ¢ & §1{0} is a unital com-
plex Banach algebra. He gave two different descriptions of this Banach algebra and
studied the extension of the holomorphic functional calculus.

In this note, let § be a positive Lipschitz function on C and a be an element of a
unital complex complete locally convex algebra (or a unital complex complete convex
bornological algebra) A satisfying the following conditions:

> sp(a) = 0~ {0};
> The set {5(¢)(a —t)~1; t € 6-1{0}} is bounded in A.

Two questions come to mind:

(1) What can we say about the spectrum of a?
(2) Can we describe the closed subalgebra generated by a and its resolvent function
(a—t)7L t ¢ 6-1{0}?
The spectrum of the element ¢ may be unbounded in C. In this case, the closed
subalgebra generated by a and its resolvent function (a —¢)~1, t € 6~ {0} need not
to be a Banach algebra. My goal is to describe this closed subalgebra and see what
it looks like. Fearing of falling into a purely abstract study since the spectrum is
unknown in advance, I think it is wise and prudent to treat this study on a concrete
example that checks the above assumptions that surely makes this subject more
interesting.
In this work bornological language is used (see [3], [4], [8], [9], [10], [15], [17]).
Consider the Laplace operator —A acting on S’(R™), the vector space of tempered
distributions on R™ (see [12]), such as

T € §'(R") = F(—AT) = [£]*F(T) € S'(R,),

where £ = (&1,...,&,) € R, the dual space of R™.
For t € C\ R™ the operator (—A —t)~! also acts on §'(R™) and is defined as

TeSR") = F(-A-)7'T) = (| — ) 7'§(T) € S'(Rn),

where §(T) is the Fourier transform of the tempered distribution 7. The spectrum
of the Laplace operator —A is RT. It is closed and unbounded in C.
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Let § be positive Lipschitz function on C satisfying
5(t) = inf{1,d"(t,R"), Vn € N},

where d(t,RT) is the distance from the point ¢t € C to the set RT.
Function § is very flat around the positive half of the axis (R™1), for example one

considers function
5(t) = e VEGRY yy e,

The function § satisfies
5t <1 VteC.
2|
Cs(—A) denotes the complex unital commutative algebra generated by —A and its
resolvent function (—A —¢)~1 ¢ € 6-1{0} = RT. An element of this algebra is an

operator of the form

> Chow (-A)fi(=A—t)%, teC\RY, Cy o €C, ki,kj,m,neN.
0<i<m
0<j<n
Let (M,m,n) € RT x N x N. Consider the convex and balanced subset in Cs(—A)
defined as

B(imm) = { D o d)(=A) (=A=t)79, £ ¢ 6TV{0}, D [Cho | < M}.
0<i<m 0<i<m
0<j<n 0<j<n
These subsets (B(as,m,n))(M,m,n)er+xnNxn Satisfy
(1) Bovtmn) + By me ) € B mer nrry, where M = M +M', m” = sup{m,m'},
n" = sup{n, n'},
(2) A B(M,m,n) - B(|)\\M,m,n) for all A € C,
(3) Bvmony - B me ity © B me iy, where M" = M-M,m" =m+m
n' =n+n'.
This family of subsets (B(az,m,n))(a,m,n)ertxnxn is a filter basis compatible with
the algebraic structure of algebra Cs(—A). It is also a convex vector bornology
basis (see [9], [10]). A subset B C Cs(—A) is said to be bounded if it is contained
in some Bps,m,, ). This natural convex vector bornology on algebra Cs(—A) is
separated since no one-dimensional vector subspace of algebra Cs;(—A) is bounded
(see [9], [10]).
The positive Lipschitz function § and the operator —A satisfy
(1) (A —t)7! exists for t € 67 1{0} in Cs(—A);
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(2) The set {6(t)(—A —t)~,t ¢ 6 {0}} C B(1,0,1) is bounded in C5(—A).

A bounded multiplicative linear functional ¢ on Cs(—A) maps bounded sets in
Cs(—A) into bounded sets in C. Functional ¢ is defined if and only if its value
©(—A) is defined. But (—A —¢)~! exists in Cs(—A) if and only if ¢t € 6~ (0) = RT.
So, p((—A —1)"1) = (—p(A) — )" exists in C if and only if £ & 6-1(0) = R*. This
happens if and only if —p(A) € RT.

The set ®¢,(_a) of bounded multiplicative linear functionals on Cs(—A) is iden-
tified with R™ in the sense

¢ € Dcy—n) < Iz € R such that p(—A) = z.

The separated convex bornological algebra Cs(—A) is not necessarily complete.
Its completion convex bornological algebra is C@) (see [8], [9], [10]).

Our goal is to show that the completion convex bornological algebra Cs(—A) is
bornologically isomorphic to some unital complex commutative LF-algebra of class
C(*) functions N-tempered on R* (see [7]) equipped with its natural convex vec-
tor bornology. This bornological isomorphism is obtained by using the functional
calculus theorem (see [6]) and Gelfand transform.

2. FUNCTIONAL CALCULUS THEOREM

For ¢ € ]3, 1] consider the closed sector in the complex plan defined by
T. ={2€C: Re(z) > —¢ and |arg(z + ¢)| < €}.

CM(T., 6,80, C) denotes the unital commutative algebra of complex continuous func-
tions f on the closed sector T. and of class C(!) in T. satisfying for a certain positive
integer N € N

@1 Wy =sw @l + 5 [ 805 @br <.
teT. T JT,

where o(t) = 1/y/1+ [t|2, df(t) = O(f(t)dt)/dt and § is the positive Lipschitz
function defined in the first paragraph.

C](\})(TE,(S, 80,C) denotes the vector subspace of C)(TL,d,d,C) of functions f
satisfying equation (2.1) for the same positive integer N, which normed by (2.1)
is a complex Banach space.

For any pair (N, N') € N x N such that N < N’ the canonical injection

in i CY(TL,6,80,C) < CY)(T2, 6,60, C)
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is continuous since it satisfies

lin. e (Dl =1 v < F -

For any pair (N, N’) € N x N the bilinear mapping
(£.9) € CY(Tx,8.80,C) x CY)(T+,8,80,C) = f - g € C), (T, 6,6, C)
is continuous since it satisfies

I/ - gl n < WFIwllgllv-

The unital commutative algebra C(V(T%,4,0,,C) = |J C](\})(T67 d,90,C) is equipped
NeN

with the inductive limit topology of Banach spaces Cj(\}) (T, 0,00, C).
A set B ¢ C(T,6,80,C) is bounded if there exists a pair (N, M') € N x R+
such that B € C\)(T%, 4,6, C) and

7 ]_ 7 _ —
Il = sup &3 (170 + 5 [ & W5 @loreyae <y’ vieB,
teT. TJT.
The family of convex and balanced sets (B(n+,a7)) (N7, M7 e xr+, Where

By = {f € C\N(T2,6,60,C): || fln < M},

is a natural convex vector bornology basis (see [9] and [10]) on the algebra
C(l)(Tsa(57 5076)'
The complete convex bornological algebra C(M) (7%, 8, 6y, C) = h_H}lC](\})(TE, 3,00, C)

is a b-algebra (see [15]). N

Theorem 2.1 ([6]). There exists a bounded algebra homomorphism

—

T: feCW(T.,6,00,C) = T(f) = f[-A] € Cs(—A).

The proof of Theorem 2.1 is very technical, so we omit it (see [5], [11], [13], [14]
and [18]).

Corollary 2.2 ([6]). The kernel of the bounded algebra homomorphism
T: f € CO(T2,8,60,0) = T()) = f[-A] € C5(-4)
is the closed ideal {f € CV(T.,6,60,C): f(x) =0 for all z € R*}.
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Theorem 2.3. Let f € C](\})(T67 8,00, C). Then its restriction f|g+ to RT satisfies

(1) flg+ is of class C(>) on RT;

(2) for alln €N, sup SV (@) F™(2)] < oo,
z€R

where §o(z) = 1/v/1+ 22 and f") is the nth derivative of f.
Proof. For f e C](\})(TE,(S, 00, C) we have

1
171 = sup o (10 + o [ a0~ fs0)ar] < oo
teT. T

Fix ¢ € ]0,1[ and z in RT. Put o = (z + ¢)sine > 0. Consider the closed discus
centered at  with radius o > 0:

D(x,0) ={z€T:: |z—z| < o}

Function f is continuous on the sector 7. and of class C(!) in ZO’E, using Pompieu
formula (generalized Cauchy formula) on the closed discus D(zx, p). We have

1 104 L 1
f(x) o 21‘[1 /aD(I,Q) t—x dt + 27‘[1 D(l’y@) t— xaf(t) dt’

where df(t) = 9(f(t) dt)/ot.

For all n € N function ¢t € 9D(x, 0) — f(t)(t —x)~™ is continuous on the compact
boundary. So the integral fBD(x,g) f(@®)(t —z)~™dt exists for all n € N.

The differential form t € D(x, 0) — (t — x) "0f(t) is integrable on the compact
discus D(z, g) since

o(t)

——— <1 VneNVte D(x,
= o n (z,0)

and

|t — x|

[ e orinBra < [ o5 oniow <
9D(z,0)

Thus, for every positive integer n € N we have

(z) = 2 O g 15
/ ( ) 2m /8D(9c,,g) (t - x)nJrl di 2mi /D(x,,g) (t - ;[;)nJrl 8f(t) dt.

So flg+ is of class C(>) on R*.

Now, we show for all n € N, sup &) (x)|f (x)| < co. In fact:
zeRT

n ft) n! If(t)

2TEI dD(x,0) (t — 2mi
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For the first integral we have
n! / N £(t) ‘ n! Jo(a)\" N
— 0y () ————=dt| < sup sup &y ()| f(1)].
35 Jypey O g | S g swe (S) s 810
For the second integral, since §(¢)/|t — z|™ < 1 for all n € N, we get
! Of(t
n / 5 () I dt‘
2mi D(z,0) (t — x)"*

N
<™ ap (5°(x)) /Taéév(t)él(t)|5f(t)dt|<oo.

27 e B(z,0) \ d0(t)

Since |t — x| = o, we have t = x + ge? = x + gcosf + gsinbi. So
1 = (& + 0c0s0)? + (o5in0)* < (x + o)
But 90 = (z + ) sine, where ¢ € ]0,1[. We have [t]? < (22 + 1)2. So
(50(33))1\’ _ (1 + |7§|2>N/2 < (1 + (22 + 1)2>N/2 _ vm
do(t) 1+ a2 = 1+ 22 1+a2

The positive continuous function of one real variable

ve0,o0f— /AT FAT+2
’ 14 22

is bounded on R*. There exists a positive real number Cy > 0 such that

~/4x2 +4x +2
\|———————— < Cn Y220
1422 NV

So, for every positive integer n and p fixed in ]0, 1] we get

n! £t) nlCy
R R e e LCUICIE

and
n! af(t) n!Cy
— 5 dt 53 H[of(t)dt :
27 /D(I’Q) 0 (J:)(lf—x)’“r1 271 (esing)” / 0 (£)]0F(8) dt] < o0
Finally, for all n € N = 3 M(. ,, xy > 0 such that 6 (z)| ™ (z)| < M(c ),
s A (10 + 5 [ 83 @5 BF0 ] < oo
teT.
So
VneN, sup &) (@) f™ ()] < Mcmlfllv < o,
rERT
where M. ,, ny = n! Cn/2n(esine)”. O
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Definition 2.4 ([7]). Let N be a positive integer. A C(>) complex function f
on Rt is N-tempered if for any positive integer n € N the nth derivative f(") of f
satisfies

sup 65 (x)|f") (z)| < oo,
TERT

where do(z) = 1/v1+ 22

For every positive integer N € N, C](voo)(R+,5o,C) denotes the vector space of
functions of class C(*) N-tempered on Rt equipped with the family of norms

F e8I RY,60,C) = |fllnm= sup sup 6 (@)|fP(z)], neN.
0<k<n z€RT

(€S (R, 80,C), (||| vn)nen) is a Fréchet space (see [12]).
For any pair (N, N’) of positive integers such that N < N’ the canonical injection

inn: CS(RY 6o, C) = O (RT, 5, C)
is obviously continuous since
liv.sr (Dl = 1 llxvn < If v ¥ £ € CR (R, 60, C).
Consider the bilinear mapping
(f,9) € C§Y(R*,80,C) x C (R*,80,C) = f - g € C5n (R, 60, C).

Let n € N, the nth derivative (f - ¢)("™ of the function f - g at any point z € Rt by

Leibniz formula is
(F(@)a(a) ™) = Z( )10 @) gV ),

where (Z) =n!l/(n — p)!p! is the binomial coeflicient.
So

50 N @) (F(@)g(@) ™| < 2" sup sup & (2)| [P (@)] sup sup &) («)|g™) (@)].

rzERT 0<k<n rzeRT 0<p<n

Then
VneN, |If- gllntnn <2 fllnnllglln

This inequality shows the continuity of the bilinear mapping
(£,9) € CF(R*,60,€) x €7 (RT,80,C) = f - g € CYn (R, 80, ).

106



The vector space Céfx’)([R*,&o,C) = HLnC](VOO)(RJF,cSO,C) = U C](VOO)(RJF,%,C) of
N NeN

functions of class C(*) N-tempered on R equipped with the inductive limit topology
of Fréchet spaces CJ(VOO) (R*, g, C) is a unital complex commutative topological algebra
since the bilinear mapping

(f,9) € CL(RT,80,C) x CO (R, 60, C) — f - g € CTO (R, 5, C)

is continuous.
Let (N, (Mn n)nen) € N x R*" and the convex and balanced subset be defined as

By (bw sy = 1 €CEO(RT,56,C): ¥n €N, [|fllnn < Myn}-

The family (B(n,(Myn)nen)) (N, (Mo )nen)enxr+t Of subsets satisfies
(1) By, (Mynynen) T Bov, g, mynen) S Bve, (s, m)nen)> where for all noe N,
My, = Mn o+ My, ,, and N” = sup(N, N'),
(2) A B(N,(MN,n)n,eN) - B(N,(\M'MN,n)neN) for all A € C,
() Bv,(Mym)nen) - Bav,oay, myneny S Bavr (a7, m),en), where for all noe N,

n
" — !
MN//,TL — ZO MN,nfp ‘ MN/,p'
p=

This family (B(N,(My,n)men)) (N, (M n)nen)enx g+ Of subsets is a natural convex vector
bornology basis (see [9], [10]) compatible with the vector structure of the algebra
CTI(RT, 8, 0).

A set B C C,éoo)(Rﬂ(SO,C) is bounded if there exists a pair (N, (M n)nen) in
N x R+N such that B C B(Ny(MN,n)nEN) C C](VOO)(R+, do, C)

Céoo)([R*, d0,C) equipped with this family of bounded sets becomes a uni-
tal complex complete commutative convex bornological algebra (see [9], [10]).
C,éoo)([Rﬂ 00, C) is a unital complex commutative LF-algebra.

Theorem 2.3 ensures that the restriction mapping

Ry: CW(T.,5,60,C) — CCV(RT, 60, C)
is continuous. Since

c(T.,5,60,C) = n_]rv>nc§;>(TE, 8,60,C) and C™(RT, 60,C) = uwn}c}v@(uw, 80,C),

(see [1], [2], [12]) there exists a unique continuous restriction mapping
R: f€CW(TL,8,00,C) = R(f) = flr+ € CTV(RT,8,C)
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satisfying for every positive integer N € N the commutative diagram

RN
(2.2) C\(T2,6,80,C) — C¥ (R*, 8, C)
IN TN
CO(T,8,60,C) — ¢ (R+, 55, C),
where
and

in: C](\,oo)(ﬂ%+, 30,C) — C,éoo)([R"’, 80, C) is the continuous canonical injection,
iN: C](\})(TE, 8,60,C) — C(TL, 6,6, C) is the continuous canonical injection,
RN: C](\})(TE, d,00,C) — C](voo)([R*, 00, C) is the continuous restriction mapping.

3. BORNOLOGICAL ISOMORPHISM BETWEEN C@) AND Céfo)([RJf,&o,C)

In Section 1, we considered the Laplace operator acting on S’(R™) (the space of
tempered distributions on R™) and ¢ being the Lipschitz function considered in the
first paragraph.

The spectrum of the Laplace operator is RT.

Cs(—A) denotes the unital commutative complex algebra generated by the Laplace
operator —A and the resolvent function (—A —#)~1, ¢ ¢ §71(0) = RT equipped with
the described convex vector bornology. Its completion convex bornological algebra
is C5(—A) (see [8], [9], [10]).

Pes(—a) = (¢2)zer+ denotes the set of all bounded multiplicative linear function-
als on the convex bornological algebra Cs(—A) identified with R*.

The Gelfand transform is the algebra homomorphism defined by

u e Cé(—A) — G\(’U,) = a; [RJ" — C7
U(pz) = pz(u) =u(r) €C, we RT.

But u € Cs(—A), so it is an operator of the form

= Cki,k;(—A)k"'(—A—t)‘ké', t € C\R*Y, Cpx;, €C, ki, kj,m,neN.

oi<m
0<j<n
So, .
€T i
u(z) = Z Ch k! - VteC\R™.
0<i<m ( t)"s
0<j<n
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For a fixed ¢ the function of variable x € RT
xki
S(tyu(z) = > Cropd(t)———> VteC\R"

i
0<i<m (z —1)%
0<jsn

is of class C(>) and k-tempered on RT since by Leibniz formula, the derivative of
order n of the function u with respect to the variable x is

5(t)u(”)(x) _ Z Ck,-,k;(s(t) zn: <Z> (xki)(np)<ﬁ)(p).

xr—t

It is a finite sum of terms each one of which is at most k-tempered on RT since we
have

5(t)

Thus, we have
VneN, sup oF(x)d(t)|u'™ (z)] < oo,
zERT

where £k = sup k; € N.
0<i<m

Obviously, the Gelfand transform G: Cs(—A) — C,éoo)([Rﬂ 0o, C) is injective and
bounded algebra homomorphism. It can be extended (see [8], [9], [10]) as a unique

bounded algebra homomorphism G Cﬁ) — Céjoo)([Rﬂ 00, C) satisfying the dia-
gram

(3.1) Cs(—=4)

ng)(R+55076)a

where Go J = G and J: Cs(—A) — C@) is the canonical bounded algebra

homomorphism.
Theorem 3.1. The continuous restriction mapping
R: CO(T.,5,60,C) — C (R, 69, C)

is surjective.
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Proof. Let feCy?(RY,8,C) = 3(N, (My,n), o) €N x R such that

VneN, sup &) ()| f™(z)] = My, < .
zeRT
Applying Borel theorem and Lemma 3.1 of [7] for all € > 0, f can be extended as a
C™Y function f. defined in [—¢, 0o[ + Ri by a locally finite series

oo

= . 1 .
felw i) = Y = £ (@)pn () (41)"
n=0
such that 5
%fE('z”{z:x} =0 Vze€[-¢ 00

where (¢n)nen 1S a sequence of C(>) positive functions with compact support in
]—1, 1] satisfying
(1) @n(y) =1if ly| < 2oy, for all n € N,
(2) supp(¢n+1) C supp(yn) for all n € N,

where
n+1
VneN, My,= sup 5(1)V(:c)|f€(")(x)| and o, = Z(MN,p +1).
zE€[—e,00] p=0

f- is defined on the sector Ty since T. C [—, 00| + Ri.
A calculation leads to

~ ~ 1 _ 0 ~ .
IFolvre = sup 6 2R + o [ 82057 (0)] 5 Fe) dbae| < oc,
z€T, 2n T: ot
where §o(2) = 1/4/1 + |2|? and 6(z) = inf{1,d"(z, RT") for all n € N}.
Thus f. € Cy).,(T%,0,8,C) € CO(Tx, 4,6, C). O
Since the bounded restriction algebra homomorphism R is surjective (Theo-
rem 3.1) there exists a bounded algebra homomorphism

T: c(RT,60,C) — Cy(—A)

satisfying the commutative diagram

—

(32) C(l)(TE;(Sv 607{:) C(S(_A)

TR I

Crijw)([RJra 507 C)a
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where T o R = T, and Céoo)([R*, 80, C) is the algebra of C(>) N-tempered functions
on RT.

C(T., 6,80, C) is the algebra of functions defined in Section 2.

From diagrams 3.1 and 3.2 we get the following equations

(3.3) Gog=a
(3.4) ToG=J and GoT=R.

From equations (3.3) and (3.4) we get the following new equations

and ToG =1 —

(3.5) GoT = 1o ey 0) Cs(-ay

-

where 1 —  and 1 are, respectively, the identity operators on Cs(—A)

Cs(=2) ) (R+,60,0)
and C™ (R, 6),C).
The algebras Céoo)( R*, 80, C) and C/(—\A) are bornologically isomorphic.
The complete convex bornological algebra C,éoo)([Rﬂ(So,C) of (> N-tempered
functions on R* is then useful for functional calculus.
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